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No.  XXVII. 

APPENDIX  TO  CAPTAIN  KATBRfS  AOOOITNT  OP  EXPERIMENTS 

FOR  DBTBBHININO 

THE  LENGTH  OF  THE  PENDULUM 

VIBRATING  SECONDS  IN  THE  LATITUDE  OF  LONDON.* 
from  tlM  PhiloMpUoa  Tnuadiont  fiur  1818^  p.  95. 


My  dear  Sir, 

I  CANNOT  forbear  to  congratulate  you  on  the  discovery 
of  the  singular  property  of  your  peudulum,  which  has  lately 
been  demonstrated  by  Mr.  Laplace,  since  it  appears  to  remove 
the  only  <li>ubt,  that  could  reasonably  be  entertained,  of  the 
extreme  accuracy  of  the  results  of  your  experiments.  The 
oorrectkm  for  the  curvature  of  the  rolling  snr&cefl,  in  the  caae 
of  a  aimple  pendulnniy  is  very  easily  obtained  from  the  geo- 
metrical determination  of  the  curve  described,  although  Mr. 
Laplaee*8  train  of  reasoning,  from  mechanical  principles,  is 
somewhat  too  elaborate  to  be  readily  followed  through  all  the 
symbols  in  which  it  is  enveloped  :  and  the  same  geometrical 
considerations  appear,  at  first  sight,  to  be  iMjually  ap})licab]e 
to  the  case  of  compound  pendulums  in  general,  since  the 

*  The  weiproeity  of  the  cntrM  of  cuspension  and  osdllalkNit  a  tbeoran  demoii- 

ttrated  by  Huv;?enfi,  was  made  use  of  by  Capt.  Kater  for  detemiinini:  vtM-y  accurnfely 
the  length  of  the  secotivb  peodulum  ;  and  the  details  of  the  processe^i  and  ezperimentB 
vtiieh  were  made  «m  «f  mr  that  pwpoM,  femi  the  subject  of  the  weU-known  paper 
to  wliich  the  article  in  tbe  text  was  nppondc'l.  It  ^'iv*»s  a  %-cry  ingenious  investi- 
gation of  a  theorem,  of  no  smaR  importance  in  the  veritication  of  the  methods 
wliidk  wen  employed  hi  this  determination,  which  waa  first  demonstrated  bjr 
Laplace  in  the  •  Connaissancc  du  Terns.*  Anothrr  ami  a  much  more  simple  inves- 
tieation  was  pointed  out  at  Ute  cud  of  a  paper  (No.  XXVllI.)  which  immcdiatelv 
follows  the  one  giren  in  the  text.  The  theorem  ie  now  finrad  in  Dr.  Whewell^ 
*  Dynamics'  and  in  other  elementary  books.  See  also  Sir  J.  Liih>>o<  k's  *  Memoir  On 
the  Pendulum '  in  the  Philosophical  Transactions  for  1830,  where  the  problem  ie 
difCMied  in  its  «oat  goiiral  tonu—NbU  hy  ike  EdUor, 

VOU  II.  B 
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motions  of  all  their  effective  parts  are  concentric  with  those 
of  a  simple  one  similarly  suspended.  But  upon  further  reflec- 
tion, it  becomes  evident  that  these  motions^  though  concentric, 
are  related  to  each  other  in  proportions  somewhat  different 
from  those  of  a  similar  pendulum  vibrating  on  a  single  point, 
and  it  is  therefore  neoesBaiy  to  determine  the  modification  of 
the  motion  produced  by  this  diflferenee  of  comieiioii.  The  in- 
yestigatioD  may  however  be  condacted  in  a  method  much  more 
nrople  and  intelligible  (o  orcUnary  capacities,  than  that  which 
has  been  adopted  by  the  celeibrated  mathematidan  to  whom  we 
are  indebted  for  the  theorem  ;  and  I  am  tempted  to  send  you 
an  '*  aperqu  "  of  the  reasoning  by  wluch  1  have  satisfied  myself 
respecting  it. 

It  follows  immediately  from  the  general  theorem  for  finding 
the  curvature  of  trochoids  of  all  kinds  (Lectures  on  Nat-  Phil. 
II.  p.  559),  that  the  radius  of  curvature  of  the  path  of  any 
point,  in  the  rod  of  a  pendulum  supported  by  a  cylindrical  axis, 
will  initially  -be  a  third  proportional  to  the  distances  of  the 
point  from  the  centre  of  the  cylinder,  and  from  the  snr&ce  on 
which  it  rolls :  so  that  when  the  cyUnder  is  small  and  the  pen- 
dulum simple,  the  centre  of  curvature  of  its  path  may  be  con- 
sidered as  situated  at  the  distance  of  the  radius  r  below  the 
point  of  contact:  and  this  is  obviously  the  only  correction 
required  for  such  a  pendulum  as  that  of  Borda.  But  when  the 
weight  is  divided,  or  of  considerable  magnitude,  it  becomes 
necessary  to  calculate  the  effect  of  the  dillerent  curvatures  of 
the  paths  of  its  different  parts,  and  to  compare  these  paths 
with  that  of  a  pendulum  A  of  any  given  length  a.  Supj)osing, 
for  the  sake  of  simplicity,  the  weight  of  each  horizontal  section 
to  be  concentrated  in  the  vertical  line,  and  calling  the  ^^i^tin^ 
of  any  particle  P  below  the  surface  of  the  cylinder  x,  the 
radius  of  cnrvatore  of  its  path  will  be  a  third  proportional  to 

T  4-  r  and  t,  that  is,        ;  and  the  iilclination  of  the  curve  at  a 

given  distance  from  the  vertical  line  being  always  directly  as 
the  curvature,  or  inversely  as  its  radius,  the  force  derived  from 
the  wdght  of  F  will  be  to  the  force  at  an  equal  distance  in  the 

pathofA,a8<ito-^,  oras'-il^^to  1.  Nbwthepobtof 
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tlie  ml  ling  jKMidulum  confined  to  the  vertical  line  is  not  the 
centiv  of  curvature,  but  initiaily  the  surfsice  of  the  cylinder :  so 
Uiat  this  must  be  coondered  as  the  pomt  of  intefsection 
with  the  vertical  line,  and  as  the  fulcnim  of  the  lever ;  con* 
■eqnently  the  distance  of  P  from  the  rerticd  Ime  wiU  he,  to 
thel  of  the  pendolmn  A,  as  « to  a,  and  its  immediate  force  will 

^  "^TT^  *  5  '  P  ^^~T^  ^ »  ^^"^  force,  acting  only  at  tlie 
end  of  a  lerer  will  ha?e  its  effisct  at  A  again  reduced  in  the 
ratio  of  jr  to  a,  and  will  then  become  ^^-^  P;  and  if  we  ex- 

prtvs  the  Kiiin  of  all  the  similar  forces  belonging  to  the  body  by 
the  character  £,  whether  found  by  a  fluxiouai  calculation  or 

ottwrwise,  we  liave  the  whole  fom»  at  A,  £^-^P.  The 

reduced  or  rotatory  inertia  of  the  Iwdy,  sometimes  very  impro- 
perly called  the     momentum*'  of  inertia,  will  also  be  ex- 

pretd  by  X  ~  P«  bong  redueed  in  the  ratio  of  the  squares  of 

the  di^ftances  from  the  fulcrum ;  consequently  the  acoekralire 

lurcc  will  be  to  that  of  the  pendulum  A  as  to  1.  or 

a 

as  —  ^-^    p  to  1 ;  siooe  it  is  indiflerent  whether  the  integral 

or  the  ditferontial  be  divi<led  by  the  con.-Uint  (juantity  a:  and 
ID  order  t»)  express  the  length  of  the  ecjuivalent  pendulum,  we 
miMt  suppose  a  to  be  as  much  ipugthened  as  the  force  is  weak* 

ened,  so  that  we  have  Ibr  this  length  .   It  is  obvious 

that  tiif  tienomitiator  of  thi.><  tV.u  tioii  is  the  same  that  would 
expn:^.*  lh«*  fore<'  of  the  Inxly  with  regard  to  the  centre  of  the 
ri.lijjii.T  as  a  fixed  }K)itit ;  and  it  might  indeed  have  been 
iiifiTreii  at  once,  fn>m  the  prineijile  of  virtual  velocities,  that 
th4>  fon^e  must  be  the  same  in  either  case,  however  irregular 
the  Ibrm  of  the  body  may  1>c  :  but  it  is  somcwiiat  more  satis&c- 
lory  to  ibUow  the  mechanical  steps  by  which  the  operatioii  of 

2  TT  P 

the  law  takf«  place.    If  we  make  r  =  0,  we  have         =  /, 

f«ir  the  length  of  tlic  e<|uivalent  pendulum  when  the  surfaci* 
of  the  qrUnder  is  supposed  to  be  the  centre  of  suspennon; 

R  2 
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and  it  follows  from  the  well  known  properties  of  the  centre 
of  gravity,  that  2  x  P,  the  sum  of  the  product  of  all  the 
particles  into  their  distances,  is  equal  to  Q<i,  the  pro<luct  of 
the  whole  weight  Q  ioto  the  distance  of  the  centre  of  gravity 
from  the  point  of  suspension ;  and  }^^Ps  £xP  /  ^  d(iU 
80  that  the  equivaleDt  length  for  the  rolling  pendulum  becomes 

rf/Q  dm  dtq        _t—  jn_r\ 

l(*  +  r)P  *  lorP  +  lrP  "  rfQ+rQ  "    I  +  ^  *  ^  W 

r  being  supposed  very  small ;  which,  for  a  simple  pendulum, 
when  d  =  becomes  /  —  r,  as  it  ought  to  do.  We  must 
however  find  the  displacement  of  the  centre  of  suspension 
which  is  capable  of  producing  an  equal  alteration  in  the 
length  of  the  equivalent  pendulum ;  and  for  this  purpose  we 
must  haye  recourse  to  the  theorem  of  Huygens,  which  may 

1  JX  P 

be  ea^Wy  deduced  from  the   expression         :   for  calling 

X  "  df  the  distance  of  any  particle  of  the  body  from  its 
centre  of gravi^,  we  have  2*  =  (<f  +  y)*  =  +  2ify  +  ^,and 
2j*P  =  2iW  +  2<£SyP  +  2/P  «  d*Q  +  0  +  It^F,  the  in- 
tegral  of  SyP,  the  product  of  the  distance  of  each  particle  into 

its  distance  from  the  common  centre  of  gravity  always  vanish- 
ing :  consequently  /  »       ^"^'^  ~        4-  4  ^  l  —  d^ 

-^^i  which  is  Iluygens*  theorem:  the  constant  quantity  '  g ^ 

being  equal  foM  ^dK  Jf  now  we  suppose  if  to  be  increased 
by  the  snmll  quantity  9,  the  reciprocal,  instead  of  /  —  will 

become  ^f=:7  «         =  (I  -  d)  (I  -    -  /j  +  #,  to 

which  adding  if  +  ^  we  have  /  -      -|-  2s,  the  increase  of  the 

length  being    J*  $ ;  and  making  this  equal  to  —  ^  r,  we 

'  =  sd^~r  ^"^  ^^^^  pendulum  is  inverted,  substi- 
tuting /  -  if  for  d;  the  eipression  becomes  SJ^ZTi  =  aTT"/' 
whiih,  added  to  the  furmer  negative  value  of  the  same 
quantity,  must  nUsny^  destroy  it:  so  that  the  length  of  the 
equivalent  pendulum  will  be  truly  mtsasured  by  tlie  simple 
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distance  of  the  surfaces  of  the  cylinders,  as  Mr.  Laplace  has 

demonstrated. 

There  is  however  another  correction,,  of  which  it  hecomes 
necessary  to  determine  the  value,  when  a  very  sharp  edge  U 
used  for  the  axis  of  motion,  as  in  the  pendulum  which  you  have 
employed :  since  it  q»pean  very  possihle,  that  in  this  case  the 
temporary  oomprenioii  of  the  edge  may  produce  a  sensible 
^ongation  of  the  pendulum.  But  it  will  be  found,  by  calculadng 
tbe  magmtnde  of  this  change,  that  when  the  edge  is  not  ex- 
tremely short,  and  when  its  bearing  is  perfectly  equable,  this 
oofiection  may  be  safely  neglected. 

Supposing  a  to  be  the  distance  from  the  edge,  in  the  plane 
bisecting  its  angle,  at  which  the  thickncsis  U  such,  that  the 
weight  of  the  modulus  of  ehisticity  corresponding  to  the  section 
shall  become  equal  to  the  weight  of  the  pendulum,  the  elasticity 
at  any  other  distance  x  from  the  edge  will  be  measured  by  x, 
while  tbe  weight  is  represented  by  a ;  so  that  the  elementary 
increment    will  be  reduced  by  the  pressure  of  the  weight  to 

^^-^x',  and  the  element  of  the  compression  will  bej-;^x', 
and  its  fluadon  -4-  dx,  of  which  the  fluent  is  a  h  l  ?-t-f • 

a  + 1  a 
Now  the  height  of  the  modulus  of  elasticity  of  steel  is  ten 
million  feet  (Lect  Nat.  Phil.  II.  p.  509),  and  the  weight  of  a 
bar,  an  inch  square,  and  of  this  height,  would  be  about  30  mil- 
lions of  pounds;  so  that  if  the  weight  be  10  pounds,  and  the 
•line  of  bearing  an  inch  long,  the  thickness  at  the  distance  a 
must  be  one  three  millionth  of  an  inch;  and  supposing  the 
angle  aright  one,  a  must  be  -mivwvi  ^  making x  =  l,  we 
baye  the  whole  compression  of  the  edge  withm  the  depth  of  an 
inch  Tuitu  H  L  4244001 ;  and  this  logarithm  being  15^6, 
the  correction  becomes  equal  to  the  860  thousandth  of  an  inch. 
If  the  iKjaring  were  one-tenth  of  an  inch  only,  the  compression 
for  both  the  opposite  edges  would  become  laojjd^  supposuig 
that  they  retained  their  ehisticity,  and  underwent  no  permanent 
alteration  of  form.  In  fact,  however,  the  edge  must  be  consi- 
4lered  as  a  portion  of  a  minute  cylinder,  which  will  be  still  less 
compressible  than  an  angle  contained  by  planes ;  and  the  happy 
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proper^,  demonstrated  by  Mr.  Laplaoe»  will  preTent  any  leiir 
sible  inaocoracy  from  this  cause,  however  blunt  the  edges  may 
bOy  snppoaing  that  the  steel  is  of  uniform  hardness  in  both. 
Believe  me,  my  dear  Sr,  very  sincerely  yours, 

Thomas  Youno. 

WdbMk  Stn8t»  SOi  Jao.  1816. 


P.S.  It  is  ea^y  to  show  that  the  (letermination  of  the  length 
of  the  pendulum,  by  means  of  a  weight  sliding  on  a  rod  or 
bar,  which  is  the  method  that  I  have  proposed  as  the  most 
convenient  for  obtaining  a  correct  standard,  is  equally  inde- 
pendent of  the  magnitude  of  the  cylinder  employed.  The 
reduced  inertia  2a^P  here  consist  of  two  portions :  for  the 
rod  we  may  take  the  equivalent  expression  dlQ,  which  we 
may  cajl  oiy,  a  being  the  weight  of  the  bar  (Q),  x  the 
distance  (d)  of  the  centre  of  gravity,  and  y  the  equivalent 
length  {t)i  for  the  ball  we  must  employ  the  formula 
2«*Ps2j^P+<l*Q,  andcaU  2^  P,  u,  and  ^*  Q,  b^, 
h  bemg  the  weight  of  the  ball,  and  z  the  distance  of  its 
centre  of  gravity  from  the  point  of  suspension :  and  in  the 
game  manner  the  force  2  (j:  +  r)  P  =  {d  +  r)  Q  must  be  com- 
posed of  the  two  portions  a  («  +  r)  and  b  (z  +  r),  so  that  the 

equivalent  length  becomes    ^^•^  •^^    .  * — 

z  +  ^  

which  we  may  call         s  t.   The  experiment  being  then 

performed  in  four  different  positions  of  the  weight,  at  the 
distances  d\  d'\  and  d!*\  so  that  the  second  value  of  z  may  be 
^  -  rf'  =  x',  the  third  -  <r  -  and  the  fourth  r  -  <i*" = , 
we  must  observe  the  times  of  vibration,  and  deduce  from 
them  the  comparative  lengths  of  the  equivalent  pendulum, 
n%  n%  and  n'"t :  and  hence  the  value  of  of  v,  and 
of  i  may  be  obtained,  without  determining  w,  and  of  course 
without  employing  the  quantity  r. 
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.  Z  +  10  «  —J — 9  2r  -¥  W  ^  ,  2r    H-  10  «  » 

4-  «,  +  * 

111.   C  -  ^'   =  Ci'i  Z  -  Z"  =  Z  -  Z'"  =  t/'". 

V   §  _  fZJtf  tf^-k-v     «t-t-p  V 

VL  By  oomparing  the  first  of  these  equations  soooesrifely 
with  the  second  and  third,  and  bringing  the  terms  oontainiog 
9  to  the  same  side,  we  obtain 


«■       ^\    .  /i  i  1  Ji_\ 

Itns  equation  contains  only  the  squares  of  the  value  of  z 
with  known  coefficients ;  and  if  we  snbetitute  z  ^  it,  z  d*'y 

and  z  —  (f"  for  z',  r ",  ami  r'",  re;ipcc lively^  we  shall 
obtain   uu   equation    in   the   form  €z*  +  /2      ff,  whence 

T.  Y. 
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No.  XXVIII. 
KEMAKKS  ON  THE  PROBABIUTIE^  OF  ERROR  IN 

PHYSICAL  OBSERVATIONS, 

AND  ON  Tfl£  DBNSITT  OF  THE  EARTH, 

COmiDBBID  WITH  BBGABD  TO  TBM  UDUOIION  <W  UPlBIllim  OH  TUB 

PXHDULUIC. 

In  a  Lbttkb  to  Capt.  Usiiar  Katbb,  F.B.S. 
From  the  Philotophkxl  Tnmiactioiu  for  1819. 
Read  Jaxuabt  81, 1819. 


Mv  DEAR  Sir, 

The  results  of  some  of  your  late  exjxTiiiu'nts  on  the 
pendulum  having  led  nie  to  reflect  on  the  possible  inequalities 
in  the  arrangement  of  gravitating  matter  within  the  earth's 
Bubstaiice,  as  well  as  oa  the  methods  of  appreciatiug  the  ac- 
curacy of  a  long  scries  of  observations  in  general,  I  have 
thought  that  it  might  be  agreeable  to  you^  to  receive  the  con- 
closioDS  which  I  have  obtained  from  my  Investigations!  in  such 
a  form  as  mig^t  serve  either  to  aocompany  the  report  of  your 
operations,  or  to  be  laid  before  the  Boyal  Society  as  a  distinct 
communication. 

1.  Oft  fib  0ttimaiim  of  the  adwxniage  of  muUiplied  obiormiiom. 

It  has  been  a  &vourite  object  of  research  and  speculation, 
among  the  authors  of  the  most  modem  refinements  of  matlie- 

niatical  analysis,  to  determine  the  laws,  by  which  the  prolm- 
bility  of  occurrences,  and  the  accuracy  of  exjKriiuental  results, 
may  he  reduced  to  a  nunu'rical  form.  It  is  indeed  true,  that 
this  calculation  hod  sometimes  vainly  endeavoured  to  substitute 
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arithmetic  fur  common  sense,  and  at  other  times  has  exhibited 
ao  inclination  to  employ  the  doctrine  of  chances  as  a  sort  of 
attxiliary  in  the  pursuit  of  a  political  object,  not  otherwise  so 
eaaly  attainable  :  but  we  must  recollect,  that  at  least  as  much 
good  sense  is  required  in  applying  our  mathematics  to  objects 
of  a  moral  nature,  as  would  be  sufficient  to  enable  us  to  judge 
of  all  their  relatioiiB  without  any  mathematica  al  all :  and  thai 
a  wise  goverameot  and  a  lira?e  people  may  lely  with  moch 
moie  eoofidenoe  on  the  penmuient  somoes  of  thehr  prosperity, 
than  the  most  expert  calcalators  have  any  right  to  repose  in  the 
most  ii^gemons  oomhinatioiis  of  aoeidental  causes. 

It  is  however  an  important,  as  well  as  an  interesting  stndy, 
to  inquire  in  what  manner  the  apparent  constancy  of  many 
general  results,  which  are  obviously  subject  to  great  and  nu- 
merous ciiuses  of  diversity,  may  best  be  explained  :  and  we 
shall  soon  discover  tliat  the  combination  of  a  multitude  of  inde- 
pendent sources  of  error,  each  liable  to  incessant  fluctuation, 
has  a  natural  tendency,  derived  from  their  multiplicity  and 
independence,  to  diminish  the  aggregate  variation  of  their  joint 
eflisct ;  and  that  this  consideration  is  sufficient  to  illustrate  the 
oocnrrenoe»  for  eiamplei  of  almost  an  equal  number  of  dead 
letters  every  year  in  a  general  post  office,  and  many  other 
similar  drcnmstancea,  winch,  to  an  unprepared  mind,  seem  to 
wear  the  appearance  of  a  kind  of  mysterious  fiitality,  and  which 
have  soroelames  been  oonmdered,  even  by  those  who  have  inves- 
tigated the  subject  with  more  attention,  as  implying  something 
approaching  more  nearly  to  constancy  in  the  original  causes 
of  the  events,  than  there  is  any  just  reason  for  iui'erriug  from 
them. 

This  statement  may  be  rendered  more  intelligible  by  the 
simple  case  of  supposing  an  equal  large  number  of  black  and 
white  balls  to  be  thrown  into  a  box,  and  100  of  them  to  be 
drawn  out  either  at  once  or  in  succession.  It  may  then  be 
demonstrated,  as  will  appear  hereafter,  from  the  number  of 
ways  in  which  the  respective  numbers  of  each  kind  of  balls 
may  happen  to  be  drawn,  that  there  is  1  chance  in  12i  that 
exactly  50  of  each  kind  may  be  drawn,  and  an  evoi  chance 
that  there  will  not  be  more  than  5d  of  either,  though  it  still 
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remaint  barely  possible  that  even  100  black  balls  or  100  white 
may  be  drawn  in  snooearion* 
From  a  similar  consideration  of  the  number  of  oombinatiaiiB 

aflfording  a  given  error,  it  will  be  easy  to  obtain  tlie  probable 
error  of  the  mean  of  a  number  of  observations  of  any  kind  ; 
beginning  first  with  the  simple  supposition  of  the  certainty  of 
an  error  of  constant  magnitude,  but  equally  likely  to  fall  on 
either  side  of  the  truth,  and  then  deducing  from  this  suppo- 
sition the  result  of  the  more  ordinary  case  of  the  greater  proba- 
bility of  small  errors  than  of  kirger  ones,  Una  liability  to  a 
constant  error  may  be  represented,  by  sqpfKMng  a  counter  to 
hare  two  fiuses^  marked  0  and  2 :  the  mean  Talne  of  an  infinite 
number  of  triab  wiU  then  obvionsly  be  1,  and  the  constant 
error  of  each  trial  will  be  1«  whether  positiTe  or  negative^ 

Now  in  a  combination  of  n  trials  with  such  a  counter,  if  we 
divide  the  sum  of  the  results  by  n,  the  greatest  possible  error 
of  the  mean  thus  found  will  be  1 ;  and  the  probability  of  any 
other  given  error  will  be  expres>cd  by  the  number  of  combina- 
tions of  the  faces  of  w  counters  aflfording  that  error,  divided  by 
the  whole  number  of  combinations  ;  that  is,  by  the  correspond- 
ing coefficient  of  the  binomial  (1  +  1)",  divided  by  2",  the 
sum  of  the  coefficients.  The  calculations  therefore  will  stand 
thus: 

n  =  2        ti  =  a  n  =  *  11  =  6  «=8 

Coefficients  18   1      13  8  1      1  4  •  4   t      1   «  ift  so...      1   »  86  »6  70... 

Himibnstlmnra  ot4  0246  02468  024  6...  o  2  4  <>  8... 
Differences  rh>m  n  >n9  SllS  42024  «42  0...  8642  0... 
ERonorUMmeuii  1  oi  l|il  i  i  0  i  \  l|i  n...  1  t  i  i  o... 
8nM«r«Ran  14.14.14.1.14  1 4t4>04>a4't'^  l+4<ffr4-0...  14-64>U4>U4>0... 

It  18  easy  to  perceive  that  these  coefficients  must  express  the 
true  numbers  of  the  combinations,  since  they  are  formed  by 
adding  together  the  two  adjacent  members  of  the  preceding 
series ;  thus  when  n  is  3,  1  combination  giving  the  number  0 
and  3  the  number  2,  these  two  combinations  being  again 
respectively  combined  with  2  and  0  of  a  fourth  counter,  give 
1^3=4,  for  the  combinations  aflbrding  the  number  2  in  the 
next  series ;  while  each  succeeding  series  must  continue  to  begin 
and  end  with  unity,  since  there  is  only  one  combination  tiiat 
can  afford  either  of  the  extremes. 
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III  order  to  oonlunie  the  celoulatum  with  greater  cooTeirience, 
«e  mint  find  a  general  ezpreflsion  for  the  middle  terms,  2,  6, 
20,  70...,  neglecting  the  odd  values  of  n.  The  first,  2,  ia 
made  upof  (1  4-  1),  the  second,  6.  is  2  (2  -f  1) ;  20  is  2  (6  -f  4) 
and  70  =  2  (20+  15)  :  or  6  =  2(2.1),  20  =  2  (G.|).  70  =  2 
(20 .  i),  whence  the  series  may  easily  be  continued  at  pleasure, 
multiplying  always  the  preceding  term  by  8,  s",  V,  .  .  , 
We  have  also  6=  16  .  I  =  2M,  20  =  2«.  A,  and  70  =  2\  ^: 
ooDBeqnently  the  temiB  of  this  series,  divided  by  2*,  will  always 
express  the  mean  eiron  akeady  calculated*  From  thii  ndne 
ol  the  middle  term  we  may  easily  dednee  that  of  the  nei^* 

bouriog  terms  by  means  of  the  original  formula  »  ,  ' 
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tlie  first  faittor  less  than  unity  being 


I M  1 

*^^y®  nrZT+ — 2  •  magnitude  of  the  mean  error  is  ex- 

m 

hilnted  in  the  annezed  table. 


n  Mean  cnor* 

2 

.500000 

4 

.375000 

6 

.312500 

8 

.273437 

10 

.246094 

12 

.225586 

14 

.209473 

16 

. 196381 

18 

.185471 

20 

.176196 

80 

.144466 

40 

.125363 

50 

.112271 

60 

.102574 

70 

.095022 

80 

.088924 

90 

.().s.3H68 

100 

.079586 

The  geperal  expression  for  this  seri^ 

"  '  '   it  18  obviona  that 
•  - 1 


being  I .  I .  f . . . 


if  we  multiply  it  by  i .  I ...  1^-5^  9  the  product 

will  be  ^,  whatever  the  value  of  n  may  be  : 

and  when  that  raloe  is  large,  the  ftctora  of 
these  two  expressions  will  approach  so  near 
to  each  other  that  they  may  be  .oonaidered 
as  equal;  oonseqaently  the  eorresponding 
terms  of  either,  tid^en  between  any  two  large 
values  of  n,  will  vary  in  the  anbduplicate 
ratio  of  since  their  product,  which  may  be 
considered  as  the  square  of  either,  varies  in 
the  simple  ratio  of  n,  so  that  the  mean  error 

may  ultimately  be  ezpreaBed  hy  V  ^*  The 

value  of  p  evidently  appranmatea  to  that  of 
the  quadrant  of  a  cirde^  of  which  the  radius 

is  vmity  :  thus  for /i  =  10  it  is  1.6512,  and 
for  n=  100,  1.5788,  instead  of  1.5708  ;  and 
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the  ultimate  identity  of  these  magnitudes  has  been  demonstrated 

by  Euler  and  others.  (See  Mr.  llerschers  Treatise  ou  Series, 
in  Lacroix,  Engl.  Ed.,  n.  410.) 

The  fraction  thus  found,  multiplied  by  2",  gives  the  number 
of  combinations  exj)ressed  by  the  middle  term,  in  which  tiie 
error  vanishes,  when  n  is  even:  and  the  whole  luiinhcr  of 
combinations  being  also  2",  it  is  obvious  that  the  fraction 
alone  must  express  the  probability  of  a  result  totally  free 
from  error.  The  neighbouring  terms  on  each  side,  for 
nsiOO,  are  .078025,  .073524,  and  .066588,  the  sum  of  the 
7  being  .515860 ;  and  since  this  sum  exceeds  it  is  obviously 
more  probable  that  the  result  of  100  trials  will  be  found  in 
some  of  these  seven  terms,  than  in  any  of  the  remaining  94, 
and  that  the  mean  enor  will  not  exceed  -^g.  When  n  is 
so  large,  that  the  terms  concerned  may  be  considered  as 

nearly  equal,  the  fiictors  r-i-^  >  i"  *  -*  >  ^  esprened 
by  1  —  -J*  *  ""I*  ^  ^  terms  themselves 

by  1,  l^i'^^V  ^""^f^'-jt^ie  negative  parts  forming 

the  series^  (1,  4,  9 .  .  .)  of  which  the  sum,  for  q  terms,  is 

r (i  9*  +  +  i  9)  or  ultimately ;  consequently  if  we 
call  the  middle  term  e,  we  must  determine  q  in  such  a  manner 
as  to  hAvee{2g-tf)  «  *  -  «» andj(l -5,^^  "h"^' 
but  e  has  been  already  found  in  this  case,  =  V  ■nd 
neglecting  at  first  the  square  of  g,  we  have  9  =  i  V  0^)  ^9 
=  ~       whencelj*  «  -^p,  and  =  .98455; 

hence,  for  a  second  approximation,  .93455  q  s  ~  —  and 
q  s  .2674  J  {ptt)  —  .53 ;  and  by  continuing  the  operation  we 
obtain  .9235  y  =  i  -  and  j  =  .271  V  (j^'O  -  -^^i  con- 
sequently the  probable  error,  being  expressed  by^,  will  be 

.542^^-^=  This  formula,  for  v«  100,  be- 

comes  .0571,  and  for  n  =  lOOUO,  .00679  -.00011  «  .00668. 


Digitized  by  Google 


Na  XXVIIL        IN  PBT8ICAL  OBSERVATIONS. 


13 


We  must  not,  however,  lose  sight,  in  this  calculation,  of 
the  original  condition  of  liability  to  a  certain  constant  error 
in  each  trial.  For  example,  we  may  infer  from  it,  that  if  we 
made  100  obeeirations  of  the  place  of  a  luminary,  each  dif- 
fering 1'  from  the  tnith,  but  indiffisrently  on  either  side  of  - 
it.  the  error  of  the  mean  reanlt  would  probaUy  not  exceed 

^  •  1'  s  3.6" ;  and  that  in  1000  observations  it  would  probably 

be  reduced  to  abont  a  second.  Now  although  in  the  methods 
of  obierfing  which  we  employ,  the  error  is  liable  to  consi- 
derable Tariations,  yet  it  may  be  represented  with  suflicient 
arcuracy,  by  the  combination  of  two  or  more  experiments  in 
wliich  the  simpler  law  prevails.  For  example,  the  combina- 
tion of  two  counters,  such  as  have  been  considered,  is  equi- 
valent to  the  etfect  of  a  die  with  four  faces,  or  a  tetraedron, 
marked  0,  2,  2,  and  4,  or  with  errors  expressed  by  1,  0,  0, 
an<!  —  1 ;  Uic  combination  of  three  oonnters  is  represented  by 
a  die  having  eight  faces,  or  an  octaedron,  with  the  errors  1, 

It  1«  )>  ~  i»  1  f  snd  the  oomhinatioo  of  four  by  a 
solid  of  16  sides,  with  the  errors  1,  4  x  i,  6  x  0,  4  x  -  1. 
These  distrihatioos  efidently  resemUe  those  which  are  gene- 
ndly  found  to  take  place  in  the  results  of  our  experiments; 
and  it  is  of  the  less  consequence  to  represent  them  with  greater 
accuniry,  since  the  minute  steps,  by  which  the  scale  of  error 
varies,  have  no  sensible  effect  on  the  result,  especially  when 
the  lunubcr  of  ol (nervations  is  considerable  If,  for  example, 
instead  of  two  trials  with  the  tetraedron,  having  the  errors 
1,  U,  0,  —  1,  we  made  two  trials  with  a  solid  of  21  faces, 
haring  the  errors  distributed  equally  from  1,  .9,  ,8..  to— 1,  the 
meuo  error  of  all  the  possible  combinations  would  only  vary 
froai  Jd7b  to  .849 ;  aiid  in  a  greater  number  of  trials  the 
cnors  would  approach  still  oesrer  to  equality. 

Nov  b  order  to  employ  any  of  these  suppositionB  for  the 
purpose  of  oalcolatioo,  it  is  only  necessary  to  compute  the 
oorrespooding  meiii  error,  aud  to  make  it  equal  to  the  actual 
mesa  error  of  a  great  number  of  obserrations.  Thus,  if  we 
eootider  each  obscnration  as  representing  a  binary  rombina- 
tioo  of  counters  or  cuiulaiit  errors,  iu  which  the  meau  error 
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18  i,  and  adding  together  the  dififerences  of  the  several 

results  from  the  mean,  and  dividing  by  their  numbers,  we 
find  the  mean  error  of  100  observations  T,  wc  must  con- 
sider tlie  original  constant  error  as  equal  to  2',  which  is 
to  be  made  the  unit  for  200  primitive  combinations ;  and 

-  -H!    .0426 ;  and  the  probable  error  of  the  mean 

^200       200  * 

will  be  .0426  x  120  ts  bV.   For  a  qnartemaryeombination, 

if  the  error,  which  amounts  to  S,  be  found  1',  the  unit  will 
be  r,  and  for  n  =  400,  we  have  .03125  x  I'  =  5.0".  And  if 
we  set  out  with  a  large  number  m  of  combinations,  the  mean 

error  b^ng  V  ;^  =  ^  the  unit  will  be  e  V  O'"')  ~  h  the 

probable  error  of  itm  trials  being  equal  to  this  unit  multiplied 

by  .542  J neglecting  the  very  small  fraction-^,  we 

have  .542  V  (p^)  =  -542      Vi«  =  -^^^^  ^  l^' 

which,  if «  be  r,  and  n  =  100,  giTes  again  5.1".  It  appears 
therefore  that  the  supposition,  respeding  the  number  of  com- 
binations respresenting  the  scale  of  error,  scarcely  makes  a 
perceptible  ^flference  in  the  result,  after  the  exclusion  of 
the  constant  error:  and  that  we  may  safely  represent  the 
probable  error  of  the  mean  result  of  n  observations,  by  the 

expression  .85      «  being  the  mean  of  all  the  actual  errors. 

We  might  obtain  a  oonclunon  nearly  similar  by  considering 
the  sum  of  the  squares  of  the  errors,  amounting  always  to  n  2  ■ : 

but  besides  the  greatiT  labour  of  computing  the  snm  of  the 
squares  of  the  errors  of  any  scries  of  observations,  the  metluxl, 
strictly  speaking,  is  somewhat  less  accurate,  since  the  amount 
of  this  snm  is  alfocted  in  a  slight  degree  by  any  error  \\hich 
may  remain  in  the  mean,  while  the  simple  sum  of  the  errors  is 
wholly  exempted  from  this  uncertainty.  In  other  respects  the 
results  here  obtained  do  not  materially  differ  irom  those  of 
Legendre,  Bessel,  Gauss,  and  Laplace :  but  the  mode  of  inree- 
tigation  appears  to  be  more  simple  and  intelligible. 

It  may  therefore  be  inferred  from  these  calculations,  first, 
that  the  original  conditions  of  the  probability  of  diflferent  errors, 
though  they  materially  afiecC  the  observations  themselves,  do 
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sot  very  greatly  modify  the  nature  of  the  oondunons  reepect* 
ing  the  aocuracy  of  llie  mean  result,  becanae  tbdr  efibet  b 
oompRhended  in  the  magmtade  of  the  mean  error  from  which 
tboee  conclnnons  are  deduced :  and  secondly,  that  the  error 
of  the  mean,  on  account  of  this  limitation,  is  nefer  likely  to  be 
greater  than  «z  sevenths  of  .the  mean  of  all  the  erron,  divided 
by  the  square  root  of  the  number  of  observations.  But  though 
it  is  perfectly  true,  that  the  probable  error  of  the  mean  is 
always  somewhat  loss  than  the  mean  error  divided  by  the 
square  root  of  the  number  of  obger\'ati()ns,  provided  tliat  no 
constant  causes  of  error  have  existed ;  it  is  still  very  seldom 
safe  to  rely  on  the  total  absence  of  such  causes  ;  especially  as 
our  means  of  detecting  them  must  be  limited  by  tlie  accuracy 
of  our  observatioos,  not  assisted,  in  all  instances,  by  the  ten- 
dency to  equal  errors  on  ^ther  side  of  the  truth :  and  when 
we  are  comparing  a  sories  of  observations  made  with  any  one 
instrument,  or  even  by  any  one  observer,  we  csn  place  so  little 
reliance  on  the  absence  of  some  constant  cause  of  error,  much 
greater  than  the  probable  result  of  the  acddental  causes,  that 
it  would  in  general  be  deceiving  ourselves  even  to  enter  into 
the  calculation  upon  the  principles  here  explained :  and  it  is 
much  to  he  apprehended,  that  for  want  of  considering  this 
necessary  condition,  the  results  of  many  elegant  and  refined 
investigations,  relating  to  the  probabilities  of  error,  may  in  the 
end  be  found  perfectly  nugatory. 

These  are  cases  in  which  some  little  assistance  may  be 
derived  from  the  doctrine  of  chances  with  respect  to  matters 
of  literature  and  history:  but  even  here  it  would  be  ex- 
tremely easy  to  pervert  this  application  in  such  a  manner  as 
to  make  it  snbsen^ent  to  the  purpose  of  clothing  fallacious 
reasoning  in  the  garb  of  demonstrative  evidence.  Thus  if  we 
were  investigating  tlie  relations  of  two  languages  to  each  other, 
with  a  view  of  determining  bow  far  they  indicated  a  common 
origin  from  an  older  language,  or  an  occasional  intercourse 
Ijetween  the  two  nations  speaking  them,  it  would  be  important 
to  inquire,  upon  the  supposition  that  the  possible  varieties 
of  monosyllabic  or  very  simple  words  must  be  limited  hy  the 
extent  of  the  alphabet  to  a  certain  number,  and  that  these 
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oaraOB  were  to  be  given  promiscuously  to  the  same  number  of 
thingi,  what  would  be  the  chance  that  If  2,  3  or  more  of  the 
names  wbuld  be  applied  to  the  same  Unn^  in  two  independent 
instances. 

Now  we  shall  find,  upon  conaderation,  that  for  n  names  and 
n  things,  the  whole  number  of  oomlnnatioas,  or  rather  permu- 
tations of  the  whole  nomendature,  would  bem=:1.2.d..ii; 
and  .that  of  these  the  number  in  which  no  one  name  agreed 

would  be  a  =»!  —a,  — « .       . a.— n  .  -r- .  -r- .  a.  .  .  —  n  . 

II  1  31         •  m  9  9 

a     ;  each  term  expressing  the  number  of  agreements  in  n, 

w  — 1,  71  — 2.  instances  onl}%  and  being  made  up  of  all  tbe 
combinations  of  so  many  out  of  u  things,  each  occurring  as 
many  times  as  all  the  remaining  ones  can  disagree.  Hence  we 
may  easily  obtain  the  successive  values  of  a  from  eacb  other, 
the  first  being  obviously  1,  as  a  suigle  name  can  only  be  given 
in  one  way  to  a  single  thing,  therefore, 

a^B6-l-S«t 
a^sSi- 1-6-8=9 
a^siao-l  -  IO-.S0-46a44 

ags7S0-l- 15- 40 -135-264 =266 
0^=5040-1-81—70  -  316  -  924-1855=1854 
Og8408aO- 1 -S8- US-6aO-S464-  74aO- l488S«148aS 

O,^ =362880 - 1  - 86 -  1 68  -  11 34  -  5544  -  22260  -  GG744  -  1 33497  =  133496 
a,A=862a800— 1-45-240- 1890- 11068  -  55650-S28480-667485-1334960 


From  this  computation  it  may  be  inferred,  that,  for  10  names, 
the  prbbabifities  will  stand  thus : 


s=  1334961 


No  ooiDcidenoe  .367880 

One  only  .367880 

Two  only  .183941 

Three  oDly  .061300 

Four  only  .015336 


One  or  more 
Two  or  more 
Three  or  more 
Foot  or  more 
Five  or  more 


.632120 
.264240 
.080300 
.018091 
.003656 
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Fiveonlj  .003066  Sizormcfe  .000699 

SixoDly  .000621  Seven  or  more  .000078 

Seven  only  .000006  Eight  or  more  .000012 

E^ody  .000012  Nine  or  Ten  .OOObOOS 

The  tame  reealts  may  be  still  more  readily  obtained  from 

the  supposition  that  n  is  a  very  large  number;  for  then, 

the  probability  of  a  want  of  coincidence  for  a  single  c<ise 

being  ^»  the  probabili^  for  two  triab  wiU  be  J,  and 
for  the  whole  "      ~  7iJ'       ^  hyperbolical 

logarithm  of  1  —  being  ultimately  -  ^  ,  that  of  ^1  -  will 

be  —  1 ;  consequently  the  probability  of  no  coincidence  will  be 
.  .3678794:  and  if  n  is  increased  by  1,  each  of  these 

eases  of  no  coinddme  will  aflbrd  one  of  a  single  ooincidenoe : 

if  by  2,  each  will  affoni  one  of  a  double  coincidence,  but 

half  of  them  will  bi^  duplicates ;  and  if  by  3,  the  same 
nuuilier  must  Ixj  divided  by  G,  since  all  the  coiiihinations  of 

thn*e  wuuld  be  found  <ux  times  rcpoiited.  We  have  there- 
fore for 

No ooin^dnioe  .3678794  Oneormore  .r):{21206  =  ^- 

One  only          .'.078794  Twoormore  .2042412  =  i  + 

Two  only         .  1  s;{(>;{'.»7  Throe  or  nrare  .  08030 15=,',— 

Thn'c  only       .  o»;  i  ;j  i  ;]2  Four  or  nioro  .  01 808S:j  = 

F.«ir  only  .Oi:>;{283  Fi\ »■  or  nj«)rr'  .(>03f)(ioO  = 

Kiv.' ..Jily  .fM).{(  n;.'»7  .*^ix  or  iMur.'  .  0' lO.Mii;}  -  ,  ^"^  , 

Six  only  .OOU'»10  »  S-ven  or  mf)n'  ."00<»S.{4  ^  , ,  i  ^  ^ 

.Sfvwionly        .O0f>n7a<»  Fli^jhl  or  more  .Oo(t(iin5  -  j^. 

It  appears  therefore  that  nothing  whatever  could  he  inferred 
with  rented  to  the  relation  of  two  languages  from  the  coinci- 
denee  of  the  sense  of  any  single  word  in  both  of  them ;  and 
thai  the  odds  would  only  be  8  to  1  against  the  agreement  of 
two  words;  but  if  three  words  appeared  to  be  identical,  it 
would  be  more  than  10  to  I  that  they  must  be  derived  in  both 
cAs^  from  some  parent  language,  or  introduced  in  some  other 
uuinmT  ;  six  wonls  wuuld  gist*  n«'ar  1700  chances  to  1,  and 
8  nfar  |<KM^>  ;  ?o  thai  in  tlu'«e  laat  cases  the  evidence  would 
be  little  fhori  of  absolute  i'ertauity. 

V'lL.  II.  C 
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In  the  Biscayaii,  for  example,  or  the  ancient  language  of 
Spain,  we  find  in  the  vocabulary  accompanying  the  elegant 
essay  of  Baron  W.  von  Humboldt,  tJie  words  herria^  new  ; 
'ora,  a  dog ;  yucAt,  little ;  oguiay  bread ;  oUoat  a  wolf,  whence 
the  Spanish  cnza  ;  and  zazpi,  or,  as  Lacroze  writes  it,  shashpi^ 
seven.  Now  in  the  ancient  Egyptian,  new  is  bbri  ;  a  dog, 
UHOR ;  little,  rudchi  ;  bread,  oik  ;  a  wol(  uonsb  ;  and  seven, 
8HA8HF ;  and  if  we  consider  these  words  as  snflbnendy  iden- 
tical^ admit  of  our  calculating  upon  them,  the  chances  will 
be  more  than  a  thousand  to  one,  that,  at  some  very  remote 
period,  an  Egyptian  colony  established  itself  in  Spain:  for 
none  of  the  languages  of  the  neighbouring  nations  retain  any 
traces  of  having  been  the  medium  through  which  these  words 
have  been  conveyed.* 

On  the  other  hand,  if  we  adopted  the  opinions  of  a  late 
learned  antiquary,  the  probability  would  be  still  incomparably 
greater  that  Ireland  was  oHginally  peopled  from  the  same 
mother  eonntry  ;  since  he  has  collected  more  than  100  words 
which  are  certainly  Egyptian,  and  which  he  considers  as  bear- 
ing the  same  sense  in  Irish;  but  the  relation  which  he  has 
magmfied  into  identity,  appean  in  general  to  be  that  of  a 
very  fiunt  resemblance :  and  this  is  precisely  an  initBDoe  of-  a 
case,  in  which  it  would  be  deceiving  ourselves  to  attempt  to 
reduce  the  matter  to  a  calculation. 

The  mention  of  a  mngle  number,  which  is  found  to  be  indis- 
putably correct,  may  sometimes  aflford  a  very  strong  evidence 
of  the  accuracy  and  veracity  of  a  historian.  If  the  number 
were  indefinitely  large,  the  probability  that  it  could  not  have 
been  suggested  by  accident  would  amount  to  an  absolute  cer- 
tainty :  but  where  it  must  naturally  have  been  contined  within 
certain  moderate  limits,  the  confirmation,  though  somewhat 
less  absolute,  may  still  be  very  strong.  For  example,  if  the 
subject  were  the  number  of  persons  collected  together  for  trana* 
acting  business,  it  would  be  a  &ir  presumption  that  it  must  be 
between  2  or  8  and  100,  and  the  diances  must  be  about  100 

*  Sec  the  ailicle  on  '  Languages '  in  the  (ifth  volume  of  the  Sapplement  of  Uie 
Enqrdopn>dia  Britannic*,  p.  242,  which  i«  alio  rradatod  in  a  BUbMauent  Tdame  of 
thb  w«nrk.   (Vol.  IIU  p.  S39.)~iVb/tf     tke  Editor, 
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to  1  that  a  person  reiK)rting  it  truly  mxiAt  have  some  good 
information  ;  especially  if  it  were  not  an  integral  number  of 
tens  or  dozens,  which  may  be  considered  as  a  .sjhm  'h  s  of  units. 
Now  it  happens  that  there  is  a  manuscript  of  Diodorusbiculus, 
whidi,  in  describing  the  funerals  of  the  Egyptians,  gives  42 
Ibr  the  number  of  penoDB  who  had  to  sit  in  judgment  on  the 
merits  of  the  deceased :  and  in  a  multitude  of  ancient  rolia  of 
fiapyntSy  lately  found  in  Egypt^  it  may  be  obaetred,  that  4S 
penooages  are  delineated,  and  enumerated,  as  the  judges 
assisting  Qnris  in  a  similar  eeremony.  It  is  therefore  per- 
fectly fiur  to  conclude  from  this  undeniable  emnddenoe,  that 
we  might  venture  to  bet  100  to  1,  that  the  manuscript  in  ques- 
tion is  in  general  more  accurate  than  the  others  which  have 
been  collated ;  that  Diodorus  Siculus  was  a  well  informed 
and  faithful  historian  ;  that  the  graphical  representations  and 
inscriptions  in  question  do  relate  to  some  kind  of  judgment ; 
and  lastly,  that  the  hieroglyphical  numbers,  found  in  the  rolls  of 
papjrus,  haye  been  truly  interpreted. 


2.  On  the  mean  density  qf  the  earth* 

It  has  been  observed  by  some  philosophefs,  that  the  eiceas 
of  the  dennty  of  the  central  parts  of  die  eardi,  above  that  of 
tiie  soperfidal  parts,  is  so  great  as  to  render  it  probable  that 
the  whole  was  once  in  a  state  of  fluidity,  since  this  is  the  only 
condition  that  would  enable  the  heaviest  substances  to  sink 
towards  the  centre.  But  before  we  admit  this  inference,  we 
ought  to  inquire,  how  great  would  be  the  effect  of  pressure 
only  in  augmenting  the  mean  density,  as  far  as  we  can  judge 
of  the  compressibility  of  the  substances,  which  are  the  most 
likely  to  be  abundant,  throughout  the  internal  parts  of  the 
structure. 

Supposing  the  dsMily  at  the  distance  x  from  the  centre  to 
be  eipresBed  by  y,  the  fluxion  dy  will  be  jcnnily  proportional 
to  the  tlnckness  of  the  elementary  stratum,  or  to  its  fluxion 

♦  See  No.  XXXIV.,  p.  78  of  this  volume.  The  very  important  prinfiplc  of  roni- 
prcMibility  of  s  chemic^illy  homogeneous  substAnce  had  not  previously  been  noticed 
or  ito  dKteto  Mtim«t«d  in  the  theMte  fin:  «S]»laiiiiiig  «Im  ineratn  of  Um  Mrth'tdaurity 
Id  TttnDg  fipom  the  sarfiwt  to  the  entre.— by  iht  Editot, 

C2 
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~  dx,  to  the  actual  denaty  y»  and  to  the  attractioa  of  the . 
interior  parts  of  the  sphere,  which  Taries  as  ^J!ff^ ;  nnoe  the 

increment  of  pressure,  and  consequently  that  of  density,  depends 
on  the  oomhiDatioa  of  these  three  magnitiuies :  we^  hare  there- 

Ibre  —  ndy  s  y^flf^ ;  an  equation  which  will  readily  aibrd 

us  the  value  of  y  in  a  series  of  the  form  1  -f  ax^  4-  ^x*  4-  •  •  •  • 
In  order  to  determine  the  ooefficientSy  we  must  first  find 

"^^^  =  T^4-T  0x^  +  1^^^  +  ...,  and  multiplying  this  hy 

(1  +  aa:*  +  te*  +  ...)d«we  obtain 

—  n  V  s  —  «  —  iww*  —  «&r*    —    near*  —  . . . 


4.5 


6.7 


Hence,  hy  comparing  the  corresponding  tenas,  we  obtain 


C  = 
a  = 
b  « 
c  « 
ds 

/- 

[*- 
['■- 
[*- 


—  n 


1666667«-' 
02222222«-^ 
00268960/J-" 
000308154»-* 
O00034074<n-* 
,00000367495n-^ 
[)0000389066ir^ 
,O0000OO4O62Mr^ 
00000000420ii'« 
.00000000048f|-«« 


Logaritlun,  9.2218487 
8.3467875 
7.4296867 
6.4887650 
5.5324269 
4.5652514 
3.591 1459 
2^7] 
1.6282] 
0.6335] 


AfVer  the  exact  determination  of  tlie  first  seven  coefficients, 
the  next  three  are  obtainod  with  sufficient  accunicy  hy  means 
of  the  successive  <liffi?renccs  of  the  logarithms  compared  with 
.those  of  tlie  natural  numbers. 

It  happens  very  conveniently,  that  the  conditions  of  the 
problem  are  such,  as  to  afford  a  remarkable  &cility  in  deriv- 
ing from  tnis  series  another,  which  is  much  more  convergent, 
and  which  gives  us  the  hyperbolic  logarithm  of  y ;  for  since 
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if  we  multiply  this  hy  dj-,  and  take  the  fluent,  we  sliall  liave 

We  may  determine  tbe  degree  of  oompreflsibility  corre- 
sponding to  a  given  value  of  it,  by  compariog  the  equation 

— » J  «  d**^^^^*'  or  «s  dj^y,  with  the  properties  of  the 

modiUus  of  elasticity  which  is  the  height  of  such  a  column 
of  the  gjiTeo  substaooe,  that  the  increment  of  density  y\  occa^ 
moned  by  the  additional  weight  of  the  increment  x\  is  always 

to  ^»  as  X  to  M,  or  ^'  =  ^»  whence  -  ^  a  ^;  cousequcntly 

io  the  present  case  we  have^  e  ^:  and  M  =  -  :  and  if  we 
^  «      M  p 

make  j-  1  in  the  value  of  /»,  we  shall  obtain  M  in  terms 
of  the  radius  of  the  earth,  considered  as  unity.  When  y  is 
iuvariable,  and  n  inBnite,  the  density  being  uniform,  /r  be- 
comes 1,  and  the  mean  density  will  always  be  ezpreswd  by 
%R»  since  the  attractife  force  is  simply  as  the  mean  denaty : 
and  if  we  divide  by  we  shall  have  the  relation  of  the 
mean  dennty  to  the  superfidal  density.  Tbe  results  of  this 
calculation,  for  different  values  of  77,  are  arranged  in  tlie  table, 
whidi  will  he  found  riufficioutly  accurate  for  the  jjurpudes  of 
the  investigation,  though  not  always  correct  to  the  ias»t  place 
of  figures. 


• 

9 

f 

¥.«-«^ 

f 

•Sasss 

m 

1.0000=1 : 

1.0000 

1.000 

1.000 

1 

.aosto 

j.aoi 

.90S7 

1.1005 

•856 

1.086 

1 

•177SS 

i.aos 

.SSSO 

l.Mlf 

•788 

1.187 

\ 

•tSftSft 

1.305 

•76«0 

l..'J()54 

.646 

1.1  H5 

1 

1.055 

.7106 

1.4071 

.575 

1 .24 

1 

.SiOM 

.yo7 

.6617 

1.5111 

.510 

1  30- 

1 

•S0616 

.608 

.6185 

1.6168 

.458 

1.35 

1 

•m 

.TSS 

.5St 

1.7S 

.418 

1.40 

J 

•tS9 

••81 

.649 

1.8i 

.877 

1.48 

1 

•irt 

.•4S 

.510 

1.M 

.848 

1.49 

.162 

.617 

.486 

2.05 

1.52] 

.153 

.594 

.459 

2.16 

.  298 

1.55] 

.145 

.575 

.435 

2.28 

.8b 

1.67] 

.1 

•5 

.a 

8.3 

.17 

1.8] 
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The  reciprocals  of  the  mean  density  are  inserted,  on  account 

of  the  simplicity  of  the  progression  which  they  exhibit,  being  in 

the  first  instance  precisely  equal  to  1  +  and  ?arybg  but 
slowly  from  this  value. 

Now  if  we  suppose  with  Mr.  Laplaoe,  the  mean  density  of 
the  earth  t6  be  to  that  of  the  superficial  parts  as  1.55  to  1,  it 
appears  from  this  table,  that  the  height  of  the  modulus  of 
elasticity  must  be  about  .594 ;  that  is,  more  than  12  million 
feet,  while  the  modulus  of  tliu  hardest  and  most  elastic  sub- 
stances that  have  been  examined,  amounti?  only  to  about  10 
million.  It  follows  therefore,  that  the  general  law,  of  a  com- 
pression proportionate  to  the  pressure,  is  amply  sufficient  to 
explain  the  greater  density  of  tlie  internal  parts  of  the  earth  ; 
and  the  fact  demonstrates,  that  this  law,  which  is  true  for 
small  pressures  in  small  substances,  and  with  regard  to  elastic 
fluids,  in  all  circumstances,  requires  some  little  modification  tor 
solids  and  liquids,  the  resistance  increasing  somewhat  faster 
than  the  density ;  for  no  mineral  substance  is  sufficiently  light 
and  incompressible  to  aflbrd  a  sphere  of  the  magnitude  of 
the  earth,  and  of  so  small  a  specific  gravity,  without  some 
such  deviation  from  the  general  law.  A  spliere  of  water 
would  be  incomparably  more  dense,  and  one  of  air  would 
exceed  this  in  a  still  <j;rcater  proportion :  indeed  even  the  moon, 
if  she  is  really  perforated,  as  has  sometimes  been  belie ved^ 
and  contains  cavities  of  any  considerable  depth,  would  soon 
have  absorbed  into  her  substance  the  whole  of  her  atmosphere, 
supposing  that  she  em  had  one.  It  may  be  objected,  that 
the  resistance  of  solids  to  actual  oompressioo  may  posnbly  be 
considerably  greater  than  appears  in  our  experiments,  since  we 
are  not  absolutely  certain  that  they  do  not  extend  in  a  trans- 
verse direction,  when  we  compress  them  in  a  longitudinal  one, 
as  is  obviously  the  case  with  some  soft  elastic  substances :  but 
this  objection  is  removed  by  the  experiment  on  the  sound  of 
ice,  which  affords,  either  accurately  or  very  nearly,  the  same 
resistance  to  compression  as  a  portion  of  water  confined  in  a 
strong  vessel ;  and  this  it  could  not  do,  if  the  particles  of  ioe 
were  allowed  to  expand  laterally  under  the  operation  of  a  com- 
pressing force. 
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Mr.  Laplace's  conclusion,  respectiug  the  precise  proportion 
of  the  densities,  is  indeed  derived  from  another  supposition 
respecting  their  variation,  and  would  he  somewhat  mudified  by 
the  adoption  of  thia  theory ;  it  would  not,  however,  be  so 
materially  altered,  aa  by  any  means  to  invalidate  the  general 
inference.  It  would  therefinre  he  proper  to  revise  the  ealcnla- 
tiouB  derived  from  the  lunar  motions  and  the  dlipticity  of  the 
earth,  and  to  employ  in  them  a  variation  of  density  somewhat 
resembling  that  which  is  here  investigated.  Indeed  witliout 
reference  to  the  effects  of  compressibility,  it  is  obviously  pro- 
bable that  the  density  of  tlie  earth  should  vary  more  consider- 
ably in  a  given  depth  towards  the  surface  than  near  the  centre, 
although  the  calculation,  upon  Mr.  Laplace's  more  simple 
hypothesis,  of  a  uniform  variation,  is  much  less  intricate.  It 
would,  however,  be  justifiable,  as  a  6rst  approximation,  to  reject 
those  terms  of  the  series  which  would  vanish  if  n  and  x  were 
very  small,  and  to  make  y  »  1  4  o^s  indeed  this  formula 
has  in  one  respect  an  advantage  over  ike  series,  as  it  seems  to 
Bipganmidtk  more  nearly  to  the  law  of  nature,  in  escpressmg  a  re- 
nstanoe  somewhat  greater  towards  the  centre,  where  the  density 
is  most  augmented :  we  have  then,  if  the  superfidal  denrity  be 

to  the  mean  as  1  to  9,  a  a  -."t      whence  a  =  J  ^"Ki  and 

if^  s  1.55,  a  =  —.58,  ailbrding  an  expression  which  is,  in 
all  probability,  accurate  enough  f<»r  every  astronooueal  purpose. 

If  the  variation  of  density  were  supposed  to  proceed  equably 
with  the  variation  of  quantity,  it  would  obviously  be  as  the 
square  of  the  distance  from  the  centre,  and  the  density  would 
he  as  1  —  03^,  the  mean  density  being  found  at  the  surface  of 
a  sphere  containing  half  as  much  as  the  whole  earth ;  and  this 
might  be  considered  as  the  most  natural  hy}>othesi8,  if  we  dis- 
regarded the  effects  of  compression  :  but  the  arithmetical  pro- 
gression of  densities,  from  the  centile  to  the  surfroe,  seems  m 
every  way  improbable. 

3.  On  th&  inegukmiiu    the  earth* 9  evarface, 

A.  If  we  su})pose  the  plumb  line  to  deviate  from  its  general 
direction  on  account  of  tlie  attrac  tion  of  a  circumscribed  mass, 
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situated  at  a  moderate  depth  below  the  earth's  surface,  the 
distance  of  the  two  points  ik  greatest  deviation  from  each  other 
will  be  to  the  depth  of  the  attractiog  point  as  2  to  J  2» 
N  Let  the  magmtade  of  the  additional  mass  be  to  that  of  the 

earth  as  a  to  1,  and  let  its  dis- 
tanee  from  the  centre  be  h;  then 
supposing  the  earth  a  sphere,  and 
its  radius  unity,  and  calling  the 
angular  distance  of  any  poiut  from 
the  semidiametor  passing  through 
the  mass      the  linear  distance 

from  the  mass  will  be  j(sAn.*x  + 

(oos.«ar  -         =  ^  (sin.  + 

cos.      —  2b  COS.  x  +        =  >/ 
(1  4-  ^  —  26  COS.  x) ;  consequently  the  disturbing  attraction 

^  1  ^  bb  -  2b  cos  X '       ^      ®^  ^  angle  subtended  by 

the  two  centres  of  attractions  will  be  to  their  distance  b  as  sin. 
ar  to  the  oblique  distance  ^  (1  +      —  26  cos.  x)  ;  it  will 

therefore  be  expressed  by  V(i  -htt^^^cofc*)*  ^  ^  ^ 
the  very  small  angular  deviation  of  the  joint  fnroe  from  the 
radius  will  be  to  the  line  measuring  the  disturbing  force  as  this 
last  sine  to  the  radius,  the  difference  of  the  third  side  of  the 
triangle  from  the  radius  being  inconsiderable ;  consequently  the 

deviation  will  be  every  where  expressed  hy  ^  tt^-Tai^.  x)  g  =  ^ 
Now  in  order  to  find  where  this  is  greatest,  we  must  make  its 

.  . /V   eiM.jMLr   .       gill. » 2ft till. jid» 

fluxionvanish,andO«^^^^^,^^^;^|-f.^^^^_3^^^^y 

cos.  x{l  +  6^  ~  26oos.x)  =  86  sin. 'jt,  d6ooB. 'x  —  26cos.*x  + 

1  +  46 

(1  +  6^)  COS.  X  «  36,  006.  "x  H  j—  oosi  x  =  3,  and  oos.  *. 

^'^w"**  ^    '  l^*'       =  1  +  55**°^  ^  small,  oos. 

,  will  be  ^(4+^^)- 1-2=2+^-1  -  ^  =  1  _ 
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5;  whencedax  -  V(l -[i'^J)  =  ^  (l  -1  = 

c 

^  (26) » •""ply  V  ♦    and  c  a  t/2mxLx. 

R  The  sine  of  the  greatest  demtion  of  the  plumb  Kne  will 
amount  to  c^-.SSd^^a  being  the  disturbing  maas,  and  cits  depth. 

Since  co8.jr=l  —  ^,  2ico8.jr  =  24—  ~,  and  1  +  46  - 

2^  4-  f  -  (1  -  *y  4-  7  =  +  J  =  i  ;  and  a<5»  sin.  x 
^««»»>«:7^/whencerf--7v|^^^^     =         =  .8851^, 

or  simply  .385  -  ;  also  a  =  2.618c='6/,  and  c  =  J  (.385  4>  If 

the  density  were  doubled  throughout  the  extent  of  a  sphere 
tondiing  the  surface  intenially,  the  racUus  bemg  we  should 
haTea  =  c^andif  =  .885c,  andc  «  2.8(f:  but  this  is  amuch 
greater  mcreaae  of  density  thanis  likely  to  exist  ona  laige  scale :  so 
that  e  must  probably  in  all  cases  be  considerably  greater  than  tills* 

C  The  greatest  elevation  of  the  general  surfeoe  abo?e  the 

sphere  will  be     on  the  supposition  that  the  mutual  attraction 

of  the  elevated  parts  may  safely  be  neglected. 
The  fluxion  of  the  elevation  is  as  the  fluxion  of  the  arc  and 

» 

as  the  deviation  d  conjointly ;  it  will  therefore  be  expreissed 

^  f.jL'^J^  ^.   Now  the  fluxion  oi-j—r^  . 

is— i  frfr  -"afr^.  ir)|>  CQOfi^^cPtly  the  fluent  of  the  elevation 
will  be  ^    ^U-^ibtM,*)*  ^  *  varies  from  1  to— 1, 

tins  fluent  will  vary  from  y-r^  to  -p^,  the  diflerence  being 

^,  since  c  is  an  extremely  small  fraction.  This  quantity  com- 
prehends indeed  the  depression  on  the  remoter  ade  of  the 
sphere,  which  would  be  required  to  supply  matter  for  the  ele- 
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▼atkm ;  kit  it  is  obnous  tiiat  bqcIi  a  depression  must  be  wholly 
inooosiderable. 

D.  The  diminadon  of  gravity  to  the  centre  at  the  highest 
point  is  -  »  while  the  increaae  from  the  attracdoo  of  the  dis- 
tarbing  man  is  nearly  which  is  greater  in  the  proportion 
that  half  the  rsdins  bears  to  e, 

£.  The  increase  of  gravity,  at  the  pmnt  of  greatest  devia- 
tion, is  to  the  deviation  itself,  or  its  sine    as  ^  2  to  1. 
For  the  deviation  is  the  measure  of  the  horizontal  attraction 

of  the  disturbing  mass,  which  is  to  its  vertical  attractum  as 

sin.  or  toe,  or  as  V  i  to  1.  Thus  if  ^/ were  5",  or  55^*  the 
horizontal  force  would  be         =         and  the  acceleration 

>of  a  pendulum       or  1.5*  of  time  in  a  day.   It  is  true  that  a 

part  of  the  deriation  migbt  depend  on  a  defect  of  density  as 
well  as  on  an  excess ;  but  this  defect  could  not  amount  to  any 

great  proportion  of  the  whole,  while  the  excess  above  the  gene- 
ral deiij'ity  iniglit  easily  be  much  more  considerable,  so  that  the 
acceleration  of  the  pendulum  could  searcely  l)e  less  than  a 
second  in  a  day,  if  the  greatest  deviation  of  the  plumb  line 
were  5" :  and  if  the  deviation  were  5"  at  any  other  place,  there 
would  be  a  greater  acceleration  tiian  a  second  at  a  point  more 
or  less  remote  from  it 

F.  If  there  were  an  excess  of  density  on  one  side  and  a 
deficiency  on  the  other,  so  as  to  constitute  virtually  two 
c(Mitre8  of  attraction  and  repulsion,  and  supposing  their  dis- 
tances to  be  equal,  and  such  as  to  produce  the  greatest  devia- 
tion, if  the  excess  of  density  were  twice  as  great  as  the  de- 
ficiency, a  deviation  of  b"  would  oorrespond  to  an  acceleration 
of  half  a  second ;  if  three  times  as  great,  to  } ;  if  four  times, 
to  -^9 ;  and  if  five,  to  a  second. 

It  may  perhaps  be  considered  as  an  omission  in  this  cslcu- 
lation,  that  the  attraction  of  the  parts  of  the  earth's  surfiuse, 
elevated  by  means  of  the  irregular  gravitation,  has  not  been 
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included  io  iL   But  it  dependB  on  the  suppoeition  that  we  may 
adopt  rMpecdng  the  cause  and  date  of  the  irregularity,  whe- 
ther or  no  we  ought  to  consider  it  as  likely  to  have  occa- 
aooed  wanA  a  general  elevation ;  and  it  does  not  appear  that 
the  result  of  the  computation  would  very  materially  alter  our 
condnsiona,  though  it  would  he  somewhat  laborious  to  go 
throiq(h  all  its  steps  with  precbion.   It  would  indeed  be  so 
much  the  more  superfluous  to  insist  on  tins  minute  accuraqr, 
as  variations  so  much  more  considerable  in  the  form  of  the 
furtli's  surface  are  comiuonly  neglected  :  for  example,  in  the 
allowance  made  for  the  reduc  tiou  of  different  heights  to  the 
level  of  the  seii,  which  has  usually  been  done  w  ithout  any  con- 
sideration of  the  attraction  of  the  elevated  parts,  interjM)sed 
between  the  general  surface  and  the  place  of  observation.  It 
is  however  obvious,  that  if  we  were  raised  on  a  sphere  of  earth 
a  mile  in  diameter,  its  attraction  would  be  about  »66o  of  that 
of  the  whole  globe,  and  instead  of  a  reduction  of       in  the 
ibroe  of  ^vity,  we  Jmuld  obtain  only  wAh  or  three-fourths 
as  much :  nor  is  it  at  all  probable  that  the  attraction  of  any 
hill  a  mOe  in  hAfjbi  would  be  so  little  as  this,  even  supposing 
.Its  densi^  to  be  only  two-thirds  of  the  mean  density  of  the 
earth  :  that  of  a  hemispherical  bill  would  be  more  than  lialf  as 
much  more,  or  in  the  proportion  of  1.5.'SG  to  1  ;  and  it  may 
easily  be  shown,  that  the  attraction  of  a  large  tract  of  t<ilile- 
land  considered  as  an  extensive  tlat  surface,  a  mile  in  thick- 
ne*.-,  Houhl  Ih'  three  times  as  great  as  that  of  a  sphere  a  mile 
in  diameter  :  or  about  twice  as  great  as  that  of  such  a  sphere 
of  the  mean  density  of  the  earth :  so  that,  for  a  place  so 
situated,  the  allowance  for  elevation  would  he  reduced  to  one- 
half:  and  in  almost  any  country  that  could  be  chosen  for  the 
eiperimentv  it  must  remain  less  than  three-fourths  of  the  whole 
corredioii,  deduced  immediately  lirom  the  duplicate  proportioo 
of  the  distances  from  the  earth's  centre.  Supposbg  the  mean 
density  of  the  earth  5.9,  and  that  of  the  surfiice  2.5  only, 
the  eorrection,  for  a  tract  of  taUe-land,  will  be  reduced  to 
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4.  £uler^8  formula  for  the  roUing  penduhtm.* 

I  beg  leave  to  observe,  in  conclusion,  with  regard  to  Mr. 
Laplace's  theorem  for  the  length  of  the  convertible  pendulum 
rolling  on  equal  cylinders,  that  its  perfect  accuracy  may  rea- 
dily be  inferred,  without  any  limitation  of  the  form  of  the  pen- 
dulum, or  of  tlie  magnitude  of  the  cylinders,  from  the  general 
and  elegit  investigation  of  Euler,  which  also  affords  us  the 
proper  correction  for  the  arc  of  vibration.  This  admirable 
mathematician  has  demonstrated,  in  the  sixth  volume  of  the 
Nova  Acta  Petropolitana,  for  1788,  p.  145,  that  if  we  put  A  for 
the  radius  of  gyration  with  respect  to  the  ctotre  of  graTity,  a 
for  the  diatance  of  the  centre  of  gravity  from  the  centre  of  the 
cylinder,  e  for  the  radius  of  the  cylinder,  for  A'  +  (a^cff 
and  b  for  the  nne  of  half  of  any  very  small  are  of  semtyibni- 
tion,  we  shall  have,  for  the  time  of  a  complete  oficillatioD, 

7^)  +  ^^^^)»       "ItiMtoly.  if  *  -  0,  ^)  «ly, 

which,  for  a  shnple  pendulum,  of  the  length  a,  A,  and  e  both 
vanishing,  becomes  and  for  any  other  length  i,  ; 

consequently,  making  ^f^^  =  -^j^y  we  have  ^' I  = and 

a/  =  =  A*  +  a"  —  2ac  +  c".  Now  if  we  find  another  value 
of  a,  which  will  fulfil  the  conditions  of  the  equation,  all  the 
other  quantities  concerned  remaining  unaltered,  and  add  the 
two  values  together,  we  shall  have  the  distance  of  the  centres 
of  the  two  cylinders  corresponding  to  the  length  /  of  the 
equivalent  pendulum  ;  but  since  a*  —  (/  -f-  2c)  a  s=  —  A*  —  c*, 
we  have  «  —  J/— c  =  +  V...,  and  «  =  i/  +  c  +  V . .  . , 
so  that  the  sum  of  the  two  values  of  a  must  be  l-\-2c,  that 
is,  the  distance  of  the  centres  of  the  cylinders  nmst  exceed  the 
length  /  by  twice  the  radius,  and  /  must  be  precisely  equal  to 
the  distance  of  their  surfaces. 

Believe  me,  dear  Sir« 

Very  sincerely  yours, 

Thomas  Youno. 

Welbcck  Hinti,  29Ui  Dec.,  1818. 

•  Supra,  No.  XXVII.,  p.  1. 
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No.  XXIX, 

A  POSTSCRIPT 

ON  ATMOSPHERICAL  REFRACTION, 

ORIGINALLT  APPENDED  TO  THE  PRECEDING  MEMOIR. 

Refiriutad,  with  corrections  and  considerable  addttioDS,  firom  *  Bmide'a  Qmrterlf 
Jounwl  of  Sdencc '  far  1821»  voL  xi.  p.  85S.* 


1.  A  SIMPLE  aiid  convenient  method  of  calculating  the  precise 
magnitude  of  the  atmoepberiGal  refraction,  in  the  neighbour^ 
hood  of  the  horizon,  has  generally  been  considered  as  almost 
unattainable;  and  Dr.  Brinkley  has  eren  been  disposed  to 
assert  the  ^MmpossibiUly  of  investigating  an  exact  formula," 
that  should  represent  all  its  varvitioos,  notwithstanding  the 
striking  specimens  of  mathematical  skill,  which,"  as  he  justly 
observes,  **bave  been  exhibited  in  the  mquiry/'  We  shall  find, 
however,  that  the  prindpal  difficulties  may  be  evaded,  if  not 
overcome,  by  some  very  easy  expedients. 

2.  Tlie  distance  from  the  centre  of  the  earth  being  repre- 
sented by  X,  and  the  weight  of  the  superincumbent  column  by 
V,  the  actual  density  may  be  called  z,  and  the  element  of  y  will 
vary  as  the  element  of  j,  and  as  the  density  conjointly ;  conse- 
quentiy,  dy  »  -  mzdx ;  the  constant  quantity  m  being  the 

•  This  ^vas  the  first  of  a  series  of  iarestigations  on  lieiraction,  which  appeand 
amongst  thi«  '  Astronomical  and  Nantidd  Oallwtioaa '  wbidi  Dr.  Yxnxog  coDtribnted 

to  this  Jouriuil :  they  lei  to  a  very  .lorirnonious  controversy  hetwt'ca  him  and 
Mr.  Ivory,  to  which  Mjveral  references  will  be  made  in  the  articles  which  follow  In 
tlM  Nntfod  AInMnac,  which  Dr.  Tonnjf  edited  fWm  1818  to  fbe  end  of  hia  Hfe,  there 
is  givf^n  a  t-ih!e  of  n-fractions  ralcTil!it«Hl  upon  those  yriiiriplog,  the  refract i.'ii-4 
(which  are  nearly  U»e  same  as  those  given  by  the  French  tables]  beiag  calculated  by 
the  ftmrala  ' 

.0002825  =  -  +  (2.47  +  .5t'«}!^  +  36000  Z  4-  3600  (1.233  +  .25»«i£!  4&o.. 

where  r  ia  the  refraction,  «  the  aine,  and  t  the  coaina  of  the  altitade.^-JV'oto  ky  th§ 
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redproeal  of  the  modultu  of  elasticity.   The  refractive  dendty 

may  be  called  1  4-  pz^  p  being  a  very  small  fraction  ;  and  it  is 
easy  to  see  tbat  the  pcq)cndicular  m,  falling  on  the  direction  of 
the  light,  will  always  vary  inversely  as  tlie  refractive  density, 
since  that  por]>endicular  continually  represents  the  sines  of  the 
consecutive  angles,  beloDging  to  each  of  the  concentric  surfaces 
at  which  the  refracticm  may  he  supposed  to  take  place  (Nat. 

Phil.  IL  p.  81) ;  and  «  =  '  ^^f^  ^  constant  quantity. 

The  angular  refraction  at  each  point  will  obviously  be  directly 
as  the  elementary  change  of  this  jjcrpondicular,  and  inversely  as 
the  distance  v  from  the  point  of  incidence ;  whence  the  fliuion 

of  the  refraction  will  be  ^"  =  dr,  as  is  already  weU  known. 

3.  For  the  fluent  of  this  expression,  which  cannot  be  directly 
integrated,  we  may  obtain  a  converuing  scries  by  means  of  the 
Tavlorian  theorem  ;  but  we  must  make  the  fluxion  of  the  re- 
fraction  constant,  and  that  of  the  density  variable ;  so  that  the 

eqnation  will  be  =«l?i.r+?5.~4.^^.  u  being 

^  dr  dr*      2      dr^  2.3 

the  initial  value  of  m,  when  r  =  0.  Now  the  whole  variation, 
of  which  u  is  capable,  while  z  decreases  from  1  to  0,  extends 

from  to  s;  or,  rinoe/>  is  very  small,  from  to  s;  and 
dr  being  =  ^,  we  have  the  equation  /wsvr-l-  ^.       •  •  • 

But  V  =V  (a^"u'),  dv  =  ««1  S  =  ^  -  «  = 

and  d*  being  =         and  dii  =  -  /wdr,  ~  =  ^. 

4.  We  must  now  detennine  the  value  of  the  density  which, 
when  the  temperature  is  uniform,  becomes  simply  = ;/;  but  for 
which  we  must  find  some  other  function  of  ;/,  including  the 
variation  of  temperature  ;  and  we  may  adopt,  for  this  purpose, 
the  liypothesis  lately  advanced  by  Professor  Leslie,  in  the  article 
Climate  of  the  Eneyclopo^dia  Britannica,  and  suppose  the  density 
to  be  augmented,  by  the  effect  of  cold,  in  the  proportion  of 

1  to  1  +  '*  »  being  somewhat  less  than  tV  »  *"id  since 

the  density  is  as  tiie  pressure  and  the  comparative  specific 
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gnTity  oonjobtly,  we  hare  z  m  y  ^l+n  [^z  ""^J)*  y  « 

*  ""J*  ar  ""^5" "^ii^"  >M-  ™*  mrtead  of  retnusmg  the 
steps  of  the  calcuktioQ  with  these  corrections  only,  it  will 
he  mm  satisfactory  to  extend  the  general  theorem  somewhat 
farther  without  oonfiimig  it  to  a  particular  law  of  temperature. 

6.  For  this  purpose  we  may  make  ^  ^  =^'.  ^=5*. 
aod  we  shall  have,  for  computing  the  ooeffidents  of  the  series 


«r  +  ~.        ...» the  values 

dr-— ; 

ST"'' 

d*  _  —  dw  -~  , 
dr      pjilr      />#  ' 

^«^  =  ^. 
dr  *"  dr      p*  * 

T-  =  — — «; 


=  d?.-^  +d«.        -d*  -  vdr;  and^ 

dr         ^  M|M»  Wftx  mptz*  '  dr* 


+  -«?T;i  +  ^^  iTt  —      Now  nnoe  m  is  about  766, 

it  is  obvious  that  the  second  tenn,  containing  its  square,  may  be 
neglected  in  comparison  with  the  third,  since  the  other  quan- 
tities concerned  in  these  terms  can  never  differ  materially  from 
each  other :  for  the  same  reason  the  term  v  may  he  omitted,  as 
not  heing  divided  by  and  ti  may  be  considered  as  equal  to  «, 
and  its  fluxion  neglected,  as  well  as  that  of  which  may  be 
called  « 1 ;  and  we  may  proceed  to  take  the  fluxion  of 


s  *     •  whence  d  '~ — 

mfC^*    wip$9     impM** '  d»* 
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^-^  -        -£-4.^^.    It  will  now  be  convenient  to 

divide  f  into  the  two  portions  and  c^,  in  order  to  obtain 
that  part  of  the  sixth  term  which  ia  independent  of  v;  the 

fourth  will  then  become  ^  +  j^i^.         -  « J  + 

4.  ,1^^^  t)«.    Tlie  whole  of  the  fluxion  of  the 

former  part  will  contain  e»  wUdi  will  disappear  again  in  the 
next  term,  being  changed  into  dv,  and  the     of  the  eeoood 

part  wiU  become  2  ^  in  the  sixth  term.    We  shall  therefore 

have  for  the  case  of  the  horizontal  refraction,  when  z  ^  1  and 

^»  dJ*  ^  \mpA,      mp'  dr  dr  "*  dr  di*  ^ 

.  It  is  obvious,  that  since        (■^' .  the  quan- 

tity      mu8t  be  derived  from  it  by  taking  the  fluxion  with 

respect  to  v  only,  and  must  be  equal  to  ^ .       which  is  the 

protluct  of  the  second  and  third  coefficiiMits.  The  fluxion  of 
this  quantity,  <i{",  is  also  capable  of  a  simpler  expression  ;  for 

smoe  f  will  in  general  be  divisible  by  »,  5*  «  ^^'.  ^  =  ~, 
and  d-       —  — ;  whence  -r-  =  —^.  j-  -—      -f — .  r-r  = 

»       t>        vo  or        car   dr     vcj    dr*  '   0  dr* 

r  dr    r  dt»   t  d«P         dij_   r        y»  „  do   r  d'» 

V' dT""  p  dr  +  7'5J«  *    V  *  dr         dH  "  ^' dr+ r  "J?*' 

Conse(iuenlly 

^  —  V    mp '  dr       p*m/>  '  dr*    '    pmp"  '  dr       tv«/<*  '  dr    '    w/p^  '  dr 

c  ddp\  d.^  dt^  / 2r.    4r    4: \  ^(h^  /3r_ 

iwip*  '  dr*  /  dr     dr*    y  »«/>       vmp'     ^P^J  dr* 
CTiip*     »^ y'^dr  V^o     p  j  vmpdr*  ' 

6.  We  may  next  proceed  to  suhetitute,  in  these  general  ex- 
pressions, the  values  derived  from  the  various  laws  which  may 
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be  eapposed  to  govern  the  variatioDBpf  temperature :  observing 
first  that  in  general 

m  =  766,    =  .000  2826  =rr^ ;  wheooe 
j~  =  4.621,  ^=21.3536,  —ISm,  ^«72062, 
=57  907  320. 

7.  (A)  If  the  temperature  were  uniform,  we  should  have 
and  when  «  «  1, 3.621. 

df»  -  sp? 

ii*  '  5?? Gs"" ')  +  4^8'  ^'  ^^^^^  ^  ^•^2*- 

^  =  (i  -  0- ,^  +  (;^  -  0  - 1;;^  =  3.621  (6x57907320 
X  3.621  +  16358*)  =  5624060000;  of  which  is  7672300. 
Hence,  for  =  I ,  we  have  the  equation  .0002825  »  1.8105 
r»  +  2467  1^  +  7672300  »*+...,  in  which,  If  we  put  r»  » 
.000130,  we  shaU  have  .0002825  »  .0002939  +. . . ;  which  ia 
too  much :  then  taking  «  .000120,  we  have  .0002825  « 
.00021726  +  .00003552  +  .00001315  +  [.00001647] :  and 
this  is  somewhat  too  great  a  remainder ;  for  the  quotients  of  tlie 
terms  being  6,  3 . . .,  the  remainder  ought  not  to  exceed  the  last 
term;  so  that  r*  must  be  about  .000121,  and  r  =  .0110,  or 
37'  50",  which  is  too  great  by  about  one  ninth.  By  the  assist- 
ance of  this  series  we  might  easily  compute  the  refiraction  upon 
the  hypothesis  of  Professor  Bessel,  who  supposes  the  variation 
of  density  to  follow  the  same  law  as  if  the  temperature  were 
uniform,  but  alters  the  value  of  m  so  as  to  accommodate  it  to 
the  actual  magnitnde  of  the  refraction  in  low  altitudes. 

(B)  In  Professor  Leslie's  hypothesis,  we  have 
i  »i-f  ^  +       the  initial  value     »1  -h2ii  =  1.18 

▼Of*.  IL  n 
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r  =  ^ (1 +4,0  (1  -D  =  ^  (2«+8«') 


y  m  ii^L^lliL  ii^££  ^5_r-^r  »,» 

dT    dv    r  d»   r/l+i*  A 


f^-^'T-  "ii+iT*  ^ 

(l+8»)[4-~,(l+4ii)  (2it+8jO=^.(-? (1+811) 
+  P  (4»)  +2+14a-{(l+8»)+2»+X6««+a2j^) 

^dii-16ii*+2ii  +  16ii*  i-  dSn*) 

S;.^t^(2n  +  8n,(igl.,>?(l^-.)j..^^ 
(4Si^-(4ii4-iet^+8+4ii) 

s  r;(   -  s  )  +  -5  IT. 

We  have  then,  for  the  case  of  horizontal  refraction, 
•^s4.45d«2  x  2.2265;  x  4.453  -  68112  =c24x 


2838,  and  ~=  (4.453)-  x  57907320  x  5.7162  +  4.453x 

15296  •  m  7657200  000  «  720  x  10635000:  ccniaeqa«ntly, 
•0002825  «2.2265  1^42888  r«-fl06d5000  r« ;  now  if  r*« 
•0001,  we  have  .0002825  -  .00022265  +  .00002838  + 
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.000010^,35  [4-  .000020935]  :  consequently,  .0001  is  too  little 
for  r*,  an.l  we  may  try  .00011,  giving  .n()02825  =  .00024491 
.0<)(i(i,;  l;;4  4-  .(MMH)142(>  [-  .0(MM)l(i9r>].  But  in  order  to 
keep  u|>  the  probable  sequence  of  the  proiircssion,  the  reiiiaiiKler 
should  be  about  equal  to  the  last  term,  or  nhout.  Ooniil  1,  and 
.U00O209  should  have  been  dimiaished  by  about  .00001  instead 
of  .0000318;  so  that  we  must  take  .000103  as  the  true 
falue  of  f*  on  this  hjpolhesisy  and  r»34'  53",  which  is  too 
great  hj  about  1' ;  a  difference  by  &r  too  considerable  to  be 
attributed  to  the  errors  of  obsenratioii  only ;  and  we  must  infer, 
that  the  law  of  temperatnrey  obtained  from  the  heif^t  of  the 
line  of  oongelation,  is  not  correctly  true,  if  applied  todevations 
remotf  from  the  earth's  surface.  If  indeed  this  law  were  fully 
ettablighed,  and  culpable  of  being  applied,  with  any  little  mmli- 
fication,  to  the  exact  computation  of  the  refraction,  it  would  be 
necessary,  for  the  lowest  altitudes,  either  to  cxjrapute  a  greater 
number  of  the  flnxiooal  coefficients,  or  to  divide  the  refraction 
into  two  or  more  part«,  and  determine  the  successive  changes  of 
doDsity  reqnired  for  each  of  them.  We  should  also  have  for 
indin^^  on  this  hypothesis,  the  height  x,  corresponding  to  the 
pwwnrs  jf  and  the  density  r,  the  expression  fiur  —  m  »  1  * 

^  +  -  hi  i  y  beiug  =  — ^*      .  and  o'  =  1  +  4»4' : 

and  the  aetoal  state  of  the  atmosphere  would  probably  be  very 
well  represented  by  this  formula,  taking  »  «  .1  or  .11,  rather 
.09. 


(C)  Professor  Bessers  hypothesis  is  also  found  to  oiake  the 
hflrintal  refiaetioa  too  great.  Mr.  Laplace's  formula,  which 
aftrds  a  very  eomct  determinatioa  of  the  reftmctioo,  is  said  to 
agree  soflidently  wdl  with  direct  observation  also  ;  but,  in  foet, 
ihi*  formula  gives  a  <lepres«ion  considerably  greater  than  was 
obterred  by  (lay  Lus^ae,  in  the  only  case  whieli  is  a»hluce<l  in 
\U>  *ii}»|i*»rl  ;  and  the  pnigrr^sive  deprchfion  follows  a  law  wliich 
■pp*  ar-  to  be  opposite  to  iliat  of  nature,  the  tmijierature  vary- 
ifit!  lr<*  rapidly  at  trreattT  than  at  smaller  heights,  while  the 
ob«*rv.itioTis  of  llumlxddt  and  others  seem  to  prove  that  in 
oatare  they  var>-  more  rapidly.  NotwitliHtanding,  therefore, 
the  i^gMuty,  aod  even  utility  of  Mr.  LapUu)e*s  formula,  it  can 

d2 
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only  be  considered  as  an  optical  hypothesis,  and  we  are  equally 
at  liberty  to  employ  any  other  hypothesis  which  represents 
the  results  with  equal  accuracy;  or  eyen  to  correct  our 
fbrmuks  by  comparison  with  astronomical  ohserYations  only, 
without  assigmng  the  precase  law  of  temperature  implied  by 
them. 

(D)  Wo  may  compute  the  effect  of  a  temperature  supposed 
to  vary  uniformly  with  the  hei^t,  by  making  a  (l^-tr-f), 

or  =  yjf' ;  we  have  then  -  =  1 +/jr — ^  or      and  d  -  =  —  -  ^ 
-  tdix^  or  =  /jT^'Mz,  which  are  initially  the  same.   But  tdx  «= 
and  t'^ii  -  %  whence^ -  -5  -  and  jJ! 

«  r  «  _«y£__   ^jonsequently  dg  =  ^y^'^'^'^y  ^imvzr^''^^; 

WtiaU,  ?  =  ^,  and  ?'.d  1^(=±^  -  2.  = 

(« +  «•  -  2  <*  +     =r' =  (?  -  W -  1 5 - 

•     {•+2?'  )=^  =  jCZr-OW-l)  )^"-<«-l)-(2<-l) 

Now,  if  we  suppose  the  temperature   to  vary  1^ 

in800feet,wehaYe  4.  i^  =  ^-^,  for  the  variation  of 
density  depending  on  temperature  in  255—,  of  the  earth's 
radius  x;  hence  t  should  be  139»  and  (  «  -s^—  «  1 .26. 

^      766  — 1S9  ' 

whence  ~  =  5 . 822,  while  the  phenomena  of  refraction  require 
this  quantity  to  be  about  6.  Thus,  in  Bradley's  approsimatioii, 

we  first  take  r  =^^,  and  then  r  =  /?taii  (ZD -^^^  =p  ^  ^  -  * 

+  r.))  ^ery  nearly,  or  r  «^ -  ^ ,  and  w  - 
dit*9f  or,  while  «  remains  small,  jweor-i-d^  which  is  suiB* 

ciently  accurate  near  the  zenith.   If  we  make     b  6,  we  shall 

haTe(«l.  Brandts  176,  which  is  equivalent  to  a  depression 
of  a  degree  of  Fahrenheit  in  227  feet :  we  shall  then  have,  for 

-1.3X  .3x1.6  i  =  -  •624^,aQdi^  =(1.3-.624) 


Digitized  by  Google 


No.  XXIX«      ON  ATMOSPHEBIOAL  BEFRACTEON. 


37 


e  .  676  -^>.676x  16358,  and  |  of  this,  or  1354»  is  tiie  co- 

efficient  of  tlie  tliird  term.  With  the  same  value  of  ^,  taking 
N  =  .15,  thi»  coefficient  wouUl  become^  upon  a  bypothcsU  similar 
to  Professor  Leslie's,  2236. 

8.  It  b  not  possible,  in  tlie  present  state  of  our  knowledge  of 
the  subject,  to  determine,  from  observation,  either  the  refraction 
with  sufficient  accuracy  to  enahle  us  to  compute  from  it  the  law 
of  tlie  variation  of  teni])eraturc,  or  the  variation  of  temperature 
with  ."sufficient  accuracy  for  con>})uting  the  refraction.  Con- 
Bitiering,  indeetl,  how  improbable  it  is  that  the  upper  regions  of 
the  atmosphere  should  be  of  the  same  temperature  as  the 
sor&oe  of  the  hills  on  the  same  general  level,  wc  could  scarcely 
expect  th(*  agreement  to  be  more  complete  than  these  computa- 
tions make  it ;  and  it  is  perfectly  possible  either  that  t  may  be 
as  great,  at  176,  or  that  n  may  be  .15 :  but  we  cannot  deter- 
mine from  the  observed  refraction  winch  of  the  laws  of  variatioo 
is  capable  of  representing  it  with  the  greatest  accuracy :  much 
less  should  we  be  justified  in  believing,  because  Mr.  Laplace's 
formula  Imppens  to  represent  the  refraction  very  accurately, 
that  the  temperature  varies  tlie  less  rapidly  as  we  ascend  higher. 
It  i*,  however,  |H'rfe(tly  ju^tilial^le,  for  the  pur|H>se3  of  a4*tro- 
nomy,  to  adopt  the  form  of  the  equation  which  is  shown  by  these 
exaniph"s  to  Ik*  convergirig,  and  to  correct  the  coefficients  hy  an 
immediate  compari-on  with  oh.^ervation ;  and  in  this  manner  it 
has  been  found  that  the  formula  employed  in  the  Aautical 
Almtnne  is  abundantly  sufficient  for  the  purposes  to  which  it 

isapplied«   This  formula  is  .0002885«v^+  C^-47  -h  Jb*) 

3600  0  ^4-3600  (U35+. 25  e^^;  its  lesulto are  almost 

iiit  iitical  v*ith  thoj*e  of  the  French  tables,  excej)t  in  the  iinme- 
<iiate  neighlMjuHuMHl  of  the  horizon.  Hut  the  effect  of  a 
tlilferenee  «if  tem|>eralure  at  the  place  of  ohservatiun  is  not  so 
c  rrtM  tly  repre.'j«*nted  hy  any  of  the  tables  commonly  employed, 
and  roquiivs  to  be  separately  examined. 

9.  The  terrestrial  refraction  may  be  most  easily  determined 

b)  ail  immediate  eumpanduu  Mitli  the  angle  subteuded  ut  ihe 
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earth's  oentie»  the  fluziou  of  which  is^t  and  ^-ift  ini- 

^  nr  cxdr 

tially  the  first  part  of  the  coeflScient  of  the  second  term  of  tfie 

series  already  obtained,  and  is  equal  to  about  6 ;  so  that  this 
angle,  while  it  remains  small,  is  six  times  the  refraction :  com- 
monly, however,  the  refraction  in  the  neighbourhood  of  the 
earth's  surface  is  somewhat  less  than  in  this  proportion. 

10.  The  effects  of  barometrical  and  thcrmoraetrical  changes 
may  be  deduced  from  the  fluxion  of  the  equation,  if  we  make 

p,  and  n,  or  rather    vary :  and  for  this  purpose  it  will  he 

convenient  to  employ  the  ibrm     «  w  +  (^^j^zTyf, 

value  of  the  fraction,  if  we  neglect  the  subsequent  terms, 
becoming  3.41 ;  and  this  expression  is  sufficiently  accurate  for 
calculating  the  whole  refraction,  except  for  altitudes  of  a  few 

degrees.   Nowtheflmdon  of    =  u^^.^  ^)  ^,  which 

.wo«a,cdlp..:^(i_^f)^.i,d;.  =  04-(i-^)^0*- 

•-^C^P  -T)^(l;+=)^=(^);ibeu.g3.41. 

and  m — ^,  OD  this  supposition,  519.   The  proportional  variation  of 
or  ^>  will  be  i)if  for  eveiy  degree  that  the  thermometer  varies 

from  50"i  and  —  being  also  ^  if.  wiU  be  =  .003. 

The  variation  of  t  can  only  be  determmed  from  conjecture ;  hut 
supposmg  the  alteration  cf  temperature  to  cease  at  the  height 
of  about  4  miles,  it  must  increase,  with  every  degree  that  the 
thermometer  rises  at  the  earth's  surfooe,  about  ^  and 

df ,  .  df  ,  S47 

7  bemg  ik,  — ^  will  be  519-^515  «  .004.   The  alterations  of 

the  barometer  will  affect  p  only,  being  go  for  every  inch 
above  or  below  30.    It  is  erident,  since  m  «  ^  h 

l)eing  tlie  li«Mght  of  the  barometer,  and  d  the  bulk  of  air  com- 
pared to  tiiat  of  water,  that  7tt  must  diminish,  as  well  as  />, 
when  the  temperature  increases ;  and  the  correction  for  t  being 
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siibtractlve,  the  three  variations  will  co-operate  in  their  effects; 
but  the  proportion  will  be  somewhat  different  from  that  of  tbe 
simple  densities.  If  we  preferred  the  expression  derived  from 
ProfesBor  Leslie's  hypothesiSy  we  sbould  merely  have  to  subeti^ 

tnte        for  ^j^,  and  the  Tariation  depending  on  the  law  of 

temperature  would  become  about  f  as  great.  It  musty  however, 
be  limited  to  such  changes  as  affect  the  lower  regions  of  the 
atmosphere  only,  its  "argument"  being  the  defiation  from  the 
meao  temperature  of  the  latitude;  but  even  in  this  form  it 
caoDot  be  satiuiliielorily  applied  to  the  obsertations  at  present 
existing ;  although  it  appears  to  be  amply  sufficient  to  explain 
the  irregularities  of  terrestrial  refraetion,  as  well  as  the  uncom- 
mon increase  of  horizontal  refraction  in  very  cold  countries : 
and  we  may  even  derive  from  all  these  considerations  a  cor- 
rection of  at  least  half  a  soeond,  or  perhaps  of  a  whole  second, 
for  the  sun's  altitude  at  the  winter  solstice,  tending  to  remove 
the  discordance,  which  has  so  often  been  found,  in  the  results 
of  some  of  the  most  accurate  observations  of  the  obliquity  of 
tlieecliptia  ' 

The  jfnoMaf:  If flmoir  wat  MTerely  eritldiad  {d  flM  Sffptombtr  ntmber  of  the 

Philosophical  M.i^a/.iue  for  1821  (vol.  xxiviii.,  p.  1G7),  by  Mr.  Ivor.',  who  dispiit/d 
the  SMumptioas  which  were  involved  tu  the  iaveattigatioo  of  the  series,  deuied  the 
•uflkieoefof  Hs  eooTergency,  nt  IcsMi  fbr  low  altitadcs,  and  aswrted  tiiattlM  fttramki 
and  the  t-ible  of  refraction  doihuf-il  from  it  were  entirely  empirical :  he  contended 
also  that  the  method  of  series  was  ooly  resorted  to  ia  the  iafancy  of  analjtical  scienoe, 
whon  other  expediento  wera  trnknown,  and  thai  It  waa  neotManlj  infinior  in  §lkiguio» 
and  power  to  the  methods  which  Knunp,  laphca^  Baael,  and  other  analyita  had 
anplo/ed  in  these  ioquiries. 

To  these  ofceerrations  Dr.  Yonng  replied  hi  the  Qaarterlf  Joomal  of  Scienee 
for  182'-'  (vol.  xii.,  p.  390),  in  a  Ume  of  con.sideiable  severity.  By  a  modification  of 
Ua  OMthod.  dividing  the  operation  into  two  parts,  he  showecl  that  the  sniee  might  be 
made  sufficiently  convergent,  even  for  extreme  cases;  and  proceeded  ftrther  to  prore 
its  capacity,  by  ahuwiog  in  what  manner  the  actual  density  of  tlic  nir,  at  a  given 
heigtit,  mi^lit  be  deduced  from  a  table  of  refractions.  As  the  substance  of  this 
Apology^  a&  it  was  termed,  is  involved  in  the  artEdee  wUdi  fellow,  it  baa  not  been 
tiMNight  nacwaniy  to  nprint  it— JTofo  ^  tf«  JiMtor. 
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No. 

AH  SZTBHSION  OF  THB  INVBRSB  SERIES  FOB 

THE  COMPUTATION  OF  REFRACTION, 

TOGETHER  WITH  A  DIRECT  SOLUTION  OF  THE  PBOBLEH. 

fnm  *  DnuHl«'«  (Quarterly  Jouroal '  fof  1823,  Tol.  ZTt.  p.  139. 


CoNBiBERiNO  the  acknowledged  and  increaong  importanoe  of 
the  accurate  detenninatioD  of  astronomical  rafractioDs,  it  may 
not  be  thought  superflnona  to  attempt  to  confinn  and  extend 
the  mode  of  computation,  which  has  been  adopted  for  the  Table 

of  Refractions  printed  in  the  *  Nautical  Almanac,'  and  at  the 
same  time  to  compare  its  results,  in  the  most  unfavourahle  ciise 
for  itis  ap])lication,  with  those  of  the  direct  method|  whicb|  in 
that  case  only,  are  very  readily  ohtained. 

If  r  be  the  reiraction,    z  the  density,  =  1  ~  x 
y  the  pressure,  x  the  distance  from  the  centre, 

« the  perpendicular  MUng  from  the  centre  on  the  direction  of 
the  ray, 

V  the  diBtanoe  of  this  perpendicolar  from  the  pomt  of  refiac* 
tion, 

g  the  unlial  value  of  ti,  or  ;  we  shall  have  (Na  XXIX.  p.  30.) 
dr  =  ^  dy  =  —  mzdxf 

^  •  =     +;>  -/?^)«  •  (1  +i'x)  *i  aoJ,  P  being  a 

very  small  fraction, 

dr  "  aqitf  •  ^'^'^      better  to  observe 

the  progress  of  the  subsequent  operations. 
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dr* 

a 
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£7 
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Z""  +  ... 

It  will  be  convenient  to  denote  the  successive  resnlts  of  tlie 
dliT.  rt  ntiation  of  my  quautity,  Z,  F,  A',  with  rcispect  U>  t/  or 
wbiob  intnxluces  a  new  power  of     by  Zip^         YiV,  Yjf^ 
and  80  forth ;  we  ihall  then  haTe 

Z=Z  Z'=YZ 

z,     r  =  2.VZ+Z',  =  (2  r,z)+(  r,z+  r*) = 3r,z-f 

X^Yy      Jt' «  3  KZ+  r ,  =  (3  y,Z) + (3  r^4-3  Fj     2  y,  Y) 

Y,    r^^uzj^x*,^  (AY.z)  +  (6r,z+  er.P)  + 

(5  Y^Y+iYf) « ior,z+ 11  r,K+6  y," 

z"  =  r'Z  =  3rz''+  y^z 

r " = i  A"z+ z - 1 2 1 ;  z» + 1 0 1'  i'z 

+  (3nZ»+Gr,l'Z) 

+2  K,  yz+    - 15  y,z"+  is  r,rz+  y» 
JT"  -  8  K'z+  K",  -  (aor,z«+ 33  jr,yz+ 15  y;«z; 

+(i5r^4.3oy,KZ)+(i8r«z 

-f  18  r.rz  -fi8r,K») 

-f  (  3}',l'») 
-  1o};Z'+>^l  K}'Z+33J','Z+21i\y» 

y"z«  i5y;z»-i-i8r,iz"+  rz 


Digitized  by  Google 


42  OOpfPDTATIOV  OP  BVRACIlOHr.  No.  XXX. 

If  we  now  select,  from  these  general  values  of  the  coefficients, 
those  which  are  coucerned  in  the  horizontal  refraction  when 

o  s  0,  and  «  «  1,  we  shall  have,  instead  of  J'*  »  ^  ^  +  *  "* 

^"I'^+aS^'^     +  720^'^     +  40320^ +  3028800/"^     +  '  ' 

in  which  we  must  substitute  the  values  of  Z—,  derived  from  the 
particular  hypothesis  respecting  the  constitution  of  the  atmos- 
phere that  we  may  choose  to  adopt 

£xain^  A.  The  amplest  application,  that  can  be  made  of 
this  series,  is  to  put,  instead  of  Professor  Leslie's  hypothesis  of 

2i"  =  y  (fi  +  z  - 112*),  merely  r*  =     whence  ?  =  5  =  2z,  and 

Z  «  '  ■       ~  * »  consequently  dZ  «  0,  and  the 

series  stops  at  the  second  terra,  assuming  precisely  the  form 
which  has  been  actually  employed,  as  an  approximation  for  de- 
termining the  efect  of  a  change  of  temperature.  (No.  XXIX.) 
To  inquire  what  would  be  the  physical  conditions,  that  would  be 
implied  by  this  equation,  would  be  to  anticipate  the  contents  of 
a  very  elaborate  memoir,  which  is  probably  now  in  the  press, 
and  in  which  the  author  has  deduced  some  very  convenient  and 
elegant  expressions,  when  considered  merely  in  a  mathematical 
point  of  view,  from  a  law  of  condensation  which  will  scarcely 
be  admitted  by  natural  philosophers  in  general,  as  applicable  to 
the  phenomena  in  their  whole  extent* 

*  This  refers  to  a  very  elaborate  Memoir  on  Rcrraction  by  Mr.  Irorj,  which  had 
been  read  t<i  the  Iloy.-il  Society,  Imt  wiiifh  wns  not  vt-t  ]iiibliiiiied.:  iiappenred  in  the 
niilwophical  TraiiMtction.s  for  1823. — Aotc  by  the  Editor. 
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EgamplB  R  We  way  also  obtain  a  finite  invene  series,  nearly 
resemUiog  tbat  of  the  ^  Nautical  Almanac,'  from  the  equation 
y  3  .57  -I-  .4V,  wbidi  is  olmonsly  imposrible  in  nature,  since 

it  siip{>osc8  a  constant  pressure  after  the  density  has  vanished. 
A  result,  however,  nearly  identical,  may  be  deduced  from  the 
supposition  y  =  3  .4r*— 4.  +  1 .  which  implies  an  at- 
mosphere terminating  at  the  height  ofalK)Ut  14  miles;  although 
the  M'Hes  thus  obtained  would  extend  to  a  fifth  term,  instead  of 
ending  at  the  fourth,  but  without  producing  auy  material  dif- 
ference in  the  result  Considering,  indeed,  the  analogy  between 
logarithms  and  high  powers,  it  b  not  improbable  tliat  the  true 
value  of  jf  might  be  very  correctly  expressed  by  a  series  of 
this  form,  boweter  complicated  it  mig^t  appear  at  first  si^t 
Hie  value  of  x  and  the  height  k  s  20900000  (r— 1),  in  feet,  might 

be  found  from  the  auxion  dx  =  ^  =  6.8dr  -  12.3zdz  +  6.8  r'dz, 

and  X  -  1  .  (-6.8r  + 6.152*  -  2.272>  +  2.92),  or 
k  m  27:ii>0  (2  .92  -  fi.^z  +  6.15r*  -  2.27z»;  ;  wiiich  becomcij 

21300,  when  the  density  x  is  reduced  to  \\  and  the  pressure 

Example  C.  A.  As  the  most  unfavourable  specimen  of  the 
•pplieatioo  of  this  method,  we  may  take  the  case  of  an 
equable  temperature,  at  the  horiaon :  and  first  suppose,  with 

Laplace,  that  m  «  798,  and  ^  «  3403,  so  tbat  ^  =  4.2624, 
Z  -  ^  -  1  >  8.S624,  dnce  *  u  hm  -  y,  and  C  ••  1 : 

llenee  we  have  YZ  >  ^^^^^  s  Z\  and  the  equation  becomes 

1  -  r6812r'+.5794r'»+.460af'»-f-^093r'*+.6517r'»  +  .,. 
Now  the  value  of  r*  cannot  be  very  accurately  obtained  from 

thcjf  rrR'fficientd,  without  a  liberal  employment  of  the  method 
of  higarithmic  ilifferencj'**,  finding  the  results  derived  !)y  it 
from  th«-  tirsst  three,  thr  middle  three,  and  the  lai»t  three  terras, 
and  dtfujwi ring  tJieM?  with  e.i«li  cither;  and  in  tlii.s  manner  it 
serm«  natural  to  suppoM*  tluil  we  might  easily  come  within 
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about  of  the  truth.*  The  be&t  inference  of  this  kind,  how- 
ever, that  has  been  obtained,  waa  r  »  40'       which  is  too 

much  by  about  ^ . 

If  still  greater  accuracy  were  required,  we  mtg^t  compute  a 
greater  number  of  the  coefficients  of  the  series,  or  we  might 
separate  the  computation  into  two  or  more  parts ;  but  it  would 
be  a  litUe  troublesome  to  adapt  the  new  values  of  Zf  and  its  de» 
rivatives,  either  to  the  diminidied  magnitude  of  the  denaty 
or  to  a  value  of  p  diminished  in  the  same  proportion ;  so  that  if 
the  actual  density  at  the  time  in  question  wm  called  unity,  the 
refractive  density  might  still  be  truly  represented  by  1  -f-  /? ; 
observing  also  to  make  the  remaining  portion  Az  equal  to 
unity  :  and  in  this  case  the  values  of  and  of  its  powers  only, 
would  require  to  be  changed  in  the  subsequent  computation. 
This  operation  has  been  somewhat  more  negligently  performed 
in  the  Memcnr  just  referred  to ;  but  its  object  then  was  merely 
to  show  the  ooovei^gence  of  the  series,  and  the  object  was 
obtained. 

B.  With  the  values  m  =  766,  p  =  and  ^  =  4.681, 

we  obtain  Z  =  3.621,   Y  «  Z'  -        =  17.190, 

Z"«|yZ'+y^Z«15^,  Z'"-^,and  Z""=^; 

and  for  the  equation  1  «  i     H-  -f  •  •  •»  we  have 

1  =  1.8105r'-h.71(;2r'2-h.6290r'3-h.7760r'*-f  1.0231r'*  +  ...; 
and  if  we  make  r  =  44,  we  shall  have  the  true  sum  1 .0460 ; 
if  t'  -  .43,  1.0218,  whence  r  =  4210,  and  r  appears  to  be 
37'  29". 

But  if  we  wish  to  supply  any  real  or  imaginary  defidenqr 
of  the  inverse  series,  we  may  easily  revert  to  a  modification 
of  the  original  solution  of  Taylor,  who  first  applied  to  the 
problem  of  atmospherical  refraction  his  very  useful  theorem 
for  *'  mtegration  by  parts,*'  as  the  process  is  sometimes  now 

called,  that  is,  /ZdF  =  ^^/ZdA'-d       /*ZdA'»  +  . . 

Taking  the  fundamental  equation  for  the  refraction,  dr  « 

•  S««  bi-aiide'ti  Quarterly  Jourual,  vol.  xii.  p.  395. 
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and  making  first  Z  si       dX  =  vdv,  and  dV  =  dz, 
we  have  for  f  Zdx,  y'Zdjj*, . . r,  ^  ^»  37^  '  \  •  •  aod 
^»  *  *  '*        ^  ^  *        .  • . ;  or  secondly,  making 
T  =    ;  +  w  »  7  V     ^  +  ./  ^ir«  >°  ^*"ch  making 

d-Y  again  =  wii?,  and  Z  =       dV  being  =  ^»  we  have 

=  ;  +  ^  Z-^**  +  ^  /•«d».wi»  +  Now  in 
all  cases  i?"  =  —  «*,  and  od©  =  xdx  —  udu  =  xdr  +  psudz,  and 
smce  dr  =  — *  =  ,  we  nave  -r-  =  H  vsu  m  —  , 

-  dr  MX  1^  filz         vmz  t*  -  t«iiz 

©do  ~  Mp$Hz-xZ*  wnenoe  rm  j'^  s  ^^^^.^^ r " mpnu-x;  * 

^  '  mga^  it  "  *  ^  ^™  ^®  ^®  Other  of  theseries  thus 
obtained*  we  may  always  compute  the  valne  of  r,  taking  the 
inents  from  z  «  1  to  z  stO,    Bnt  at  the  horim,  it  will 

be  easier  to  employ  the  particular  fluent      ~~\  =  V  w, 

discovered  by  £uler»  and  still  more  elegantly  demonstrated  by 
Laplace,  in  the  form  "  ^/^  ^  dx  -  V  v:  and  the  applica- 
tion of  this  proposition  loads  us  to  the  integration  of  several 
fluents,  which  may  be  thus  enumerated  • 

A.'/*  — I  =  V«  =  V3.141592, 

Jo^Uj       Jo  ^hl- 

hi  "J  bHj  •/  hi"-*- 

MM  MM 

4        Z  4  . 

3  hiU  3^'* 
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*  /•    ^dr        2  8     zs        16  » 

«  < 

(2  (V2  -  1)  ^»  =  .828427  V ». 


Z  M 


VI.  jo — =  .642767  V  r. 

J! 

Now  tbe  value  of  »  «  ^  (a;*  —  f-^^pr/)  becomes  here 
^  (j:^  -  1  -  2px)  ;  and  since  x  -  1  =  y<Lr  =  - ,  making 
/(Lr  =  H,  or  ar»  =  (5  + we  have         -g«+2a;  but 
the  actual  extent  of  the  atmosphere  is  so  limited,  we 
may  neglect  B*«  in  comparison  with  2B,  without  sensible 

error,  aod  make  a:*  -  1  =  25,  and  dr  a  « 

\vi     a  8  ^\    +•••)•   This  expression  is  appli- 

cable to  every  hypothesis  by  which  the  relation  of  x  to  can 
be  expressed ;  and  in  the  case  of  a  nniibnn  temperatnre,  since 

dj<=-iiwdar  =  df,  aiiddx^^,  wehave  S=-/— =  ^  hi-, 
and  dr  =  -p^A  +  -  +  -  mV  ^ 

5     3  ,     x«dr  *  *  r 

^  "*      ^jyr  +•••)•     Then,  by  the  integmtion  already 
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explained,  y;  dr  «  -  P\/t       +  *414214  mp  + 

.269649  my  -f  .200865  my  -f  ...)  or,  Uiking  ^  =  3403, 

and  «  >  798,  r  -  .010423  (1  +  .097133  -f  .014830  + 
.00259  +  [.0005])  »  .010423  x  1.1151  »  39' 57  ;  so 
that  tbe  former  resiilt  was  too  great  by  18" :  and  if  we  make 

^  «  3540,  and  m»  766,  we  find  r  e  .0097988  (1  +  .08963 

.01263 +.00203+  [.00040])  =  .0097988  (1.1047)  -  .010825  « 
37'  13'%  or  16"  less  than  the  former  computation  made  it ;  the 
diflerenoe,  which  before  came  out  2'  46",  being  now  found,  a 

little  more  accurately,  2'  44'. 

Tin*  relation  l)etweeii  x  and  ^  may  Ix;  computed  from  tbe 
bypothesi.-*  of  an  e<]ual>lt'  variation  of  tem|)erature  in  asci  nd- 
ing,  according  to  tbe  sUitoment  expressed  by  the  equation 
Ji^jf  (I  +  U  —  i)  (jmprot  p.  36.  b),  or  z=  yio,  whence 


hLr  «  hlw  -  mjwdx^  and  g  m  we^nTwdM  «  (1  4.  /x  -  0 
a  (x  4>  4<n  - 1») ;  and  from  tins  expression  we  may  find  the 
density  x  corresponding  to  any  height  jt,  upon  the  supposition 
thai  the  bulk  a  given  quantity  of  air  mies  proportiondtty 
with  a  umform  variation  of  temperature,  and  not  uniformly^  as 
tbe  experiments  of  Schmidt  and  Gay  Lussac  Induced  them  to 
Infer  with  rpspert  to  ordinars  tompcraturos.  (Si-e  Nat.  Philos., 
\  oL  IL,  p.  3U3.)   If  we  computed  tlie  hori/ontiil  refraction  from 

tins  aqnation  by  means  of  the  series  beginmng  with    ,  we 
ahodd  bate  lo  snbstitole,  for  dr,  (I  +  <r  -  Q  («+ii»r-te) 
mdx  —  Mtfxdjr)  and  ibr  B,  jr  —  1. 

Besides  the  e<|uation  y  =  ar*  +  Ar*  +  c«*  +  . . there  may 
proliafily  U-  many  otlu  r-,  not  far  from  tlie  true  con-'titution  of 
tlie  airao»pbere,  wbicb  would  alTord  tinite  expr♦>^ion^>  for  the 


djf  «     fludir,  and 


•J  «  —  —  wi»d« ;  consequently 
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  Qj.^  j£  V  ^  =  4^,  — —  


and  the  flozion  assumes  the  form     (a  +  bT+  '^y  wfaicli  is 

easily  integrated,  and  there  is  little  doubt  that  such  a  hypo- 
thesis, if  advanced  with  sufficient  pomp  and  ceremony,  would 
be  allowed  to  represent  the  constitution  of  the  lower  parts  of 
the  atmosphere,  which  are  principally  concerned  in  the  refrac- 
tion, mucdi  better  than  that  of  Bcssel,  though,  perhaps,  not 
qmte  so  aocorately  as  they  might  be  represented  by  a  more 
appropriate,  thon^  less  oonveniettt  exponent. 

London,  6t]i  Aug.,  1828. 

This laithjpoUuito  1b ft mon extended  iisfn^  «*,«■■  fiuther 

developed  in  a  Memoir  in  the  Thilosophical  Transactinns  for  1824,  entitled  'A 

Finite  and  Kxa(  t  Expression  for  the  tVai  tion  of  an  Atmosphere  nearly  rpsmbllng 
that  ol'  tliti  L«irtii,'  wlucli  u  repriut4Hi  bduw,  No.  XXXI. — A'ote  by  the  Editor, 
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A  FINIT£  AKD  EXACT  EXPRESSION  FOR  THE 

REFRACTION  OF  AN  AIMOSPfl£IlE 

NfcAiiLY  KLSEMBLING  THAT  OF  THE  KAUTH.* 
From  th*  FUloMphloa  TmuMlioM  fwr  1834. 
Read  Fbbwjabt  5, 1824w 


It  has  lately  been  demonstrated,  in  the  Journal  of  tlie  Royal 
Institationy  that  if  the  preflsure  of  the  atmoflphere  y  be  repre- 
seoted  either  bj  the  aqnare  or  by  the  cube  of  the  square  root 
of  the  density  the  astrooomical  refraction  r  may  be  obtained 
in  a  finite  equation.  Mr.  iTory,  in  a  very  ingenious  and  elar 
borate  paper  lately  presented  to  the  Royal  Society,  has  com— 
puted  the  refraction,  by  means  of  s(»veral  refined  transform- 
ations, and  with  the  assistance  of  converging  scries,  from  an 
equation  which  expresses  the  pressure  in  terms  of  the  density 
and  oV\i»  squares  :  I  have  now  to  observe,  tliat  if  we  suhstitute, 
for  the  simple  density,  the  cube  of  its  square  root,  and  make 

y  s  ^  2I  ~  4  2*,  we  shall  represent  the  eonstitation  of  the 
most  important  part  of  the  atmosphere  with  equal  accuracy, 
although  this  'expression  supposes  the  total  heij^t  somewhat 
smaller  than  the  truth,  and  belongs  to  one  of  those  hypotheses, 
winch  Mr.  Ivory  has  conndered  as  inadmisable :  it  has  the 
advantage,  however,  of  aflbrding  a  direct  equation  for  the 
refraction,  which  agrees  very  nearly  with  Mr.  Ivory's  table, 

•  Mr.  Ivory,  in  the  *  Philosophical  Magazine'  tor  lR-2.'>  (vol.  Ixv.  p.  34),  statM 
that  the  solution  which  fi'tms  the  Mibject  of  this  Memoir  is  an  iinrap.liatc  conse- 
quence of  hia  general  fonniila  in  the  '  Philosophical  Trnnsactious  '  for  1823,  and  that 
be  did  not  deduce  it,  txH-ause  he  coooriTed  that  the  ooDctitntioii  of  the  atmo«i^ere 
which  th«>  hypothesis  in  the  text  represented,  did  not  appmach  10  natr  to  native  aa 
others  which  he  considered. — Note  hy  the  Editor. 

VOL.  II.  K 
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and  8t0l  more  aeearately  with  the  French  table  and  with 
that  which  haa  been  pubUshed  for  aome  years  in  the  Nautical 
Almanac. 

Since  d  jt  s  ^j^^  m  being  the  number  of  times  that  the  mo- 
dttlns  of  the  atmospherical  elasticity  is  oontiuned  in  the  radius 

of  the  earth,  and  here  dy  =  |  V rdr  — rd^,  we  have  djr=— | 
-^i-4.^f.and/d«---^V*+i+-L,forthe  height  above  the 

earth's  surface,  which,  when  z  =  0,  becomes  >x27S00  =  95500 
feet    For  die  refivotioii,  we  have  die  equation  d  r  •• 


value  originally  assigned  to  this  fluxion  by  Dr.  Brook 
Taylor;  v  being  the  sine  of  the  apparent  altitude;  and 

here  dr  =  — yz —  r- .  or,  \i*i/z  =  4'*  and 


which  is  equivalent  to  the  fluxion  ^(^a+\  x^-^cxx)  ^  Article 
Fluents  in  the  Encyclopaedia  Britamiica*  No.  259  if  the  fluent 
bemg-^[^V(a+djr+c*")-5^h  l(2c*  +  6  +  2VcV 

[a  4-  &x  +  cj:'])  J,  and  its  whole  value,  from     1  to^aO,  being 

a'  sl— 2»,  since  a  +  6  +  c  =  w«. 
m  * 

For  the  numerical  values  of  the  coeflkients,  taking,  at  the 

temperature  of  50  ,  p  =  .0002835,  and  i  =  .001294  =        a  = 

m  77S«8 

I -2|» 008491 +«^,*  =Jil*  -.011646,  and  c«  J + 
2  p  «  .  003155 ;  hence  ^  =  .  17972,  V  o'  *  .  0921466.  V  c 
=  .05617,  -^^-.10367,  2 c+4= -.005336,  andr  =  .]7y72 

•  Sopra,  No.  XXX.,  p.  40.  f  Sm  ako  Hindi't  •  liitfl«ralta£dii»'  Uir. 
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(^{.00M91+,O-»-.10867hl  ; 
and  at  the  borisoD,  wbeac =0.  r  °  .17y72^.092U66-.10367  b  1 

.6f.«i.-:?^b«i!r)'  «»9«^=33'*:i'.5i  which  >.  onl, 

Vfi  less  than  the  quantity  assigned  by  the  French  tables  and 
in  the  Nantieal  Almanac,  while  Bfr.  Iwotf  makes  it  34'  07",5. 

Again,  if  we  take  v  =  .1,  for  the  altitude  5°  44'  21",  we  ol)tain 
8'  49",5  for  the  refraction,  while  the  Nautical  Almanac  gives 
us  8'  53",  and  Mr.  Ivory's  table  8'  49",G.  There  is,  however, 
no  reii^on  for  jiroceeding  to  compute  a  new  table  by  this  formula, 
the  method  employed  for  the  table  in  the  Nautical  Almanac 
being  rather  more  compendious  in  all  common  cases :  and  even 
if  it  were  desired  to  represent  Mr.  Ivory's  table  by  the  approxi- 
matimi  there  employed,  we  might  obtain  the  same  results,  with 
an  eirar  never  much  exceeding  a  smg^e  second,  from  the 

equation  .  00028333  =  -  r  +  JdW±*^_  r'+5400  r+ 

— n— 

Weilwck  StneV  Srd  February,  1824. 
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Na  XXXII. 

HISTORICAL  SKKTCH  OF  THE  VARIOUS  SOLUTIONS 
OF  THE  PROBLEM  OF 

ATMOSPHERICAL  REFRACTION. 

Fbok  tub  tub  or  Ds.  Bbooc  Tatu>r  to  that  of  thb  latict 

COHPOTATIOMS. 

From  Bnuide's  Quarterly  Journal  tor  1825,  vol.  xviit.  p.  347. 


In  justice  to  the  dairns  of  departed  merit,  it  is  often  neceasary 
to  rcTert  to  the  first  steps  by  whidi  the  inTentioos  of  modern 
mathematicians  have  heen  prepared,  if  not  anticipated :  but  it 
seldom  happens  that  tiie  earlier  solutions  of  a  problem  have 

been  so  coraplctely  forgotten  as  appears  to  he  the  case  with 
the  investigations  of  Dr.  Brook  Taylor  respecting  the  path  of 
light  in  the  earth's  atmosphere.  Besides  having  apparently 
furnished  to  Newton  an  instrument  with  which  he  has  dazzled 
the  admiring  gase  of  some  later  philosophers,  they  exhibit  also 
a  remarkable  specimen  of  a  mode  of  analysis  which  seems  to 
affiird  a  general  if  not  a  muvcrsal  rule  for  the  integration  of  any 
*  given  fluxion  by  induction :  that  is^  to  find  a  series  of  sucoeeuve 
Jbueimm  of  the  gireu  fluxional  quantity,  and  to  express  the 
relation  of  each  term  of  this  series  to  the  preceding  one  in  a 
general  formula,  which,  being  applied  to  the  first  term,  or  to 
the  fluxion  itself,  must  naturally  afibrd  us  the  Jbietd  required. 

Part  I.   Bbook  Taylor,  Nbwton,  Simfbon,  Kbamp,  and 

Lapi^ce. 

[The  translation  (with  occasional  comments  interposed)  of 
the  27tii  and  last  Proposition  of  Taylor's  *  Methodus  lucre- 
mentorum,'  which  is  given  in  the  original  article,  is  omitted.*] 

*  It  appears  from  several  letters  of  Newtoa  addrcMed  to  Flamstcod,  in  the  course 
of  the  jmn  16Si  and  16SS,  thaft  the  col^  of  ReAnctioB  had  long  occupied  hit 
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AoDpmU  ofSuL  Isaac  Nbwtok's  TabU, 

Dr.  Ilalloy,  in  the  '  Philosopliiivil  Transactions'  for  1721,  lias 
published  a  Table  of  Kc  fractions,  which  he  says  was  "  the  first 
accurate  table    made  by  the  *'  worthy  President  of  the  Society 

the  curve  which  a  beam  of  light  describes,  as  it  approaches 
the  earth,  beiog  one  of  the  most  perplexed  and  intricate  that 
can  well  be  propofled»  as  Dr.  Brook  Taylor,  in  the  last  Propo- 
ntion  of  his  *  Methodus  Incrementorum,*  has  made  it  eTident 
The  aforementioned  Table,  I  here  subjoin  for  the  use  of  the 
cttrioua,  such  as  I  Icnff  nne$  received  it  from  its  great  author ; 
it  having  never  yet,  that  I  know  of,  been  made  public.**  The 
refraction  at  the  horizon  is  made  33'  45" ;  at  4f>  ^  54"  only, 
agreeing  certainly  in  the  latter  case  with  llawkesbee's  ex})cri- 
ments  mentioned  by  Taylor.  From  the  way  in  whicli  Taylor's 
investigations  are  mentioned  by  Halley,  it  might  natnrally  be 
suppo^  that  Newtons  computations  were  indepeudent  of 
Taylor's  formulae;  and  hence  it  was  natural  enough,  that 
Professor  Kramp  should  spare  himself  the  labour  of  consulting 
Taylor  8  book,  which  has  by  no  means  been  generally  known, 
though  there  is  no  doubt  that  the  table  might  be  computed 
from  some  of  Taylor's  difierent  series :  and  even  if  the  hori- 
lontal  refraction  were  wanting,  it  might  be  obtained  from 
the  6ve  neighbouring  results,  by  making  the  fourth  diflerence 
constant.  Afler  this  explanation,  it  will  still  be  interesting  to 
observe  the  view  which  Kramp  has  taken  of  the  history  of  the 

attention.    He  fiicl  invntipied  fba  canrt  of  RafiraeUon  upon  Um  aopiNMitioii  tiiat 

the  density  decreases  uniformly;  a  supposition  which  he  snbseqtientlr  mognizea 
u  untenable,  inasmuch  as  it  would  maike  tlie  refracting  {>ower  of  tlie  atinuspbere 
W  Sivat  at  the  top  at  the  bottom.  He  oftonrards  appears,  howoror,  to  have 
investipatetl  the  curve,  nnd  therefore  the  quantity  of  the  refrnction  npon  the  Bame 
assumptions  respecting  its  constitution,  as  are  made  in  the  '2..'nd  Prupo«ition  of  the 
Sad  book  of  tho  Prindpia,  which  assumes  the  temperature  uniform  throughout  ita 
extent.  It  wa-  upon  this  hyj>oth?sis  that  his  Tables  of  Kefraction  were  dctluced, 
whidt  were  couiniuuicated  to  Flaui&teed  in  1(>95,  and  which  Ualiey  published  in 
1721.  la  thia  raaarkablo  eorraapoadaioa  Nowtan  fint  diatiaetlf  powled  out  tfaa 
influence  of  the  bammctor  and  thcnnonutcr  upon  the  amount  Of  tilC  refraction, 
and  showed  that  the  chief  cflects  of  vapours  were  secondary  only,  a*  modifying  the 
toaperatare,  and  tharafbra  tho  dcnaity  of  tho  afar.  The  OElateDoe  of  thoao  lettan,  whidi 
Mr.  Baily  first  published  in  1835,  was  unknown  to  Dr.  Yoiiiij;,  an  )  ho  was  mistaken 
therefore  in  considering  Brook  Taylor  as  th^  tirst  ptiiiosopher  who  had  dealt  with 
tfab  difficalft  problem:  tho  'MetbodiM  LwNmeatonmi'  wat  not  pnblidwd  bofora 
1710,  mora  Ihm  twenty  jmn  aftv  tht  ifaaardiaa  of  Newton.— Jfoto    ik$  EUtar, 
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problem  ;  for  tlioiigli  it  will  scarcely  bo  practicable  to  claim  for 
Taylor  the  whole  of  the  merit  which  Kramp  attributes  upon 
mispicion  to  Newton,  yet  certainly  much  may  be  learned  frem 
Taylor's  method  of  cooducting  the  process. 

ObiervaiianM  on  Newion*$  ThblCf  by  Kramp.    Analyse  dea 
Refractions  Astronomiques  et  Terrestres.  4.  Stnub.  1798. 

I.  59.  Let  ns  take,  for  a  last  example,  the  table  of  refractions 
left  us  by  the  greatest  of  all  mathematiciaiis,  and  the  ablest  of 
all  obserrers,  that  have  ever  existed  ;  the  man,  inihout  whose 

discoveries  our  astronomy  would  scarcely  deserve  the  name  of  n 
science,  since  it  is  to  him  alone  that  we  are  indebted  for  our 
knowledge  of  the  eternal  laws  of  nature,  and  for  the  application 
of  computation  to  these  laws  ;  in  a  word,  by  the  immortal 
Newton.  Some  years  before  his  death,  he  communicated  to 
his  friend  Halley  the  Table  of  Refractions,  which  the  latter 
eagerly  published  [/emprmti^  in  the  'Philosophical  Trans- 
sections'  for  1721.  We  are  not  informed  how  this  table  was 
constructed,  nor  if  it  is  the  result  of  analysis  or  of  observation ; 
if  the  former,  it  would  be  interesting  to  have  the  mode  of  com- 
putation employed  by  NewtoD.  He  would  have  done  better 
undoubtedly  if  he  had  explained  it:  but  he  was  at  that  time  in 
his  eightieth  year :  let  us  respect  his  old  age,  and  let  us  accept 
the  table  such  as  it  is,  with  the  gratitude  due  to  its  author. 

«'  GO.  Tlie  Table  of  Newton  gives  3.')'  45''  at  the  horizon, 
and  54"  at  45'^:  hence  the  index  of  refraction  is  .0002618 
[Hawkesbee's  .00026414].  .corresponding  to  a  temperature  of 
74^  of  Fahrenheit.  And  on  the  other  hand,  at  the  temperature 
of  74°,  the  honsontal  refraction  of  Newton  is  exactly  what  it 
ought  to  be,  supposing  the  temperature  of  the  atmosphere 
uniform  throughout  Now  if  this  agreement  depended  on 
direct  obsenration,  it  would  perhaps  be  a  case  unparalleled  in 
the  whole  history  of  the  physical  sciences,  especially  as  we  shall 
see  hereafter,  that  all  the  refractions  in  the  neighbourhood  of 
the  horizon,  agree  almost  as  exactly  with  the  conditions  of  the 
analysis,  which  they  are  very  far  from  doing  in  the  three  tables 
of  Bougucr.    If  the  table  was  calculated,  we  may  first  ask,** 
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mjB  KnuDp,  Ibr  what  reason  Newton  fixed  on  the  temperatore 
el  74^  ra^r  than  any  other bat  in  fitct  he  fixed  on  no 
temperature :  **  and  secondly,  how  he  arrived  at  the  fbrmnla, 

which  alone  is  capable  of  making  the  refraction  cxai  tly  33' 45" 
at  this  tcinjH,Tature ;  and  this  difficulty  is  not  ejisily  removed  : 
for  in  fact,  that  formula  depends  on  a  very  refined  investigation, 
Hhich  wa;*  unknown  to  Kuler  in  1754,  and  of  which  the  prin- 
ciples were  not  well  explained  before  the  publication  of  the 
Kflsay  of  Laplace,  *  On  the  Approximation  of  Formulae  con- 
taioing  Factors  raised  to  High  PowerB,'  in  the  MemmrB  of  the 
Amdmy  d  Paris  ibr  1782.  Are  we  to  Bfippoee  that  the 
great  Newtoo  obtained  the  same  oondnaons  at  the  beginning 
of  the  oentwy,  by  modes  of  reasoniiig  which  he  has  left  unex- 
plained? TboM  is  not,  indeed,  absolvtely  impossible  for  a 
matbematieian  to  whom  nothing  was  imposnUe  In  the  higher 
anal^-sid  ;  but  it  would  be  singular  that  he  should  have  left  no 
irac^'  of  the  dis<'<)very  iu  any  (tthcr  of  his  immortal  writings." 
So  t'h'ffrint  and  t^o  important  a  demonstration  could  certainly  not 
have  Iwcn  left  unrt^corded  hy  Newton,  if  it  had  occurred  to 
him :  hut  he  does  not  appear  to  have  entered,  in  the  latest 
period  of  his  life,  into  any  very  deep  speculations  rekting  to 
pare  mathcmaties ;  nor  to  have  been  employed  on  any  physical 
problem  which  was  likely  to  lead  him  to  the  investigation, 
having  in  all  piobability  found  it  sulBcient  for  the  present 
purpose  to  follow  the  steps  of  Taylor's  ingenioas  researdies. 


Theonf  of  Simpson  <md  Table  <^  BrtuUetf, 

The  greatest  prsetfeal  improvement  on  Newton*s  Table  was 

made  Ixrfore  the  year  1743  hy  Tliomas  Simpson,  who  computed 
ihi'  e(fiTti«  <»f  the  atmosplu  rc  on  a  ray  of  light,  upon  the  snp- 
|«i*ition  of  a  unifurni  decrease  of  the  air's  refractive  force  in 
a'^x-U'iiii.T,  asi'l  ohtaincd  from  observations  communicated  to 
him  by  Ur.  llcvis,  a  table  which  gives  .'^3'  0"  for  the  hori;;ontal 
refraction,  and  53"  for  the  altitude  45^.  He  computes  bis 
refrartioas  by  taking  of  the  difference  of  twf)  arcs  of  which 
tbr  sines  are  as  1  to  .V^6 :  and  he  oboerves,  that  the  distribution 
of  beat  to  the  atmosphere  is  the  reason  why  the  computation 
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upon  the  suppooiiion  of  an  equable  temperature  is  bo  erroneous ; 
though  he  exaggerated  the  error  of  this  hypothesis  so  muGih»  as 
to  make  the  horizontal  refraction  52':-lMBing  probably  unac- 
quainted with  the  computationB  of  Taylor  and  Newton,  which 
had  been  published  twenty  or  thirty  years  before. 

The  Table  of  Bradley,  which  has  been  so  universally  admired 
and  employed  by  the  English  astronomers  and  nsTigators,  was 
obtained  from  tliat  of  Simpson,  by  the  very  slight  modification 
of  adopting  ^  instead  of  ,V  for  the  multiplier  of  the  difference 
of  the  arcs,  the  correction  having  of  course  been  obtained  from 
observation  only ;  but  with  the  fondness  for  approximative  compu- 
tation wliich  has  often  been  remarked  in  practical  astronomers. 
Dr.  Bradley  chose  to  begin  by  supponng  the  approximate 
refraction  known,  and  to  correct  it  so  as  to  make  it  exactly 
proportional  to  the  tangent  of  the  sanith  distance  diminished  by 
three  times  the  refraction.  Leaving  the  horizontal  refivction 
33'  0",  as  assigned  in  Simpstti*s  Table,  he  makes  it  57"  at  45% 
instead  of  53*.  Dr.  Bradley  has,  however,  the  merit  of  having 
first  introduced  an  accurate  mode  of  allowing  for  the  effect  of 
the  actual  temperature  of  the  atmosphere  at  the  jilace  of  obser- 
vation, which  he  estimates  at  jh  of  the  whole  refi*action  for 
each  degree  of  Fahrenheit  above  or  below  the  standard  tem- 
perature of  50°. 

AeeouHt  qfEmJuCs  LtoettigaitionM,  from  Kramp^  CJhap. 

The  Memoir  of  Eulcr,  contained  in  the  Transactions  of  the 
Academy  of  Berlin  for  1759,  though  of  no  importance  whatever 
to  optics  or  to  astronomy,  may  however  become  still  more 
usefril,  if  properly  considered,  m  a  moral  point  <tf  view,  than  if 
it  had  been  completely  sucoessftd.  It  may  not  only  teach  us  a 
proper  lUffidence  in  our  own  computations,  but  it  may  serve  to 
show,  among  many  other  instances,  how  liable  the  greatest  and 
wisest  of  mankind  are  to  imperfections  and  errors,  even  in  liiose 
departments  which  they  have  cultivated  at  other  times  with  the 
greatest  success.  An  extract  fruui  the  account  given  by  Kramp 
of  Euler's  results,  will  render  it  sufficiently  obvious,  how  much 
valuable  time  and  useless  labour  might  have  been  spared  if 
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Enler  had  only  bafvpeoed  to  look  at  a  few  pages  of  Taylor's 
fittle  work,  which  was  printed  nearly  fifty  yean  before. 

The  formula  adopted  by  Enler  for  expressing  the  elasticity 

E  at  the  height  x  \^  E  ,  /  being  the  subtangent  or 

modulus,  which  diflers  very  little  from  the  logarithmic  pro- 
gression of  densities  when  the  temperature  is  supposed  constant, 
that  is,  From  this  expresdon  be  deduces  the 

fluxion  of  the  angle  described  by  the  ray ;  but  in  attempting  to 

assign  its  fluent,  the  art  of  this  profound  mathematician  has 
completely  failed  him  ;  and  he  has  thought  it  justifiable  to  have 
recourse  to  the  very  arbitrary  and  incorrect  supposition  that 
the  curve  may  be  considered  as  nearly  agreeinfj  with  a  hyper- 
bola, having  for  its  equation  ^  =  C^"'-i.  The  refraction  is 
indeed  easily  computed  upon  this  hypothesis ;  but  it  becomes, 
as  Kramp  has  shown,  at  the  horizon,  42',  instead  of  36'  26"  as 
it  ought  to  be  in  the  supposed  state  of  the  atmosphere,  and  at 
45**,  no  less  than  2i'  instead  of  about  57".  In  short,  the  foilure 
oonld  not  possibly  haTe  been  more  total,  if  the  essay  had  been 
the  work  of  the  idlest  schoolboy,  instead  of  one  of  the  four  or 
fire  greatest  mathematicians  that  have  ever  existed ;  for  in  the 
same  rank  with  Archimedes  and  Newton,  and  Euler  and 
Laplace,  it  is  difBcult  to  say  what  fifth  philosopher  has  any 
right  to  be  classed  :  perhaps  Leibnitz,  and  possibly  Lagrange  ; 
but  this  question  will  long  remain  undecided,  if  it  requires  to 
be  determined  by  a  jury  of  theii*  peers. 

Methods  ^Mayee  and  Lambebt.    Kramp,  t.  41,  47. 

The  formula  of  Mayer  was  published  without  demonstration  in 

his  Lunar  Tables,  and  appears  to  have  been  only  an  empirical 
modification  of  those  of  Euler  and  Bradley,  approaching  so 
nearly  to  Bradley's  results  as  scarcely  to  require  any  distinct 
consideration.* 

Lambert  published  in  1759,  at  the  Hague,  a  separate  essay, 

*  The  opinion  of  Bcuel  mpecting  Mayer's  merit*  dfff^  ^eatly  from  thai  of  Dr. 
Toang:  after  referring  to  the  nearly  contemporary  labours  of  Bnulley  on  this  subject, 
he  adds  eoientm  in  hoc  capite  non  'a>quales  aolwn  tervm  etiam  pmUriorn  attromnno* 
mUoe$$U  Tabiaa  Mayer,  in  re/ractionis  formula  r€ct«u  adMben  tksrmmgtri  cor- 
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Les  j/roprieth  remarquablcs  de  hi  route  dc  la  Lnnn'ere 
jxir  les  airs ;  and  he  resumed  the  subject  in  the  Berlin  Ahnanac 
for  177y.  lie  has  adopted  in  this  research  a  supposition 
respecting  the  as}nij)tote  of  the  curve  whicli  Mr.  Kranip  has 
shown  to  be  inadmissible ;  and  hia  method  of  computatioa 
exhibits  an  error  at  the  horizon  amouDting  to  %7".  But  "  Lam- 
bert might  have  concluded,"  says  Kramp,  "from  his  own 
geometrical  investigatioDs,  the  approximate  result  which  Mayer 
had  already  obtained  in  part,  that  is,  that  for  the  same  abso- 
lute elastic!^ "  as  expressed  by  the  height  of  the  barometer, 
the  horizontal  refraction  must  be  reciprocally  proportional  to 
the  square  root  of  the  cube  of  the  specific  elastidty,"  depending 
on  the  teinjM^rature ;  and  he  contradicted  himself  when  he 
objected  to  what  Mayer  had  said  on  this  subject. 

Epodi  of  Keamp  and  Lapulcb. 

For  the  mathematical  theory  of  refraction  it  may  be  said  that 
nothing  of  immediate  importance  was  done  from  tlie  time  of 
Newton  and  Taylor,  to  that  of  Laplace  and  Kramp.  It  is  true, 
that  the  X  Vlth  volume  of  the  New  Commentaries  of  Petersburg, 
for  the  year  1 771,  contains  an  Essay  of  £uler,  in  which  the  par- 
ticular value  of  a  fluent  is  first  demonstrated,  which  is  of  singular 
importance  in  abridging  the  computation  of  the  horizontal  re- 
fracdon  ;  but  it  does  not  seem  to  have  occurred  to  this  great 
mathematician  in  what  manner  his  discovery  might  be  reiuk  red 
serviceable  for  the  solution  of  a  pliy.^ieal  problem.  It  was  in 
the  Memoirs  of  the  Academy  for  17S2,  tliat  Laplace  matle 
public  an  etfsay  on  the  integration  of  diti'erenlial  functions,  which 
contain  very  high  powers  of  their  factors  ;  and  this  essay  Kramp 
considers  as  first  developing  the  principle  that  led  to  the  more 
accurate  solution  of  the  problem. 

Professor  Kramp  had  made  himself  known  and  reqMcted  in 
the  mathematical  world,  by  bis  attempts  to  apply  the  prindplea 
of  mechanical  hydraulics  to  the  circulation  of  the  blood  in 
health  and  in  disease,  and  be  .was  the  author  of  some  interesting 
essays  on  the  combinatorial  analysis  of  Hindenburg,  which  ex- 
cited at  one  period  so  much  alteutiun  in  Germany,  tluiugh  uuiic 
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<»f  its  other  results  appear  to  liave  Vhhmi  so  satisfactory  as  those 
whieli  are  eontain«Ml  in  the  chapter  on  Numerical  Faculties  of 
the  Analyse  des  KetVactions.  The  rapid  and  brilliant  progress 
thiit  i«  displayed  iu  this  chapter  tlirough  some  of  the  most  thorny 
|»tlk<  of  aIla1y^ij  will  for  ever  distinguish  its  author  among  the 
origioal  contributors  to  the  advancement  of  mctheinntical  ana- 
lyiis ;  hut  it  is,  perhaps,  somewhat  too  rapid  to  have  avoided  all 
traces  of  ooDtaet  with  the  thorns  that  were  to  be  encountered* 
The  orig^nali^  consists  principally  in  the  very  great  generalisar 
tion  of  the  taws  of  the  fiumlties  of  numbers,  which  have  been 
siooe  more  commonly  called  fiictorials,  and  in  their  extension 
to  iSMmhies  with  ftacdonal  indices,  formed  according  to  the 
analogy  of  fractional  powers,  hut  which,  in  fiict,  though  they 
may  W  shown  to  have  real  values,  are  little  less  imaginary  in 
their  immediate  structure,  than  the  square  roots  of  negative 
numbers,  and  resmihle  still  more  nearly  the  fluxions  of  frac- 
tic»nal  onlers.  Having  first  deduced  from  the  series  which  ex- 
presses tlie  relation  of  the  sides  of  any  two  polygons,  the 
geaeral  value  of  the  product  of  two  iacolties  (§  16):  he  trans- 
fbrms  the  faculty  divided  by     into  another  which  he 

shows  to  agree  in  its  general  term  with  the  series  ezpressmg 

the  fluent  7«  tm^^  s<"df,  as  it  is  obtained  from  the  series  of 
Taylor,  or  of  Bernoulli,  for  mtegration  by  parts.    He  derives 

alw),  from  a  similar  method  of  investigation,  some  very  compen- 
dious expres^iions  for  computing  the  sanu'  fluent  for  any  other 
valijf>  of/,  and  give-*,  at  the  cod  of  hi>  volume,  some  tahlcs  of  their 
results,  w  hich  have  lately  Ik  en  much  extended  hy  Bcj^scI  in  bis 
Ftindamenta.  For  the  horizontal  refraction,  which  is  expressed 
by  (hnoaw)(\  -f  An  +  4-  0  he  finds  A  =  .414214, 
^«.2»12t>49.  C  «  .2o.>Rr,5,  p  ^  .100253,  and  E  =  .1:^2935 
Ucc  No.  XXX.) ;  and  from  the  values  assigned  by  Laplace 
m  his  eiposition,  he  compotes  the  refraction  equal  to  7307 
dcdmal  seconds  at  the  fteecmg  temperature,  diflering  but  little 
from  the  79(X)  assigned  to  it  by  Laplace.  Concluding  from 
observatioii,  that  a  uniform  temperature  of  the  atmosphere  win 
not  properly  rt>[)reseot  the  actual  refrvctions,  he  suggests  the 
ahrmtion  of  the  qiuintity  denoting  the  ffiibtangmt,  or  mo<Iulus 
of  ehutu'ity,  iu  such  a  uuunicr  as  to  corre»puud  viith  the  actual 
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state  of  the  phenomena ;  and  this  is  predselj  what  has  siooe 

heen  attempted  by  Professor  Bessel.  He  also  observes,  that 
the  refractions  near  the  horizon  by  no  means  follow  the  exact 
projK)i  tion  of  the  densities,  and  gives  a  table  extending  from  10® 
to  100'^  of  Fahrenheit,  which  shows  that,  within  these  limits,  the 
refraction  varies  in  the  ratio  of  27  to  37,  while  the  densities  are 
supposed  to  vary  only  in  the  proportion  of  21  to  25  or  52  to  62. 

In  the  precise  determination  of  the  refractions  yery  near  the 
horizoDy  Professor  Kramp  has  not  been  particularly  fortunate. 
The  terrestrial  refraction,  which  is  the  subject  of  his  fifth  chqiter, 
presents  no  particular  diflfoulty ;  and  neither  of  these  intestiga- 
tions»  as  belong^  to  the  hypothecs  of  an  equable  tempera- 
ture, presents  any  remarkable  Interest  at  present  The  method 
of  Laplace,  which  is  well  known  from  the  Mdcanique  Celeste, 
has  desenredly  superseded  that  of  Kramp,  especially  from  the 
extreme  elegance  and  conciseness  with  which  the  definite  fluent 
already  mentioned  is  there  obtained  by  means  of  the  method  of 
partial  fluxions ;  and  the  hypothesis  respecting  the  distribution 
of  temperature,  which  has  been  j)ractically  adopted  by  this 
illustrious  philosopher,  has  led  to  the  construction  of  tables 
poMCBBod  of  accuracy  abundantly  sufficient  for  every  purpose  of 
astronomy,  and  which  ought  never  to  hare  been  set  aside  by  the 
German  astronomers,  in  order  to  return  to  the  mere  speculative 
suggestion  of  Kramp,  however  elaborately  computed  and  par- 
tially supported  by  their  ingenious  countryman.  Professor 
Bessel.  At  this  period  of  the  history  of  refraction,  the  inves- 
tigation had  attained  all  the  practical  perfection  that  could  be 
desired  :  it  will  be  proper  to  proceed  in  the  second  place  to  the 
consideration  of  the  later  attempts  that  have  been  made  to 
improve  it  by  the  mathematicians  and  astronomers  of  the 
British  empire. 

Part  II.    Account  of  the  later  improvements  in  tlie  theory  of 

AtMOSP H  E U 1 C A  L  K EF U A CTION. 

From  the  time  of  the  publication  of  the  French  tables  of  re- 
fraction, constructed  from  the  computations  of  the  illustrious 
Laplace,  the  determination  has  acquired  a  degree  of  accuracy 
rather  exceeding  than  foiling  short  of  what  mi^^t  have  been 
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czpeded  from  the  flnetuatiiig  state  of  the  dementB  on  which  it 
depends. 

Our  oountrynum,  Mr.  Groombridge,  is  the  first  astronomer 
that  seems  to  have  undertaken  an  elaborate  series  of  obsenrations 
ahnost  entirely  fbr  the  purpose  of  obtaining  a  complc^te  table  of 

refractions.  His  f\r>t  publication  is  contained  in  the  Philoso- 
phical Transaction  for  1810.  The  mode  of  computation  that 
he  has  employed,  to  obtain  the  mean  refraction  at  a  given 
altitude,  is  to  observe  the  <anie  star  above  and  below  the  pole  ; 
and  to  make  the  sum  or  difference  of  the  apparent  altitudes, 
whichy  compared  with  the  double  latitude,  gives  the  sum  or 
diflerence  of  the  refractions  at  the  given  altitudes:  then  by 
comparing  these  results  with  those  of  an  approximate  table,  he 
finda  the  mean  fiu^r  required  for  multiplying  the  numbers  of  the 
table ;  and  in  this  manner  he  has  obtained  for  Bradley's  Table, 
first  reduced  on  account  of  the  sun's  parallax,  the  factor  1.02845, 
and  has  proposed  still  further  to  improTe  it  by  adopting  the  form 
r  s  58.1192  tan  (Z.  ./>.  -  3.d625r). 

Mr  Groombridgc  has  not  recorded  the  particular  tempera- 
tures of  his  ol)servations,  but  has  reduced  them  to  the  mean 
temperature  of  the  table,  which  is  supposed  to  be  49°  for  the 
interior  thermometer,  and  45^  for  tlie  exterior.  The  results 
may,  bowerer,  be  of  use  in  continuing  upwards  the  Empirical 
Table,  inserted  in  a  former  number  of  this  Journal  (Vol.  XV.) 
from  Mr*  Groombridge's  later  observations,  and  it  will  be 
{lerfiKtly  justifiable  to  divide  the  sum  of  the  two  refractions  in 
tlie  ratio  of  the  corresponding  refiractions  of  any  approximate 
table,  m  order  to  determine  the  larger  of  the  two  with  little 
diaiic^  of  error.  In  this  manner  we  may  obtain  the  following 
Tablf,  ^electing  the  observations,  at  convenient  altitudes,  which 
have  been  most  frequently  repeated. 


Oka. 

Alt. 

Refk. 

N. 

Dur. 

• 

» 

10  43  .0 

4  55.3 

4  &I&.7 

s'ts 

1 

IS  38  17.0 

+ 

i.e 

2 

Lrnc. 

7 

20  :i4  14.6 

•J  ;ii.4 

2  :u.o 

• 

6 

2H  :iJ  11.9 

1  45.9 

1  47.1 

+ 

1.3 

& 

Vn.  Mio. 

5 

38  2  .12.3 

1  14.7 

1  14.3 

0.4 

• 

M  0  4S.ft 

0  57.5 

0  58  1 

+ 

0.8 

^ 

■krb 

♦1 

49  4A  81.5 

0  48.7 

0  49.9 

+ 

0.5 
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Mr.  Groombridge  haa  alao  taken  some  paina  to  ascertain  from 
obaerratioD,  the  magnitude  of  the  thermometrical  oorrectiony 
though  without  diatinguiahing  the  different  effecta  at  difoent 
altitodea:  and  he  finda  for  the  exterior  thermometer  .0081  for 
e?ery  degree  of  Tariatioa  reckoned  from  45%  and  .0023  or 
.0024  for  the  degrees  of  the  interior  thermometer  reckoned 
from  4il''.  His  own  fonniihi  i-s  thus  coinpareti  witli  tlie  I'Vi'ucli 
Tables,  and  with  Piazzi's  empirical  oorrcction.  Barometer 
29.6. 


Alt. 

S6 

1  0 

2  0 
2  0 

4  0 

5  0 
10  0 
20  0 
45  0 


Off.  Wio. 

" 

31  27.9 
23  46.8 
18  19.2 

U  31.7 
11  52.2 
9  57.3 

a  19.8 

9  88.4 
0  58.0 


Fr.T. 

33  ^.3 
24  21.2 

18  22.2 
14  28.1 
11  48.3 
9  54.3 
6  19.8 
2  38.8 
0  58.2 


nasi. 

32  3.0 
23  46.1 

18  2.7 
14  25.1 
11  42. G 
9  45.4 
5  16.1 
2  37.8 
0  57.2 


Or.  IS14. 

24  32.9 

18  19.8 
U  19.8 
II  45.3 
9  53.0 
5  18.2 
8  88.8 
0  58.0 


We  find  in  the  Transactions  for  1814  a  continuation  of  Mr. 
Groomhndge's  researches  extended  to  the  refraction  of  atara 
near  the  horizon.  He  obeenred,  that  the  resulta,  corrected 
according  to  the  indications  of  the  thermometer  without^  are 
the  moat  correct;  he  altera  the  thermometrical  foctor  from 
.0021  to  .002,  and  adopts  finally  the  expresion  r  =  58.'  123976 
X  tan  (Z.Z>  -  3.6d4295r),  reducing  it,  below  87*,  .00462  for 
each  minute. 

Dr.  Brinkley,  in  1810,  had  acquiesced  in  the  formula  of 
Simpson  and  Bradley,  with  a  slight  modification,  and  with  the 
French  correction  for  temperature,  that  is  r  =  56".9  tan(^Z>  — 

(Ph.  IV.  p.  204.) 

Dr.  Brinkley  has  pursued  the  subject  with  his  aceustomed 
accuracy  in  the  Irish  Transactions  for  1815,  and  has  employed 
65  observations  of  Capella  and  42  of  Lyra,  together  with  a 
multitude  of  others,  contirming  the  accuracy  of  the  French 
Tables.  He  has  shown  the  agreement  of  several  assumed 
hypotheses,  in  moderate  zenith  distances.  Thus,  at  iK)''  F.  and 
29.6  B. :  - 
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Ah. 

Oh*. 

Pr.  T. 

o 

/  // 

1  II 

3  18.2 

1« 

3  18.6  ■ 

20 

2  37.3 

2  37.0 

90 

1  99.7 

1  99.4 

40 

1  8.7 

1  8.6 

45 

0  97.7 

0  57.6 

He  tiierefbre  reoommends  tiie  empIoymeDt  of  the  French 
Tibiet  for  moderate  zenith  distances,  and  remarks  that  nearer 

the  horizon  it  is  useless  to  expect  minute  accuracy  in  any  con- 
clusion from  astronomical  observations. 

In  the  Xllth  volume  of  the  Irish  Transactions,  we  find  a 
memoir  of  Dr.  Brinkley,  read  in  1814,*  on  the  thermo- 
■letricil  correrfion  of  refraction ;  giving  a  method  of  correction 
**derived  from  the  formula"  of  Simpson,  obtained  in  the 
hypothesis  of  a  density  decreasing  uniformly."  The  author 
oheerres  that  **at  present  we  have  not  sufficient  observations  to 
detemuDe,  whether  the  actual  variations  of  refractions  at  low 
altitodes  are  most  conformahle  to  the  theory  of  Mr.  Bessel,  to 
that  of  Dr.  Young,**  or  to  bis  own  :  which,  indeed,  differ  less 
from  each  other  than  they  do  from  the  corrections  employed  by 
the  French,  by  Groombridge,  or  by  Bradley  ;  and  after  all,  it 
seems  impossible  to  expect  much  advantage  from  any  theory 
in  applying  this  correction  to  the  accidental  variations  of 
any  one  climate,  though  it  may  very  probably  be  of  use  for 
Snding  the  mean  refractions  in  distant  latitudes.  (See  Vol. 
XV.  of  thifl  Journal.) 

It  was  io  the  interval  between  the  publication  of  Dr.  Brink- 
ky's  two  papers,  that  Dr.  Young  annexed  a  new  Table  of 
BcAnctioas  to  the  '  Nautical  Almanac,'  founded  on  an  approx- 
tmatiflo  of  his  own,  hut  agreeing  ahnost  exactly  in  the  mean 
rcfractione  with  the  French  Tables,  adopting,  however,  a 
eoffT^irm  for  temperature  derived  from  theory,  and  greater 
Dt-ar  ili»*  liuri/on  tlian  that  which  the  French  have  employed. 
Having  i)ij.MTved  that  the  series  obtaine(l  for  expressing  the 
rpfi*ajction  in  terms  of  the  density  failed  at  the  hori/on,  beeaii>e 
the  altitude  wajs  a  divisor  of  the  coefficients,  it  oecnrn'd  to  him 
that  this  inooovenience  might  be  avoided,  by  expressing  the  den- 
sity in  a Vfies  of  the  powers  of  the  refraction ;  and  the  formula 

•  >r«  a  tK  t.rr  oT  II  m  *BffWKb*ft  Qmitrrlr  Jnuraar  for  1821,  Vol.  XI.,  p.  Mi4. 
h  lAr  /;ifilar. 
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thus  obtained,  though  not  always  convenient  in  extreme  cases, 
is  still  very  useful  for  obtaining  a  tolerably  accurate  result  with 
great  facility  from  any  imaginable  theory,  and  is  also  capable 
of  representing,  by  a  few  of  its  first  terms  only,  with  their  coef- 
ficients empirically  modified,  the  refiraction  either  actually 
obsenred,  or  correctly  computed,  upon  any  posaible  hypothesis 
respecting  the  oonstitntion  of  the  atmosphere. 

Dr  Young's  theorem  is  P  -  'i^  +       —  ^)  ^  ^ 
+  . . When  r  vanishes,  or  near  the  senith,  the  first 

term  of  the  series  only  deteriiiiiies  it,  and  it  becomes  simply  pro- 
portional to  the  refractive  density  /; ;  at  a  greater  distance  the 
aeooad  term  become  sensible,  depending  on  the  total  variation 

of  the  actual  density  in  ascending  a  given  hdg^t,  (  bang  =  ^ : 

this  coefficient  ought,  therefore,  to  be  the  same  in  every 
hypothesis  concerning  the  constitution  of  the  atmosphere,  whidi 
professes  to  represent  correctly  tlie  initial  diminution  of  tempe- 
rature of  density  in  ascending ;  how  this  diminution  may  vary 
at  greater  heights  cannot  easily  be  determined  from  direct 
observation,  since  we  cannot  reason  with  certainty  on  the 
temperature  of  the  open  atmosphere  remote  from  the  earth, 
from  that  of  the  surfaces  of  mountains,  which  may  very  possibly 
be  affected  by  their  immediate  contact  with  the  solid  etwth,  and 
it  seems  necessary  to  obtain  the  subsequent  coefficients  from 
the  phenomena  of  refiraction,  as  observed  in  favourable  cuncum- 
btances,  taking  also  the  mean  of  a  great  number  of  results. 

In  the  approximatory  method  of  using  four  terms  only,  it 
may  become  convenient  to  modify  even  the  first  two,  in  order 
to  co-operate  the  more  perfectly  with  the  suceeeiling  ones  ;  but 
it  is  difficult  to  suppose  that  the  actual  constitution  of  the 
atmosphere  can  be  represented  with  r/rcat  precision  by  a 
hypothesis  like  that  of  Laplace,  in  which  the  initial  variation  of 
temperature  is  made  greater  than  the  truth.  That  there  is  no 
actual  neeesaity  for  such  a  departure  firom  observation,  is  shown 
by  Mr.  Ivor/s  table,  and  by  Dr.  Young's  latest  solution  of  the 
problem,  both  of  which  begni  with  assuming  the  initial  yariation 
of  temperature  equal  to  that  wluch  is  actually  observed :  while 
Mr.  Ivory  supposes  the  rate  of  variation  to  become  slower 
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in  ascending,  and  Dr.  Young  more  rapid,  and  yot  the  results 
agree  very  nearly  with  each  other,  and  with  the  French  tables, 
except  quite  close  to  the  horizon. 

The  ridiculous  accus;\tions  whicli  weie  brought  against  Dr. 
Yonog,  and  against  the  British  Government,  by  an  unfortunate 
endmsiast,*  whose  imprudeoce  seems  almost  to  have  impaired 
hiB  reason,  might  perhaps  serve  in  some  slight  degree,  if  they 
served  for  anything,  to  make  it  probable  that  the  method  which 
he  80  elamoroiialy  professed  to  have  improved,  was  in  itself  of 
mmB  valne :  bnt  as  even  this  does  not  yet  appear  to  be  irntiwr- 
talhj  admitted,  it  may  not  be  snperflnous  to  pve  one  or  two 
additiooal  instances  of  its  appfication. 

The  genera]  equation,  as  investigated  in  the  fifteenth  volnme 

of  this  Jo«mal,t  is  ps-tr4-  (^-^  r»+  {^,^^)  ^ 

9411^      S4«vM  \  mif  "  V      \9mf^i^}  • '  • » 

?  being  =       {'  e       and  {"  =  ^ ;  and  we  may  take  for 

^.001894,  and  for  1^  .0002835,  ao  that  ;^  »  45644,  and 
^  m  16100. 

A.  The  font  hypothesis  of  Kramp  has  been  abandoned  by 

Bessel  oo  account  of  its  mtricacy,  and  it  has  ktely  been 

declared  even  by  Mr.  Ivory   too  eompHeaiod  for  eaiaUaiion** 

I 

We  have  here  z  «  +     *  being  =  m  (x  —  1), 

and  d^  =  mdx  =  and  since  ^  «         ^  =  j^-  but  ' 

dr  -  2d     -  V+«r)  «  «tdff  (1  -  is-r)  »       ^JL  (1  -  -V)  = 

—  idy  (1  -  7«^),  and  {  «  —^^  or  initially  -  jzri*  ^Wch 
must  be  =  and  ■  '  3>  and  in  general  {  =  bS^Zl*  whence 
^<  *  (fli«^-iy>  and  ^  =  <  =  (^?73T)i^,  and  lastly 
^  =  r  =  5'      + +  ^  -  '^^^  -  ^)  •  «i*5ally 

♦  Hoene  de  Wroiuki.  f  Snpra,  No.  XXiX.  pi.  80. 
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atitatbg  these  Taluea,  we  obtain  the  equation      s  vr  + 

-  1,)    +  230G£r^  +  ^  (^:2»5  _ .  +  5450  ^  r^- 

With  this  formula,  wc  may  proceed  to  calculate  the  refraction 
for  the  case  v  =  .1,  thati^,  for  an  altitude  of  5^  44'  21",  which 
will  be  allowed  to  be  a^  low  as  can  possibly  be  required  for  any 
accurate  observations.  Assuming  then  r  =  .()<)2r»,  we  have  r= 
.000006  76, =.000  000 017  576, and  r*  -.000  000  0000457; 
alio  «  »  .99500,  s'  =  .9900,  and  =  .9850,  and  the  equation 
becomes  j9 « .00026130  +  .00001610+.000004im-.00000157 
+  [.000001 50]  s  .000  28453.  so  that  .0026  is  too  maeh  hj 
abont  jiwf  and  rs  .00259,  whiqh  may  be  called  certain  to  ihe 
last  figure,  giving  8'  54''  .2,  a  result  probably  very  near  the 
truth  in  the  actual  mean  state  of  the  atmosphere. 

B.  Mr.  Ivory's  tables  are  constructed  upon  the  hypothesis 

y«.75z  +  .25.^;  hence  {  =  ^ « .75  +  .5z,f  =  =  =  ^, 
and  ^  ^  Jr'  ^  equation  then  becomes  p  ^  ^  ^ 
(2.85275  -  5  «)  ^  +  2012  »  ^  +  503  (4.7055  +  7055  ^ , 
and  assuming  again  ^  =  .0026130,  ^  =  .000006  8276,  ^  = 

.00000001784,  and  ^  »  .0000000000467,  we  have  p  « 

.  000  261  30  +  .  000  016  10  +  .  00000359  +  .  000  00  177  + 
[000  002  40]  =  .  00028510,  too  much  by  about  .  0(1000104,  and 
we  must  subtract  ttit,  and  we  have  r  =  .  002586  8'  53"  .4, 
with  an  uncertainty  that  cannot  exceed  a  few  seconds :  Mr.  Ivory's 
table,  wliich  may  possibly  be  correct,  but  which  would  natur- 
ally be  a  little  within  the  truth  rather  than  beyond  it,  since  it  is 
computed  by  a  direct  convei^ging  serie8,has  8'  48".0,  which  is  5".4 
less.  It  cannot  be  supposed  that  Mr.  Ivory's  method  requires 
any  such  confirmation^  but  it  would  be  eaqr  to  add  a  few  more 
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teims  to  this  scries  as  a  test,  if  there  were  any  necessity  for  the 
perfect  accuracy  of  the  determinatioii  by  two  opposite  methods. 

C.  The  approximation  lately  communicated  to  the  Royal 
Sodeiy/  which  rapposes  y  »  IJ^z^^  —  .5x*«  gyres  (  «  ^  s 

o        ,  ,  Av        X  2.25         1      jdr      -1  125d« 

-z,  whence  4:  =  =         -  ijS*  ^d^  =  "i^i^  • 

d«i>       1.125P       .     a     •        fxi-    •         11     1-^25  ,  1.6875rdrj 

dH  ^wpVr^r*       fluxion  of  this  initially        dv  Q>?, 

J    d»i;        1.125   do        1.6875      y«  »  . 

Si  =         d;  +  ^  •  fs  •  «>Meq«aiUy  P  «  ;  r+ 

(2.85275  -  5 «)  i  +  3019  o  ^  +  755  (4.7055  +  5291 1;*)  ^. 

and,  ibrr«.0026,;>  =  .0026130+.000016 10  +.00000539  + 
.000  00203+[.000002  00.]  ^  .00028682,  requiring  for  ra 
rednctioD  of  rhr,  whence  r  =  0025740  =  8'  50".9,  with  an 
uncertainty  not  exceeding  2"  at  the  utmost.  And  the  direct 
computation  by  logarithms  gives  8'  49"  .6,  differing  only  1"  .3 
from  the  series  in  this  almost  extreme  case  :  the  series  being  in 
thus  hypothesis  a  little  more  rapidly  convergent  than  in  some 
others,  so  that  it  would  be  nniieoesBary  to  compute  more  terms 
if  it  were  to  be  employed  for  any  practical  purpose.  It  may  be 
remarked  that  the  omission  of  in  the  fourth  term  is  not  quite 
80  unimportant  to  the  result  as  it  af^ieared  at  first  sight,  lliougii 
h  IS  oompensafted,  m  the  appwMumatbn  that  has  been  adopted, 
hy  the  alteration  of  Ae  other  ooeflfeients. 

Mr.  Irory,  observing  with  some  truth  that  Dr.  Toungfs 
mTerse  series  was  not  in  all  eases  so  oonvergent  as  could  be 
desireil,  or  even  as  the  author  ap})eared  to  believe  it,  has  still 
more  lately  applied  the  p<^werful  machinery  of  his  analytical 
investigations  to  the  construction  of  some  tables  upon  a  hypo- 
thesis which  seems  in  most  respects  to  represent  tlie  consti- 
tution of  the  atmosphere  with  sufficient  accuracy,  and  which 
agrees  also  extremely  well  with  the  most  approved  observations. 
Mr.  Ivory  adopts  the  opinion  of  Schmidt,  and  of  some  later 
experimental  philosophers,  that  a  diminution  of  temperature 
diminishes  the  actual  bulk  of  a  given  portion  of  air  by  an  equal 
quantity  of  space  for  each  degree  of  the  thermometer,  and 
infero  that,  at  the  temperature  of  about  —  500*  of  Fahrenheit, 
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the  air  would  cease  to  occupy  any  space  whatever  as  such,  or 
in  the  form  of  a  gas.  Ue  seems,  however,  to  have  imagined  in 
some  of  his  earlier  papen»  that  the  diminution  of  temperature 
might  still  be  equable  in  ascending  to  all  poMible  heights  ;  and 
even  in  his  eaaay,  printed  in  the  Tranaactioiis  for  1823^  he 
Bays,  there  is  no  ground  in  experience  for  attributing  to  the 
gradation  of  heat  in  the  atmosphere  any  other  law  Aan  that  of 
an  equable  decrease  as  the  altitude  increases .  • . :  it  therefore 
seems  to  be  the  assumption  most  likely  to  guide  us  aright  ia 
approximating  to  the  true  constitution  of  the  atmosphere.*' 
From  this  hypothesis  he  derives  the  very  convenient  conclusion 
that  the  pressure  must  vary  as  a  cert^iin  power  of  the  density, 

or  that  y  »     ft  being  nearly  ^ :  but  finding  it  impossible  to 

suppose  tiie  atmosphere  so  Ktde  ele?ated  as  this  hypothesis 
would  require,  he  modifies  it  by  the  addition  of  another  term  to 

the  value  of  though  without  very  clearly  relinquishing  in 
words  the  original  supposition,  and  ultimately  adopts  au  expres- 
sion equivalent  to  that  which  has  already  been  mentioned  in 
this  paper,  or  y  =  .752r+.250*. 

Mr.  Ivory  first  expands  the  well  known  expression  for  the 
refraction  into  a  series  by  means  of  the  binomial  theorem,  and 
finds  the  value  of  .the  particular  fluents  of  the  several  terms 
from  considerations  nearly  resembling  those  which  Laplace  has 
employed  in  the  Celestial  Mechaaics,  so  that  the  fluent  of  s-m# 

becomes  a  particular  case  of  his  solution.    Then  taking  y  =  zt, 

he  computes  the  horizontal  refraction  34'  I  '.S  inste<id  of 
33'  51  ".5,  which  is  the  result  commonly  adopted  ;  and  he  finds 
that  at  all  altitudes  the  formula  differs  a  few  seconds  only 
from  the  French  tables.  But  this  equation  supposes  the  whole 
height  of  the  atmosphere  to  be  no  more  than  about  25  miles,  since 

dy«  ji*dz,aiiddj?=      =  ^^'*^*  and         ^zi  +  ^, 

and  u  a  little  moie  than  5  miles.  Mr.  Ivory  therefore 
inquires,  what  would  be  fhe  eflect  of  an  atmosphere  in  which 
y  */^+(I  -/)^^"*"-»/  being  =  ;^,  so  that  when  j  =0, 
and  fi  a  00,  /  =  2 ,  and  y  =  4    +  ^  ^,  the  height  being  thus 
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made  to  thtj  fimn  S5  miles  to  infinity.  Bat  m  all  ibese 
cases  be  observes,  that  the  rate  at  which  the  heat  decreases, 

becuraes  slower  at  greater  heights  than  at  smaller. 

•*  When  n  is  less  than  4,/  becomes  negative  ;  but  these  castas 
are  excluded,  since  tliey  belong  to  atmospheres  still  less  elevated 
than  when  n  =  4.  They  are  excluded  too  for  another  reason  : 
for  although  the  rate  of  the  decrease  of  beat  at  the  earth  s 
anr&oe  agrees  wilh  nature,  yet  it  increases  io  ascending,  which 
is  oootnrj  to  ciperienoe."  A  mong  these  excluded  atmoqiherea 

is  that  wludi  supposes  y  s|2^  —  Ix*:*  and  no  douht  the  first 

ohjertion  against  ita  pncuiuatical  accuracy  is  valid  ;  and  Mr. 
Ivorj  's  expression  is  more  accurate  at  extreme  heights  ;  but 
there  i£  no  ground  whatever  from  experience  to  deny  that  the 
rate  of  decrement  of  temperature  initially  increases :  the  obeer^ 
▼ations  of  Humboldt,  Leslie,  and  others,  on  mountains,  have 
ioAciently  shown  that  the  rate  increases  for  the  earth's  surface, 
and  it  will  be  therefore  difficult  to  show  that  it  mnsi  he  otber- 
wiae  Ibr  die  aliiMistiiefe ;  it  is  indeed  possible  that,  though  the 
atsBosphers  ia  certainly  of  the  same  mean  temperature  as  the 
enrtb  at  the  base  of  the  mountain,  and  probably  at  its  summit, 
it  may  be  a  little  colder  at  the  middle  of  its  height ;  but  this 
diversity  is  by  no  means  shown  by  any  actual  observations  that 
have  been  recorded  ;  and  even  if  Mr.  Ivory's  hypothesis  for  the 
densities  be  allowed  to  be  nioat  probable,  it  will  not  follow  that 
the  temperature  must  not  decrease  more  rapidly  at  uuMlerate 
heitrlits  than  he  supposes,  in  order  that  the  contraction  of  bulk 
may  keep  pace  with  his  formula. 

For  the  atmosphere  of  infinite  height,  in  which  /»  i» 

Mr.  Ivorv  fintls  the  horizontal  refraction  'M'  18".5,  or  17". 2 
more  than  for  an  atmoj?phere  25  niile><  in  hciglit,  and  27"  more 
than  tiie  (pKuitity  generally  admitted  by  astronouu  rs.  It  seems, 
therefore,  to  follow  tliat  for  an  optical  hypothcfis,  an  atmosphere 
km  than  'i5  miles  high  might  have  the  advantage  i  even  if  it 
did  not  atfurd  the  greater  £uility  of  direct  computation  which 
has  sinoe  bean  pointed  oat 
llafing  eiamined  the  eomparadre  eflect  of  difierent  hypo-> 
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theses  respecting  the  height  of  the  atmosphere  on  the  refraction, 
Mr.  Ivory  proceeds  to  accommodate  his  fiormulas  to  the  more 
ready  computation  of  the  mean  refraction,  and  of  the  barome- 
trical and  thermometrica]  correctioos  in  the  cue  of  the  oonstita- 
tioo»  which  appean  on  the  whole  to  come  the  nearest  to  tiie  truth. 
It  fleenu»  however,  qiie8tionahle»  whether  tiie  ytHne  of  the  ex- 
ponent of  the  density  is  not  a  little  too  great,  since  it  Ss 
derived  from  observations  on  mountains  at  small  heights  ;*  for  it 
is  probable  that  the  very  summits  of  the  highest  mountains  that 
we  can  ascend  ought  to  be  chosen  for  determining  the  rate  of 
variation  of  temperature,  if  it  is  to  be  supposed  uniform,  and 
that  if  we  take  the  exponent  -  2  * 
deficieney  which  reqmres  to  he  compemntedy  by  assuming  the 
rate  of  variation  to  become  more  rapid  in  ascending ;  and  this 
seems  to  be  the  ease  in  the  atmosphere  of  18  miles,  which 
agrees  so  nearly  with  the  results  of  Laplace's  hypothesis,  iu 

which  ^  =  1.396.t 

There  is  a  mathematical  paradox  in  the  latter  part  of  Mr. 
Ivory's  paper,  which  requires  some  further  explanation. 

The  density  in  the  hy])othesis  of  Kramp  being  too  com- 
plicated for  calculation,  he  deduces  from  it,"  says  Mr.  Ivorj, 
*^  this  more  simple  vmluei,"  z^e^ii  -  by  letaimog  only  the 
part  of  the  expansion  of  the  functkm  in  the  index  that  contains 
the  first  power  of  9,** 

In  all  this  Kramp  b  followed  by  Bessd,  whose  aim  it  is  to 
determine  the  value  of  •  that  will  best  represent  all  the  obser- 
vations of  Dr.  Bradley,  without  paying  any  regard  to  the 
terrestrial  phenomena,  or  to  any  further  tiieorctical  comsider- 
ations  whatever. 

*  Mr.  Iroiy,  in  hn  reply  to  tbii  llittorittl  ilrateh  (Phil.  Mai;,  fbr  1825,  vol.  Ixt. 

p.  34),  says  that  this  stateineiit  is  incorrect.  "  In  the  average,"  says  he,  "I  have 
adopted,  all  the  grvatest  heights  are  taken  into  accooDt,  not  excepting  Qmj  Liuitac's 
•aoent.  The  iwnlt  ohCained  ia  then  oonparBd  to  Hkm  aaoM  awent,  wUdi  is  tiie 
greatest  height  liitlicitu  attained  l>y  man  ;  and  the  diSilfftnce  is  ^ho^«1l  to  Ixi  incon- 
siderable.'* It  has  been  elsewhere  most  jostlj  obicrTad  hj  Dr.  Young  that  ioaa- 
much  as  the  ekratioii  which  Gay  Luaae  attained  waa  crtimatod  hy  the  fidl  of 
the  kironn  ter  iuid  thermometer,  it  would  be  reasoning  in  a  vicious  circle  to 
make  it  the  foundation  of  any  conclusions  ren«cting  th«  rdatioos  which  connect  the 
height,  the  density,  and  the  t«m)>eratiire  of  the  air. — ifote  iy  the  EdUor, 

f  Noticed  iu  Brande's  Jottmal,  Tol.  XV.  ]>.  3S2»iniOIIM  KBIilki  OO  M*  HaBA'a 
Besearchcs  on  Refraction.~A<)<«  by  the  EdUor, 


Digitized  by  Google 


No.  XXXIL    .    OF  ATMOSPHERICAL  BEFRACTION, 


71 


^Now,  lliere  It  ao  esBential  dis&ictimi  betweeo  lilie  rigorous 
ezpresaon  of  the  density,  and  the  appronmate  Talne  used 
instead  of  it.  The  latter  belongs  to  a  finite  atmos])hcre,  and 
the  f»>rmer  to  one  of  unlimited  extent ; . . .  and  the  total  height 
will  be  determined  by  the  equation'*  e-(*  -  0'  —  e  =0. 

At  the  snrftoe  of  the  earth,  we  onglit  to  have  •  «  | ; 

which  would  limit  the  atmosphere  to  about  double  the  height  in 
the  hypothesb of GasBun.  Be»el  determines  i  «  ^  nearly; 

winch  is  qioite  inooonstent  with  the  ralne  of"  ( ''at  tfaesor&ce 
of  the  earthy  and  with  the  demtioo  neceisaiy  fbr  depressing  the 
thauiometer  one  degree,  atf  found  by  experiment  Aecordingly, 
although  the  refractions  in  this  table  represent  Dr.  Bradley's 
obsen'ations  with  great  exactness,  as  far  as  86°  from  the  zenith, 
yet,  at  lower  altitudes,  they  diverge  greatly  from  the  truth.** 
Now  it  seemjj  obvious,  that  since  z  -  e  -  -  •)',  when 
-  -  0  '  —  6  =  0,  z  —  e  =  0,  and  r  =  t,  instead  of  z  =  0. 
However  this  may  be,  Professor  Besscl  certainly  states  the 
result  very  differently  from  Mr.  Ivory,  for  be  says  (AndL 
Astr.^  p.  57). 

^Finem  huic  capiti  imponat  jfrtcfa  densitatis  aeris  com- 
limtifs  <ina]is  prodit  e  formula"  I,  (the  oorrect  hypotheris), 
and  n  (the  approximation). 

r.lteMi^    i;TI»4mW(D.  «(U). 

•95  toiMi    .SSflS  .8671 

10000  .0921  .1021 

20000  .0-«86  .0104 

44>H>0  .0001. 

Now  if  the  atmosphere  terminated  when  r—i  =0  and  -2^  =  tV» 
the  heights  placed  opposite  to  the  last  nam  ben  of  tlie  table 
mast  he  merely  imaginary.  The  mistake  ajjpean  to  be  in  the 
eomctioQ  of  the  fluent  fiv  jr  the  pressoKi  which  seems  without 
neccsrity  to  he  supposed  initially  ■  1.* 

•  Mr.  Uofy,  in  rpply,  iuis  satisiiv  ti.nly  ex|ilain<'<I  this  |i.invl<)i  :  vrhfn  th« 
40itty  U  •"O         th«  ooiTMpoDding  eipraKkni  for  the  prcMorc  and  beat  art 

,-(i-«y      ,         1  ,oCl-«> 

; —  -  : —  •nd  , —      —         tmftidMLyi  IIm  pmfiti«  thaw 

I  —  i  1  —  1       1  —  1     1  —  1 

fort  of  Lite  ii^w  ixUootyimn      WMBtnllj  <Mcr«at  Irom  tht  om  origUMdljr  aMUBMd. 
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Mr.  Ivory  concludes  with  approving  from  theory  the  employ- 
ment of  the  interior  thermometer  instead  of  the  exterior,  a 
method  which  Dr.  Brinkley  thinks  himself  justified  in  adopting 
from  observation,  bat  wludi  appearsi  to  some  of  the  best  judges 
in  Europe,  to  be  oneof  the  causes  that  have  introdnoed  a  vaite^ 
of  mistaken  opinions  among  the  most  refined  discoveries  of  wkh 
dem  astronomy.  Hie  evidence  of  our  senses*  when  continually 
repeated,  is  strong  enough  to  convince  us  of  ^ings  the  most 
repugnant  to  our  judgment ;  but  it  is  not  so  easy  to  imagine 
how,  from  mere  theoretical  grounds,  it  c^n  be  believed,  that  a 
refraction  which  has  taken  place  at  a  horizont^il  surface  in  the 
atmosphere  above  the  observatory  oan  be  at  all  annihilated  or 
compensated  by  a  subsequent  refraction  at  a  vertical  or  greatly 
inclined  surface,  which  separates  the  air  of  different  temperatures 
within  and  without  the  observatory :  for  the  laws  of  equilibrium 
would  never  allow  the  separation  to  remain  in  a  horiaontal 
direction,  or  near  it,  even  in  the  most  tempestuous  weather. 

Mr.  Ivory's  Table  of  Refractions  would  certainly  deserve  to 
be  annexed  to  this  abstract,  if  it  had  not  already  been  eiamined 
in  this  Journal,*  and  if  the  correction  for  temperature,  which 
is  so  carefully  applied,  were  more  supported  by  observatioDs, 
compared  solely  for  that  purpose.   With  respect  indeed  to  this 
correction,  it  is  highly  advisable,  that  every  observatory  should 
have  it  determined  from  its  own  observations  only :  the  mean 
refractions  of  the  French  Tables  are  sufficiently  established  ; 
though,  as  Mr.  Ivory  has  discovered,  they  were  actually  com- 
puted for  the  freezing  temperature,  and  not  very  perfectly 
reduced  to  the  mean  temperature  to  which  they  are  a&sigued ; 
but  they  are  much  better  than  the  labour  of  many  years  could 
procure'  from  the  observations  of  a  single  astronomer  only.  It 
may,  however,  still  be  advisable  to  retain  the  theoretical  cor- 
rection for  temperature  in  the  'Nautical  Almanac,*  because 
a  work  of  that  kiml,  which  is  likely  to  be  consulted  in  a  variety 
of  climates,  is  requued  to  represent  the  probable  results  of  the 
mean  constitution  of  an  atmosphere  in  equilibrium  at  difoent 

•  Sm  •  Brandt's  Journal,*  toI.  zit. :  An  Apology  for  th*  PosUciipt  fn  Kifn>rtiun, 
in  answer  fo  Mr.  Ivory's  rfmarks.  Mr.  Ivory  asscrtt-d  that  Dr.  Yo^^n^r'^  linniiil.-i  ami 
the  table  ut  relraclione  tuuudtfd  upon  it  were  empirical  merely.— JVv<«  by  Um  LdUw. 
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tempermtum  depending  on  eliuiale,  and  not  the  temporary 
efteta  of  the  aeaaons  only,  or  of  the  weather  at  the  moment,  or 
ef  the  alternations  of  day  and  nigfat. 

The  grounds  of  Dr.  Young's  latest  methdd  of  computing 
the  n»fraction  will  be  obvious,  from  comparing  this  paper 
wiUi  the  demonstrations  contained  in  former  numbers  of  this 

Journal,  in  which  the  equattons  y  s  and  y  =  are  both 
iboini  lo  afford  finite  ezprewons  for  the  refinctkm ;  and  it 

appears  that  their  combination,  in  tlie  form  y  =  g  2 
belongs  to  an  atmosphere  which  might  be  expected,  from 
Mr.  Woiry's  investigation,  to  represent  the  refraction  with 
extreme  aeeuracy*  though  it  is  probably  more  dense  than  the 
tme  atmosphere  at  great  heights,  and  yet  terminatea  too 
afaropcly.  Bat  the  nnexpeoted  adfantage  of  combining  a 
perfect  representation  of  the  true  decrement  of  heat  at  the 
earth*s  suHhce»  inth  a  rery  aoenrate  esptesiion  of  the  refrac- 
tion, in  an  equation  of  a  finite  form,  and  not  kboriofos  in  its 
applieatioo,  mnst  at  least  giTC  tins  hypothesis  some  claim  to 
the  attention  of  those  who  feel  any  remaining  objection  to 
the  apiiroxiuiatiuu  that  has  been  employed  iu  the  *'  Nautical 
Almanac* 

Pn)fes«or  Schumacher  is  desirous  of  having  it  explicitly  un- 
dersloud,  that  the  omission  of  the  {Missiige  relating  to  tlie  pre- 
ference of  the  exterior  thennometcr,  in  his  edition  of  tli(^ 
English  explanation  of  Dr.  Young's  Table,  was  completely 
aocidental ;  it  is  retained  in  the  German  translation,  and 
Pkefcasor  iSchumacher  fully  coincidea  in  the  o|nnion  that  it 


*  T¥i»  rtCen  to  tl»e  fullowiog  letter  atlUrvMcd  hj  Dr.  Young  to  ProfnMor  Scbu- 
■wa«r,«Udlbgl««lB*Bm3c'*QaM«itl7J«anMl/  roL  srii.  p.  106 1— 

••I  wu  mart)  KurpriMd  tb«"  other  day  U>  ol>»prvf  t-hnt  in  coprinsr  ""^planaf ion 
ol  my  Tabic  ot  UcfractioM  from  tiie  ^Mtical  Almaiiac,  jou  had  omitted,  witiioat 
MliBiaf  may  rtMoa,  Um  word*  *  irkich  wvM  b«  mom  tiumtkUmi  wMh  IIm  Uiwry,' 
€By»»*»ton  whirh  I  haA  emplorcd  in  fpnikin'^  of  the  ii**  of  the  eitpmnl  tliermo* 
Mlary  ki  pr^cYvnc*  to  tit*  interior.  I  am  tii«  more  ditpotcd  to  rvmooatrata  with 
ym  m  iIm  owmIm,  biew>  I  obitnrt  tbal  •  frwt  nunbOT  of  Mtwiwinn,  nd 
atD-jTi^  tii^m  t«ro«  who  do  not  uniiallY  »ct  wif'i  'iH  rf-flr- tifti,  hare  inconnderati>ly 
Vtkm  tt  for  fnaUd  thml  ttn*  corrr«  tion  ought  Uj  be  made  ac<'ording  to  ih«  height  uf 
lip  iwwf  tkOTMMlir,  m  amntt  lo  IJm  place  of  obarrvatioa. 
'^SmmwA  f^prl  to  Ibt  thaory,  H  li  fwfccUy  cttkui^  tbit  tfct  amprtrtlon 
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extends  oolr  to  each  changes  of  density  as  Uke  place  between  the  diftnoA  strata  of 

the  ntmosphere  considered  as  Aoruon^u/ ;  and  tliat  iU  results  must  necessarily  ter- 
minate where  this  regular  constitution  of  the  atmosphere  ends :  that  is,  outside  the 
observatory  or  otiier  building  containing  Uie  instruments :  while  the  change  of 
density  hctwcon  tlie  external  and  internal  air,  taking  place  in  general  at  surfatvs 
more  nearly  vertical  t^ian  horizontal,  at  least  when  the  object  is  but  little  elevated, 
and  certainly  never  at  horiuntal  surfaces,  will  citiier  have  no  etl'ect  at  all  in  in- 
creasing the  refraction,  or  as  great  an  effert  at  higher  as  at  lower  altitudes  :  so  that 
this  little  irregular  addition  or  diminution  can  never  require  to  be  considered  as  a 
part  pro{>ortional  to  the  whole  original  mean  refraction. 

*'With  regard  to  practice  and  obser^'ation,  I  need  only  refer  to  M.  Delambre's 
remarks  in  the  * Connaissance  des  Terns'  for  where  he  shows  that  fur  Mr. 

Oroombridge's  observations  the  mean  error  of  the  exterior  theramnctor  to  caiij 
•itthf  as  graift  ai  that  of  tha  intarior."— iHoto  £y  th«  £ditot. 
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COMPUTATION  OF  THE 

EFFECT  OF  TEKRESTRIAL  EEFEACTION, 

IN  TU£  ACTUAL  CONDITION  OF  TU£  ATMOi>PU£ii£. 
ftam  Bnai/a  Qontolj  Joanal  hr  1821,  roL  xi.  p.  174. 


A.  It  Ls  well  known  that  a  projectile,  thrown  in  an  oMiquc 
tlinTt'Hui,  will  aajuire  a  height  equal  to  the  versed  sine  of  twice 
tlie  angle  of  elevation,  in  the  circle,  of  which  the  diameter  is 
tlie  height  due  ti)  the  velocity :  and  that  its  horizontal  range 
will  be  four  times  the  oorresponding  sine.  Hence  it  is  obvious, 
Uwi  when  the  direction  is  nearly  horizontal,  the  radiuB  of 
coratiire  of  the  path  of  the  projectile  will  be  equal  to  twice 
tlie  diameter  of  that  circle^  or  to  twioe  the  hdght  due  to  the 
felodtfy  oDoe  the  chord  is  twice  as  great,  and  the  fersed 
mm  the  nme  as  in  the  drde,  so  that  the  radios  most  be 

qvadruple. 

B..  Itisalsowell  known,  that  the  tangent  of  a  parabola  ioter- 
seda  its  diameter  at  a  distsnce  abo?e  the  Tortes,  equal  to  the 
length  of  the  absdss  beIo#  it;  so  that  the  portion  of  the  ahedss 
below  the  vertex  is  half  of  the  part  cut  off  by  the  tangent 

C  The  horiHolal  ordinate  of  the  parabola,  flowing  unilomily 
with  the  time,  ia  ahrajs  praportiooal  to  the  fertieal  velocity, 
and  the  diflhrenee  of  any  two  proxuBate  oidinates,  compared 
with  their  length,  and  the  evanescent  interval  between  them, 
will  always  give  the  distance  of  the  intersection  of  the  tangent, 
A4v>iraing  to  the  common  method  of  finding  the  tangents  of 
rur%r-  ;  tliai  is,  the  difference  of  the  velocities  is  to  the 
wbule  %clouty,  so  is  the  difference  of  tlic  abbcibs  to  the  part 
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cut  off  by  the  taogeut,  or  to  twice  the  absciBS  reckoned  from 
the  vertex. 

D.  Now  the  velocity  of  fi^it,  oonidered  as  a  projectOe,  nrasl 
be  supposed  to  vary  directly  as  tiie  reftmotiTe  deosiQr;  so  that 
we  have  only  to  detormioe  what  proportioii  the  variatioii  of  the 
refractive  denrity  of  the  atmosphere,  in  the  height  of  a  foot  or 

a  yard,  bears  to  the  whole  refractire  density,  and  to  increase 

tlie  foot  or  the  yard  in  the  same  proportion,  and  we  shall  obtain 
the  measure  of  twice  the  height  due  to  the  velocity,  or  of  the 
radius  of  the  circle  of  curvature  of  the  ray  of  light  moving 
horizontally  through  such  an  atmosphere. 

£•  The  velocity  of  light  in  a  vacanm,  and  in  the  atmosphere 
at  50°",  with  the  barometer  at  30,  varies  in  the  ratio  of  3540  to 

3541 ;  the  height  of  a  homogeneous  atmosphere,  under  these 
circuras-tances,  ia  27,000  feet ;  and  the  temperature  descends 
about  1°  for  every  300  feet  that  we  ascend.  Consequently  tlie 
velocity  varies  nj^-fr^^  in  every  foot,  as  far  as  the  diminution 
of  pressure  is  concerned,  and  TTTTr-Trlr'TlT*  is  to  be  deducted 
for  every  foot,  on  account  of  the  diminution  of  temperature,  or 
as  mnch  more  or  less  as  this  diminution  is  more  or  leas  rapid ; 

so  tiiat  if  the  change  were  V  in  ^  «  55  feet,  the  refiractioo 

494 

would  be  annihilated,  and,  if  still  more  sudden,  there  would 
be  a  depression  or  looming,  instead  of  an  elevation.  But  in 
ordinary  circumstances,  supposing  Profeasor  Leslie's  estimate  of 
1^  in  300  to  be  correct,  we  have  ^         —  m 

nmkm  for  Uie  variation  in  a  foot,  and  cooseqnendy, 
116873000  foot  for  the  radius  of  curvature  of  the  ray ;  which 
IS  to  the  earth^s  radius,  or  20900000  feet,  as  5.6  to  1  ;  conse- 
quently, the  elevation  of  a  distant  object  must  be  tt  .t  of  the 

angle  subtended  at  the  earth's  centre,  since  the  angle  contained 
between  an  arc  and  its  chord  is  always  equal  to  half  the  angular 
extent  of  the  arc. 

F.  The  general  temperature  of  die  atmoqphere  will  affect  this 
refraction  in  so  slight  a  degree,  that  it  may  safely  be  neglected ; 

•  This  auiunes  Uiat  air  ex|NUids  or  conlractft  zUih  part  lor  cTcry  degree  of  licat : 
the  aptrimoDtiof  Gay  Lmne  mad*  tfais  cxpaabion  «a«tb  part.— Ao<«  by  the  L'ditvr. 
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Imt  it  would  be  always  of  importanoe  Co  ascertain,  if  posrible, 

the  comparative  temperature  at  different  heights ;  and  whenever 
it  is  practicable  t(j  find  the  height  h,  corresponding  to  a  depres- 
sion of  1°,  suj)}x)5ing  it  to  be  different  from  300,  we  may  em- 
ploy as  a  divisor,  instead  of  11.2,  the  reciprocal  of 

"         divided  by  10450000;  or  the  reciprocal  *  of 

10130000  /     I     _    I    \       10450000    *-S4.7  ^  .109a(*~54.7)  ^ 
SMO      V  /  "      8640     '  S7000A    '  k  " 

•1098-^,  which,  when  A»dOO,  becomes  .1098*  .0199  a 
.0894         as  before. 
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BBUARKS  ON  LAPLACE'S  LATEST  COMPUTATION  OF 

THE  DENSITY  OF  THE  EABTH. 

From  Braude's  Qaaitcriy  Journal*  for  1820,  vol.  u.  p.  32. 


It  cannot  but  be  highly  flattering  to  any  native  of  this  country, 
to  have  his  suggestions  on  an  astronomical  subject  admitted 
and  adopted  by  the  Marquis  de  Laplace :  but  in  applying  the 
theory  of  compressibility  to  the  internal  structure  of  the  earth, 
it  appears  that  this  illustrious  mathematician  has  deviated 
somewhat  too  widely  from  the  physical  conditions  of  the  pro- 
blem ;  partly  in  order  to  obtain  a  convenient  and  elegant  ibr- 
mnla  for  expressing  the  results,  and  partly,  perhaps,  because  be 
was  not  aoquamted  with  all  the  experiments,  by  which  these 
conditifms  are  defeomhied. 

*  In  the  preoedtng  volame  of  this  Journal  there  is  given  an  ab«tnict,  txviwUtad 
firom  the  •  Connaiwance  den  Terns,'  of  a  Memoir  of  Laplace  on  the  Kigtire  of  the 
Earth.  After  referring  to  investigations  and  experiments  hy  which  it  is  proved  that 
tlw  Earth  ia  not  homogeneous  in  the  interior,  and  that  the  dUMUj  M  tht  atnito 
increases  from  the  surface  to  the  centre,  h«-  piocceds  as  follows : — 

"But  the  earth,  though  heterogeneous  in  a  matltematic^al  sense,  may  still  be 
cbcmirally  homogeneous,  if  the  increase  of  dowHy  of  its  strata  is  caused  only  by  the 
additional  pressure  they  suffer  as  they  approarh  towards  the  centre.  It  is  easy  to 
conceire  that  the  imraeoae  weight  of  the  superior  strata  may  considerably  increase 
their  densltv,  though  they  may  not  be  fluid ;  for  it  is  known  that  solid  bodies  are 
coropressetl  by  their  own  weight.  The  law  of  the  densities  which  result  from  these 
oonpfcssions  being  unknown,  we  cannot  tell  how  fkr  the  density  of  the  terrestrial 
strata  may  be  thus  im  roiisoil.  The  pressure  and  the  heat  which  we  can  produce  are 
very  small,  compared  to  those  which  exist  at  the  surface,  and  in  the  interior  of  the 
sun  and  stars.  It  is  even  impossible  for  us  to  have  an  idea  of  the  effect  of  these 
ANrces,  unitod  in  those  iininense  bodies.  Ereiy  thing  tend:*  to  make  us  believe  that 
they  have  existed  at  one  time  in  a  high  degree  on  the  earth,  and  that  the  phenomena 
which  they  have  occasioned,  modified  by  their  successive  diminution,  form  the  present 
state  of  the  surfnce  of  our  i;l()be ;  a  state  which  is  nothing  more  than  the  eleBMBt  of 
a  cunre,  of  viiich  time  is  tlie  abscissa,  nnd  of  which  the  ordinates  will  rep^(><^>nt  the 
chaises  that  tlds  surface  has  8uff*ercd  without  ceasing.  We  are  far  from  knowing;  the 
nature  of  this  ciu-vc,  and  ws  cannot  therefore  ascend  with  certaintv  to  tlx  m  i^in  of 
what  we  obsenre  on  the  earth ;  aod  if,  to  satisfy  the  iin^|iintioa,  always  txooUed  fay 
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Instead  of  proceeding  with  the  calculation  upon  the  analogy 
of  the  well  known  law  of  the  compression  of  aeriform  fluids, 
which  exhibit  an  elasticity  simply  pn)portional  to  their  density, 
M.  LapUoe  has  at  ODoe  aisumed  that  the  eUaticity  of  a  aoUd 

ifgmnmm  ef  Hit  mam  of  tbe  phaioaMns  which  int«rMt  w,  •  ftw  ooi^jMlarM  art 

TCatxire*),  it  is  wis«  not  to  offer  them  esrept  with  oxtrvnie  catitinn. 

•*  TixK  dduity  ot"  a  g»s  is  propjrtional  to  its  coiupre&sion,  when  the  tenij»oratiirc 
TCBHlBa  ibe  MBM.  This  law,  wiiich  is  foniMl  tni«  wiUiin  thoM  limitx  of  dennty, 
ulirr*"  w.-  h^^l'  >i**cn  able  to  proTt  it,  evidently  cannot  apply  to  liquids  and  solids,  of 
wbiih  Ibe  deuMty  u  very  gnat|  comi«;ued  to  that  of  pas,  when  the  pressure  u  very 
hmU,  «r  «VM  Bothiag.  u  la  aataral  to  suppoae  that  these  bodies  reaist  r  oaapwlBa 
m  r»'  tlipy  are  ct>mprf-s«^'<l ;  so  tliat  the  ratio  of  the  differential  of  the  pressure  to 
tiiat  ot  thL>  density,  instead  of  being  constant,  as  with  gases,  increases  with  the  density. 
Th«  most  simple  ftinctioo  which  can  represent  the  ratio,  is  the  6nt  power  of  tne 
d>-Ti»tfv,  multiplied  hy  a  constant  quantity.  It  is  this  which  I  have  adopted,  becatise 
It  uiutcat  to  the  advantage  uf  representing  in  the  simpieet  manner  what  we  know  of 
Ike  cMlMHrioo  of  liquids  and  solids,  a  facility  of  caknlation  in  researches  on  tlie 
fi(fTjr»  of  the  earth.  Until  now,  mathematid.ins  hare  not  included  in  tliis  rcs<'arch 
Ui*  ftffct  r>-sulting  fri>m  tlK>  compn-twion  of  the  strata.  Dr.  Young  has  called  their 
aMMtfon  to  thin  ot>j*x-i,  by  the  ingenions  remark,  that  we  may  thna  asplain  the 
iDrro-i.^  (it  li.  n-itr  '<(  the  strnta  of  th»«  tem^trial  gphToid.  I  have  supposed  that 
utoif  interest  mav  be  eicited  by  the  foUowiug  analysts,  trom  which  it  apjtears  that  it 
is  posMhle  to  oplaki  all  the  kaowB  phMaamia  deiMadine  on  the  law  of  the  dentity 
of  the*""  ttratA-  Tli«ie  photiomena  are  the  rnnntion  of  the  dejji"'^  of  the  meridian, 
aad  ot  |jr-»*''ty.  the  precession  of  the  e<]uiaon'i»,  the  nutation  ot  the  tcrrfstrial  axis,  the 
ioMpaUttie*  which  the  flatteninf^  of  the  earth  produces  in  the  motion  of  the  moon,  and 
tjtttlr.  thi-  mt»o  of  thf  xnr*n  density  of  the  enrth  to  that  of  water,  which  Cavendish 
ba»  lucd  liy  ao  a«lmirable  ex|)ehn>citt  at  Hve  and  a  half.  In  proceeding  from  the  law 
ahmtf  aaaouMcd  of  ^  eoiiipresrioa  of  liquids  and  solids,  I  And  lli^  if  the  earth 
hf  '.si'.jv^e.l  u>  ht>  fomwyl  of  a  Mibstanrp  chemically  homofjeneou^,  of  which  the 
dcmMty  u  that  of  common  wat4>r,  and  which  compresaed  by  a  vertical  column  of 
Itoawa  snhitanre,  equal  to  the  millionth  part  of  half  the  polar  axis,  will  augnwat  in 
aMMtly  r»..*»345  millionth*  of  it«  first  density,  it  will  account  for  all  tho  pliciinm^  ni. 
Tht  'XMlenoe  of  such  a  body  is  very  admissible,  and  there  are  apparently  ^uch  on  the 
■orr'AiY  nf  the  earth. 

*'  If  lim  -»rth  WW  entir^dy  formal  of  watrr,  and  if  it  «?ipj»os*vlj  in  conformity 
with  Ih*  exberinieDtJt  ol  Canton,  tiwt  the  density  of  wati-r,  at  the  temperature  of  ten 
dapvas  (60*  Fahr.)  mmI  c*>mpresM><i  by  a  column  ot  water  10  metres  (.32.81925  fi.) 
m  h^sr+it,  inrmasr*  by  44  niillkniths  the  flatteiiini^  of  the  earth  would  }»•  J^;  the 
atrtbumeut  <at  the  wjuare  of  the  sine  of  the  latitode  in  the  cipr^wion  ot  the  h-ngtli  of 
Uw  wcM^i  psndulum  wonld  be  59  taa-tkoQiaatlM,  and  the  mean  deority  of  the 
r*r*h  vriuld  W  nine  times  thnt  nf  water.  ThcM  fMlla  difltf  flVB  abMWalioiM  by 
o^rr  UiASi  tij«  errors  to  which  they  are  liaMe. 

**  I  hare  wppesil  the  tcaipeialBM  miform  throu^^hout  the  whole  extent  of  the 
111  I  it  I  !  .^.Ji^n  id  ;  I'tit  It  is  very  po««iMf  thnt  the  ln-at  is  greater  towards  the 
■Mttrc,  atei  Uu4:  would  be  the  case  if  tiie  earth,  ori^iiiHlly  highly  heate<i,  were 
aMtlaaally  ooalim;.  Tbe  Igawaaae  ia  which  we  are  with  respect  to  the  internal 
f^'tritttkm  of  ihid  planH,  prevents  !i«  fr<nn  < alnilatinj;  the  law  hv  which  the  heat 
<i«  I  nai— ,  aad  the  remltinj:  dimioutiou  in  the  mean  t^i^icrature  of  climates  ;  but  we 
eaa  pmm  flU  ifcia  tlatotii  ii  to  laaiMlMe     the  last  2*hh)  years. 

S«Tpjx»*»  ■  tyme*  of  «  i-onitaiit  femp*n^tiir»".  r^.ntaining  a  sphere  having  a  rotjifory 
BkoUon .  aod  AupiNwe  Utat  a.'ter  a  long  tiui*-  the  temperature  of  the  »|Hu-e  diminishes 
mm  iifTM  ;  the  sphere  will  finally  take  thi<i  new  leapwature;  it.*  mass  will  Mt  ba 
a!  til  »lt*r»-J.  K^it  il»  dHrvniitm*  w  ill  dimintfih  bv  a  'inaniity  which  I  will  «upfH>se  to 
be  a  basidrvU  th<ni»andtb,  a  dimisution  whnh  is  tMwrly  tiiat  of  glass.  In  cons4^ueoce 
U  the  pciadpla  of  ame,  tha  aaa  of  the  areas,  which  each  molecule  of  the  sphere  will 
4m*iTi}^  rotiriit  lis  atis  of  rtUatiofi.  will  lie  the  »ame  in  a  mren  time,  a«  h«»fore.  It  is 
•sMj  to  roQcJade  I'rom  this,  that  the  angular  veJocity  of  rnCation  wiU  be  au^menlad 
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body  is  proportioiial  to  Uie  square  of  die  dennty.  Now  there 
■eems  to  be  no  very  good  ream  why  we  ehould  suppose  the 
elasticity  to  increase  more  rapidly,  with  the  density,  in  the  case 

of  solids  or  liquids  than  in  that  of  clastic  fluids ;  and  it  would 
be  very  difficult  to  demonstrate  that  it  does  not  even  increase 
less  rapidly.  As  far,  however,  as  any  conjecture  can  be  formed 
firom  the  loose  analogy  of  the  elasticity  of  steam,  com))ared 
with  that  of  water  and  ice,  the  elastici^  of  a  solid  might,  per- 
haps, be  expected  to  vary  in  the  sesqniplicate  ratio  of  the 
densitjr,  but  oertainly  not  in  the  duplicate. 

by  a  fifty  thooMndlh.  So  tiut,  supponng  the  time  of  a  rotation  to  b*  on*  daj,  or  a 
handiad  thousand  decimal  leoonds,  it  will  be  '*'«»*"***u^  two  sccooda  bf  tfM  dtaiilB*- 

tion  of  a  d^pne«  in  the  t«mperatare  of  the  vpaoe.  If  we  extend  t)ii!i  ron^uence  to 
IIm  earth,  and  also  consider  that  the  duration  of  the  day  htts  not  \-Mri«d,  siuc«  the 
time  of  Uipparchos,  by  the  hondredth  of  a  Moond.at  I  bare  shown  hj  Iht  eoBpariaoo 
of  obaerrations  witli  the  theory  of  the  secular  eqnntinn  ..f  ihr  moon,  we  sh.iil 
conclude,  that  since  that  time,  the  variation  of  the  int4.'m<il  hiat  of  the  tarth  is 
iusensible*  It  is  true  that  the  dilatation,  the  specific  heat,  the  de^jee  of  |MiiiiwiIifli|^ 
by  bent,  find  the  density  of  the  varion?  strata  of  the  oarth  )^'m^  unknown,  may  cfiuse 
a  sensible  diderciice  between  the  results  relative  to  the  earth,  uud  Uios<:  of  the  aphere 
we  have  sapposed ;  according  to  whidi  the  diminution  of  the  hundredth  of  a  Moood, 
in  the  lenf^th  of  the  day,  would  corrrspond  to  a  diminution  <if  two  hundredths  of  a 
degree  of  temperature.  But  this  difierence  could  never  extend  from  two  hundredtha 
of  a  degree,  to  thi  tnlli;  the  loea  of  terreetrial  heat  oorreepoadl^  to Hw  dhninatieo 
of  a  hmidmlth  of  aeecond  in  the  length  of  the  day.  We  may  obserrc  even  that  the 
dimiautioo  of  tlM  hundredth  of  a  degree,  near  the  surface,  luppoaes  a  much  greater 
OM  iB  thointeraol  etimta;  finr  it  la  knomi  tint  oltiaMldy  tho  tmpmlim  of  all  the 
strata  diminishes  in  the  snme  geometric  progression,  so  that  the  diminution  of  a 
degree  near  the  surface  oorrenpooda  to  a  much  greater  diminution  in  the  strmta 
Btarar  to  tho  omtra.  The  mmmikam  of  tho  oailh,  thei«<hr»,  and  ila  faertfaf 

mmn/mhtm,  would  diminish  IBMV  ttan  in  the  case  of  the  s|>herc  wi>  have  siij>|>..s«>|. 
Henoe  it  follows,  that  if,  ill  tho  oome  of  time,  changes  are  obecrved  in  the  mean 
hei^  of  tho  thtmomlor  plMod  at  tho  bottom  of  tho  oboenratory  oavea,  it  mat  bo 
attributed  not  to  a  variation  in  the  mean  temperature  of  the  earth,  but  to  change  in 
tho  climate  of  Paris,  of  which  the  temperature  may  vaty,  with  manv  accidental 
tuoM.  It  to  rHnaihabW  that  tho  diwowy  of  tho  tmo  canoo  of  the  eanuar  egnatfaa 
of  tho  moon,  should  at  the  same  timo  inko  known  to  us  tho  invariability  of  tiie 
liaglh  of  the  day,  and  of  the  mean  tonpomlBra  of  the  earth,  rinet  tht  time  of  tho 
moot  anefcBt  oboowatiotia. 

*'This  last  phenomenon  induces  us  to  suppoM  that  the  earth  hie  arrived  at  that  per- 
manent temperature  which  accord*  with  it«  poaitioo  in  epaoe,  and  its  relation  to  the 
sun.  It  ia  found  by  analysis,  that  whatever  tho  apediic  heat,  the  permeability  by 
heat,  and  the  density  of  the  strata  of  the  terrestrial  spheroid,  the  iocreaae  of  tho 
heat,  at  a  depth  very  small,  compared  to  the  radius  of  tiiat  soberoid,  is  et^ual  to  the 
product  of  that  depth,  by  the  elevation  of  the  temperature  of  tiie  surfkce  of  the  earth, 
above  the  state  of  which  I  have  just  spoken,  and  by  a  factor  independent  of  tho 
dimensions  of  the  earth,  and  which  depends  only  on  the  qualities  of  its  first  stratum 
relative  to  heat.  From  what  we  know  of  these  qualities,  we  find  that  if  this  elevation 
vaa  many  degrees,  the  increase  of  heat  would  be  very  sensible  at  depths  to  whioh  W9 
have  penetrate*!,  and  where  nevertheless  it  has  not  Wn  observed." 

Tlie  memoir  of  Dr.  Young  referred  to  in  tiiesv  observations  is  '  On  the  Mean 
Density  of  tho  Earth,'  which  forms  part  of  the  paper  (No.  XXVIII.  of  tius  Work)  in 
the  f'hilosnphiral  Tranvadions  for  1819,  *  On  the  PvohoMUtioi  of  Kmr  in  Ph|akal 
ObMrrvations,'  kc, — A'oU  by  tht  Editor. 
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Howvrer  this  nay  be,  M.  Lapl«ee*s  bypothesis  is  not  oor- 
reetljr  applicable  to  the  intenial  stractnre  of  the  earth ;  since 
it  mtlier  nakes  the  nean  density  too  small  in  eomparison  with 
that  of  the  sorface,  or  the  compresribility  at  the  snrfoce  too 

great ;  and  if  this  hypothesis  actually  represented  the  law  of 
nature,  it  woul<l  follow  that  the  earth  is  not  "  chemically  homo- 
geneous," but  that  the  specific  gravity  of  the  internal  parts  is 
naturally  greater  than  that  of  the  external.  In  this  respect  the 
simple  analogy  of  elastic  fluids  will  afibrd  us  a  result  more 
oooformable  to  observation. 

M.  Laplace  supposes  the  mean  density  of  the  earth  to  be  5^, 
aooording  to  Mr.  Cavendish's  experiments,  and  the  superficial 
density  2^  only.  Now  there  is  absolutely  no  rock,  either  pri- 
mitive or  seeondary»  of  whieh  the  speeifie  gravity  is  less  than 
aboot  and  Ae  mean  of  a  great  nnmber  of  rocks  |pves  at 
least  2] :  so  tbat»  allowuig  for  a  moderate  admixtnre  of  me- 
talUc  snbstanees,  we  can  only  consider  it  as  certam  tiiat  the 
specific  gravity  must  be  between  2i  and  8 ;  and  taking  2}  for 
Shehallien,  the  mean  density  of  the  earth,  aooordmg  to  Mas- 
kelyne*8  observations,  and  Hutton's  computations,  ought  to  be 
4.1)5.  The  determination  of  Cavendibli,  however,  is  susceptible 
of  greater  a«H  uracy  ;  his  result  is  5.4H,  and  it  will  be  s^ifest  to 
adopt  5.4,  as  the  most  probable  mean  of  tlic  two  series  of  ex- 
periments. 

The  superficial  compressibility,  a^umed  by  M.  Laplace,  is 
much  greater  tlian  can  be  admitted,  according  to  the  experi- 
ments of  Chladni  on  sound,  and  to  those  which  have  been  made 
in  this  coontry,  as  belonging  to  any  solid  mineral  substance 
whatever.  A  colnmn  of  the  height  of  one  nuUkmth  of  the 
earth's  aiia  is  supposed  to  prodooe  an  increase  of  density 
aamomiBg  to  5.5845  mtlHonths.  Now  the  modnlus  of  elasticity 
of  ^aa,  and  of  other  eomped  mineral  snbstanoes,  is  generally 
a  column  of  abont  ten  million  feel  in  height ;  nor  has  any  solid 
been  observed,  except  ice,  in  which  it  stands  so  low  as  five 
mdhon.  But  ten  million  feet  is  nearly  half  tin*  length  of  the 
earth  s  axis  ;  so  tliat  one  millionth  of  tlie  axi^  would  be  two 
miJIioiitlii*  of  this  modulus  ;  and  the  pressun:  of  such  a  colunui 
would  cuntiei|ttenUy  produce  a  variation  of  two  uiilionths  in  the 
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density  of  a  solid,  or  at  most  of  3  or  4  in  the  most  compressible, 
and  in  none  so  much  as  5  or  5i.  It  must  therefore  be  allowed 
that  this  part  of  the  hypothesis  is  inoonsistent  with  direct 
observation. 

There  is  the  less  eocanoti:^.  encountering  any  of  these  diffi- 
cultiesy  as  we  shall- find  that  the  theory  of  compresnbility,  in  its 
ori^^nal  form,  is  abundantly  capable  of  representing  the  most 
probable  results  of  all  the  observations,  wUdi  it  is  intended  to 
oonneot  The  truth  of  this  assenlim  will  appear  from  the  in- 
spection of*  a  table,  which  shows  the  compresnbility  and  ellip- 
ticity  corresponding  to  different  suppositions  respecting  the  spe- 
cific gravity  of  the  Ciirtli's  surface,  taking  5.4  as  sufficiently 
demonstrated,  for  the  meau  density. 


Mean  deimty  5.4 

EUuticity  as  the  detmUy, 

Superficial 
D«tuity. 

Modolos 
in  parts  of  the 
aemi-Mit. 

• 

ModuIiM 

in  tll<>u.s.ii:'I> 

of  feet. 

Central 
Density. 

EUiptidif. 

8.18 

8.02 
2.79 
2.G0 

.6276 
.5048 

.4609 
.4460 

11  024 

10  550 

9  820 
9  321 

13.85 

14.54 
15.78 
20.10 

fix 

1 

\ 

From  this  table  wu  may  easily  deduce  the  intermediate  re- 
sults by  interjK)bition  :  tlius  if  the  ellipticity  were  found  exactly 
•3»«»  s^bould  have  for  the  superficial  density  2.73,  or  2 J,  aud 
ibr  the  height  of  the  modulus  9  6j0  000  feet. 

In  these  calciilatioos,  it  has  not  been  neceasary  to  have  re- 
course to  any  foreign  authority  or  assistance  whatever.  Dr. 
Thomaon,  in  his  review  of  the  last  ¥olnme  of  the  Flulotophical 
TYamaetumf  has  taken  the  trouble  to  obaenre,  that  Laplaoe  had 
before  pursued  a  similar  investigation*  although  the  slightest 
inspection  of  the  dates  of  the  respeetif  e  papers  might  have  con- 
vinced  him  that  Laplace  had  done  no  more  than  justice,  in 
acknowledging  the  true  source  of  the  theory  in  question.  The 
geographical  elements  of  the  problem  have  been  supplied  by 
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the  ezperimentB  and  obsemtioin  of  Maskelyne  and  CaTendish, 
compared  with  Umbo  of  General  Mndge,  Colonel  Lambton,  and 
Captain  Kater ;  fbe  computatiooB  liave  been  conducted  by  the 
anbtanoe  of  Mr.  Ivory's  meet  masterly  investigationB  of  the  at^ 
tractioDs  of  spheroids,  combiued  with  the  theory  advanced  in  the 
Philosophical  TYatisactionSf  together  with  an  auxiliary  approxi- 
mation, for  8uppl)'ing  the  want  of  convergence  of  the  series. 

It  is  unnecessary  to  enter  into  any  inquiry  respecting  the  pre- 
cession and  nutation,  as  connected  with  the  eartli's  density, 
since  these  effects  are  known  to  depend  on  the  ellipticity  of  the 
spheroid  and  of  its  strata  alone,  without  any  regard  to  the 
manner  in  which  the  density  is  distributed  among  them. 

Londsa,  9ai  JaDi*  18S0. 


84 


ASTBONOmOAL  KEASUREMENTS      No.  XXXV. 


mm 


NaXXXV. 

BEUABES  ON  TEK 

ASTRONOMICAL  HEASUIL£M£NTS  OF  Xfi£ 

ANCIENTS. 

fnm  Bnuide't  Qiuurterij  Joonul  Ibr  1822,  toL  dr.  p.  190. 


Trans  is  a  passage  in  Flatarch,  as  quoted  by  finsefains  m  his 
EvanffeHeal  PnparaHmf  whidi  detenniiieB  the  distanoe  of  the 
sun  from  the  earth  to  he  about  95  millions  of  milesy  aooording  to 
Sir  T^lliam  Drummood's  computation  of  the  length  of  the 
stadium  published  a  few  years  rinoe  in  the  Cfomical  JtmrnaL 
The  circumstance  must  be  allowed  to  be  very  remarkable,  and 
seems  at  first  sight  to  indicate  an  astonishing  precision  of  ob- 
servation without  the  ])()ssession  of  any  accurate  instruments : 
but  a  little  consideration  is  sufficient  to  convince  us,  that  to  an 
astronomer  unprovided  with  a  telescopic  micrometer,  it  was 
utterly  impossible  to  ascertain  an  angle  of  any  kind  even  with- 
out a  probability  of  error  of  half  a  minute,  much  more  to  come 
within  one-tenth  of  a  second  of  the  truth  in  the  measurement 
of  seven  or  eight  seconds.  Indeed  the  very  utmost  that 
could  be  expected  from  the  obser?ation  of  the  moon's  disc  at 
the  quadratures,  would  be  to  make  it  probable  diat  there  was  a 
sensible  though  a  very  small  parallax,  but  whether  of  a  second 
or  a  minute  could  certainly  not  be  conjectured  without  a  tele- 
scope ;  and  the  perfect  coincidence  of  Plutarch's  report  of  the 
determination  of  Erastosthenes  with  the  true  measure  must  have 
been  wholly  accidental :  a  conclusion  which  is  still  further 
confirmed  by  the  extreme  inaccuracy  of  the  statement  of  the 
moon's  distance  in  the  same  passage,  though  the  moon's  paral- 
lax was  pretty  weU  )mown  to  Eratosthenes,  as  well  as  the 
earth's  dimenaons. 
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There  b  on  this  subject  a  singular  ooofbdon  in  the  remark 
of  Laplacei  tiiit  EralottlieiieB  found  the  difbrenov  of  latitade 
of  Syene  and  Alexandria  equal  to  A  of  ^  drcomlerence:  and 
ibis  distance  bong  estimated  at  6000  stadia*  Eratosthenes  iiH 
ferred  that  the  whole  eircnmlerence  was  250,000.  ^^But,"  he 
oontinnes»  ^the  nnoertainty  oi  the  valne  of  the  stadium,  em- 
ployed by  this  astronomer,  renders  it  impossible  to  appredate 
the  accuracy  of  this  measurement." — £xp»  du  Si/st.  da  Mgnde^ 
?ol.  ii. 

Now  it  is  highly  improbable  that  Eratosthenes  should  have 
committed  any  gross  error  in  the  measurement  of  the  length  of 
Egypt  from  north  to  south,  and  we  may  surely  consider  it  as 
a  mfficient  determination  of  the  stadium  which  he  employed, 
that  it  was  ^^^v  difference  of  latitude  between  Alexan- 

dria and  Syene,  or  between  31°  13'  and  24°  5',  which  is  7°  8', 
or  about  498  English  miles ;  and  50  times  this  ^i^gf^^ft**  is 
24,900,  giving  7980  miles  for  the  earth's  diameter:  a  result 
very  fiuriy  obtained  from  the  operations  of  Eratosthenes,  and 
as  correct  in  reality  as  the  distance  of  the  snn  in  Plutarch  has 
been  rendered  by  accident  only.  Nor  will  the  Taiiation  be 
material  if  we  take  the  number  252,000  from  Fliny,  instead  of 
250,000  stadia,  as  the  exact  extent  assigned  by  £ratCBtheMS  to 
the  earth's  circumference. 

In  referring  to  some  of  these  numbers,  we  may  observe  one 
thing  with  respect  to  the  numeration  of  the  Romans,  which  has 
not  been  commonly  noticed  ;  that  is,  that  though  they  had  not 
invented  a  decimal  arithmetic,  they  occasionally  employed  a 
centenary  notation  :  thus  in  Pliny^s  Jfifth  book,  chapter  ix.,  we 
haTe  uvi.xxxix  mill,  passuum,  for  2639  miles,  and  again 
xyja.Y,  for  1545  j  the  word  centena  bebg  omitted,  as  was 
also  usual  in  their  computations  of  money ;  but  they  do  not 
seem  to  have  made  any  further  step^  either  upwards  or  down- 
wards, in  the  decimal  scale. 

Dr.  Young,  in  the  n<>xt  namber  of  Brande's  Joonal,  inserted  flit  MUnrittg  note 

wiUi  reference  to  Uie  observations  in  the  text: — 

** Since  the  publication  of  the  liemnrks  on  the  Expositinn  du  Systitne  da  Monde, 
Ift  the  last  number  of  this  Journal,  the  illustrious  author  of  that  work  has  favoured 
the  writ»;r  of  thosp  remarks  with  a  copy  of  his  late  republication  of  the  fifth  book  of 
the  iilxpusiliun,  uuder  the  title  ot  *  Precis  de  I'lJistoire  de  rAstrooomie.'  8.  Paris, 
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1821.''  Thewteue  iu  question  being  no  lun(;er  liable  to  the  objections  which  were 
made  to  it  fa  fbh  Jounial,  it  beoomes  necessary  to  insert  it  here  in  its  improT«d  fimn* 
'Tlip  c'lebrifv  of  his  snuccssor  Ei-atostlieiies  is  priiicij.illy  (Itio  to  liis  tneasiirc- 
ment  uf  t)ie  earth,  which  iudetnl  is  tiie  lirst  ult<-nipt  ot  the  kind  that  luu  hwu 
rworded  in  the  history  of  astronomy.  It  is  very  probable  that  in  mndi  Mrlier  times 
astrntinmt'r>  h:i<\  iinf  wholly  omitted  to  roaki'  oi|)eriments  of  the  same  kind;  tut 
nuUiing  lias  been  letl  of  these  earlier  operutiuus,  except  some  estimations  uf  the 
ebvamftirmoa  oftlie  earth,  whidi  have  been  reduced  faj  means  of  comparieone  more 
ingenious  than  demonstmtivp,  to  soniethiiif:  like  an  a^freetncnt  with  more  nifHlem 
deteruainatioDs.  Eratoetheues  luiviug  cunsidered  that  at  Syene,  the  sun,  at  tlie  time 
of  the  ammBcr  aolilice^  ahoaa  Into  a  well  throughout  its  depth,  and,  oomparinir  this 
obwrration  with  that  of  the  meridian  altitude  of  tht'  stin  at  the  same  ti('I>itic«, 
as  observed  at  Aiexaodria,  fouud  tlie  celestial  arc,  comprehended  between  the  zenitJls 
of  these  two  dtita,  equal  to  the  fiftieth  part  of  the  whole  drcomferrooe;  and  as 
their  distance  was  estfamtod  at  a'>"nt  fire  thousand  stsulia,  he  gave  252,0(Kl  stadia  as 
the  whole  lei^gdiof  the  teimtrial  uundian.  It  is,  however,  veiy  improbable,  that,  fur 
BO  important  a  purpose^  this  great  astronomer  shook!  have  been  contented  with  the 
coTr-vc  observation  of  a  well  enli^htenevl  by  tht»  sun.  Tliis  n>nsidcration,  ami  flic 
relation  of  Cleomedes,  authorise  us  to  conclude  that  he  observed  the  shadow  of  tlie 
gnomoo  at  the  snmroer  and  winter  solstices,  both  at  Syene  and  at  Almandija:  and  in 
this  manner  he  nl.fained  the  difference  of  latitude  of  these  twn  ritii  s  v.  ry  nearly  sudi 
AH  it  \u\s  been  fouud  by  modem  obaervaiiotis.  But  the  ^^eati  st  uuoertaintj,  that 
this  measnrement  has  left  as,  relates  to  the  length  of  the  »ta<liuin  employed  by 
Enifusthones,  which  it  is  difficult  to  determine  amonj;  the  multituie  of  ditTerent 
stadia  that  were  employed  by  the  Greeks.' — linimia's  Qiutrterly  Joiu-nalf  vol.  xir. 
pp.  410, 411. 


Ko.  XXXVI.        naoRB  op  thb  eakol  87 

Na  XXXVL 

BiiTllIATB  OF  THE  EFFECT  OF  THE  TEKMS  INVOLYINO  THE  .Si^L  AliE  OF 
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FlGUPiE  OF  THE  EARTH. 

Iv  A  Lktbb  to  O.  B.  Abt,  Ym^ 
Fnm  Biwde's  Qaaiterlj  Joanud  Ibr  1826)  vol.  <xL  p.  346. 


Ht  dear  Sib, 

I  VBNTURBD  to  express  to  }on  the  other  day  my  opinion, 
tiiat  the  tenns  depending  on  the  square  of  the  force  might 
safely  be  neglected  in  our  investigations  relating  to  the  figure 

of  the  earth  ;  and  I  shall  now  state  more  particularly  the  rea- 
soning on  which  my  estimate  is  founded,  taking  a^  an  examj)le 
the  case  wliich  we  mentioned,  of  a  fUiid  supposed  to  be  witliout 
weight,  and  surronndinu;  a  sjdierical  nucleus.  In  this  ca^ie  I 
apprehend  that  the  consideration  of  the  S(iuare  (»f  tin'  Inrce  will 
make  no  difference  whatever  iu  the  excess  of  the  ecjuatorial 
diameter  above  the  axis,  but  tliat  the  semidiaineter  bisecting  tlie 
angle  formed  by  those  lines  will  be  afutrtcned  by  one  half  of  the 
tquareof  the  ellipticity  ;  that  is,  for  a  body  of  the  magnitude  of 
the  earth,  by  about  thirty  feet. 

Calling  a  mbote  centrifugal  force  at  the  equator/,  the  force 
of  gravitation  there  hong  unity,  the  immediate  centrifugal  force 
elsewhere  will  be  expressed  by  /  cos.  9,  9  being  the  latitude, 
or,  more  correctly,  the  reduced  latitude,  which  has  also  been 
called  the  geocentric  latitude,  and  might  be  named  with  more 
minute  j)ropriety  centrocentric ;  and  the  same  force,  reduced  to 
a  horizontal  direction,  will  he  /'sin.  ^  cos.  9.  Again,  the  excess 
of  the  equatorial  semidianieter  above  the  seniiaxis  1  being  e,  tli 
elevation  above  the  inscribed  sphere  will  be  everywhere  f  cos.*9  ; 
coDsequeotly  the  inclination  to  the  spherical  surface  or  its 

tangent,  will  be  •  ^-^^  s  —  2t  sin.  9  cos.  9,  which  expresses 
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the  force  of  graTitation  reduced  to  the  directioii  of  the  rar- 
fiice,  and  whidi  must  be  equal  to  /  ab.  ^  cos.  so  that  we 
have  2i «      when  both  are  evanescent  When  they  are  atill 

email,  biit  not  evanescent,  we  must  ooni|nite  the  amount  of 

two  perturbations ;  the  first  arising  from  the  inclination  of  the 
surface,  which  makes  the  sine  of  the  angle  in  the  proportion  of 
which  the  force  f  is  to  be  reduced,  not  that  of  the  geocentric,  but 
that  of  the  true  latitude  ;  that  is,  not  sin.  9,  but  sin.  9  +  cos.  ^ 
26  sin.  (p  cos.  9  ;  and  in  order  to  counteract  this  ])erturbation  and 
to  preserve  the  equiUbrium,  we  must  have  an  additional  inclina- 
tion equivalent  to  — / cos.  2c  sin.  9,  or  to  J*  coa.  '9  sin.  9. 
In  the  second  place,  the  supposed  inclination  will  require  to  be 
modified  on  account  of  the  variation  of  the  force  of  gravity  de-> 
pending  on  the  distance  from  the  centre,  a  variation  amount- 
ing everywhere  to  2(  sin.  whidi  ia  the  measure  of  twice  the 
depression  below  the  dicnmscribed  sphere,  so  that  the  tangent, 
instead  of/sin.  ^  cos.  9,  must  become / »n.  ^  cos.  ^  (1  -/ sin.*)^), 
the  alteration  being  =  /'  sin.  ^  cos.  9.  The  sumof  the  flnenta 
of  these  two  corrections,  whidi  are  respectively  kp  coe.^  ^,  and 
i/**  sin.  shows  the  elevations,  which  at  the  ecjuator  and  at 
tlie  poles,  are  simply  \f^\  and  being  equal,  do  not  atfect  the 
magnitude  of  the  ellipticity.  But  cos.  *9  +  bin.  =  I  4-  i  cos. 
4^,  the  fluxion  of  which  is  also  expressed  by— sin.  49d^,  and  the 
second  fluxion  by  —  4  cos.  4^  dsf^,  so  that  a  curvature  of  j'^  cos.  4^ 
is  to  be  everywhere  added  to  that  of  the  elliptic  arc,  the  curva- 
ture of  the  inscribed  sphere  being  unity ;  and  it  is  evident  that 
within  one  fourth  of  a  right  angle  of  the  equator  and  of  the 
poles,  this  minute  quantity  will  increase  the  curvature,  and 
diminish  it  at  the  intermediate  latitudes ;  the  elevation  added 
being  always  j^/*  +  cos.  4^,  or  1 1^  +  if*  m  4^ ;  the 
utmost  variation  bemg  \^  or  |/*,  and/bdng  ,2,;  so  thai  it 
can  nowhere  exceed 

Since,  therefore,  it  is  found  that  in  the  two  extreme  cases  of 
a  uniform  density,  and  a  uniform  difll;rence  of  density  between 
the  surface  and  the  central  parts;,  the  equiUbrium  is  obtained 
in  a  figure  not  sensibly  ditFering  from  an  elliptic  spheroid,  it 
ni;iy  j^afely  be  concluded  that  the  ellipsis  will  5.nfl!iciently  answer 
the  eoiiditioii^  of  oquilibriuni  in  intermediate  ooustitutiomt  of 
the  iutcrual  parts  of  the  earth. 
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SIMPLE  DBTERHJNATION  OF  THE  MOST  ANCIE.NT  EPOCH  OF 

ASTRONOMICAL  CHRONOLOGY. 

I«  A  Lnm  ID  Fbmpqii  Bailt,  BiQ.,  PJL8. 
Vron  Bnndt'a  Qnartwly  Jonad,  roL  nr.  p.  196. 


Mt  drab  8ni, 

When  I  addressed  to  you  some  remarks  on  tho  date  of 
an  astrological  manuscript  found  in  Egypt,  I  was  not  aware 
how  perfectly  superfluous  the  chronological  evidence,  afforded 
by  such  fragments,  is  rendered  by  the  accuracy  of  the  original 
tables  of  Ptolemy,  which  were  probably  the  basis  of  the  compu- 
tfttkms  that  those  fragments  contain.  I  have  since  looked  into 
these  tables,  as  they  aie  exhibited  in  the  edition  of  Basil, 
whieh,  withoQi  any  snspieion  of  having  been  sophisticated  by 
Innslalon  or  commeDtators,  is  still  reiy  correctly  printed ;  and 
my  copy  ot  wfaidi  I  read  with  the  greater  pleaaore,  as  a  gift  of 
my  friend,  Profeaaor  Scbomadier :  yon  have  abo  had  the  good- 
nem  to  famish  me  with  the  elaborate  Commentaries  of  the 
Abb^  Halma,  whidi  I  did  not  Tenture  to  'eonsolt  until  I  had 
made  a  separate  compatation  of  the  chief  points  that  I  wished 
to  asoertaui :  although  I  afterwards  obCuned  from  them  some 
falnaUe  as«8tanoe  in  verify  ing  my  resnlts,  and  in  the  more 
ready  comparison  of  the  different  parts  of  the  wonderful  original 
with  each  other. 

The  planetary  tables  of  Ptolemy  are  all  carried  back  to  the 
epoch  of  the  Alexandrian  noon  of  the  first  day  of  tlie  first 
Egyptian  year  of  the  reign  of  Nabonassar.  The  mean  daily 
motion  of  Saturn,  as  laid  down  in  these  Uibles,  is  0°  *2'  0" 
33"'  31""  28""'  51""";  and  that  of  Jupiter  0°  4'  69"  14'" 
26""  46""'  31""";  (P.  214,  215,  217,  218.)  The  former  of 
these  motions  is  less  by  ^t'od*  the  latter  by  g,  only,  than 
those  which  are  laid  down  by  Boavard  in  the  latest  of  our 
modem  tables.  They  therefore  afford  very  convenient  founda- 
tions for  determining  the  exact  year  that  was  intended ;  and 
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their  evidence  is  of  the  more  importance,  as  the  other  very 
slow  changes,  which  might  be  employed  for  the  same  purpose, 
indicate,  for  some  unknown  reason,  a  much  greater  antiquity 
than  is  consistent  with  collateral  evidence  ;  the  changes  in  the 
position  of  the  earth*8  axis,  for  ezaiDple»  both  in  its  direction  and 
its  inclination,  being  considerably  greater  than  the  results  of  the 
best  theories  would  lead  us  to  expect  in  the  time  that  has  elapsed. 

We  may  suppoBe,  in  the  first  iDstaoce,  that  the  epoch  of 
the  8im*8  mean  longitude  (P.  8')  is  coiTecUy  Uud  down  as 
330*'  45',  and  lus  true  longitude  833^  8' ;  the  great  equati(m» 
2^  23'»  being  found  in  the  table  of  Prasthaphaereses  (P.  78), 
opposite  to  the  mean  anomaly  265^  15' :  tiien,  taking  the  sun*s 
mean  longitude  at  the  beginning  of  the  corresponding  Gre- 
gorian year,  as  about  280°,  the  difference  in  the  sun's  longitude 
becomes  about  50°  45';  and  it  will  be  most  convenient  to 
reduce  the  places  of  the  planet  to  the  beginning  of  such  a  year, 
in  order  to  compare  them  with  the  modern  tables,  which  are 
arranged  according  to  Julian  years;  the  difference  of  these 
years  not  being  material  for  the  present  purpose.  We  thus 
obtain  the  epochs  of  the  tables,  which  are  296°  43'  and 
184^  41'  (P  213,  216),  295°  for  Saturn,  and  180  23'  for 
Jupiter ;  that  is,  in  the  decimal  notation  of  Bouvard,  about 
328««  and  20(P^  respectively. 

We  now  find  that  Saturn  had  returned  nearly  to  the  same 
mean  longitude  at  the  beginning  of  1814 :  for  which  we  ha?e 
327.07^*:  and  if  we  look  back  for  all  the  years  at  the  bepn- 
mng  of  whieh  the  longitude  is  the  same  within  a  very  few 
degrees,  WQ  shall  observe  recurrences  more  or  less  exact  at 
periods  of  2,  of  7,  and  of  12  revolutions,  corresponding  to  51), 
206,  and  353  years;  and  we  may  easily  make  a  table  of  all 
those  which  particularly  require  attention. 


Year.           ^'  GR. 

Year. 

1^  GR. 

Year. 

%  OR. 

1814  327 

-657 

335 1 

-  863 

335 1 

1461 

-658 

322  [ 

-  804 

322j 

1108 

-687 

327 

-  893 

327 

755 

-716 

333 

-  922 

333 

402 

-746 

325.6 

-  952 

326 

49 

-775 

:m 

-  981 

331 

-304 

-805 

323 

-1011 

323 

-834 

329 

-1304 
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Among  these  dates,  thf)8c  which  afford  the  nearest  coinci- 
dences are  -8i»3,  -834,  -G87,  and  -740:  and  it  is  suffi- 
ciently well  known  that  this  last  is  the  true  date,  as  we  may  at 
once  infer  from  tlie  place  of  Jupiter,  wliich  is  198.5'''^  at  the 
iK'ginninp  of  this  year,  and  iu  —605,  the  nearest  alternative, 
in  -687,  189^"  only. 

If  we  wish  to  Terify  the  calculation,  from  Ptolemy's  own 
tablet  of  Saturn,  we  have,  for  the  2560  equinoctial  years 
Mwoen  -746  and  1814,  2560x365.24222  days,  making 
25G1  Egyptian  yean,  and  255.1  days.   Then  (P.  213) 

For  22G8'  =  324  x  7       2°  29'  0" 

288  280    18  55 

5 (P.  214)  61     7  0 

240- (P.  215)  8     2  14 

15.1  .  0   30  50 

352     7  29 

This  is  too  little  hy  7^°,  or  of  a  revolution,  out  of  87 
antire  ones,  and  the  agreement  would  be  more  perfect  if  we 
■opposed  the  time  a  year  longer :  but  the  motion  being  already 
than  that  of  the  modem  tables,  it  is  dear  that  such  a 
is  inadmissible.  In  a  similar  manner  we  find,  for 
Jopiter,  the  kmgitade  in  1827,  202^,  after  2574  Egyptian 
yean  and  258^  days 

Ueuce,  (P.  216,  218>2430'o810x3  285°  26'  42" 

144  48  54  55 

240*  19  56  58 

18i  1  31  1 

355   49  36 

The  error  here  appears  to  be  only  4^  in  257  revolutions, 
which  is  little  mare  than  to  Us  ;  but,  in  fact,  it  is  a  degree  or 
two  greater  at  each  end,  though  still  small  enough  to  make  the 
perfectly  certain. 
It  it  tberelbre  abundantly  demonstrated,  from  the  tables  of 
fhtam  and  Jnpiter  only,  that  the  Aleiandrian  noon  of  the  firrt 
day  of  the  lint  year  of  Nabontwar  happened  in  the  eqi 
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year  preceding  the  vernal  equinoK  —  746 ;  and,  according  to 
Ptolemy's  reckonings  the  sun  s  mean  loo^^tude  was  330*^  45  » 
whenoe  the  date  was  M.  £q.  -746^  -29.676*:  or,  siiioe, 
aooording  to  Ptolem/s  equatkm,  tbe  true  equiiiox  happcped 
when  the  mean  longitade  was  S59^  83'  only,  if  we  call  the  tme 
equinox  ^,  the  date  becomes  0  -  746'  -  89.056*:  and  this 
date  is  less  likely  to  be  affected  by  the  error  of  the  equation 
than  the  former;  but  they  both  require  correction  on  account 
of  the  erroneous  length  of  the  year  employed  in  carrying  bai  k 
the  epoch  :  for  though  Ptolemy's  sidereal  year  is  within  1 2 
seconds  of  the  truth,  his  tropical  year,  as  well  as  that  of  Hip- 
parchus,  is  about  five  minutes  too  long:  since  these  great 
astronomers  agree  in  making  the  Julian  year  too  long  by  ^tt 
of  a  day,  while  the  Gregorian  is  shorter  by  ;  so  that  in  the 
600  years  preceding  the  most  accurate  observations  of  liippar- 
dius»  they  made  this  diflference  2  days  instead  of  4i»  and  they 
supposed  the  son  to  have  been  2]^  days  too  hr  adTanoed  on  the 
day  in  question^  and  to  have  descaribed  a  space  so  mndi  shotler 

than  the  truth.  This  correction  wonld  give  m  the  date  ^  — 
746'  —Sl.bb^.  But  the  mean  of  Ilipparchus's  actual  obsi'rva- 
tions,  reduced,  with  all  possible  care,  according  to  the  correct 
value  of  the  tropical  year,  gives  us  nearly  §  —  746'  —  30.4* 
for  the  epoch  of  Nabonassar. 

With  the  assistance  of  Mr.  Halma's  table  of  astronomical 
chronology,  and  of  the  Memoirs  of  Professor  Ideler,  which  he 
has  republished,  I  have  endeavoured  to  exhibit,  in  chronological 
order,  the  various  observatioos  which  are  scattered  through  the 
works  of  Ptolemy,  and  to  connect  them  with  the  series  of  Olym- 
piads, and  with  other  chronological  epochs.  But  I  must  defer 
this  table  to  a  ftiture  occasion.* 

Believe  me,  dear  Sir, 

Yours  very  uncerely, 

T.  Y. 

Fkrk  SqtMn,  8  March,  1828. 

*  It  a|>i>care<l  in  the  next  numW  of  ^ande's  Jounwl  Qoder  the  title  *Aali<0D6- 
niml^ChronoloQr,  deduced  fttim  HtHtmy  and  hi*  CoBiiMDUtora.'^itroto  «y  tk§ 
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ON  THE  RESISTANCE  OF  THE  AIK. 

OmBMlHED  FfiOM  CAPTAIN  KATER'S  BXPKRIIIBNTS  ON  THB 
From  BnuMk't  QoArierlj  Joarnal  for  1823)  toI.  xt.  p.  351. 


The  effect  of  resistances  of  various  kinds  on  the  vibrations  of 
the  penclnlnni  is  become  a  subject  of  increased  importance, 
from  its  influence  on  tlic  dcterminatioD  of  a  standard  measure : 
tar  although  the  effect  of  these  resistanoet  ok)  the  time  may  be 
wholly  moooridmble,  it  is  hy  no  means  aaperfluous  to  prove, 
hj  demuurtratiTe  evidene^  thai  they  are  actually  insensible. 

A  BoaHaat  reostaiioe,  and  a  raistaiice  proportional  to 
Ae  aqnave  of  the  vdodty,  produce  either  no  change  at  all 
of  tfaa  tiM  of  TifaratioOy  or  an  infinitely  small  diange  wBen 
the  are  b  infinitdy  small :  but  a  resistance  nmply  pro}M)r« 
tiona]  to  the  irdodty,  if  it  be  at  all  eonidemble,  may  produce 
a  sensible  retardation,  even  in  an  evanescent  arc.  It  becomes, 
therefore,  of  iconic  im|Kjrtance  to  inquire,  what  is  the  law  of  the 
n*sistance  to  very  slow  motions  ;  and  the  elal»orate  ex[>eriment8 
of  the  indefatigable  Captain  Kater  will  afford  us  the  informa- 
tion that  is  ri'<juired  for  establishing,  in  this  respet?t,  the 
iufficieocy  of  the  superstructure  that  has  been  built  on  them. 
It  is»  bowerer*  necessary  to  take  the  mean  of  a  large  number 
ef  scfiarate  registers  of  obscrvationa»  in  order  to  investigate  the 
1b«i  of  the  retardation :  far  the  question  ia  so  delicate,  that  the 
fnlU  of  any  mall  uunber  of  eiperimenti  might  lead  to  very 
erwpeona  eondmiont:  but  when  properly  analysed,  the  expe- 
rif  nts,  mlMril  in  rhn  thirit  part  nf  thn  PM^tpjiMraf  TVoitJoe- 
ham  fcr  1819,  are  amply  soiicient  to  show  that  a  certain  por- 
tion of  the  resistance  to  the  motion  miea  nmply  as  the  velo- 
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city ;  and  that  it  cannot  be  correctly  expressed,  as  Mr.  Gilbert 
has  supposed,*  by  a  constant  term  and  a  terra  proportional  to 
the  square  of  the  velocity  only.  Sir  Isnac  Newton  indeed, 
has  hinted  in  the  Principia^  tliat  a  constant  term  exprt^ssing 
the  resistance  derived  from  the  thread  suspending  his  pen<hilum, 
with  another  term  proportional  to  the  square  of  the  velocity, 
might  be  sufficiently  accurate  for  the  purjx^ ;  and  Euler  has 
inferred,  from  Newton's  experiments,  that  the  constant  resistance 
of  the  air  to  the  motion  of  a  leaden  ball,  two  inches  in  diameter, 
was  about  one  millionth  part  of  its  weight,  or  that  it  would 
cau9e  it  to  remain  at  rest  at  an  angular  deviation  of  from 
the  vertical  line :  but  a  part  at  least  of  tins  reaistanoe  may 
peibapa  have  been  derived  from  the  want  of  flexibility  or  ela»- 
tid^  of  the  thread. 

From  a  mean  of  60  experiments  of  Obiptain  Kater,  cooaisthig 
of  about  5000  vibrations  each,  we  obtain  1*>.185,  l°086,0o.997, 
0°.919,  and  0°.843  for  the  successive  values  of  the  arcs,  at 
intervals  of  about  960  vibrations :  and  a  slight  irregularity  in 
the  second  ditferences  of  these  numbers  makes  it  probable  that 
.997  ought  to  be  altered  to  .998.  With  this  correction,  the 
successive  dimiimtions,  in  about  1920  vibrations,  will  be  .Id?* 
.167,  and  .154,  for  the  respective  area  of  intermediate  values, 
each  of  which  must  be  anpposed  to  exceed  tlie  intermediate  arc 
actually  observed  by  one  third  of  its  deficuency  below  the  mean 
of  the  two  neighbouring  numbera,  and  we  may  oall  them  1.068^ 
1.000,  and  .9195  respectively. 

Putting  then  D  s  jr  +  Ay  -f-  A'z,  for  the  diminution  of  the 
arc,  we  have  three  equations,  the  last  of  which,  subtracted  from 
the  first,  gives  ua  .1685  {y  +  2.1075  z)  =  .Odd,  and 
y  -f  2*1075  z  =  .1958 ;  consequently,  if  ?  =  0,  ?/  =  .196, 
which  would  be  the  coefficient  for  a  resistance  simply  propor- 
tional to  the  arc,  giving  j:  4-  .196  for  the  amount  of  the  second 
diiniinition,  that  is.  .167  ;  so  that  x  would  require  to  be  negative, 
wluch  id  impociftible :  and  if  y    0,  ^  =  .093,  and  the  second 

*  Referring  to  in  article  in  the  Mine  volume  of  \\nt>  Jouronl,  p.  90,  'On  the 

Vibrations  of  Heavy  BoUies  in  Cycloidal  iind  Circular  Arches,  as  coinprtrcd  with  their 
«l«soeDt«  through  free  spiacc:  includiug  an  estimate  of  the  Variable  Circular  Excf^H 
in  Vibntioos  continually  dtfi-reasing.'    By  Davies  Gilbert.  .  .  .  With  a  i>upplemciit. 
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duniniition  would  require  »  to  be  .074:  a  yalue  which  is  suffi- 
deoUy  eompatible  with  these  equations,  but  which  would  not 
be  applicable  to  the  shorter  yibrations ;  an  arc  of  0.^80,  for 

exainj»U',  exhibiting  a  diminution  of  about  .11,  and  leaving  only 
about  .050  for  x,  so  that  a:  must  probably  be  still  smaller  than 
.05,  ami  it'wc  make  it  =  .010,  we  shall  have  127  left  for  i/  4-  z 
and  .1%  -  .127  =  .009  =  1  1075  ami  z  =  .062,  and 
y  =  .005,  and  I)  =  .04i)  -I-  .Of,")  A  -f  .062  A*,  which  gives 
132  for  an  arc  of  .8,  and  x  is  still  too  large.  Now,  if  we  take 
X  somewhat  smaller,  we  shall  reduce  the  expression  to  a  per^ 
oquare,  and  we  shall  find  that  (.16  +  .25  A;*  =  .0256  + 
.080  A  +  .0625  A*  will  represent  the  iliminution  with  great 
aoenracy,  gi?uig  .187,  .ll>8,  and  .152,  for  the  respective  arcs  of 
1.09,  1.00,  and  .92 :  and  this  ezpressloa  has  tiie  advantage  of 
aflbrding  a  very  easy  integration  for  the  arc 

For,  if  f  be  the  number  of  vibrations  divided  by  1920,  we 

have  -  dA  «  (.16  +  .25A/  d/,  and  ^  =  dl :  but 

^  .irrssX  =  iAsl"^^*^  ^  Uicrefore  =t+c  or 

.16+  .  25  A  «  — ,  and  .  64  +  A  «  — :  whence,  putting 

18  1 G 

64  -t  A  s  B  oud  its  initial  value  6,  b  « aud  c  s  -7' :  con- 
aequently  B  =  ,-5^,  and  g  =  j  +  3^. 

Id  many  of  the  KTies  of  experimt'nts.  it  is  necessary  to  make 
forae  variation  in  the  constant  coefficients,  on  account  of  the 
itate  of  the  atmosphere,  and  we  may  take  in  general  B  «  A+C, 

and-g^  =  j[  4-      the  fiwtor  q,  in  the  case  already  computed, 

U'itig  made  either  16,  or  IG  X  1 'J20,  aivonliiigly  as  we  wish  to 
lake  the  interval  of  the  coincidences  for  the  unit  of  time,  or  to 
it  in  seconds ;  and  C,  in  some  of  the  series  of  experi- 
^(pearing  to  be  about  1"^  or  even  2%  instead  of  0^.64. 
The  supposition  of  C  =  l""  is  equivalent  to  that  of  1)  =  .04  + 
.04  A  4-  .01  A%  q  becoming  in  this  case  25.4  instead  of  16. 
The  eaortanl  part  of  D,  ciptcsMd  by  x,  causes,  in  half  a  vibra- 

Iwjo,  a  rctariiiilioa  of  =  0  .000U67  =  O'.004  =  0".24, 


96 


BE8I8TANGB  OP  THB  AIB. 


No.  xxxvm. 


which  happens  to  agree  singularly  well  with  the  0/'20  deduced 
by  Euler  from  Newton  s  experiments. 

We  may  easily  compute,  from  the  value  of  A  thus  detemuoed, 
the  total  retardatkm  depending  on  the  vibration  in  a  circular 
curve,  which  is  ezpreaBed*  for  a  small  arc  of  Tibration,  by  ooe- 
eighth  of  the  vened  sine,  the  wliole  time  of  the  nbratioo  bebg 
unity,  or,  for  the  arc  A,  rinoe  the  Tersed  sine  of  1*  is  .000  J5S» 
by  Tory  nearly  .OOOOld  A';  and  the  inzioD  of  the  time  being 
di,  that  of  the  drcokr  excess  will  be  as  A'iftss(B-C)'d!f  = 

C»<i^-2BC<i^+B'fift:  now =1 +|-/ or  patting = 

and  and consequeoUy  the 

fluent  of  the  second  term  is -2  C  ^  hi  (I ^2Cq\A^; 
that  of  tlie  third,  or  <U»  being,  when  corrected,  —  . 

rrrr  =  ^'t-tt  =  r =^Bt ;  so  that  tiie  whole  eiieular  excess 
will  become  .000019/  (C>-2C  hl(l+/rf)+  or 
.000019/  (-  .41-1.28  -f  hi |>+^B)«. 00001  (1.963-2.432 

|-hl~4..779.)  Taking,  for  example.  Captain  Kater's  first 
register  of  experiments,  in  which  as  1^.38,  and  A  .92,  when  t 
was5,80thatgbeing  ji^  =  1.2949- l+j-/  =  l  +  5:^l  we 

most  here  make  s  17.124,  and  y  6.850,  and  hi  -g- 

bang s. 7031 -.4447  « .2584,  the  whole  is  .00001(5.987  -4.304 
+.779)  i  -  .00002462,  or  2.12  in  86050  Tibrations;  which 
agrees  exactly  with  CSsptain  Eater^s  compntation  from  the 

separate  arcs  observed. 

If  we  adopted  the  Newtonian  hypothesis  of  a  resistance  mea- 
sured by  m-|.nA',we  should  have  ^^^^  »  d/,  and  <  s 

^  ~-  arc  tang.  ^  ^  ^  A),  consequently  V  {mn)  <  s  —  arc 

Ung.       ^A),  and  tang.  ^(,mii)t,  =  -^^A  and  A  = 
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taog.  (ma)  t)+c ;  and  for  the  correction  of  the  fluent,  a  = 
+€v  and  A  «a-         tang.  (nm)t). 

There  appears  to  he  an  oversight  in  a  remark  inserted  among 
the  Elementary  HbutraHcm  efthe  CeleeUal  Meekemieef  p.  145  ; 
where  it  is  obeerved  that  **the  whole  time  of  the  oscillation  can 
never  be  sensibly  a&cted  by  any  small  resistance  proportional 
to  the  velocity for,  in  fiict,  the  coeflteient  y,  in  the  expression 

MM  \ 

of  Laplace,  being  eqnal  toV  (^^T*/  ^  degree 

aflectcd  by  m,  which  expresses  the  resistance  ;  and  the  time  Is 
affccteil  l>c  7,  tlioiigli  Laplace  has  not  investigated  tlie  precise 
effeets  of  a  given  resistance.  That  which  is  here  inferred  from 
Captain  Rater's  experiments,  liowever,  would  scarcely  produce 
a  retardation  of  one  fiftieth  of  a  second  in  a  year  ;  and  may, 
therefore,  be  wholly  neglected. 

If  we  are  anxious  to  reconcile  the  existence  of  a  retardation 
proportional  to  the  velocity,  with  the  common  theory  of  the  im- 
pulse of  fluids,  it  will  not  be  difficult  to  understand  how  the 
one  may  possibly  be  derived  from  the  other.  We  have  only  to 
suppote  the  pendolum  subjected  to  the  influence  of  a  rery  dow 
current  of  air,  in  order  to  deduce  a  resistance  nearly  proportional 
to  the  velocity  v  from  another,  which  depends  on  {e'^vf.  For 
it  will  appear,  by  considering  the  directions  of  the  Ibrces  con- 
cerned, that  the  extremities  of  the  vibration,  while  the  velo- 
city of  the  current  exceeds  that  of  the  pendulum,  and  c  —  v 
r.  inaiti-  j^isitive,  tli«'  (juantity  "Jrv  v>\\\  denot*'  a  retarding  force 
thnMJL'hout  the  in'tticn,  and  that  tlie  |M»rtions  cr  and  will  hi* 
r»  tan]lt»g  in  one  dire<  linn  and  accelerating  in  the  otl)»T,  and 
have  no  -en^ihle  eflect  on  the  extent  of  tlie  viltratioiis ; 
vhiU*  on  tiic  other  liand,  if  the  velocity  of  the  pendulum 
lowafds  the  middle  of  the  vibration  exceeds  that  of  the  current, 
the  force  2rc  will  retard  the  motion  in  one  direction,  and  acce- 
lerate it  in  the  other,  leaving  only  the  constant  resistance  ^,  and 
the  variable  quantity  e*.  which  is  proportional  to  the  square  of 
the  vrlointy.  We  obtain,  therefore,  for  the  extremities  of  the 
vibrationn,  a  force  pmportiooal  to  the  simple  velocity,  and  for 
the  middle,  a  constant  renstance,  and  another  force  varying 

p'L.  n.  H 
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simply  as  the  velocity,  the  joint  effect  of  all  which  mu^t  be  a 
resistance  nearly  such  as  has  been  inferred  from  (Japtain  Kator's 
experiments,  if  the  current  moved  at  the  rate  of  about  half  an 
inch  in  a  secoad,  which  would  ha?e  been  icarcely  perceptible  to 
the  senses. 

The  question,  howeTer,  regards  Dot  so  much  the  distribution 
of  the  rmtanoo  tfapcmgh  the  different  parts  of  a  single  vibr»- 
tMBi  as  Hi  oonpavsthne  valoe  for  the  mean  Tolociti^aof  the  sao- 
cesuTe  ▼ibratio!i&  Now,  if  the  Telocity  of  the  current  always 
exceeds  that  of  the  pendulum,  the  only  e^ctiTe  resistanoe  will 
be  proportional  to  tlM  simple  feloci^;  and  when  it  is  smaller 
ilian  the  greatest  Telocity  »f  the  pendulum,  the  renstanee  will 
approach  more  and  more  to  the  ratio  of  the  square  of  the  velo- 
cities increased  by  a  constant  quantity  ;  and  supposing  the 
Telocity  of  the  current  to  remain  small  and  nearly  uniform, 
while  the  arc  of  vibration  considerably  diminij^hcs,  the  whole 
resistance  will  at  first  be  more  nearly  as  the  square  of  the  arc, 
and  if  the  arc  be  sufficiently  diminished,  the  resistance  })ropor- 
tional  to  the  simple  velocity  will  at  last  remain  alone.  Hence, 
it  is  easy  to  understand  the  variation  of  the  constant  coefficients 
in  the  difimnt  series  of  Captain  Kater*s  experiments.^ 

12  April,  1823. 

•  This  very  diOlcult  and  important  subject,  involving  some  corrections  which 
frm  not  apprBCfaltrf  or  foreseen  at  the  time  th«  article  in  tlie  t«xt  was  writt<>n,  hat 
been  much  more  thoroii:_'hly  iiiv«'sti(j;,iti^l  in  later  times  by  Colonel  Sabine,  liefisef, 
Poisson,  and  more  recently  by  Prute^ir  St4>kta  in  an  admirable  Memoir  in  th« 
*  Gnbri%t  TnuMttoBf  ftr  1850.'>-iral*    IW  Alitor. 
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NaXXXDC. 

OONSIDBRATIOKS  ON  THE  REDUCTION  OP 

THE  LENGTH  OF  THE  PENDUIUM 

TO  THE  LEVEL  OF  THE  SEA. 
Fran  Bnttde**  Qowlnlj  JooniAl Ibr  1836, ToL  »d. p.  167.. 


Mb.  Laplace  seems  to  entertain  some  doubts  of  the  pro- 
priety of  consideriog  the  density  of  an  elevated  portion  of  the 
earth*8  snr&ce^  in  reducing  the  length  of  the  pendnimn* 
observed  on  ity  to  the  level  of  the  sea.  Hie  respect  due  to 
the  opiuioos  of  so  SUustrions  a  mathematidan,  renders  it  there- 
ibre  necessary  to  enter  into  some  further  ezj^anations  'on  this 

subject. 

If  the  earth  be  considered  as  a  sphere,  either  of  uniform 
density,  or  dispos(Hl  in  concentric  strata,  except  at  a  small  part 
near  the  end  of  one  of  its  radii,  where  we  may  suppose  a 
spherule  to  be  situated  of  a  density  so  much  greater  as  to 
exceed  that  of  the  neighbouring  parts  by  the  mean  deusity, 
and  touclung  the  surface  internally ;  the  distance  of  its  centre 
finom  that  of  the  earth  being  a  ;  then  at  the  anguhu*  distance  ^ 
from  the  given  radius,  and  at  the  distance  z  from  the  centre  of 

the  q>henile,  the  direct  attraction  will  be  ^,  n  being  =  1  —  a, 

or  the  radius  of  the  spherule,  and  the  angular  deflection  of 
the  pendulum,  or  of  the  snifiu^  of  the  sea*  or  of  thai  of  an 

atmosphere,  the  disturbing  force  ^  being  reduced  in  the  ratio 

of  the  ane  of  the  angle  subtended  by  the  side  a,  will  be  ^ 
l^Lf  -  °*  ^"'^ ;  and  the  fluxion  of  the  elevation  correspond- 

H  2 
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ing  to  d^,  the  angle  being  very  small,  will  be  — —  rflp. 

Now  =  (cos.  ^  —  a)*  +  sia.  *^  -  cos.  4-  a'  -  2a  cos.  9 
+  sin.  *9  «  1  +  a*  —  2a  cos.  9;  and  the  floxion  of 
  1  ^  J   ^  ann.fd^    consequently  the  fluent  of 

^(l  +  tf*  -  2a  COS.  f)  «■      '  ^ 

d(p  is       Making,  for  example,  a  «  .999,  as  for  a 

spherule  about  8  miles  in  diameter,  and  7i  =  .001,  the  fluent 

000000001  • 

at  the  remotest  extremity  is  17555 —  5  and  taking  the  distance 
jsr  =  1  as  giving  abont  the  mean  level  of  the  sea,  the  correction 

/  CM)  I  \  • 

will  be  (--|-)  and  the  elevation,  over  the  spherule,  (.001)"  — 

(.001)P,  or  nearly  one  millionth  of  the  radius;  tliat  is  about  21 
feet.  Such  would  therefore  be  the  elevation  of  the  true  level 
of  the  sea  by  the  attraction  of  the  supposed  spherule;  and 
whether  we  reduced  the  length  of  a  pendulum  to  this  level,  or 

to  the  surface  of  the  sphere,  the  difference  would  l»e  insensiWe  ; 
while  the  real  force  of  gravity,  aud  consequently  the  length  of 
the  pendulum,  would  he  increased  one  thousandth  by  the 
presence  of  such  a  sphei  iile,  and  the  curvature  of  the  meridian 
at  the  spot  would  be  deranged  in  a  still  greater  degree. 

If  the  sphere  were  now  contracted  to  the  radius  a,  and  the 
sur&oe  were  covered  with  an  atmosphere  of  the  height  of  the 
diameter  of  the  spherule,  it  is  obvious  that  the  spherule  re- 
maining in  its  place  would  become  a  mountain  of  the  mean 
density  of  the  earth,  and  the  surface  of  the  atmosphere  would 
Etill  be  in  equilibrium  at  the  height  of  21  feet  only  above  the 
original  surface  of  the  sphere:  and  the  spherule  might  be 
ilattened  into  a  table-land,  without  any  sensible  alteration  of 
its  action,  provided  that  the  place  of  its  centre  of  gravity  re- 
mained but  little  changed.  In  any  case  the  leu'^th  of  the 
pendulum  at  tlie  surface  of  the  globular  mou  tain,  or  of  tlie 
table-land,  would  be  manifestly  affected  by  the  attraction  of  the 
prominence,  and  consequently  hy  its  (h^nsity,  while  the  actual 
elevation  or  depression  of  the  level  of  the  sea  would  compara- 
tively he  very  incousiderablc  :  this  elevation  may  tlierefore 
safely  be  neglected  in  practical  cases :  while  it  is  impossible  to 
compare  the  length  of  the  pendulum  in  difierent  latitudes,  as 
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referred  to  any  regular  spheroid,  in  a  satisfactory  manner, 
without  first  making  corrections  for  the  effect  of  such  accidental 
irregularities*  as  far  as  it  is  in  our  power  to  ascertain  them. 

It  must  however  be  observed,  that  the  correction,  taken  in  this 
general  sense,  cannot  be  considered  as  coming  under  the  deno- 
mination of  a  reduction  to  the  local  level  of  the  sea.  In  the 
case  of  the  sphere,  ibr  example,  dimtnitbed  to  1  ~  2ii,  the  length 
cyf  the  pendnlom  at  the  general  level  of  the  sea  would  be  1 4-4ii, 
at  the  ernnmit  of  the  globular  mountain  1+n  only ;  immediately 
Ik'Iow  it^  I  +n— 4/1  =  1  — 3w,  while  if  we  allowed  for  tlic  height 
only,  without  eon-iJering  the  attraction  of  the  mountain,  it 
wouhl  he  ?ujijKt>e{l  1 -f //-f-  l/;=  1 +5//,  as  mncli  exceeding  the 
requiretl  value,  helonging  to  the  general  level  of  the  sea,  and 
ind«'j>endent  of  the  \ocn\  attmetion,  as  the  result  of  the  actual 
experiment  under  the  mountain  would  fall  short  of  it. 

9,  Park  Square,  Portland  Place, 
IS  Mardi,  1836. 
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COMPUTATIONS  FOR 

CL£A£ING  TH£  COMPASS 

OF  THE  KEGULAB  EFFECT  OF  A  SHIP'S  PE&UAIIENT  ATTRACTION. 
From  Brande's  Quarterly  Journal  for  1820,  toI.  iz.  p.  372. 


Investigation. 

1.  A  8UPFICIBNT  approximatioii,  for  the  explanation  of  many 
of  the  phenomena  of  the  dipping  needle,  is  obtained  by  sup- 
])o^ing  the  magnetism  of  the  earth  to  be  concentrated  into  two 

magnetic  poles,  very  near  to  each  other,  and  to  the  eartli's 
centre  ;  this  supposition  being  also  equivalent  to  that  of  an 
infinite  luimher  of  small  magnets,  parallel  to  each  other,  distri- 
huted  e([ually  throughout  the  earth's  surface,  or  through  any 
otlier  concentric  strata. 

2.  'I'he  angular  distance  of  any  point  on  the  earth's  surface, 
from  the  equator  belonging  to  these  poles,  being  called  the 
magnetic  latitude,  it  has  been  demonstrated  by  several  mathe- 
maticians that  the  tangent  of  the  dip  must  be  twice  the  taogent 
of  the  magnetic  latitude. 

8.  Hence  it  may  be  inferred,  that  if  the  sine  of  the  dip  be 

called    that  of  the  magnetic  latitude  will  be  '^^i^jiZiS)' 

4.  llie  angle  subtended  at  any  point  by  the  two  poles  will 
obviously  vary  as  the  cosine  of  the  magnetic  latitude^ 

5.  Consetjuently,  in  the  triangle  representing  the  two  mag- 
netic forces  and  their  result,  either  of  the  two  greater  angles 
being  ultimately  equal  to  the  coniplemont  of  the  dip,  it  follows 
that  as  the  cosine  of  the  dip  is  to  the  earth's  radius,  so  is  the 
sine  of  the  small  angle  subtended  by  the  two  poles,  to  the  side 
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cotrcBponding  to  tlM  ultimate  magnetie  fbm  in  the  diieotion  of 
the  dipping  needle. 

6.  llie  magnetic  Ibroe  in  the  diraetion  of  the  dipping  needle 
will  tiierefiire  Yary  aa  the  coaine  of  the  magnetic  latitude  di- 
rectly, and  inversely  as  the  cosine  of  the  dip,  or  as  ~~^>  or  since 

MM  T  _       ^       «n.L     tan.D     tan.D    sin.  L        sin.  L  2 

"  ~  tan.L'  *^tan.L  '  sin.  D  ~  tan.L  '  sin.D  ~     sin.D  ~  ^/(4-3jm)  ' 

and  the  magnetic  force  must  vary  inversely,  as  the  square  root 
of  4  diminished  by  three  times  the  square  of  the  sine  of  the 
dip :  so  that  between  the  magnetic  equator  and  the  magnetic 
pole,  the  force  ought  to  vary  in  the  proportion  of  1  to  and  the 
vibrations  of  a  §pven  needle,  in  a  given  time^  ouj^t  to  vary  in 
that  of  10  to  14.143. 

7.  This  variatioD  of  the  force  is  greater  than  has  yet  been 
observed :  but  on  board  of  the  JmAsSSs,  when  the  dip  increased 
from  74*'  W  to  about  86^  the  time  of  vibration  decreased  in 
the  proportion  of  470  to  436,  or  1.078  to  1,  and  consequently 
the  force  increased  in  that  of  1.1 02  to  1,  while  the  calculation 
requires  an  increiu?e  in  the  ratio  of  1 .095  to  1  only ;  so  that, 
considering  the  unavoidable  uncertainties  of  the  experiment, 
the  general  result  of  observations,  in  different  parts  of  the  globe, 
agrees  .as  well  with  the  theory  as  we  have  any  right  to  expect, 
and  justifies  us  in  introducing  this  variation  of  the  force  into 
our  calculations,  at  least  as  an  approximate  expresaon  of  the 
facts,  to  he  conqtared  hereafter  with  more  extensive  experience, 

8.  The  force  acting  on  the  needle  of  a  compass,  limited  to  a 
horizontal  motion,  is  reduced,  according  to  the  principles  of  the 
resolution  of  forces,  in  the  ratio  of  the  radius  to  the  cosine  of  the 

dip,  so  that  it  becomes  proj)ortional  to  V  ^  3*  ,  or  inversely 

9.  Such  being  then  the  magnitude  of  the  horizontal  force 

acting  in  the  direction  of  the  magnetic  meridian,  we  may  readily 
determine  the  effect  of  it^  combination  with  another  furce  acting 
in  any  other  ilirection,  so  as  to  afford  a  result  expressed  by  the 
third  side  of  the  triangle  of  forces :  for  the  sine  of  the  angle, 
formed  by  this  new  result  with  the  first  line,  will  be  to  the  sine 
of  the  angle  which  it  forms  with  the  second,  as  the  second  line 
to  the  first;  or,  in  other  words,  the  sine  of  the  angle  formed  by 
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the  actual  direction  of  the  needle,  with  that  which  would  have 
been  its  direction  if  the  magnetic  force  had  been  nndislDrbedy 
will  be  to  the  sine  of  the  angle  included  hy  its  actual  direction, 
and  the  direction  of  the  disturbing  force,  as  the  msgnitude  of 
the  disturbing  force  to  that  of  the  natural  force ;  and  supposing 
the  disturbing  force  of  the  ship  to  be  constant  in  dtilerent  parts 
of  the  globe,  the  sine  of  the  angnlar  correction,  required  for  its 
effect,  will  vary  directly  as  the  sine  of  t!ie  angular  distance  of 
the  needle  from  the  shij)'s  head,  or  from  any  other  given  nt  utral 
line  in  which  the  disturbing  force  of  the  ship  is  found  hy  expe- 
riment to  act,  and  inversely  as  the  magnitude  of  the  horizootai 

magnetic  force ;  that  is  directly  as  r  V  (f—  +  3^  ;  r  being 

the  sine  of  the  bearing  of  the  ship's  head,  or  otluT  "}H)lnt  of 
change,"  as  ascert<'iined  by  the  actual  iiRiication  of  tliL*  compass, 
and  not  by  the  corrected  bearing,  which  hiis  sonietimes  been 
employed  in  a  similar  calculation,  and  s  the  sine  of  the  dip  ;  the 
quantity  under  the  radical  siue  being  equal  to  the  square  of  the 
secant  of  the  dip  increased  hy  3. 

10.  If,  for  example,  the  utmost  disturbance  were  fount!  to 
be  5°  40',  where  the  dip  is  74®  23',  its  sine  would  require  to  be 
increased,  when  the  dip  became  86*^,  in  the  ratio  of  I  to  3.523, 
and  the  maximum  of  disturbance  would  become  20^  21'.  It  is 
scarcely  posmble  that  the  calculation  should  agree  better  with 
the  result  of  the  observations  made  on  board  of  the  ItabeUa :  so 
that  we  may  employ  it,  with  Bome  confidence,  for  our  assist- 
ance, in  correcting  the  errors  arising  from  the  disturbing  force 
of  the  ship  in  all  ordinary  cases. 

11.  \Vheu  the  shiji's  attrai  tion  is  con-tant.  it  is  obvious  that 
the  two  neutral  po-itions,  in  whicli  it  produces  no  diaturbanci-, 
will  be  ob^ervcd  when  the  shijj's  head  is  exactly  in  opJMl^ilc 
directions.  But  it  appears  tliat  tlu-re  is  sometimes  also  an 
irregular  attraction,  causing  the  two  neutral  points  to  be  within 
8  or  10  points  of  each  other;  and  when  this  happens,  we  can 
only  rely  on  immediate  observation  in  difierent  ])art3  of  the 
globe  fur  determining  the  requisite  corrections.  'Hub  part  of 
the  disturbance,  however,  seems  not  to  increase  with  the  dip, 
and  there  is  every  reason  to  attribute  it  to  the  temporary  or 
induced  magnetism  of  some  portions  of  soft  iron ;  since  it  may 
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easily  be  shown,  for  example,  that  a  horizontal  bar  of  soft  iron 
will  lose  its  eftect  on  the  needle  in  four  positions,  at  right  angles 
to  each  other,  and  a  bar  so  inclined,  as  to  become  peipendi- 
cnlar  to  the  dipping  needle  in  the  plane  of  the  meridian,  will 
loee  its  effect  in  its  two  opposite  positions,  in  that  plane,  only^ 
bot  will  act  with  very  di^rent  intensities  in  their  neighbour- 
hoods, so  as  to  produce  cUfierent  effects  in  positioiis  diametri- 
cally opposite  to  each  other;  and  from  Tarious  combinations 
of  such  pieces,  differently  situated,  we  may  easily  ima^ne  that 
all  the  irregnlarities,  obeerred  in  some  Tery  few  cases,  may  have 
originated. 

IS.  TaBLX  of  CoRRECnoXS  FOR  OLr  ATlTyr.  THE  CosfrAMS  OP  TBBBIQULAft 

EFFECT  OK  A  tiUU-'s  I'tUMANEM  AxrUACllOJi. 


A|ifareat  distance  of  the  i>bip'8  lieod  or  other  >ieutral  I'oiut  irom  tiie 
magnetic  North,  in  pointa 
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Use  ofUtM  Table, 

find  by  observation  the  gretteit  dietnrbanoe  prodmoed  by  die 
ship's  action  on  the  compass  in  any  given  part  of  the  i^obe,  and 
subtract  from  the  logarithm  of  its  sine  the  mimber  in  the  last 
colunm  of  the  table  opposite  tp  the  fpven  dip^  the  difference  will 
be  the  logarithm  of  the  constant  multiplier  for  that  ship ;  and 
if  it  be  added  to  the  tabular  number  for  any  other  place,  or  for 
any  other  potltiou  of  tlio  j^liij),  it  will  give  the  logaritlnnic 
sine  of  the  correction  rc4uirod  on  account  of  the  pcrmatwid 
attraction. 

Example. 

Supposing  the  utmost  disturbance  in  the  Isabella  to  be  5°  AQ^^ 
when  the  dip  is  74^  23' ;  the  numbers  of  the  lost  column  for 
74<>  and  W  being  1.6043  and  1.6268,  the  difierence  .0283  be- 
comes, for  23'  .0085,  and  for  74<'  23'  we  have  1.6128,  whii^ 
subtracted  from  8.9945,  the  logarithmic  sign  of  5^  40^,  leaves 
7.3817,  the  logarithm  of  the  constant  multiplier  for  the  ImheUa  ; 
then  the  greatest  tabular  number  for  the  dip  86°  being  2.1596, 
adding  tiiis  to  7.3817,  the  sura  9.5413  is  the  logarithmic  s^ine 
of  20"^  21',  the  greatc^t  distui  hance  where  the  dip  is  ^>G^  :  and 
when  the  sliip'd  head,  or  tlie  nentral  point,  or  point  of  changtj, 
api)eai's  by  the  coinj).iss  to  he  N.E.,  or  4  points  from  the  mag- 
netic North,  tlie  tabular  number  at  74°  23'  will  be  1.4023,  and 
the  logarithmic  sine  8.8440,  answering  to  3°  58';  and  at  80^, 
2.0091,  giving  the  logaiitlimic  sine  U.tJDOB,  and  the  angular 
correction  14  ^  14',  so  that  the  true  situation  of  the  ship  will  in 
this  instance  be  more  than  a  point  Author  from  the  magnetie 
North  than  the  compass  indicates;  it  is  also  obfious  that  the 
correction  will  be  very  diflbrent  from  that  which  would  be 
required,  if  the  actual  bearing  of  the  ship's  head  were  N.IL  or 
N.W. 

13.  According  to  the  observations  collected  and  computed 
by  Ae  laborious  and  accurat**  Professor  Hansteen,  we  have  the 
actual  intensity  of  the  maguetic  force  iu  difl'ercut  placed,  sla  iu 
the  following  table. 
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Peru    -   -  - 

'  0' 

1.0000 

Mexico  -    -  - 

42 

10 

1.3155 

Paris    -    -  - 

68 

38 

1.3482 

London     -  - 

70 

33 

1.U42 

Cliristiania 

72 

30 

1.4959 

Arendahl  -  - 

72 

45 

1.4756 

Brassa  -   -  - 

74 

21 

1.4941 

Hare  Island  - 

82 

49 

1.6939 

Davis  Straits  - 

83 

8 

1.6900 

BaeSn'fl  Bay  - 

84 

25 

1.6685 

84 

39 

1.7349 

84 

44 

1.6943 

85 

591 

1.7383 

86 

9 

1.7606 

14.  Notwithstanding  the  geneml  agreement  of  this  theory, 
with  many  of  the  observations  made  in  the  northern  8eas»  it  is 
still  possible  that  some  ships  may  have  no  j^miansR^ attraction ; 
and  there  is  reason  to  beUeve  that  the  indueed  ntagmtiMm  of 
the  iron  about  a  slnp  may  not  uncommoiily'havo  a  perceptible 
efleet  on  the  eompass ;  especially  as  it  a]^earB»  from  Mr.  Bar- 
low's experiments,  that  tfie  guns  are  to  be  considered,  with 
respect  to  magnetism,  as  soft  or  conducting.  It  will  therefore 
be  proper  to  inquire  into  some  of  the  principal  pbeuomeua 
which  may  be  induced  from  this  cause. 

15.  If  all  tlie  nails  and  bolts  aVjout  tlie  sbip,  together  with  the 
guns  and  ballast,  were  ecjually  distributed  iu  all  possible  direc- 
tions, with  resj)ect  to  their  longest  dimensions,  or  even  e(jually 
distributed  into  any  three  different  directions  perpendicular  to 
each  other,  the  efi'ect  on  the  needle  would  be  very  nearly  the 
same  as  that  of  a  single  bar  placed  in  the  direction  of  the  dipping 
needle,  or  of  a  sphere  or  shell  of  equivalent  dimensions ;  so  that 
it  becomes  interesting  to  inquire  what  would  be  the  e£^t  of 
such  a  sphere  on  the  compass. 

16.  Suppoong  the  sphere  to  be  placed  immediately  before 
the  compass,  and  on  the  same  level  with  respect  to  the  decks, 
the  distnrbing  force  would  always  completely  vasidi  when  the 
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ship's  head  pointed  east  or  west ;  so  that  this  Is  a  case  whidi 

may  be  excluded  from  further  consideration. 

17.  In  all  other  c;uses  it  may  be  shown  that  the  needle,  if 
otherwise  at  liberty,  would  be  directed  towards  a  point  in  the 
uiagnetic  axis  of  the  sphere  at  wiiich  it  nieet^  a  plane,  ])erj>en- 
dicnlar  to  the  line  joining  the  sphere  and  the  compasji,  and  at 
one-third  of  the  distance  of  the  compass  from  the  sphere.  The 
direction  of  the  force  referred  to  the  horizontal  plane  will  he 
the  projection  of  this  direction,  and  its  magnitude  may  be 
found  from  the  relative  latitude  of  the  compass,  with  regard  to 
the  axis  of  the  sphere  (N.  6),  requiring  also  to  be  reduced  to 
the  horizontal  plane. 

18.  But  for  an  easy  and  useful  example  of  the  result  of 
such  a  calculation,  it  will  be  sufficient  to  take  a  case  in  which 
the  primitive  directiTe  force  of  the  sphere  remains  always  hori- 
zontal, and  the  reductions  are  avoided.  This  will  happen 
when  the  distance  of  the  sphere  before  the  compass,  a,  is  to 
itri  depth  below  the  compass,  as  V  2  to  1 ;  and  when  the  ship's 
head  is  at  the  same  time  E.  or  W.  Now  the  dij)  W'ing  D, 
the  distance  of  tlie  intersection  of  the  axis  witli  the  plane 
already  mentioned  and  with  the  horizontal  plane,  from  tlie 
middle  of  the  ship's  breadth,  will  be  b  cot  D,  and  the  cotan- 
gent of  the  spontaneous  deviatioo,  ^  cot  D  «  V  i  cot  D,  the 

tangent  V  ^  ta  D,  the  sme  s  ^  and  the  cosine  V  • 
The  magnetic  latitude  X,  with  respect  to  the  sphere,  will  be  such 
that  sinX  =-—5,  c  being  V(a«  +  fi^)=  -✓v2Z'»  +  ^)  ^^Sbaod 
sinXsVinnDeVi.s;  consequently  the  one  of  the  dip  • 

with  respect  to  the  sphere  is  found  ^^i^,,^  =  ^]7iT+ 3^) ' 
the  magnetic  force  of  the  sphere*  which  varies  as        (N.  6} 

or  here  as        may  be  represented  by  constderiog 

the  magnetism  of  the  sphere  as  constant.  But  the  niagn«  tl>m 
of  the  sphere  is  proportional  to  that  of  the  earth  it>elf  at  the 
place  of  obser\ati()ii,  >o  that  the  law  of  the  cuiuj>o.->ition  of 
tlicse  forces  is  uot  ulfectod  by  the  change  of  tiicir  uiaguitude ; 
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the  direct  force  of  the  earth,  howcTer,  requires  to  be  reduced 
to  the  horuBontal  plane,  while  that  of  the  sphere  is  already 

exerted  in  that  plane.     The  direct  force  therefore  may  be 

called  \f  (1— 5.v)  and  the  <listiirbance  /  V  (l-i-A-.v):  which 
reduced  to  the  direction  of  the  magnetic  meridian,  hecomes 

f*J  (1  +#«)  =  /V  (1  — #«)  and  to  the  transverse  direction 

f  V(l4-«*)  ~  /  V  2, 5.    The  joint  force  in  the  direction 

of  the  meridian  will  therefore  be  always  (1+/)  J  (1— a«) 
and  the  transverse  foTW  »/  2»f  »i  consequently,  the  tangent 

of  the  ani2;le  of  disturbance  will  be    .  .      •  —  -,  which  is 

proportional  to  the  tangent  of  the  dip,  and  to  that  of  the  mag- 
netic latitude. 

19.  Hence  it  iqipears  that  the  tangent  of  the  angular  distur- 
bance produced  by  the  induced  magnetism  of  a  mass  of  iron 
so  situated  when  the  ship's  head  is  £.  or  W.,  will  vary  as  the 
tangent  of  the  dip.  It  wiU  also  be  iu  opposite  directions  on 
opponte  sides  of  the  magnetic  equator.  The  disturbance  on 
board  the  Isabella,  in  latitude  86°,  if  derived  from  this  cause, 
wonld  amount  to  21°  19' ;  and  it  is  remarkable,  that  coiielusions, 
so  nearly  agreeing,  should  be  derived  from  suppositious  so 
totiilly  di  Ho  rent. 

20.  It  is  not  improbable  that  the  soft  or  eotidiicting  iron 
about  a  ship  may  often  be  so  arranged  as  to  produee  effects 
considerably  resembling  those  of  a  sphere  or  shell  situated 
before  the  compass,  and  as  much  below  it  as  is  here  supposed  ; 
but  the  proposition  cannot  be  generally  maintained  that  a  sphere 
may  ahoayM  be  so  placed  as  to  produce  effects  equivalent  to 
thofie  of  the  ship's  magnetism,  however  the  guns  and  ballast 
may  be  arranged.  Supposing,  indeed,  the  guns  to  constitute 
the  principal  part  of  the  iron  concerned,  the  deviation  should 
vary  initially  in  a  ratio  nearly  approaching  to  that  of  the  square 
of  the  sine  of  the  apparent  distance  of  the  ship's  head  from  the 
magnetic  meridian,  amounting  to  half  of  the  maximum  at 
about  45°,  instead  of  about  30  ,  as  it  commonly  appears  to  do ; 
since  the  intensity  of  the  induced  magnetism  of  the  guns  would 
vary  nearly  as  the  simple  sine  of  the  distance,  aud  its  effect  on 
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the  compass  agun  as  the  same  noe.  The  deviation  produced 
by  the  apbere  would  folknr  a  very  difibrent  law,  but  it  is 
aeamly  probable  tfaat  tint  law  would  agree  well  enough  iiitb 
tfie  results  of  obsenratioDy  to  make  it  secesBarj  to  imrestigate 
it  here  in  a  general  aanner.  It  is,  howefer,  obfiousi  tbat 
when  the  oompass  is  in  the  plane  of  the  magnetic  equator  of 
the  sphere,  the  direction  of  €be  needle,  as  inflaenoed  by  it,  will 
be  parallel  to  the  magnetic  axis  of  the  sphere,  and  consequently 
in  the  magnetic  meridian  of  the  earth,  so  that  the  disturbance 
will  disappear  as  it  did  in  Mr.  Barlow's  experiments ;  and  this 
circumstance,  if  it  were  ascertiiined  by  observation,  would  assist 
us  in  determining  the  place  of  the  su})posed  sphere  in  the  ship. 
But  in  the  case  here  stated  as  an  example  of  the  situation  of 
the  sphere,  the  disturbance  would  never  vanish,  unless  the  dip 
were  less  than  b4i°  44' :  the  cosine  of  the  angle  formed  by  the 
ship  with  the  meridian,  when  the  force  Tanisbes,  being  V  i  the 
tangent  of  the  dip :  and  this  would  happen  first,  in  the  northern 
hemisphere,  when  the  ship's  head  pointed  nearly  south,  while 
in  the  situation  diametrically  opposite,  the  disturbance  would  by 
no  means  yanish :  so  that  the  supposition  of  an  induced  mag- 
netism, like  that  of  a  sphere,  does  not  appear  to  be  consistent 
with  actual  observation.  Nor  is  it  possible  that  a  sphere  should 
be  so  placed  as  to  cause  no  disturbance  whatever  at  the  mag- 
netic equator  :  and  if  the  disturbance  really  vanishes  at  the 
equator,  as  has  been  asserted,  it  can  only  arise  from  an  effect 
resembling  that  of  the  induced  magnetism  of  a  vertical  bar. 
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A  BRIEF  INTESTIGATION  OF  THE  PROPERTIES  OF  THE 

GEODETIC  CURVE. 

From  BauMfBOiamUHrJimd  (or  1830,  voL      p.  136. 


Pbofessor  Bessel  has  lately  premised  to  his  very  elaborate 
and  refined  compatations  of  latitudes  and  longitudes,  on  a 
spheroid,  a  demoBStratioa  of  the  elementary  property  of  the 
curve  of  shortest  distance,  founded,  as  be  says,  on  the  theorem 
of  Tnfiors  whidi  aifords  him,  for  U'f «  Taloe  of  U  oorrespond- 
nig  to  f  +  ^9  as  a  value  oi     »  being  a  funetion  of  the 

expression  "  i7  +  z  +  .  .        This  may 

indeed  be  perfectly  correct:  bc^  it  would  probably  have 
amprised  Dr.  Brook  Taylor  not  a  little  to  see  himself  made 
responsible  for  sudi  an  inference:  whidi  it  would  have  cost 
lum  mn^  more  labour  to  comprdiend  than  it  did  to  invent  his 
themm :  and  it  would  have  staggered  him  most  of  all  to  see 
Ins  fimte  increment  **h**  converted  into  a  new  flowing  quantity 

and  having  a  distinct  fluxion  assigned  to  it. 

The  true  and  natural  method  of  solving  these  problems,  and 
by  far  the  simplest  and  most  intelligible,  is  to  use  a  separate 
notation  for  the  variation  of  tlie  curve,  in  its  transition  into 
another  neighbouring  curve:  and,  for  a  spheroid  of  rotation,  the 
variation  may  be  most  conveniently  supposed  to  be  effected  Ijy 
the  elementary  removal  of  the  points  along  the  same  parallels 
of  latitude  only,  so  that  the  curvature  of  the  elements  of  latitude 
and  longitude  may  remain  unaltered. 

Thus,  if  j;  be  the  angular  latitude,  y  the  longitude,  and  # 
the  linear  distance,  M  being  the  radius  of  the  meridian,  and  r 
that  of  the  parallel  of  latitude :  we  shall  obviously  have  (1) 
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d«*  =  (ir*  4-  r*  ;  and  bence,  following  exactly  the  stejjs 
of  the  JElemeniary  JUiutratiant  of  Laplace^  Na  289,  Scb.  % 

P.  1 52, we  have  ^d*  =  since  5j;  =  0 ;  and  fciacc  d  = 

•^^h  +  d  =       %  +  d       ly,  we  bave/Sd,  - 

^  ^     ~  ^  ^  ''^f     ^  order  that  the  ^stance 

may  be  the  shortest  poflBible,  this  fluent,  taken  hct^vccn  the 
extreme  points  of  the  curve,  most  Tanish ;  and  at  each  of  these 
points  the  variation  must  wholly  Tanish,  although  it  is  sup- 
posed at  the  intermediate  points  to  have  a  value  comparable  to 
the  other  varying  elements:  consequently  the  second  part  of 

the  fluent,  /  d       Xy,  must  be  every  where  =  0,  since  it 

cannot  have  alternately  pontive  and  negative  values,  oon- 
ttstently  with  the  required  property  of  the  curve,  which  must 
everywhere  be  the  ehortest  possible ;  and  this  can  only  happen 

when  d        =  0,  and  r"  —  is  a  constant  quantity.  But 

is  the  sine  of  the  inclination  of  the  curve  to  the  meridian, 
which  most  therefore  be  inversely  as  r  the  radius  of  the 

parallel  of  latitude,  in  order  that  r  ~^  may   he  constant. 

Mr.  Fog  Thune,  assisted  by  Professor  Bessel,  has  investigated 
the  curve  more  generally,  by  the  method  of  variations,  in  his 
Spheroidical  Trigonometry,  without  limiting  it  in  the  first 
instance  to  a  spheroid  of  rotation.  We  may  now  proceed  to 
Professor  Bessel's  latest  computations. 

This  iiivr^tii^atum  is  followctl  l»y  a  translation  of  Bessel's  fonnulie  and  compute* 
tions  for  geographical  latitudes  and  longitudes  on  %  spheroid. — UfAt  by  the  Editor. 
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No.  XIII. 
A  SIMPLE  BBOTIFIGATION  OF  THE 

GEODETIC  CURVE. 

From  Brandos  QoMtarly  Jmnmal  Ar  1826,  toL  ni.  p.  153. 


Professor  Bessel's  investigation  of  the  properties  of  the 
gpfKletic  curve,  though  most  ingenious  and  successful,  is  yet  so 
iotricate  and  complicated,  that  it  is  eader  to  obtain  a  new 
solution  of  the  problem*  than  to  verify  the  steps  of  his  re- 
aearehea  in  sacfa  a  manner  as  to  Ailfil  the  whole  duty  of  a 
sdentiiic  translator.  For  obtaining  this  solntion'  it  is  only 
necessary  to  set  ont  in  a  riglit  direction ;  and  considering  the 
dependence  of  the  cnrre  on  the  distance  from  the  axis,  r,  it  is 
natural  to  inqdie  whether  its  properties  may  not  be  most  con- 
f«nently  expressed  in  terms  of  that  quantity.  The  equation  of 

the  ellipsis  being  ^  H-  ^  =  1,  and  x  being  the  r  of  this 
investigation,  we  have  £  +  £  =  1,  ^  +  ^  =  o ;  and  the 
square  of  the  fluxion  of  the  arc  of  the  meridian,  which  is  equal 
to  dr'  +  dy*,  dy  bang  «  -  ^  f  dr,  becomes  di*  +  ~  —  dr\ 

.dBoe/  -  4»  -  d,* (1  +  ^ --.j^^)  -  d^(l  + 
^rr^J »  ^  making  the  least  v^ue  of  r  equal  to  we  have 
etery  where  ^  for  the  sine  of  the  azimuth,  and  for  the  square 
of  its  oosine  I  «  f  =  Hence  d?  -  df«        (1  4. 

Makiognowr*-/- v*,wehaverdr  «ydr,dr. 
t ,     -  ^  dr«,  and  d^  =  d.-  ( 1  +  ^)  .  d/  ^-^^^ ; 


or,  if  a«y  =  ««,  dj»  =  d/^^,  and  d*  =  dy  ^(a*  -  c"/-**/) 
VOL.  n.  I 
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(1  -  j/'x'  +  x'  +  4 /'»*-••  •>•  Tbe 

fluents  may  be  fuund  by  Hirsch'a  Tables,  p.  143 ;  and  we  eliall 


^,  tg^xF^P  y  ^  I5z^«-L£,3„d  so  forth. 
It  will  be  eonnniieiii  to  have  the  Talnes  of  those  flveots 

expressed  in  a  table,  for  different  values  of  x>  or  V  from 

0  to  1;  such  a  table  will  probably  be  inserted  in  the  next 
number  of  this  Journal ;  aod  it  may  also  be  useful  on  many 
other  oocasioii8»  giving*  for  eMunple,  the  length  of  an  elliptical 

arc,  when  ^  =  0,  x  =  ^  »/  heing  then  «  ^  . 

The  value  of  r  may  be  readily  found  from  the  latitude  and 
the  dOipticity:  for  t  being  the  tangent  of  the  latitttde*  we 

b«VA  t  ^  ^  I-    ^  mt   U  M»«»»--5^r».^-i? 

aa-rr     bb  ^  |t  .  ^  _  ^ .  ( ^  ^  +  J)  ^  .  ^ 
a*r*  bb      rr       aa  '  \aa  '  ' 

and  r*  =  nirr-  -  w  J  *™1         ""Mle  a  ■  1,  aod  ^ 

«  1  -  f,  f* «  rTinsF+isi*    ^  •  *  i5o»      1^  U9^^' 

180 

very  nearly. 

Haviqg  found  the  values  of  r,  for  any  two  latitudes,  by  this 
formula,  we  can  easily  compute  the  correspon^g  value  of  «; 
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and  if  « IB  given  by  meaanrement,  we  can  correct  the  supposed 
value  r  from  the  error  of   and  the  aaimath  of  the  ennre,  the 

one  of  which  is  always  ~ . 

In  order  to  find  the  angular  difference  of  longitude,  we  must 

multiply  the  fluxion  df  by  the  sfaie  ^ »  and  diyide  it  by  the 

radius  r,  and  we  have  ^  »  £  .  ^  /s— 3  dr«^ 

of  which  the  fluent  may  be  found  by  comparison  with  the 

V(a^"to-m«)  P-  ^^'^^  ^^^»      i  ^*^PP^ 

Brity  Art  Fi.imirra»  No.  353 ;  or  perhi^  more  conveniently 
by  multiplying  the  series  already  found  into  the  development 

1        1        I        I        1  /I         .  »*      >•  \      J  ■ 

=  s  •  .TS  =»  ^  ^ -»  + »^  -  +  •••> 

99 

this  will  be  sufficiently  convergent  when  y  is  small;  when 
larger,  the  direct  computation  of  the  fluents  will  be  required^ 
which  is  necessarily  a  little  more  tedious^  as  it  cannot  be 
materially  assisted  by  a  table ;  and  this  may  possibly  have  been 
the  reason  that  ProfosBcr  fiemel  has  employed  a  diflerent  mode 
of  investigation. 

In  page  337  of  the  »ain«  Toloioe  of  the  Qoaiierly  Journal  i*  given  *  A  Table  of 
CoeflMients  wilwwyleut  to  Geodelical  ConpatatloM/  The  TaUe  of  Flacirts  fwined 

a.s  n- 'inuni'iided  in  the  text,  w;is  Coxind  to  be  very  voluminous,  ami  therpfore  not 
ioscrt«d,  exbibitiog  a  striking  oontrut  to  Beuel's  tables,  both  in  umpUcity  and  Adlilr 
oTafpIiestioik—JMr  iy  M«  JUMor. 
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CALCULATION  OP  THE  RATE  OF  EXPANSION 

or  ▲  SUPPOSED 

LUNAR  ATMOSPHERE.' 

Fram  Niohotatm's  Joufiial  of  Nstund  naioMphy  and  CSMiniftrr  for  1808, 

▼ol.  XX.  fw  117. 


Tb  Mr.  Nicholson. 

Sib, 

It  has  been  a  subject  of  inquiry  among  some  who  are 
attached  to  astronomical  speculations,  whether  or  no,  if  the 
moOD  had  ever  been  possessed  of  an  atmosphere  equally  dense 
with  that  of  the  Earth,  she  could  have  retained  it,  without  a 
very  aenBible  diminution,  in  consequence  of  the  Earth's  attrac- 
tion, upon  the  supposition  of  the  infinite  dilatability  of  the 
air,  with  a  density  alwajfs  proportioDal  to  the  pressure.  The 
inquiry  involves  a  great  variety  of  considerations,  and  it  would 
be  eztrepiely  di£Bcult  to  make  an  exact  calculation  of  all  the 
particulars  connected  with  it ;  but  it  may  be  shown  from  some 
general  principles  tiiat  the  diminution  would  have  become  per> 
ceptible  to  a  spectator  situated  on  tiie  Earth,  in  the  ooune  of  a 
few  centuries. 

If  a  be  the  distance  of  the  moon  from  the  earth,  and  X 
the  distance  of  any  otlier  poiat  in  the  line  joining  them,  the 

ibroe  of  gravitation  will  be  as ^  -joZ^W"'  ^  centri- 
fngal  force,  arising  from  tiie  revolution  round  the  common 
ceotre  of  gravity,  to  be  added  for  the  terrestrial  atmosphere, 

•  This  article  and  th«  two  which  follow  are  inserted  as  example*  of  th«  bravitj 
•ad  mparent  simplicity  of  Dr.  Young's  mode  of  dealing  with  very  dUBoilkMoUeaM: 
miferttiiiately  they  form  no  eiceittions  to  the  extreme  obscurity  «Ua  oraally 
rhnracterizes  his  applications  of  matiiematics  to  physical  ioqniries,  OMI*  tqpMulIjr 
in  early  life,  when  he  had  little  knowledge  of,  and  no  rMpoct  for,  tht  Ibms  of  nod«m 
ta^jik^—Nok  «y  As  Editor. 
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and  to  be  subtracted  for  tlie  lunar,  being  equal  to  tlie  force  of 
gravitatioii  at  the  distance  of  the  centres,  the  joint  force/ 

acdog  on  the  particles  of  the  atmosphere  will  be  as^-^^^  ^^^^^ 

+1^  ^l'"  70  ^  wflwctiYely :  or,  since/  most  be 

equal  to  nnity  at  the  earth's  surfoce,  when  x  b  equal  to  tlie 
earth's  semidiameter  b,  /»^  near  the  earth,  without  sensible 

error,  and /=5  —  "  ^     ^^^^  ^^"^^  atmosphere.  Then 

the  density  being  which  may  also  be  called  unity  at  the 
earth's  surfiu^,  we  have— cy=^i,  and  it  is  obvious  that  e 
must  express  the  height  of  a  column  of  air  of  uniform  density 
capable  of  producing  the  pressure  by  its  weight,  in  order  that 
—  ey  may  be  initiaUy  equal  to  i.    Hence  we  have  H  .  L  . 

J- » //  *  i  but  /i  =  tf*  ^jl  —  ^ijji -  :  therefore  H .  L . 
f  T^ToP^  "         being,  without  sensible  error, 

1  +  ^   Now  b  is  d958,  and  e  5.28  miles,  and  at  the  moon's 

sur£EU»  X  is  abput  60Z»,  and  a—x  =  i\bi  whence  ILL .  -  =  085.69. 
Again,  when/yamshes,  and  the  density  is  least,  ^  = 

and  « is  nearly  .825  a,  whence  H.  L .  ^  «724.81 ;  and  this 

density  is  to  the  density  at  the  moou's  surface  as  1  to  the  num- 
ber of  which  the  hyperbolic  logarithm  is  38.62,  and  the  coninion 
logarithm  1G.773:  and  supposing  the  density  to  be  increased 
in  any  given  ratio,  the  proportion  will  remain  the  same,  the 
number  c  still  indicating  the  height  of  a  column  equal  in 
density  to  the  atmosphere;,  thus  condensed,  at  the  earth's 
surfiuse. 

Now  the  expansion  of  the  lunar  atmosphere,  supposing  it 
to  be  equal  in  density  to  that  of  the  Earth,  and  to  extend  to  the 
point  where  the  force  /  vanishes,  which  is  the  most  favourable 
conditum  for  its  permanence,  may  be  determined  from  this  ge- 
neral principle ;  Aat  the  motion  cf  the  centre  of  gravity  of  any 
system  of  bodies,  some  of  which  are  urged  by  a  greater  force  in 
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one  direetioB  than  in  another,  must  be  the  same  as  if  the  diBTerenoe 
of  the  forces  acted  on  the  whole  system  collected  into  the  centre 
of  gravity.  Thus,  if  the  preisare  of  the  highly  rarefied  air, 
at  the  tenmnatioa  of  the  soppoeed  lunar  atmoephere^  which 
would  have  kept  it  in  equlibriam,  be  iemo?ed»  the  elasticity  d 
the  column  pressing  on  the  moon  will  be  by  so  much  greater 
than  its  gravitatioo ;  and  the  centre  of  gravity  of  the  column 
will  be  repelled,  witii  a  velocity  as  mudi  smaller  than  that  of  a 
body  fiilllng  at  tiie  Eartii^s  sorikoe^  as  llie  pressmxi  removed  is 
smaller  than  the  weight  of  the  column :  but  this  ratio  is  com- 
pounded of  that  of  the  densities  at  the  opposite  ends  of  the 
column,  and  that  of  the  force  of  gravitation,  or  rather  the  force 
y,  near  the  moon's  surface,  to  its  force  at  the  surface  of  the 
Eartli,  since  the  mass  required  to  produce  the  given  density,  by 
its  pressure,  is  as  mucli  greater,  as  the  gravitation  is  smaller;  and 
if  we  diminish  in  this  proportion  the  space  wliich  a  falling  body 
would  describe  in  a  century,  we  shall  have  514  feet  for  the  ele- 
vation of  the  centre  of  gravity  of  a  column  of  the  lunar  atmoe- 
phere  in  that  time. 

But  in  order  to  estimate  the  effect  of  such  a  change,  we  must 
calculate  the  actual  hdght  of  the  centre  of  gravity  of  a  given 
column  of  an  elastic  fluid :  and  for  tUs  purpose  we  may  suppose 
the  attraetire  force  nmform.  The  hdght  of  tiie  centre  of  gra- 
vity is  determined  by  dividing  the  fluent  of  xyi  by  the  mass, 
or  by  1  — y ;  but  nnoe  — =  yi,  .r//^  »  —  cx^,  *  being  ve  (H  . 

L .-),  or  according  to  a  mode  of  expression  lately  employed  by 

one  of  your  correspondenta,  cm  (y  "  ^  1 )}  when  m  is  mfinite ; 

hence— exy  seem  (y— of  wliich  the  fluent  is  e^e  em 

(y— — xjf  ^--^'t-ejfy-ey  '       or  e— eary— ey;  which 

must  vanish  when  y  « 1  and  x  =  0  ;  consequently  e  =  c,  and  the 

height  of  the  centre  of  gravity  is  c—      ;  and  wheny  =  0,  this 

heig^  is  equal  to  that  of  the  column  e,  which  for  the  eartfa*aat» 
mosphere  is  5.88  nulee,  and  for  the  moon's  as  mndi  greater  as 
the  force  is  smaller,  that  is  27.75  milea  The  centre  of  gravity 
being  therefore  elevated  514  feet,  or      of  its  height,  in  a  ecu- 
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tiirj,  the  mean  density  of  the  oolomn  must  also  be  reduced 
•hovt  lir;  hat  abioe  a  oertain  part  of  tbia  elevatioD  dependa 
on  the  aoppoaed  aooelentioD  of  the  more  distant  portions,  which 
would  prddnce  no  sensible  eAwt  in  the  neighbooriiood  of  the 
■Kwo,  we  cannoi  estiniate  the  mean  rare&ction  of  the  part 
iwBBaining  mora  neariy  in  its  original  atoation,  at  mora  than 
abont  ;  and  this  will  be  reduced  to  about  one  fourth  for 
the  mean  of  the  whole  atmosphere,  surrounding  tlie  moon  on 
all  sides :  so  that  we  may  take  i  ion  for  the  mean  rarefaction  of 
such  a  lunar  atmosphere  in  tlie  course  of  the  first  century. 

So  small  a  rarefaction  as  this  would  certainly  not  be  directly 
observable  at  the  distance  of  the  Earth.  Supposing  that  the 
atmosphere  would  be  visible  until  its  density  became  equal  to  a 
given  quantity,  the  point,  at  which  this  density  would  be  found, 
would  he  deprassed  only  about  18  miles,  if  the  whole  density  of 
the  atmosphere  were  reduced  to  one  half,  and  by  a  diminution 
el  T^rr,  only  Wrv  of  27.75  miles,  or  about  190  feet.  The 
effMl  of  an  atmosphere  would  bowerar  he  more  perceptible  in 
the  reftaelioQi  which  would  occasion  an  alteiatioo  in  the  appap 
raai  plaoe  of  a  star  about  to  be  eclipsed^  and  frhioh  would 
aaaonrty  io  the  case  of  the  Earth's  atmosphere,  to  66  mumtss. 
Bnt  the  nftaothe  deiiBiy  of  the  luMur  atmosphera  wouU  fary 
Mtfly  M  the  134lh  root  of  the  diitaaosb  instead  of  the  7th ;  and 
the  demtioo,  mstead  of  66mmutes,  wonld  become  18'  50\  one 
1200th  of  which  would  be  only  iV  of  a  second,  which  would  still 
be  imj>eroeptible  ;  although  in  two  or  three  centuries,  since  the 
rarciaction  would  increase  at  first  as  the  square  of  the  time,  it 
miglit  perhap:*  be  di^cove^able  :  and  tins  would  be  considerably 
looner  than  tlie  decrea^-e  of  the  moon's  apparent  diameter  could 
be  ubter>'ed.  It  is  however  scarcely  probable,  that  so  slow 
a  rate  of  dimiautioo  amid  have  reduced  tlie  lunar  atmosphere 
from  a  density  equal  to  thai  of  the  terrestrial  atmospbersb  to  its 
psessBt  atate\»  io  the  eoavse  of  10,000  years. 

I  am.  Sir, 
Your  very  obedient  serfant, 

lIuiBaoBivs. 

1$  luj,  lace. 
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NO.XUV. 
A  OOKOIBB  METHOD  OF  DBTBBMIMINQ  THE 

FIGURE  OF  A  GRAVITATING  BODY 

BEVOLVUia  BOUIID  JUKOTHEB. 
From  NicholMn's  Jounud  for  1608,  vol  u.  p.  208. 


To  Mr.  Nicholson. 

Sir, 

It  18  well  known  that  there  are  some  imperfections  in 
Sir  Isaac  Newton's  investigations  respecting  the  figures  of  gra- 
ritating  bodies,  which  have  been  supplied  by  Maclaurin  and 
Clairaut:  the  subject  is  however  still  oontidared  as  difficult 
and  intricate,  and  the  .amplest  calculations  respecting  it  have 
hitherto  been  too  prolix,  to  be  distinctly  conceived  as  links  of 
the  same  chain.  I  shall  endeaTonr  to  point  ont  a  method  of 
treating  it  which  is  ektremelj  eompen^oos  and  coovenient 

Neglecting  in  the  first  plaoe  the  dinmal  rotation,  we  may 
suppoee  that  each  partide  of  the  body  revolves  in  an  eqnal 
orbit,  so  that  its  centrifugal  ftrce  may  be  eqnal  to  the  mean 
attractive  iforoe ;  then  the  local  attractive  force  will  be  greater 
or  less  than  this  by  a  diflbrenoe  which  must  obviously  be  pro- 
portional to  the  distance  from  an  equatorial  plane  perpendicular 
to  the  direction  of  the  central  body,  and  tending  to  remove  the 
body  from  tliis  plane.  A  second  disturbing  force  will  also  arise 
from  the  want  of  parallelism  in  the  direction  of  tlie  attractive 
force,  which  will  tend  towards  the  line  joining  the  centres,  and 
will  be  every  where  to  the  whole  force  as  the  distance  from  this 
line  to  the  distance  of  the  bodies.  Now  if  each  of  these  forces 
be  reduced  to  the  direction  of  the  circumference  of  the  sphere, 
firom  which  the  figure  is  supposed  to  vary  but  very  little*  it  will 
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he  every  where  proportional  to  the  product  of  the  nne  and 
eonw  of  the  diftenee  firom  the  eqnitorud  phuM,  and  when 
Ihio  firtuee  b  hilf  a  ri§^  ani^ei  eaeh  of  thcni  will  be  half  as 
ipwat  at  hi  its  entire  state.  Thus  the  grsvitalion  towards  the 
■Mon  ai  the  eardi  s  mrfree  it  to  ^  gra?itation  towards 
tin  earth  aa  1  loTO  tmiss  Hm  square  of  60^,  or  to  S56217,  and 
die  im  distorimg  Ibroe  is  to  the  whole  of  tide  ss  9  to  60^,  at 
the  point  nearest  to  the  moon,  and  the  second  as  1  to  60^  at  the 
equAtoriiil  plane ;  and  the  sum  of  both  reduced  to  tlie  direction 
of  the  ( ircumference  where  greatest,  as  3  to  121,  that  is,  to  the 
vbole  force  of  tlie  earth  ts  gravitation  as  1  to  10,334,000.  And 
in  a  Aimilar  manner  the  joint  disturbiug  force  of  the  SOQ  is  to  the 
weight  a*  1  to  25,736,000. 

Now  if  a  sphere  he  inscrihed  in  an  ohlong  spheroid,  the  ele- 
vatioB  of  the  ipheraid  abore  the  iphere  must  obviously  be  pro- 
pntkwsl,  if  measured  in  a  direction  parallel  to  the  axis  of  the 
tfphcroid,  to  the  ordinate  of  the  sphere,  that  is,  to  the  sine  of  the 
distsnos  kom  in  equator ;  and  if  redooed  to  a  direction  perpen- 
dicolar  lo  the  sorfroe  of  the  ipbere»  it  most  be  pioportioDal  to 
Ika  sqnars  ct thai snie;  and  tiie  tangent  of  the  inelinatioa  to 
thaswfinsof  the  ^bere^  which  is  as  the  ilazion  of  the  elevation 
dtndad  fay  tfiatof  tliecireQni6fenoe,nnistbeezpreiwd  by  twice 
tke  eoBlinoal  prodnet  of  the  sine,  the  eonne,  and  tlie  eUipticity 
or  gremtest  eleration,  the  radius  bebg  considered  as  nnity :  so 
that  the  ellipticity  will  also  express  the  tangent  of  the  inclina- 
ticin  when.'  it  i:%  grcat4^';-t ;  and  the  inclinatioD  will  be  every  where 

tlh-  finRjucl  of  the  sine  and  cosine. 

If  tiuTefore  the  density  of  the  elevated  \*ixrt6  he  considered  as 
.  »-in»^^-nt  and  their  attraction  be  neglected,  tliere  will  l>e  an 
eqaii  bnum  when  the  cllipticity  is  to  the  radius  as  the  disturbing 
ime  to  the  whole  force  of  gravitation :  for  each  particle  situ- 
aiai  oo  the  snr&oe  will  be  actuated  by  a  force  predsely  equal 
sshI  oootnry  lo  thai  which  urges  it  in  the  direction  of  the 
iadiBsd  snrCm.  Hanoa,  if  the  deanly  of  the  sea  be  suppoeed 
inf— Mdfsaliln  hi  covparison  with  thai  of  the  earth,  the  radios 
ba^  90^,000  feet,  Uie  heighl  of  a  solar  tide  m  aqoilibvinm 
will  bo  1.0166  feet,  and  that  of  a  lunar  tide  .8097. 

We  muit  neat  inquire  whst  will  be  the  elTect  of  the  gravita- 
tion of  the  elevated  parts,  on  any  given  huppo^iition  respecting 
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their  density.  Let  m  imagine  the  surface  to  be  divided  by  an 
infinite  number  of  (mrallel  and  equidistant  circles,  beginning 
from  any  point  at  whicii  a  gravitating  particle  is  situated,  and 
let  their  circles  be  divided  by  a  plane  bisecting  the  equatorial 
plane  of  the  spheroid  ;  it  is  obvious  that  if  the  elevations  on  the 
opposite  sides  of  this  plane  be  equal  in  each  circle,  no  lateral 
£orce  will  be  produced;  but  when  they  are  uneqiial,  the 
excess  of  the  matter  on  one  dde  above  the  matter  on  the  other 
will  produce  a  disturbing  force.  The  elefation  being  eveiy 
where  as  die  eqiutfe  of  the  diitaiioe  firom  the  equatorial  plane, 
the  diflinmei  cdrfeflpondiDg  to  any  point  of  that  •emicircle  in 
which  the  elefation  Is  the  greater,  will  be  as  liie  diflerenoe  of 
the  aqoares  of  the  dirtanoes  of  the  ooneBponding  points  of  die 
two  semicircles,  that  is,  as  the  product  of  the  sum  and  the  djf- 
fiBfenoe  of  the  distanoes :  but  the  sum  is  twice  die  distsaoe  of 
the  centre  of  die  drde  from  the  equatorial  plane,  or  twioe  the 
une  of  the  distance  of  the  gravitatrng  particle  from  the  plane, 
reduced  in  the  ratio  of  the  radius  to  the  cosine  of  the  angular 
distance  of  the  circle  from  its  pole  ;  and  the  difference  is  twice 
the  actual  sine  of  any  arc  of  the  circle,  reduced  to  a  direction 
perpendicular  to  that  of  the  plane,  that  is,  reduced  in  the 
proportion  of  the  radius  to  the  cosine  of  tlie  angular  distance  of 
the  given  particle  from  the  equatorial  plane.  From  these  pro- 
portions it  follows,  that,  in  different  portions  of  the  gravitatiDg 
particle,  the  effective  elevation  at  each  point  of  the  surface,  simi- 
larly situated  with  respect  to  it,  is  as  die  product  of  the  sine  and 
oodne  of  its  angular  distance  from  the  equatorial  plane,  the  othsr 
quandties  eonoenied  remaining  the  same  in  all  posidona :  the 
distnrhii^  attaracdon  of  all  the  promuNDt  parts  nuies  dierefbre 
precisely  in  this  rado,  the  matter  wUch  produoes  it  being  always 
similarly  arranged,  and  wying  only  in  quantity ;  oonseqnendy 
the  sum  of  this  attraction  and  tlie  original  disturbing  force  both 
vary  as  the  inclination  of  the  surface,  and  may  be  in  equilibrium 
with  the  tendency  to  descend  towards  the  centre,  provided  that 
the  ellipticity  be  duly  commensurate  to  the  density  of  the  ele- 
vated parts. 

In  the  last  place  we  must  investigate  what  is  the  magnitude 
of  the  elhpticity  corresponding  to  a  given  disturbiiig  force  and  a 
given  density.  It  follows  from  the  proportions  already  ibendonedt 
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int,  tfaat  the  effiBetnal  elevation  at  each  point  of  each  coaoen- 
trie  eeBidide  is  proportienil  to  the  ane  cf  its  diatanoe  fi^ 
hiaeetbg  plane ;  and  aeeondly,  that  die  graeteii  eflbetive  eKeT»- 
tioB  ct  each  aendeMe,  fat  any  one  poaitkn  ef  the  aiqierfieial 

particle,  is  as  the  product  of  the  sine  and  the  cosine  of  the  an- 
gular distance  frora  that  particle,  the  diameter  of  the  circle 
being  as  the  sine,  and  the  distance  of  its  centre  from  tlie  equa- 
torial plane  as  the  cosine.  It  may  easily  be  shown,  that  the 
disturbing  force,  reduced  to  the  direction  of  the  surface,  or  of 
the  plane  of  eacli  circle,  is  equal  to  the  attraction  which  would 
be  exerted  by  the  matter  covering  the  whole  semicircle  to 
a  height  eqiiai  to  half  the  greatest  ele?ation,  if  placed  at 
the  nddle  point :  for  the  elevation  being  aa  the  sine  of  the  dis* 
tanee  from  the  bisecting  plaaebaod  the  oomparative  effect  being 
aiao  aa  the  mne,  the  attimction  for  each  equal  particle  of  the  ae- 
nicMe  k  aa  tiw  aqoafe  of  the  sne,  and  the  whole  anm  half  aa 
|^«al  aa  if  eaeb  particle  pvodoced  an  equal  efieet  with  that  on 
vlMi  the  elevation  ia  graateat  We  mnat  thetefore  oompute 
tka  attraetioa  of  the  quantity  of  matter  thna  detemnnedy 
auppuaing  it  to  be  disposed  at  tlie  reapective  pmnta  of  a  great 
drele  paasing  through  the  given  point  and  the  pole  of  the 
spheroid.  The  immediate  attraction  of  each  particle  being 
inTcrsely  as  the  Hjiiare  of  tlie  chord,  its  effect  reduced  to 
the  common  direction  will  he  as  the  sine  directly,  and  the  cube 
of  the  chord  inversely,  and  this  ratio  being  compounded  with 
that  of  tiie  product  of  the  c^ine  and  the  square  of  the  sine, 
which  expresses  the  quantity  of  matter  at  each  point,  the  com- 
parative efieci  will  be  as  the  cube  of  the  aine  and  the  coaine 
diractly,  and  as  the  cube  of  the  chord  inverMly,  or  as  the  cube 
of  the  cosine  of  half  the  are  and  tlie  cosine  of  the  whole 
ai«eoi^|oiBtly.  If  tfaerefore  we  call  the  eoaine  of  half  the  are  «^ 
tf»  eoaiaa  ol  the  whole  arewiDbeSji'-l,  andthe  flmioo 

of  the  are  bang  77^^ — r,  that  of  the  force  will  be 

ef  wUch  the  tnent  la  (  ♦    -f  ♦  *• -f  V 

(l~xx>,  as  may  be  shown  hy  subbtitutiug,  in  the  reduction 
of  iiB  ittikm,  .         for  ^  (I -^Jts)  I  and  while  x  decreaaea 
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from  1  to  0,  tlus  fluent  becomes  i.  But  in  order  to  detemdne 
the  nmt  witii  whidi  this  qnantity  is  to  be  compared,  we  must 
consider  the  initisl  force  as  nnity,  and  imagine  that  it  is  oonti* 

nucd  through  an  arc  equal  in  length  to  the  radius;  and 
we  must  find  the  attraction  of  the  solid  contained  between 
a  circular  plane  and  a  conical  surface,  initially  touching  the 
effective  portion  of  the  elevation,  and  including  it  between 
them ;  the  attraction  reduced  to  a  common  direction,  being 
initially  half  the  whole  attractive  force  of  such  a  solid,  as  we 
have  already  seen  of  the  concentric  circles  considered  sepa- 
rately.  But  the  attraction  of  any  slender  conical  or  pyramidical 
body  for  a  particle  placed  at  its  vertex,  is  three  times  as  great 
as  that  of  the  same  quantity  of  matter  situated  at  its  base ;  con- 
sequently the  attraction  of  the  supposed  solid  is  equal  to  that 
of  the  circumscribing  seniicylinder  placed  at  the  distance  of  the 
radius;  the  conical  ezcaTation  beii^  half  of  the  solid,  and  the 
semicylinder  triple  of  the  cone :  bnt  the  hdg^  of  this  semi- 
cylinder  in  the  case  of  a  particle  situated  half  way  between 
the  pole  and  tibe  equator  of  the  spheroid  is  twice  the  elHpticity, 
the  tangent  of  the  angle  of  mutual  inclination  of  the  sur&oes  of 
the  effectire  devation  being  imtially  equal  to  twice  the  greatest 
ordinate,  because  the  product  of  the  sine  and  cosine,  when 
greatest,  is  equal  to  half  of  the  radius:  the  somicyliiuler  will 
therefore  be  equal  to  a  cylinder  of  which  the  diameter  is  equal 
to  that  of  the  sphere,  and  the  height  equal  to  the  ellipticity  ; 
and  the  contents  of  this  cylinder  will  be  to  that  of  the  sphere, 
as  f  of  the  ellijtticity  to  the  radius.  Such  therefore  is  the  unit 
with  which  the  disturbing  attraction  is  to  be  compared ;  and 
when  the  densities  are  equal,  this  force  will  be  to  the  whole 
weight  as  I,  i,  or  ^  of  the  ellipticity  to  the  rsdius ;  and  the 
portion  of  the  inelinatioo  remaining  to  he  compensated  by  the 
primitive  disturbing  force  will  be  f  of  the  wfade,  so  that  the 
ellipticity  must  be  to  the  proportional  disturbing  force  as  5  to 
2.  Andif  thedennty  of  theseabetothemean  deuityoftbe 
earth  as  1  to  fi»  the  disturbing  force,  produced  by  its  attraction, 

will  be  to  the  ellipticity  as  ^  to  1,  and  the  primitive  disturbing 
force  as  1  —  ^  to  1. 
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The  heights  of  the  solar  and  lunar  tides  in  equilibrium  having 
been  found  equal  to  .8007  and  2.01  G6  feet  respectively,  on  the 
tapposition  of  the  density  of  the  gea  being  inconsiderable,  they 
must  be  inoraaed  to  2.024  and  5.042  for  an  imaginary  planet  of 

Qoifomi  density ;  bat  anoe  n  b  in  reality  abont  bi,  and 

nearly  r»  the  ellipticity  must  be  to  the  primitive  disturbing 
force  only  as  1  to  J  or  9  to  8,  and  the  height  of  the  tides  in 
equilibrium  .911  aud  2.269  respectively,  and  the  joint  height 
3.18  feet.  And  when  the  surface  assumes  any  other  form  than 
that  which  affords  the  equilibrium,  the  force  tending  to  restore 
thai  form  is  always  less  by  one  ninth  than  it  appears  to  be  when 
the  attraction  of  the  elevated  parts  tB  neglected.  The  theory  of 
the  tidea  moat  therefore  be  rery  materially  modiiied  by  these 
eonsideralionsy  althon^  they  do  not  afibct  the  general  method 
of  tnrplaining  the  phenomena. 

Tbese  calculations  are  also  immediately  applicable  to  the 
6gare  of  an  oblate  8|Aeroid :  for  it  may  Msily  be  shown,  that 
the  difference  of  the  elevations  in  the  oppoate  halves  of  each 
semicircle  is  precisely  the  same  in  an  oblate  as  in  an  oblong 
!»phen>id  of  equal  ellipticity :  so  that  the  ellipticity  must 
here  also  be  to  the  disturbing  force,  where  it  is  greatest,  as 

1  to  l->  ji^t  or  to  the  oentrifiig^  force  at  the  equator  as 

1  to  2 — Thus,  the  centrifugal  force  being  f ,  if  the  density 
were  vnfonn,  the  eUipticity  woold  be  vfr ;  but  since  it  is  in 

reality  about        2  —  ^  =Hi>  and  n  =  1.32,  n  implying  here 

the  ssean  densi^  of  the  earth  compared  with  the  mean  density 
of  Ibe  elevated  portion  of  the  spheroid,  which  hence  appears  to 
be  about  three  fourths  of  that  of  the  whole  earth.  It  is  obvious 
thUy  in  this  case  as  well  aa  in  the  former,  if  the  dennty  of 
the  sea  were  two  tlurds  greater  than  that  of  the  earth,  the 
sG^rtest  disturbing  force  would  completely  destroy  the  equili* 
brivn,  and  the  whole  ocean  would  be  collected  on  one  «de 
of  the  earth. 

I  am,  Sur, 
Your  very  humble  servant, 

A.  &  C.  D. 
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Fran  VlAtHmtfB  IdniMl  Ar  1808»  niL  n.  ITS. 


To  Mr.  NiCBOLSOM. 

Sib, 

Thb  BBme  mode  of  caleulatkMi,  by  which  the  figure  of  a 
gnmtating  body,  diflTering  but  litde  from  a  qihere^  has  been 
determined  (No.  XLIV.),  is  also  i^yplioable  to  the  magnitude 
of  its  immediate  attractiou,  or  the  oompaiative  leqgkh  of  a 
pendulum  in  diflforent  latitudes. 

Suppose  a  sphere  to  be  inscribed  in  the  spheroid,  and  another 
to  be  circumscribed  about  it ;  I  shall  first  show  that  the  attrac- 
tion at  the  pole  is  equal  to  that  of  the  smaller  sphere  increased 
by  tV  of  that  of  the  shell,  and  at  the  equator  equal  to  that  of 
the  larger  diminished  by  A-  If  we  call  the  attraction  of  this 
shell  2,  its  surface  being  equal  to  the  curved  surface  of  a 
circumscribing  cylinder,  the  attraction  of  a  narrow  ring  of  this 
cylinder,  or  of  the  elevated  portion  of  the  spheroid  at  the  e(|UA> 
tor,  supposed  to  act  at  the  distance  of  the  radius,  or  unity,  may 
be  expressed  by  its  breadth;  but  in  its  actual  situation  its 
attracUon  in  the  direction  of  the  axis  is  reduced  in  the  ratio  of 
the  cube  of  the  chord  of  half  a  ri^^t  angle  to  the  cube  of  the 
radius ;  and  the  attijaction  of  any  other  ring  will  be  to  thb  in 
the  ratio  of  the  quantity  of  matter,  or  the  cube  of  the  fline  of  the 
distance  from  the  pole,  and  of  the  rersed  sine  directly,  and  in 
the  ratio  of  the  cube  of  the  chord  inversely;  that  is  in  the  jouit 
ratio  of  the  cube  of  the  cosine  of  half  the  angle  and  the  wened 
sine  :  thus,  if  we  call  the  cosine  of  half  the  angle  x,  the  versed 
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sue  beiiig  2— Sje*,  and  the  floxUm  of  the  arc  the 

1  9k 

Aaxioo  of  the  force  at  the  equator  will  be-j^  .  yjyZS)*  ^ 
elsewhere  as  much  leai  as     (2-2x*)  is  less  than        that  is, 

—  ^/(\—xxf  ^ wUdi  the  fluent  is  ftmnd  as  befora  (4 

J-*  — ,V  j^- ry)  \^  (1— :ra-)  ;  and  this  becomes  ^  while  x  in- 
creases from  0  to  1,  being  to  2,  the  attraction  of  the  whole 
shell,  as  ry  to  1 ;  but  if  the  radius  of  the  sphere  be  1  and  the 
elliptici^  e»  the  attraction  of  the  shell  will  be  to  that  of  the 

sphmaa^  to  1, »  being  the  mean  density  of  the  sphere^  ooiii> 


pared  with  that  of  the  superficial  parts,  and  the  attraction  of 

the  spheroidal  prominence  will  be  expressed  by  ^  that  of  the 

sphere  being  unity. 

ne  dqiiessioo  below  the  eireiunscribed  sphere  is  equal,  on 
Ae  meridian,  to  the  eleva^  above  the  inscribed  q»here;  bul 
vauiihes  itt  tiie  equator,  being  emy  where  proportioDal  to  the 
square  of  the  shw  of  the  latitude ;  so  that  the  mean  depression 
of  eaeb  of  an  infinite  number  of  rings,  of  which  any  point  of  the 
eqoalor  is  iSbe  pole,  most  be  half  as  great  as  the  eloTation  of  the 
oorrcqiondiog  rings  parallel  to  the  equator;  and  the  whole 
deficicoc)  is  equal  to  half  of  the  whole  excess,  that  is,  to 

^;  oonseqaently  the  remaiaiotg  attrsctiflo  of  the  shell  is  ^ 

from  whiflb  we  must  deduct  the  diminution  of  the  attraction 
of  lim  inseribed  sphere  fe,  and  flie  whole  win  beoome  1  4- 


-j^^itt  which  subtracted  from  ^'h^  leaves  2^  —  ^  for  the 


of  tiie  immediate  attractioii  at  the  pole  above  the  eqnap 
tonal  attradioo;  to  winch  if  we  add  the  eentrifbgal  foroe/ the 

wUe  diminution  of  gravity  y  will  be  2«  —  ^4-  /;  but  aooe  s 
bdbre fomd to/as  I  tot  — -^or^  /,  we  have 


.  .        .  /,  mid  4r  -  ^ ./,  to  which  if  we  add  s, 

Sfls*  IS 

we  find  e-i-y  «  ^  •  /»  f/^  and  this  ii  the  celebrated  theo- 
mnof  Clauraot 
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It  remains  to  be  shown,  that  the  diminution  of  the  attractive 
foroe  at  diflferent  parts  of  the  spheroid  varies  as  the  square  of 
the  ooane  of  the  latitude.   The  elevatioii,  being  every  where 
proportional  to  tiie  square  of  the  distance  from  the  azia,  may  be 
divided  into  two  parts ;  one  proportional  to  the  square  of  the 
sme  of  tiie  distance  from  the  meridian  of  tiie  place,  and  the 
other  to  tiie  distance  firom  the  plane  of  another  meridian 
pcn)endicular  to  it:  but  tiie  first  of  tiiese  b^g  constanti 
whatever  may  be  the  poation  of  tiliB  place  to  be  considered,  the 
second  only  produces  the  variation.   Now  if  we  take  in  the 
second  portion  the  mean  of  the  elevations  at  any  two  points  of 
a  less  circle  equidistant  from  the  meridian,  it  will  be  propor- 
tional to  the  sum  of  tlie  squares  of  the  distance  of  the  centre  of 
the  circle  from  the  axis,  and  of  the  cosine  of  the  distance  from 
the  meridian  in  the  same  circle,  reduced  to  a  similar  direction, 
that  is,  diminished  in  the  ratio  of  the  radius  to  the  sine  of  the 
latitude,  sinee  twice  the  sum  of  the  squares  of  any  two  quanti- 
ties is  equal  to  the  sum  of  the  squares  of  their  sum  .and  their 
difference.   We  have  therefore  two  quantities,  varying  as  the 
square  of  the  corine  and  as  the  square  of  the  sine  of  the  lati- 
tude respectively :  but  the  square  of  the  sine  may  be  repre- 
sented by  a  constant  quantity  diminished  by  the  square  of 
tiie  cosine :  and  the  decrease  of  the  attraction  of  tiie  inscribed 
sphere  is  as  the  elevation,  whidi  is  aa  the  square  of  the  oodne ; 
the  centrifugal  ibroe  reduced  to  a  vertical  direction  is  also  aa  the 
square  of  the  cosuie.   We  have  therefore,  beside  two  constant 
quantities,  two  negative  forces  and  a  pontive  one,  all  varying  as 
the  squares  of  the  cosine  of  the  latitude ;  and  it  is  obvious,  that 
the  joint  result  of  the  whole,  or  the  upper  real  diminution  of 
gravity^  must  also  vary  in  the  same  proportion. 

A.  B.  C.  D. 

S9  JiiiM»  1808. 
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ON  THE  EQUlLimtlUM  AND  STftENGTU  OF 

ELASTIC  SIJUSTANG£S. 

From  the  MalhonaticAl  Ellcmcnts  of  NAturni  PhiloMphy,  in  the  Moond  Yolmne  of 

Dr.  Voiug's  Lectures,  lect.  iz.  p.  46.^ 


1.  Definition.  A  substance  perfectly  ohiatic  is  initially 
oxtendeil  and  compressed  in  equal  degrees  by  equal  furc4^  and 
|)ro{>ortionaUy  by  proportional  forces. 

2.  Dbfimition.  The  modulus  of  the  elasticity  of  any  sub- 
stance is  a  coliimii  of  the  same  suhetanoe^  capable  of  producing 
a  pressnre  oo  its  base  which  is  to  the  weight  causing  a  certain 
degree  of  compression,  as  the  length  of  the  substance  is  to  the 
diminutioo  of  its  length. 

d*  Theorem.  When  a  force  is  applied  to  an  elastic  column, 
of  a  rectangular  prismatic  form,  in  a  direction  parallel  to  the 
axis,  the  parts  nearest  to  the  line  of  direction  of  the  force  exert 
a  resistance  in  an  opposite  directioo ;  those  particles,  which  are 
at  a  distance  beyond  the  axis,  equal  to  a  third  proportional  to 
the  depth  and  twelve  times  the  distance  of  the  line  of  direction 
of  the  ibroe,  remain  in  their  natural  state ;  and  the  parts  beyond 
them  act  in  fhe  direction  of  the  ibroe. 

The  forces  of  repulsion  and  cohosion  are  initially  |)ro|K)rtional  to  the 
conii>rcssi<»n  or  exteiidion  of  the  strata,  and  these  to  their  distance  from 
the  jx)int  of  indifference:  tlic  forces  may  therefore  he  ro])rosent<Hl  I ty 
the  wcught  of  two  triangles,  formed  hy  the  intersection  of  two  lines  in 
the  point  of  indtirereoce ;  and  their  actions  may  be  considered  as  concen- 

•  This  Article  ha^  l»o"n  rf»printf><1  in  ronsoquciirp  of  tlio  <>i  iginality  tini!  inipoifitTP 
of  some  of  the  propositions  which  it  contains.    It  wiu  not  inchidcti  iu  tJic  new 
edftion  of  Dr.  Toong**  Lectures,  which  was  eJited  by  Profemor  Kellimd.— iVbl^ 
tktEdUor. 
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tnited  in'the  oentres  of  grayitj  of  the  trianglos,  which  are  at  the 
distanoe  of  two  thirds  of  the  length  of  each  frotn  the  vertex,  and  at  the 
distaooe  of  two  thirds  of  the  depth  fiom  each  other.   This  distaooe 

oonstitates  one  arm  of  a  lever,  which  is  of  constant  length,  while  tlic 
distanee  of  the  line  of  direction  of  tlu>  force  firom  the  centre  of  gravity  of 
the  nearest  triangle  constitutes  the  other  arm ;  and  calling  the  distance 
of  the  line  of  direction  of  the  force  from  the  axis,  a,  an<I  the  depth  6,  the 
length  of  this  arm,  on  the  sapposition  that  the  point  of  iiuiUlerenoc  is  at 

iheassigneddistanoe,waibea  +  ^        (*  ^  +        «" «  + 1^ 

—  ^6,  that  of  the  constant  ami  Ixjing  ^b.    The  o^hesivc  and  repulsive 

forces  mnst therefore  be  as  a  +  ^  ^  +^  +  f**^ 

which  serves  as  the  fhlcrum  of  the  lever  most  bear  a  force  eqosl  to  the 
sum  of  the  two  forces  applied  at  the  ends,  which  arc  proportional  to  tlie 
opposite  arms  of  the  lever;  or  as  85aa— 12a(4'Uto36aa-f>12a6+66, 
that  is,  as  (Ca-  6)*  to  (6a4-&)*:  but  these  forces  are  actoally  as  the 
squares  of  Ihe  sides  of  the  similar  triangles  which  represent  them,  thut 

is,  as  {^b^j^y  to      6  +  ~;)\  or  as  (Ga-i/  to  {Ga+by,  which 

is  the  ratio  required :  there  will  therefore  be  an  eqiulibriam  under  the 
drcumstanoes  of  the  proposition. 

4.  Theorem.  The  weight  of  the  modulus  of  the  elasticity 
of  a  column  being  7/i,  a  weight  l)ending  it  in  any  manner  iho. 
distAnce  of  the  line  of  its  application  from  any  point  of  the 
axis  a,  and  tlic  deptli  of  the  column    the  radius  of  curvature 

will  be  j^. 

Supposing  first  the  force  to  act  longitudinally,  and  a  =  the  point 
of  indifl'eronce  will  Ijc  in  the  remoter  sm  nice  of  tho  column,  and  the  coni- 
pros.sion  or  cxtonsi<»n  of  the  nearer  surface  will  Ix?  twice  a>  i^^at  as  if 
theVorco  had  bcH?n  api)licHl  equally  to  all  the  stn\ta ;  and  will  therefore 
be  to  the  length  of  any  ]Kirtion  as  2/"  to  m;  but  as  tliis  distance  is  to 

the  length,  so  is  the  depth  to  the  radius  of  curvature,  or  ^:in::6: 

which  is  Ihe  radhis  of  curvature  when  as  But  when  a  varies,  the  cur- 
vature will  vaiy  in  the  same  ratio ;  for  the  curvature  is  proportiooal  to 
the  angle  of  the  triangles  representing  the  forces,  and  (he  angles  of  either 

triangleto  its  area  divided  by  the  square  of  its  hsngth;  but  the  force 

hh 

exerted  by  tlic  remoter  port  of  the  column  is  to/ as  a  +— - — \b  to  5^*, 

r 

or  as  (6a— 6)*  to  24o6,  and  is  equal  to       •  (6a— 6)*,  but  tlie  square 
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(tt  \' 
~j  ,  or  (Ca  —  b)\ 

[^^*9  oooseqnendy  the  foroe,  or  the  area,  divided  by  this  aqmie  be- 

comes  ~t  and  the  curvatuio  variei*  duectiy  as  <i,  ami  as /,  and  inversely 
as  b*  I  baft  fliooe  m  vnriGS  as  fl^  we  must  make  (he  expression  for  the 
mcKna  of  cnrvatare      ,  which  becomes        when  ff  =  i^,  and  which' 

varies  as  6^  directly,  and  as  a  and  /  invcr.scly. 

If  the  force  Ix;  a})i»liod  obliquely,  its  ofloct  may  l)0  dotermincKl  l»y 
finding  tho  |X)int  at  wliich  it  meets  tho  ]ior|Kiidirnlar  to  tlio  axis,  and 
re^iolving  it  into  two  jiarts  :  that  wliicli  is  m  tlic  iliroction  of  this  ]>c  r|)en- 
dicidar  will  1)C  counteracted  l>y  the  hunal  .ulht  sion  of  the  suhstanco,  thi' 
other  will  always  protluce  the  same  curvatuio  as  if  tlie  force  had  hem 
originally  in  a  direction  parallel  to  the  axis:  but  the  place  of  the  point 
of  indiflerenoe  wiH  bedetetmined  from  fbe  point  of  intersection  alniady 
nMBtkmed,  and  when  the  foroebeoonies  ))erpendiai1ar  to  the  coliiniDythe 
nentrel  point  will  ooincide  with  the  axis. 

ScHOUUM.  If  one  sturfiioe  of  the  column  were  mcompressible,  and  aU 
the  resistance  of  its  strata  were  collected  in  the  other,  die  radios  of  cur- 

vature  would  evidently  be       ;  a  l)eing  the  distance  from  the  inconi- 

preasiWe  side,  which  is  ultimately  12  times  as  great  as  in  the  natoral 
state  of  an  ebstic  sobstanoe. 

5.  Theorem.  The  distance  of  the  point  of  grcate.-t  cur- 
vature of  a  prismatic  beam,  from  the  line  of  direction  of  the 
force,  is  twice  the  versed  sine  of  that  arc  of  the  circle  of 
greatest  curvature,  of  wliich  the  extremity  is  parallel  to  that  of 
the  beam. 

Sapposing  the  carve,  into  which  the  beam  is  bent,  to  Ijc  described 
with  an  equable  angular  velocity,  its  fluxion  will  be  directly  as  the  radius 
of  curvature,  or  inveriscly  as  a,  the  distance  of  the  force  from  the  axis  of 
the  beam  ;  this  wo  may  still  call  a  at  tho  point  of  [greatest  curvature, 
and  y  elsewhere,  tlie  coiro.s|X)nding  arc  of  the  circle  of  curvature  being  z  ; 


then  the  fluxion  of  the  carve  will  be     ;  but  this  fluxjon  is  to   as  the 


az       8in. ; 


radios  r  to  the  sine  of  the  angle  or  arc     or  +  y  =  —   .     ^  "  ,  but 

C*^*H.  s  V,  9  being  the  versed  sine  of  the  arc  s,7  3^  soi^,  and  yjf  sft 

+  2ai',  6  Ix^'ing  a  constant  »jiiantity  ;  when  >/-((,  f  =  o,  and  «tf  =  6, 
therefore      =au  —  2uti,  and  wlu  n  y  -  o,  at(  =  2av,  and  (*  =  2r. 

k2 
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Scholium.  When  the  force  is  longitudinal,  anil  the  curvature  incon- 
siderable, the  form  ooincides  with  the  harmonic  curve,  the  cnnratnre 
being  proportioiial  to  the  distmoe  fimn  tiw  axis :  'snd  the  distanoe  of 
ibe  pobt  of  indiflfereDce  from  the  axis  becomes  the  secantof  an  arc  pro 
portiooal  to  the  distanoe  from  the  middle  of  the  oohmin* 

6.  Theorem.  If  a  beam  is  naturally  of  the  form  which  a 
prismatic  beam  would  acquire,  if  it  were  slightly  bent  by  a 
longitudinal  force,  cfiUing  its  depth,  ft,  its  length,  £?,  the  circum- 
ference of  a  circle  of  which  tlie  diameter  is  unity,  c,  the  weight 
of  the  modulus  of  elasticity,' the  natural  demtioii  from  the 
rectilinear  form,  and  a  force  applied  at  the  extremities  of 
the  axis,     the  total  demtioD  fnm  the  reetilliiettr  form  will 

1^  ^  hbeedm 

"  bbccm-^\2eef* 

The  fonu  lieing  originally  a  harmonic  curve,  the  curvature  and  length 
of  the  ordinate  added  at  each  [)oint  by  the  action  of  the  force  will  also 
be  equal  to  tho^ie  of  a  harmonic  curve,  of  which  Uic  vertical  radius 

of  m»«  U  ^.  «d  th.  b«i.  th.  l»glh  of  the  b«m , 

but  the  vertical  ordinate  of  the  harmoalc  carve  is  a  third  propor- 
tional to  its  rodins  of  corvatofe  and  that  of  the  figure  of  sines  on 

the  same  basis,  which  in  this  case  would  be        the  additional  vcrti- 

csl  ordtnste  most  therefeve  be  -  .      ,  snd  this  sdded  to  the  devi- 
ce 66« 

ation  d,  most  become  equal  to  a,  and  a  «d  +^ .        a  ->.^  •  » 

Scholium.  It  apjx^rs  from  this  formula,  that  when  the  other  quan- 
tities remain  unaltered,  a  varies  in  proportion  to  d,  and  if  d  ~o,  the 
Ixmm  cannot  be  rotaineil  in  a  state  of  inflection,  whilo  the  donomi- 
nator  of  the  fraction  roniains  a  finite  quantity  :  l)ut  when  Ukxtt}  —  12eef^  a 
becomes  infinite,  whatever  may  l>o  tho  mau'iiitnde  of  d,  and  tho  force 
will  overpower  the  beam,  or  will  at  least  cause  it  to  l)ond  .<v)  much  as  to 

deraiigs  the  opeiatioD  of  the  £3ices  concerned.  In  this  case/ e  • 

w  .  8225  which  is  the  force  capable  of  holding  the  beam  in  equili- 
brium in  any  inconsiderable  dcgrt'e  of  curvature.  Henco  the  nimluliis  1  •♦•ing 
known  for  any  substince,  we  may  determine  at  once  the  weight  which 
a  given  har  nearly  straight  is  ca])al)le  of  supj)orting.  For  instanro  in  tir 
\v<hmI,  .su|)|K)sing  its  height  10,000,000  feet,  a  bar  an  inch  s<juaie  and  U  n 
i'eet  long  may  begin  to  beud  witli  the  weight  of  a  l>ar  of  the  same  tluck- 
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eqiMa  in  length  to  .8225  X  -j;^^^  X  10,000,000  feet»  or  571 

feet;  tint  is  witba  weig^if  thoat  120  poondi;  nei^ecting  tiieeflect 
of  the  wei|^  of  the  bar  itKl£  Id  the  same  manoer  the  stnagfh  of  a 
bar  of 'anj  other  sobetuioe  nmj  be  detennined,  either  fiom  direct  er* 

perimeiita  on  ilB  0exiire,  or  fim  the  flooiids  that  it  piodn^  If/«S 

^    .822511,  and^«V(*8226ii)a.907V»;  whence^  if  we  Imoir  the 

force  required  to  crnah  a  bar  or  cohmm,  we  may  calcwlate  what  mmtbetha 
{jropurtiao  of  its  length  to  its  depth,  fai  order  that  it  may  begin  to  bend 
mther  than  be  cnuhed.  The  hog^  of  the  modtdoa  of  elacticity  for 
iiQtt  or  atael  ia  about  9,000,000  feet,  for  wood,  from  4,000,000  to 
10,000,000,  and  for  atone  probably  about  5,000,000;  ite  weight  for  a 
aqoare  inch  of  iron  80,000,000  pomkb,  of  wood  fiom  1,600,000  to 
4,000,000,  and  of  atone  about  5,000,000 :  and  the  wdnes  of  n  are  in 
die  two  lint  cueafiRun  200  to  250,  and  in  the  tlkrd  abont  2500,  and 

becomes  15  and  50,  and  ^,  12.3  and  41.1  respectively,  so  that  a  co- 
lumn of  iron  or  wood  cannot  sup|K5rt,  without  being  cnished,  a  longitu- 
dinal force  sufficient  to  bend  it,  unless  its  length  be  greatt'r  tlum  12 
times  its  depth,  nor  a  column  of  stone,  unless  its  length  be  greater  than 
40  times  its  depth. 

7.  Thborsm.  '  WbeQ-a  longitudinal  force  is  applied  to  the 
extremities  of  a  straight  prismatie  beaniy  at  the  distanoe  a  from 
the  axis,  the  deflection  of  the  middle  of  the  beam  will  be 

a. (sec arc  (/(-|^)  . 

—\ .  — »  or««fto 

^(^)'  ^  ^^^^  might  be  retained  by  the  force  /  in  the  form  of  a 

hannonic  airve,  of  which  a  nngbt  be  an  onlinate,  and  the  vertkal  ordi- 
nate would  be  as  modi  greater  than  a  as  the  radius  is  gicatcr  than  the 
sine  of  the  arc  corresponding  to  its  distance  ftom  the  origin  of  the  curve, 

or  as  the  secant  of  the  aic  corresponding  to  its  distance  fiom  the 
middle  of  the  curve  is  greater  tlian  the  radius,  and  the  excess  of  this 
secant  above  the  radius  will  express  the  deflection  produced  by  the 

action  of  the  force;  but  this  arc  is  to  the  qoadnnt|>  as  s  to  5c  V  (12/)' 

and  is  tlierciure  equal  to  V^-—'^  •  ^. 

ScBOUUM.   Hence  it  appears  that  when  the  other  quantities  are 
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ooQstant,  the  dcflectioD  varies  in  die  simple  ratio  of  a.   The  nidiiui  of 


cumtarc  at  the  vertex  is  "Bh-  —  ,  (hwi  which  the 

dtgree  of  estaDiioD  and.  compresBion  of  the  sobslaiioe  may  be  de- 
tetmined. 

8.  TuEOREM.  Tlic  form  of  an  cliiitic  bar,  fixed  at  one  end, 
and  bearing  a  weight  at  the  extremity,  becomes  ultimately  a 
cubic  parabola,  and  the  depression  is  of  the  versed  sine  of  an 
equal  arc,  in  tlie  smallest  circle  uf  curvature. 

The  ordinate  of  the  cubic  parabola  being  ax*,  its  QmSm  it  8cUB*dr, 
and  ils  second  fluxion  4ax£st,  which  varies  as  a:  the  abeciss.    If  the 

curvature  had  been  constant,  the  second  fluxion  would  have  been  bxjc, 
the  first  fiuxi<^ii  6.r.r,  and  the  ordinate  ^Zwrx ;  but  us  it  is  bxx^xxJb, 
the  firat  fluxion  is  Ijcx  —  f?-*^-,  and  the  fluent  Ibx*  —  wbich^  wlwn 
bsXf  becomes       instead. of  ^. 

9.  Theorem.    The  weight  of  the  moilulus  of  the  elasticity 

of  a  bar  \s  to  a  weight  acting  at  its  extremity  only,  as  four 
times  the  cube  of  the  length  to  the  product  of  the  square  of  tlio 
dcptli  and  the  depression. 

If  the  depreBsioo  be  the  vcned  sine  of  an  equal  are  in  the  flmaQest 
drde  of  oorvatora  will  be  {d^  and  the  radioB  of  cnrratme  ^  e  being  the 

length;  but  the  radius  of  curvature  is  also  expraaed  by         a  being 

htie  enual  to  e,  therefore ^  =       ,  \2e'f  =  ZhUlm^  and  wi  =       /.  It 

oo     \2cf  *'  bbd 

fhethn  weight  of  a  portion  of  the  beam  of  wiiich  Uie  length  is  jp,  the 

height  of  the  modulus  will  be     .  g. 

Scholium,  In  an  c.\i>orinK'nt  on  ii  Ixu  of  in»n,  niontionod  by  Mr, 
LVanks,  c  was  18  inches,  6  and  d  each  1,/  480  [xmnds,  and  </  alnnit  150 
feet :  hence  tlie  height  of  the  modulus  could  not  liavc  been  Ies6  tliaii 
8,500,000  feet.  But  d  was  probably  mndi  less  than  lJua,  as  the  depits> 
sion  was  only  rooosnrod  at  the  point  of  breaking,  and  m  must  have  been 
larger  in  the  aanie  proixirtion. 

10.  TuuouEM.  If  an  equable  bar  be  fixed  horizontally  at 
one  end,  and  bent  by  its  own  weight,  the  depression  at  the  ex- 
tremity will  be  half  the  versed  sine  of  an  c(|IIa1  are  in  the  ctrclo 
of  curvature  at  the  fixed  point. 
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Tliefllnto  on  each  part  is  liere  equal  to'the  weight  of  the  portkm  be- 
yond it,  acting  at  the  end  of  a  lever  of  half  its  length:  the  curvature  will 
thodbfe  be  aa  the  aqnare  of  the  dielanoe  from  the  eztremitf.  And  if 
the  second  fluxion  at  the  vertex  be  otv^i,  it  will  be  everywhere  (a^a?)" 

£xt»aaiJ:~'2axxx-^x*£x;  the  first  fluxions  of  these  qoantities  are 
aaxx  and  aawrjr-.aap*jfr+ix"i",  and  the  fluents  and  j<fa^'—lax* 
•f-fifX* ;  or  when  xma^  ^a*  and  ;  therefore  the  depression  is  in 
this  esse  lialf  of  the  versed  sine. 


XL  TiraottKM.  The  height  of  the  modnlns  of  the  elas- 
tidtj  of  a  bar,  fised  at  one  end,  and  depressed  by  its  own 

weight,  is  half  as  much  more  as  the  fourth  power  of  the  lenp^th 
tlividcd  by  tiic  product  of  the  square  of  the  depth  aud  the 
depression. 

The  wciqht  of  the  bar  0|)cratc8  as  if  it  were  concentrated  at  the  dis- 
tance of  iiaif  tlie  length,  or  as  if  it  were  reduced  to  one  lialf,  acting  at 

the  exticmitjr:  we  have  tberefim  j  Ibr  the  length  of  a  portion  equiva- 


lent  to  the  we^t»  and  ^  whence  ms^/,  and  the  height 

St* 


18.  TmBoamt.  The  depreasioa  of  the  middle  of  a  bar 
ipported  at  both  ends,  prodnoed  by  its  own  weight,  is  five- 
sixths  of  the  Yersed  sine  of  half  the  et^ual  arc  ui  the  drcle  of 
least  curvature. 

T\io  curvature  varies  as  tw— .r.r,  nnil  the  second  fluxion  is  therefore 
fi  pn-si  nfi-«I  l«y  if'f  i\r'—xj'JJ\\\  \i\U'  that  of  the  ver.s«"<l  sine  ismu\f, 
the  linil  tluxiuiis  art-  ncurx  and  m/.r./  —  J. and  tlif  Ihimts  ^a^j-*  nnd 
—  i'|X*,  or,  when  x=»a,  4a*,  and  iV«*,  which  ore  iu  the  ruUo 

of      In  .'». 

13.  TiOPOBBM.  Tlic  height  uf  the  niodulu-  of  the  elasticity 
of  a  bar,  supported  at  both  ends,  is  of  the  fuurtli  power  of 
the  leogth»  ittnded  by  the  ptodnd  of  the  depresiioo  and  the 
of  the  depth* 


Y'<r  llw  >lr;t.ti  at  th.  middle  is  «jual  to  llie  clli  cl  ef  llio  \v»  i<^'lit  of  one 
ic#urU)  uf  iIk-  Imr  iicling  on  a  lcv<  r  of  half  the  Iciij^lh  (-'il2) ;  iuid  the 

fmhun  of  cur^aturu  then;    ^  "  "^y  >  ~  ^  height 
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ScHOLiaif.  From  an  cxpeinment  made  bj  Mr.  Leslie  oo  a  bar  in 
these  circumstances,  the  height  of  the  modukiB  of  the  elastiGiiy  of  deal 
appears  lo  be  about  9,328,000  leet  Chladni'tf  obiervatioos  oo  the 
soQixla  of  fir  wood,  aflbrd  veiy  nearly  th«  aune  result. 

14.  Theorem.  The  weight  under  which  a  vertical  bar  not 
fixed  at  the  end,  may  begpn  to  bend,  is  to  any  weight  laid  on  the 
middle  of  the  same  bar,  when  supported  at  the  eRtremitiea  in  a 
horixontal  porition,  nearly  in  the  ralio  of  tMw  of  the  lei^sth  to 
the  depression. 

For  the  weight  laid  on  the  bar  being/,  the  pressure  on  each  fulcrum  ia 
and  the  length  of  tiielever  I,  so  that  the  weight  of  fha  modidns 

l>cconie8  j^M'  ^  ^"^'^  capable  of  keeping  the  column  bent  is 
(  j)'  -'^,  or  since  «  =  a/^./=. 0514^/.  The  effect  of  thewe^t 
of  the  bar  on  the  depression  may  be  separately  observed  and  deducted. 

15.  Thborbv.   The  force  acting  on  any  point  of  a  uniform 

clastic  rod,  bent  a  little  from  the  axis,  varies  as  the  second 
fluxion  of  the  curvature,  or  as  the  fourth  fluxion  of  the  ordi- 
nate. 

For  if  we  consider  the  ro<I  as  composed  of  an  infinite  number  of  small 
inflexible  pieces,  united  by  clastic  joints,  the  strain,  produced  by  the 
elasticity  of  each  joint,  must  lie  considered  as  the  cause  of  two  effects,  a 
force  tending  to  i)res8  the  pint  towards  its  concave  side,  and  a  Ibroe 
half  lis  great  as  tliis,  urging  the  remoter  extremities  of  tlie  pieces  in  a 
contrary  dirtx;tion  ;  for  it  is  only  by  external  pressures,  a]>[>liod  so  as  to 
counteract  these  tUroc  forces,  that  the  [>ieces  am  be  held  in  e<|uilil>rium. 
Now  when  the  force,  acting  against  the  convex  side  of  each  joint, 
is  etjual  to  the  suni  of  tli*.'  forcis  deriveil  from  the  llexuie  of  the  two 
neighl)ouririg  joints,  the  whole  will  ri.'inain  in  et(uilil»rium';  and  thus  wjII 
Ik;  the  case  whether  the  curvature  Ik*  e<]ual  througliout,  or  \arv  uni 
forndy,  since  in  either  cas*^' the  curvature  at  anyj»oint  ise<iual  t«i  the  liali 
sum  of  tiie  neighlx>uriug  curvatures ;  and  it  is  only  the  diiierence  of  Uie 
curvature  from  tiiis  half  sum,  whidi  is  as  tlic  second  fluxion  of  tlie  curva- 
ture, Uiat  determines  tl)e  occeleraling  force. 

IC.  Definition  The  stifiue&s  of  \hhVic6  is  measured  by 
their  reaiatance  at  an  equal  linear  deviation  from  their  natural 
position 
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17.  Theorem.  TIjc  stiftness  of  a  beam  is  directly  ;ia  its 
Itreadth,  and  tlie  cube  uf  iu  depth,  aod  iuvenMjly  as  the  cube 
of  ltd  length. 

Since  ^-^'f  (•^'^  9)  and m  firies as M,  A  being  the  breadth, 

Mft  vmeBtt<r,ind/a8^,  tbftl  ti,  when  d  is  gtven,  «A,andy» 
and  invenely  as  ^. 

18.  Thbobbm.  The  direct  oohenYe  or  repulaive  Btrength  of 
a  body  is  in  the  juint  ratio  of  its  primitiTe  elartici^»  of  its 
toughness,  and  the  magnitiide  of  its  sectioD. 

Since  the  force  required  to  produce  a  given  extension  is  as  lliu  exten- 
sion, where  the  elasticity  is  equal,  Uie  force  at  tiic  iostaut  of  breaking  is 
as  the  extension  which  the  body  will  bear  without  breaking,  or  as  its 
toughness.  And  the  force  of  each  particle  bcin;^  equal,  the  whole  force 
must  l)C  as  the  nunilxir  of  the  particles,  or  as  tiic  section. 

Scholium.  Thouph  most  natural  substiinces  apiK^ar  in  their  intimate 
constitution  to  Ik:- ixrtoctly  elastic,  yet  it  often  hajijH'ns  that  their  tough- 
ness with  resjxct  U)  cxtLiision  and  com])ression  dillers  very  n)at<*rially. 
In  general,  iKxlies  ore  said  to  have  less  toughness  in  resisting  extension 
than  compression.  • 

19.  Thbobbm.  The  tnmsvene  strength  of  abeam  is  directly 
as  the  breadth  aad  as  the  square  of  the  depth,  and  inversely  as 
the  length. 

The  akrengUi  is  limited  by  the  extension  or  compression  which  the 
substance  will  l)ear  witliout  fuihng ;  the  curvature  at  the  instant  of  frac- 
tue  must  therefore  be  inversely  as  the  depth,  and  the  radios  of  curva- 

tore  as  the  depth,  or       aa  (,  oonaequentiy  Im  must  be  as.  of,  and  / 

fai       .        .      ..  6M 
as  — ,  or,  suioe  m  is  as  oA,  as  — 
A  a 

ScBOUUM.  If  one  of  the  auiftces  of  a  beam  were  inoompfessible,  and 
the  ooheaive  force  of  all  its  strata  collected  in  the  other,  its  strength 
would  Ixs  six  timos  as  great  as  in  the  natural  state;  fur  the  radius  of  cur- 

▼atuie  would  be        wluch  cuuid  not  Ih:  less  thou  twice  us  great  as  in 

the  natural  state,  because  the  strata  would  be  twite  as  nuich  extcndeil, 
with  the  same  curvature,  as  when  the  neutral  {XMnt  is  in  the  axis;  and 
/would  then  be  six  times  as  great. 
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20.  Definition.  The  resilience  of  a  beam  may  becwiai- 
dered  as  pr(>}>ortional  to  tlic  height  from  which  a  ^veu  body 
must  fall  to  break  it. 

21.  Thimrbm.  The  lenlienoe  of  prismatic  beams  is  simply 
as  their  bulk. 

The  space  through  which  the  force  or  stifibcss  of  a  bcanf  acts,  in  ge- 
nerating or  destroying  motion,  is  detorniincd  by  the  curvature  tliat  it 
will  lx?ar  without  breaking  ;  nud  this  curvature  is  inverst  iy  as  the  depth  ; 
coiise( jiicntlv  the  (U-pn  ssioa  will  1)C  ius  the  S(juai\'  of  the  length  direc  tly, 
and  ;is  the  depth  iin  t  rsdy  :  hut  the  force  in  similar  jarts  of  the  spaecs 
to  be  descrilx.'d  is  *  very  where  as  the  strength,  or  as  the  s(juAre  of  the 
depth  dirt'ctiv,  and  as  the  length  inversely:  therefore  tfie  joint  ratio  of 
the  spaces  and  the  forces  is  the  ratio  of  the  ])r(xlucts  of  the  length  l>y 
the  dcptli ;  but  tliis  ratio  is  that  of  Uic  squares  of  tlic  velocities  generai*.-d 
or  detitroyed,  or  of  tlic  heights  froi^  whicli  a  Ixxly  must  £a\l  to  acquire 
these  velocities.  And  if  the  breadth  vaiy,  the  ibroe  will  obviously  vary 
iDthesomerstio;  therefore  the  resilience  will  be  in  the  Joint  rstio  of  the 
length,  breadth,  and  depth. 

•  22.  Theorem.  The  stiffest  beam  that  can  be  cut  out  of  a 
given  cylinder  is  that  of  wiiich  the  depth  is  to  the  breadth  as  the 
square  root  of  B  to  1,  and  the  strongest  as  the  square  root  of 
2  to  1 ;  bat  the  most  lesifient  will  be  that  wluefa  has  its  depth 
and  breadth  equal. 

Let  the  diameter  or  diagonal  be  a,  and  the  breadth  x;  then  the  depth 

being  V  —  a»r),  tiie  stiffiiess  is  (oa— «sr)^ar,  and  the  strength 
(Kur—:r",  which  most  be  maximums;  and  (oa«-dRr)*^  most  be  a 
maiimnm ;  so  that  3(aa— orar)*.  (— 2a^) .  d»r-|-(aa-«s»>)*(2iz%r)  so^ 
aa-^sex  =  Sxx ;  and  the  sr|uares  of  the  hrea<lth  and  depth  are  as  1  to  3 ; 
also  (tax  =  Sx*x,  x  =  and  the  depth  V  V'j  for  tlie  strongest  form. 
It  is  evident  that  the  bulk,  and  consequently  the  resilience^  will  be 
greatest  when  the  depth  and  breadth  are  equal. 

23.  Theorem.  Supposing  a  tube  of  evanescent  thickness  to 
be  expanded  into  a  similar  tube  of  jrreater  <Hauieter,  but  of 
equal  length,  the  (piantity  of  matter  remaining  the  same,  tlie 
strength  will  be  increased  iu  the  ratio  of  the  diameter,  and  the 
stiffuees  in  the  ratio  of  the  square  of  the  diameter,  but  tho  resi- 
lience will  remain  unaltered. 
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For  die  qnatilf  of  matter  veniaiJiing  the  same,  its  acUon  is  in  both 
casM  simply  as  its  distance  from  the  fdcmm,  or  from  the  axis  of  motion, 
and  this  distance  is  simply  as  the  diameter,  since  the  section  remains 
simUar  in  all  its  parts:  t|ie  tension  at  a  given  angular  flexure  being  also 
increased  with  tiie  distance,  the  stiffiiess  will  be  as  the  square  of  the  dis* 
tanoe,  and  the  feroe  in  similar  parts  of  the  spaoe  de8cnl)ed  being  aim 
invendy  as  the  space,  the  square  of  the  velocity  prodnoed  or  destroyed 
wffl  remain  maltorcil. 

ScHOUiTM.  When  a  beam  of  finite  thickness  Is  made  holkyw,  retain- 
i^  the  same  quantity  of  matter,  the  strength  is  increased  in  a  ratio 
somcvvlmt  greater  than  tliat  of  the  diameter,  because  the  tension  of  the 
internal  fibres  at  the  instant  of  Ixealung  is  increased. 

24.  TuEOREM.  Tlio  stiffness  of  a  cylinder  is  to  that  of 
its  circumscribing  prism  a^  three  times  the  bulk  of  the  cylinder 
to  four  timeB  that  of  the  priam* 

The  Ibfoe  of  each  stmtnm  of  the  cylinder  may  be  considered  as  acting 
on  a  lever  of  which  the  length  is  equal  to  its  distance  w  from  tiie  aacis : 
Ibr  aIthoi|g|i  there  is  no  fixed  iiilcrum  at  the  axis,  yet  the  whde  force  is 
exactly  the  same  as  If  such  a  fidcrum  were  placed  there^  shioe  the  oppo- 
site  actioas  of  the  opposite  parts  would  remove  all  pressure  firom  the  fid* 
<jnni.  The  tension  of  each  sbatum  being  also  as  the  distance  xr,  and 
the  breadth  being  called  2y,  the  fluxion  of  the  force  on  eitlier  side  of  tho 
axis  will  be  2si^ity  while  that  of  tlic  force  of  tlie  prism  is  2x*x,  and  its 
fioent  fr«.   Bat  the  fluent  of  2a*yJt,  or  2  V  (1  calling  the 

ladius  unity,  is  iiz—y*x),  z  being  the  area  of  the  portion  of  tljc 
section  included  lx_>t\vcen  the  stratum  and  the  axis,  of  which  the  fluxion 
\s  yxi  for  the  fluxion  of  z^y*x  is  yx—y*x^^xyszya^xm^^i^x. 


^— ^  =yd^+%aAvcs^jB^;  and  when  jpal,  and  yeo^  the  fluent 

Uxx)nics      while  the  force  of  the  priam  is  expressed  by  f. 

SCUOUUM.  It  is  obvious  that  the  strength  and  resilience  arc  in  this 
case  in  tfie  same  ratio  as  the  stiffiiess.  The  strength  of  a  tube  may  be 
found  by  deducting  from  the  strength  of  the  whole  cylinder  that  of  tlie 
part  removed,  reduced  in  the  ratio  of  the  diameters. 

25.  Thbobbm.  If  a  column,  subjected  to  a  lougitudinal 
force,  be  cut  out  of  a  plank  or  slab  of  equable  depth,  b  order 
that  the  extension  and  compression  of  the  anrfiuses  may  be  ini- 
tially every  where  equal,  its  outline  must  be  a  circular  arc. 

Neglecting  the  dititancc  of  the  ncotial  |ioint  firom  the  axiti,  the  curva- 
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ture  must  be  constant,  in  onli-r  timt  tlic  tension  of  tlie  su[XirriciaI  fitjres 
may  Imj  e<jual  ;  antl  the  breailth  must  be  as  the  distance  of  the  line  of 
applic^ition  of  the  force;  that  is,  as  the  ordinate  of  a  circular  arc,  or, 
when  the  curvature  is  small,  it  must  \xi  equal  to  the  ordinate  of  ouotber 
circular  arc,  of  which  the  chord  is  equal  to  tlie  axis. 

26.  Theorem,  If  a  column  be  cut  out  of  a  plank  of  equable 
breadth,  and  the  oottine  liniitii^  ite  depth  be  joompoecd  of  two 
triangleB,  joined  at  thdr  baM8»  the  tension  of  the  anrfeces 
produced  hy  a  longitudinal  force  will  be  every  where  equal, 
when  the  radius  of  cumtore  at  the  middle  becomes  equal  to 
half  the  length  of  theodumn ;  and  In  this  case  the  com  will  be 
a  cycloid. 

For  in  the  cycloid,  the  radius  of  curvature  varies  as  the  distance,  in 
the  curve,  from  its  origin,  or  as  the  square  root  of  the  ordinate  a,  and  if 
the  depth  6  be  as  this  distance,  a  will  vary  as  bb^  and  the  corvatur^ 

which  is  profiortioDa]  to     will  be  always  as  p  and  the  teiuioii  will 

be  equable  throughout  In  every  cycloid  the  radius  of  curvature  at  the 
middle  point  is  half  of  the  lengdi. 

ScBOumi.  When  the  curvature  at  the  middle  differs  from  that 
of  the  cy.doid,  the  %ave  of  the  column  becomes  of  mote  di£Boiilt  imws- 
tigatioo.  It  may  however  be  deUnested  meebanically,  making  both  the 
depth  of  the  column  and  its  nKUns  of  curvatore  propbrtional  always  to 
Va>  If  the'bfeadth  of  the  ooltimn  vaiy  in  the  ssme  proportion  as  the 
depth,  they  must  both  be  amy  where  ss  the  cnbe  root  of  a. 
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SOME  PROPOSITIONS  OK 

WAVES  AND  SOUND. 

Pkitly  from  Dr.  Ywm^t  EhoMBtaiy  lUnitnliom  4»f      CelMtiid  Mediaiucs  of 

L«plare,  an<J  partly  from  Lh«  IfaAhcmatical  EltBMIlU  of  Natonl  PhUoSOpby  in 

tlie  secoml  Tolum«  of  hU  Ltdurm,  p.  63. 


1.  Theorem.  When  the  aur&ce  of  an  incompressible  fluidy 
contained  in  a  narrow  prismatic  canal,  is  elevated  or  depressed 
a  little  at  any  part  above  the  general  level ;  if  we  suppose  a 
point  to  move  in  the  surface  eadi  way,  with  a  velocity  equal 
to  that  of  a  heavy  body  fidling  through  half  m  the  depth,  of 
the  fluid,  the  surface  of  the  fluid,  at  the  part  first  alfected, 
will  always  be  in  a  right  line  between  the  two  moveable 
points.*  Gel.  Mec.,  No.  878,  p.  318. 

The  particles  constituting  any  column  of  the  fluiil,  extending  across 
the  CMial,  are  actuattMl  by  two  forces,  derived  from  the  hydrostatic  pres- 
sures of  the  columns  on  each  side,  these  [jrcssures  Ixiing  supix)sc'tl  to  ex- 
t*:'nd  to  the  iKjttom  of  the  canal,  with  an  int^^^^nsity  regulated  only  hy  the 
height  of  the  columns  themselves  ;  and  this  supposition  would  be  either 
perfectly  or  very  nearly  true,  if  the  particles  of  the  fluid  were  infinitely 
elastic,  tfast  is,  abaolotely  incompfweible ;  and  if  the  fluidity  weie  at 
the  same  time  so  ^x^rfect,  that  no  particle  of  the  fluid  should  be  a^ted 
by  any  pressufe  not  tending  directly  towsrds'  it.  A  distingnisiied  ma- 
thenatidBn  of  the  present  day  appears  indeed  to  have  assnmed,  that  the 
ptoseuro  is  transmitted  downwards  with  a  veloctty  determined  by  the 
depth,  and  rdated  to  the  velociiy  of  the  horiaontal  transmission,  if  not 
identicsl  with  it :  but  it  seems  sufficiently  obvious,  that  if  the  canal  he 
auppused  incompressible^  the  pressure  must  descend  in  it,  as  it  confess- 

*  This  proposition  is  demoiistrat&l  upon  the  same  principles,  but  without  the  aid 
of  tjafaott,  ia  No.  395,  p.  63,  of  tiit  wcond  Tolvme  of  llit  LcctorM.— JVblf  fly  ike 
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cdly  would  ilo  in  an  organ  pipe,  with  a  vclonity  deppmlcnt  onl^  on  tho 
intimate  elasticity  of  Uic  medium,  wliich  iu  tliis  proposition  is  supposed 
infinite.* 

Now  the  eliflbrcnco  of  tho  forces  on  each  side  of  tho  thin  transverse 
section  of  the  canal,  constituting  a  jwtial  pressure,  is  tlie  iranieiliate 
c^Misi-  of  the  horizontal  motion;  and  the  vertical  motion  is  the  eifect  of 
the  modification  of  the  horizontal  motion  :  and  the  dificronco  of  the  jires- 
sures  is  every  wiioie  to  the  weight  of  tlie  column  or  section,  or  of  any  of 
its  jxirts,  as  the  difTerence  of  the  heights  to  the  thickness  of  the  column, 
or  as  the  flozioa  of  the  height  y  to  tliat  of  the  faorixontal  length  of  Uic 
canal  x.  Hence,  If  the  weight  of  any  particle  be  called  tfy  the  hori- 
zontal force  acting  on  it  will  be  ^  ^.    Such  therelbre  is  the  force 

acting  horizontally  on  any  elementary  column  :  but  the  clt)ngation  or  ab- 
breviation of  tlie  column  depends  on  the  diiTerencc  of  the  velocities,  with 
which  its  two  transverse  surfaces  are  made  ti>  a<l\  ance,  and  this  elevation 
or  depression  of  the  upi)cr  surflice  is  therefore  to  the  whole  height,  as 
the  variation  of  the  fluxion  of  the  length,  or  thickness,  )>i-ndiicoil  l»y  the 
operation  of  the  force,  is  to  the  whole  llnxion  of  tho  length;  that  is,  ry 
is  to  ^  as  Bdx  to  tlx,  or  as  c  ux  to  vx.  But  tl>e  force  which  produces  Uie 

chaoge  being  d  ^  ^  ^  ^  ^»  niAkin^da;  ooostant,  it  may  be  aoppoeed 

to  be  increaaed,  with  reference  to  the  acoelemtion  of  the  upper  snrfiioe  of 
&e  fluid,  in  the  ratio  of  the  ^mchroiioiia  variations  Mx  and     or  that 

of  dx  tD  J/,  and  it  will  then  become  ^'^9=  which  will  be  tbe 

measure  of  the  acceleration  of  the  surface,  and  the  snr&cc  will  ascend  or 
descend  precisely  as  if  immediately  stil>jocted  to  the  operation  of  such  a 
force.  We  may  therefore  inquire  what  must  l^e  the  velocity  of  a  body 
moving  along  the  curved  surface,  or  what  must  l>e  the  horizontal  velo- 
city of  a  similar  surface  moving  along  through  Uie  Ixnly,  in  ordcj 

that  the  vertical  motioa  should  lepveseot  the  eflect  of  the  force  ^  gy. 
Now  in  the  common  expression  of  the  magnitude  of  a  force  acting  in  tiie 
direction  of  y,  we  aay  /  =  ^ ;  we  must  therefore  malLe  ^  a  ^fif » 
or      ^gyy  and  ^  »  nKSUY  oonaeqnently  if  «  flow  with  the  constant 

velocity  v  a'  ^  -  Vto)f  the  second  fluxion  of  y  will  always  represent 

the  actual  acceleration  of  the  surface  of  the  lluid,  the  i>art  of  the  curve  cor- 
responding to  the  time  t  always  representing  the  actual  |)ositiou  of  the 

•  The  mathematician  refcrrvd  to  it  M.  roisson.— JVble  6y  ike  EdUw. 
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particle,  w  wdl  as  its  molkn.  But  V  (99)  ^  the  vdodly  aoqntred 
by  a  body  in  Jailing  tbnxigh  }  j/,  since  in  general  «^s2^  and 
vs  ^  (%»)>  or  s  V  (2^).    In  tliis  simple  manner  we  attain  a  strict 

demonstration,  on  tho  premL<^  supposition  respecting  •  the  natarc  of 
the  floid,  that  ttie  velocity  of  the  surface  will  be  represented  by  that  of 
die  snrface  of  a  wave  advancing  with  the  horizontal  velocity  thus  deter- 
mined, or,  in  other  words,  that  the  waive  will  actnally  advance  with  that 

Telocity. 

15ut  in  this  form  the  solntion  is  limited  to  the  case  of  a  wave  already 
in  |»rogres3.    It  may,  liowoM-r,  readily  ho  oxt<'ii(lo<l  to  all  jwssihlo  cases. 
For  since  the  actions  ol  any  two  or  more  forces  are  alwavs  cxprcsse*!  by 
the  addition  or  suhtraction  of  the  results  pn^luccKl,  in  any  given  time, 
by  their  single  ojxjrations,  it  may  easily  1)0  undtrst'K)d  that  any  two  or 
more  niiuuto  impressions  may  l>e  [jrojiagated  in  a  similar  manix'r 
through  the  canal,  without  im|xiding  each  other;  the  inclination  of  the 
surface  which  is  the  origiiuU  cause  of  the  acting  force,  being  the  joint 
eflcct  of  the  indinations  prodnoed  by  the  separate  impressions,  and  pro- 
ducing singly  the  same  ibrce^  as  woold  have  resulted  Irom  the  coinUna- 
tion  of  the  two  aepaiate  inclinations;  and  the  elevation  or  depreasioQ 
beoomh^  alwiqrs  the  snm  or  difference  of  those  which  belong  to  the 
aepaiate  Stations*  If  then  we  soppoae  two  similar  impolses,  waves, 
or  series  of  waves,  to  meet  each  other  In  directions  precisely  opposite^' 
they  wiO  still  pursoe  their  ooorse:  and  at  the  instant  when  tiiey  meet 
in  sodi  a  manner  as  to  destroy  completely  each  other's  horizontal  and 
vcrtiail  motions,  the  elevation  and  depression  of  each  series  will  coin- 
cide and  be  redoubled,  and  the  fluid  will  be  quiescent,  witli  an  undu- 
lated surface :  but  in  the  next  instant  the  two  series  will  proceed 
unintomiptctl,  as  Ix'f'^ro :  conse(|iiently  the  fluid  being  supposed  to  be 
initially  in  the  same  state,  its  j>rogressivc  changes  will  1x2  represented 
bv  tlie  eflects  of  the  two  series  of  waves  meeting  each  other,  and  the 
place  of  c-ach  point  will  Ik.-  determined  by  tho  middle  i;eUvetn  the  two 
places  which  it  wcmld  have  held  by  the  separate  eftbcts  of  the  two  series, 
that  is  by  the  mean  between  the  elevation  or  depression  of  the  two 
points  sup|X)sed  in  the  proposition. 

Corollary  1.  The  points,  in  which  die  ahnilar  parts  of  tfie  two 
oppoalte  aeriee  of  waves  continue  to  meet,  will  always  be  fiee  from  hori- 
aootal  motion ;  hence  It  ibilowa  that  a  solid  obstacle  In  a  vertical  direo* 
tion  ttu^t  be  interposed  wlthoat  altering  tiie  phenomenon :  and  oonse* 
qncnily  that  any  fixed  obstacle  meeting  the  waves  would  prodnce 
precisely  the  same  effect  on  the  subsequent  state  of  either  series,  as  Is 
prodnoed  by  the  of^position  of  a  similar  series,  and  would  reflect  it  in 
a  form  nmibr  to  tluit  of  the  opposite  series,  which  would  have  travelled 
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over  it,  if  it  hm\  originated  from  a  primitive  €aii9e<^  motkm  on  theolher 

side  of  the  obstacle. 

Scholium.  It  will  appear,  hy  consi«lcring  the  combination  of  tho 
horizontal  with  the  vertical  motion,  that  each  [xuticle  of  tho  surfacv^ 
will  describe  an  oval  figure,  which  it  will  Ijc  simplest  to  snp|>c)sc 
an  ellipsis ;  the  motion  in  the  ujipor  part  of  the  orbit  Iw  ing  direct 
with  regard  to  tho  i)rogre.s.s  of  tho  wave,  and  in  tho  lower  ]>art  retro- 
grade: and  the  orbit  will  Ikj  of  the  sanm  form  ami  magnitude  for 
each  ])article  of  the  surface,  when  the  canal  is  supposed  to  be  pris- 
matic* 

*  The  foUowiag  Scholium  is  added  to  the  denoMlntioii  of  thit  prapoeitioa  in  the 

second  volume  of  the  Lectures 
ScnouuM.   The  limited  daatldty  of  liquids  001111117  csisling  produces  some  rari- 

nfioiis  in  the  phciintncna  of  waves,  wliich  have  not  yet  been  investi>^tc<i ;  Init  its 
eiFiH:!  may  be  in  some  des^rec  cstimatetl  by  approximation.  For  a  finite  time  is  actu- 
olly  required  la  older  for  tlie  propagation  of  any  effect  to  the  parts  of  the  tluid  aitn- 
nfeil  fit  any  given  depth  Ik'Iow  the  surface,  anl  for  the  return  of  the  impulse 
pressure  to  the  superficial  }iart.s :  so  that  the  summit  of  every  wave  must  baro 
travelled  through  a  certain  portion  of  its  track  befturo  tho  neighbouring  parts  of  the  flnid 
can  have  partaken  in  the  whole  effects  which  its  pressure  would  pHnluce  hy  means  of 
the  displacement  of  tlie  lower  part  of  the  fluid.  This  cause  probikbly  co>o)H;rate5  with 
the  cohesion  of  the  liquid  id  rounding  off  any  sharp  atigleo  wUch  may  originally  have 
existetl ;  it  limits  the  clfcct  that  an  increa.«ic  of  depth  can  produce  in  tin*  vt;lot  ity  of 
the  transmisjiion  of  waves  of  a  finite  magnitude,  and  diminishes  tiie  velocity  of  all 
waves  the  more  as  the  depth  approadiei  more  to  this  limit.  If  the  sarfiwe  was 
originally  in  the  form  of  the  harmonic  curve,  it  may  be  shown  that  the  force  acting 
at  any  time  on  a  given  \to\ui  iu  consequence  of  the  sum  of  the  results  of  the  forces 
derived  from  the  effect  of  a  given  portion  of  a  wave  which  has  already  passed  by,  will 
still  follow  the  law  of  the  same  curve  :  but  the  force  will  l>c  diminishe<i  iu  the  ratio 
of  tho  arc  corresponding  to  half  the  space  descriUHl  by  the  wave  wliilo  the  impulse 
returns  from  the  bottmn,  to  its  sine,  the  whole  di.sUmcc  of  the  wave  being  considered 
as  the  circuinrcronce ;  and  the  velocity  will  l>c  diminishe<l  in  the  sub-duplicate  ratio; 
but  Uic  arc  which,  whon  diminishc<]  in  tlie  HulKiuplicate  ratio  that  it  bears  to  tlie 
atn^  is  the  greatest,  la  tint  of  which  Uie  length  is  equal  to  the  tiui^cnt  of  its  cxcc&s 
above  a  right  angle,  or  an  arc  of  nbmit  7<>"]^,  it.s  sine  is  .91  and  its  length  C.8,  tho 
mbdnplicate  ratio  that  of  1  to  .57,  and  tlio  vidoi  ity  will  be  so  much  less  than  tliat 
which  is  dne  to  the  height:  but  with  tliis  v(  locity  the  wave  will  describe  a  portion 
eqnal  to  m  of  iU  brcadtli,  while  the  elFeut  dcM  t  ii  ls  and  rcascen  Is  to  tlie  depth  con- 
cerned; and  supposing  ilie  velocity  with  which  the  impulse  is  transmitted  thn>ui;h 
the  tluid  to  be  equal  to  that  which  is  acquired  by  a  body  falling  through  a  5pa<-e 
equal  to  ^  and  oalliog  the  depth  A,  and  the  hreadth  of  the  wave  a,  while  {yja  is 

deseribad  bp  «b  U  is  dsMribed  by  that  which  is  dna  to  ^whjb^J  (^^"j; 

hmg  .576  J       as  .576  J  Q^to  2U<<,  >o  is  6  ^       to  2A,  and  Ul4h*  s  {^a 

whence  /*  =  .5  (ahn) For  watar,  aoconling  to  Mr.  Canton's  experiments,  m  is  not 
more  than  750,000  feet,  but  we  may  venture  to  call  it  a  million  ;  then  if  a,  the 
breadth  of  the  wave,  were  1  foot,  h  would  be  hO,  and  the  velocity  nearly  23  fer-i  io  a 
second.  If  a  were  KXN)  f?et,  h  would  be  50(»0 ;  and  the  addition  of  a  greater  depth 
could  not  increase  the  velocity.  Where  tha  depth  is  given,  the  oorrectMO  mav  be 
made  in  a  similar  manner.  For  A  being  in  this  case  given,  wc  most  find  the  are  whidi 
is  to  iu  sine  in  the  duplicate  ratio  of  tho  velocity  due  to  the  height  to  the  diminished 
velodtj,  represented  by  that  arc,  while  that  of  tiie  impulse  profiagated  in  the  medium 
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2.  TuEOBEM.  The  ^vergence  of  a  wa?e  makes  no  sen- 
able  diffBrenoe  in  the  Yelodty  of  its  propagation,  and  its  beiglit 
will  vary  as  the  square  root  of  the  distance  fitmi  the  oentre. 
CeL  Mec,  No.  379. 

Hie  immediite  horisootal  force  is  the  mne  for  a  diverging  wave  as 

lor  a  prismatic  canal,  iis  measure  being  always  ^  i7» 

parts  lying  without  the  sides  of  a  supposed  prismatic  canal,  as  for  the 
parts  contained  within  it,  the  inclination  of  the  surface  being  the  same 
without  as  within  those  limits,  and  the  fluxion  of  tlio  height  V>oiug  in 
the  same  proportion  to  tliat  of  the  length  r,  notwithstanding  that  the 
prt>:?sure  in  one  din^tion  is  derivt-d,  for  the  extrenif  part.s,  from  the  sur- 
face of  the  collateral  portion  of  the  wave :  consequently  the  force,  as 

refened  to  the  soifooe  of  the  floki,  will  still  be  expressed  by  It 

win,  however,  be  modified  by  the  depiessioo  attendhig  a  pivgreasive 
moliao,  necesmry  for  pnaerving  Ihe  continiiity  of  the  flnid,  which  most 
obviously  be  such  that  — 3y  maybe  to  dflp,  the  progressive  velocity,  ss  y 

to  Xy  sttd  2y  =  —  3cr     :  and  the  accelerative  force  ^  g,  considered  with 

Tqpsrd  to  its  eiiectat  the  suriace,  will  be  modified  in  the  same  proportion 

aa  tiie  velodfef,  so  that  iiistesd  of  ^  g,  it  will  become  - 

dv 

~  gy,  oooseqnently  the  joint  acceleration  of  the  sorfice  will  be 

^^■~^)^*  5i«  ~  reciprocsl  of  the 

dnmeter  of  tiie  circle  of  corvatore,  and  ^  is  the  reciprocal  of;p 

the  height  of  the  intersectioD  of  the  vertical  line  passing  through  the 
centre  of  divergence  with  the  perpendioolar  to  the  smiisse  of  the  wave, 
which  will  be  yery  great  in  comparison  witii  the  diameter  of  corvatore, 
when  the  distance  from  the  centre  becomes  considerable :  and  the  second 
part  of  the  expression  will  become  a  small  distorfohig  force,  depending 
on  the  tsngent  of  the  inclination  of  the  sorfooe,  which  represents 
the  fluent  of  the  corvatare,  or  of  the  socelerating  force,  and  being 
therefore  proportional  to  the  velocity :  ao  that  like  the  resistnoe  of  a 
pendulum  proportional  to  the  velocity,  it  will  not  s&isibly  a6lect  the 
whole  period  of  the  alternate  motion,  or  the  propagation  of  the  wave 

M  «xpre»sed  hy  twice  the  depth.    Thus  if  h  were  8  feet,  and  a  1  foot,  Uic  velocity 
r,  the  arc  must  be  to  its  sIdp  as  256  to  rr,  and  v  to  5660  as  twice  the  arc  to 


twice  the  depth  .iiid  the  arc  or  in  degrees  .51  r ;  but  this  arc  is  somewhat  more 
than  8^,  and  e^iceeds  its  bine  so  little  t^ut  the  T«iocity  is  scarcely  diminished  one 
thousandth  by  the  compressibility  of  the  water.  The  friction  and  tenadty  of  the 
water  must  also  tend  in  ioiiie  d^ree  to  Icieen  the  velocity  of  the  wavee. 

VOL.  lU  L 
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dependinr^  on  it.  We  ol»tain  the  law  of  tlic  diniiniition  ol  th«'  lit^iuht  of 
the  waves  in  diverging,  from  the  |)rincii)lo  of  Uu-  preservation  of 
impetus,  since  tlie  mass  affected  at  once  by  the  similar  velocities 
increases  directly  as  the  distance  from  the  centre  when  the  depth  is 
equable,  consequently  all  the  velocitiee  ooDoeroed  must  decvene  as  the 
square  root  of  a?,  in  order  that  the  ram  of  the  masses,  multiplied  by  the 
sf^uares  of  the  velocities,  may  remain  ooostant  There  will  always  be  a 
eotithraal  but  insensible  reflection,  which  will  piesenre  the  cenlie  of  gra- 
vity immoveable,  thoitgh  it  consumes  no  considerable  part  of  the  impetos ; 
except  at  the  very  ori^^  of  the  wave^  where  these  seems  to  be  some- 
thing like  a  vibratory  motion  from  this  reflection,  lor  a  short  space,  at 
the  beginning  of  the  motion. 

SCBOLIUlf.  It  is  obvious  that  the  surface  uf  a  wave  80  diminishing 
cannot  bo  sup]X)sed  to  glide  on  unaltered,  but  the  demonstration  shows 
that  the  motion  of  each  point  of  the  sor&oe  is  the  same  as  that  of  a  sur- 
face, affected  by  a  series  of  equal  waves^  of  the  mngnitude  of  the  actoal 
wave  at  the  given  ]X)int,  which  is  the  condition  supposed  in  the  compa- 
rison of  the  force  with  the  curvature. 

3.  TiiEOHE.M.  All  minute  impulses  are  conveyed  through 
a  homogeneous  clastic  medium  with  a  uniform  velocity,  equal 
to  that  which  a  heavy  body  would  acquire,  by  falling  through 
lialf  M,  the  height  of  the  medium  causing  the  pressure.  Cel. 
Mec,  No.  380 ;  Lectures,  vol.  ii.,  No.  400. 

In  thb  case  we  have  to  call  the  density  y,  instead  of  the  height  of  an 
incompressible  fluid  in  Theorem  1,  p.  142,  and  to  hnagine  the  snrfiice  of 
tiie  wave  to  be  that  of  a  curve  representing  the  density  by  its  ordmate  jf, 
which  is  equal  to  tiie  height  of  a  uniform  colnmn  of  the  medium  capable 
of  producing  the  pressure,  or  in  other  words,  to  the  height  of  the 

modulus  of  elasticity  of  the  medium :  tlien  ^  y  will  be  the  direct 

accelerating  force,  and  ^  ^  the  aooeleration  of  tbe  ordinate  of  the 

curve  of  densit)',  since  here  again  the  variation  of  density  if/  is  to  y, 
as  Mx  to  fix:  and  the  same  oonchision  is  mferred,  respecting  the 
velocity  with  which  the  curve  of  densities  must  advance,  in  onler  tJ>at 
it  may  represent  the  instantaneous  change  at  each  point,  and  conse- 
quently for  all  the  points  in  succession. 

4.  Tdborbm.  Every  small  change  of  form  is  propagated 
along  an  elastic  chord,  with  a  velocity  equal  to  that  which  is 
due  to  half  the  length  m,  of  a  portion  of  the  chord,  of  which 
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the  weight  is  equal  to  the  force  producing  the  tensioD,  and  is 
reflected  from  the  cxtreraiUcB  in  an  opposite  direction.  Cel. 
Me&,  Na  381 ;  Lectures,  vol.  ii.,  No.  397,  sdi. 

This  projx^sition,  thongli  not  lK-lf»ii^ing  hi  ilio  motioti.s  (if  iIiikU,  is  in- 
serted here  to  complete  the  mialojry  Ix'twwn  the  la  i^'lit  of  ji  li«|uui,  tin- 
modulus  of  elasticity  of  aii  elastic  inoUiiiin,  auU  the  iiioUuluh  of  tensiun 
of  S  vibratiog  clioid.  The  force,  iniiKiUing  any  small  |iortion  of  the  chord 
towBfds  the  quieMeiit  positioo,  or  szis,  is  obviously  exproMed  by  tlie 
diagoosl  of  tbe  elementuy  panJIelogram,  formed  by  its  extreme  tsn- 
gBOtB,  tfast  is  the  line  inteioepted  beCireen  the  inteisection  of  those  tan- 
geols  snd  a  lins  equsl  snd  psrallel  to  the  seoood  dcswn  from  the 
eztieinity  of  the  firrt,  or  in  other  words,  by  the  seoood  flnxioo  of  the 
otdiDSte,  when  the  tsngent  ropiceenis  the  first  fluxion  of  the  axis,  tlie 
onrve  beiqg  slsrays  suppoeed  infinitely  nesr  to  the  sxis,  sod  in  general 
the  force  will  be  to  tiie  tension  ss  the  second  difinenoe  AAy  to  thcfint 
difierence       but  the  tensioo  is  to  the  weight  of  the  dement  Lxtmu 

to  Xj\  coiisoi^iuentlv  the  tension  of  Ax  is  —  <7,  and  the  accelcrative  force 

As 

bhaJl  iiavo  u  =  V  ^  -  ^ iff!/)  in  Theorem  1;  aiid  tlie  velocity 

will  be  that  which  is  due  to  half  the  height  M. 

The  reflection  at  the  extremities  of  the  chord  may  be  represenled  by 
delineating  the  initisl  figure,  and  repeating  it  in  an  inverted  position  be- 
low the  absciss :  then  taking,  in  the  absdas,  each  wsy,  a  distance  |ii  <j)K)r- 
tional  to  the  time;  and  the  half  sum  of  the  corresponding  ordinstus  will 
indicste  the  plaoe  of  tbe  point  at  the  expiration  of  that  tlme.*^  The  chuni 
will  thus  represent  a  portion  of  the  snrfiice  of  s  liquid  agitated  by  a 
series  of  wsves:  and  on  the  other  hand  a  wave  reflected  backwards  snd 
forwards  withui  a  priamstic  csnsl  of  its  own  length,  abraptly  terminated 
at  each  end,  will  exhibit  a  vibntion  precisely  resembling  that  of  an 
elastic  chord.  It  may  be  inferred  fifom  the  oonsideratkHi  of  tbe  motion 
of  a  chord  so  continued,  that  the  point  corresponding  to  the  end  of  tbe 
primitive  diord  will  always  remain  at  rest ;  whence  it  follows  that  tbe 
motion  of  the  chord,  terminated  by  such  a  fixed  point,  must  \>c  llio  snmo 
as  if  it  were  continued  in  the  manner  described,  the  reasoning  being  the 
ssme  ss  in  the  case  of  the  reflection  of  a  wave. 

5.  Thbobbn.  When  a  uniform  and  perfectly  flexible  chord, 
extended  by  a  given  weight,  is  inflected  into  any  form,  differiiig 
little  from  a  straight  line,  and  then  suflTeri'd  to  vibrate,  it  returns 
to  lis  primitive  state  in  the  time  which  would  be  ()ceu})ied  by  a 
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lieavy  body  in  falling  through  a  height  which  is  to  tlie  length  of 

the  chord  iis  twice  the  weight  of  the  chord  to  the  tension ;  and 
the  intermediate  positions  of  each  point  may  be  found  by  deline- 
ating the  initial  figure,  and  repeating  it  in  an  inverted  position 
below  tiie  absciss,  then  talking,  in  the  absciss,  each  way,  a  dis- 
tance proportioDate  to  the  time,  and  the  half  sum  of  the 
oorresponding  ordinates  will  indicate  the  place  of  the  point  at 
the  expiration  of  that  time.   Lectures,  yoL  iL,  No.  396. 

Wo  mav  first  sTipjx>se  the  initial  firrtire  of  tho  chord  to  l)e  a  harmonic 
curve :  thon  tlio  forco  im|x>lling  oacli  partiolo  will  he  proportional  to  its 
distance  from  the  (juiesccnt  jiosition,  or  the  base  of  the  curve.  For  the 
force  acting  on  any  element  z'  is  to  tiie  wiiole  force  of  tension  p,  as  the 
element  z'  to  the  radius  of  cur\'ature  r,  therefore  the  force  is  in- 
verseiv  as  the  radius  of  curvature,  or  directly  as  the  curvature,  tliat  is, 
in  this  case,  as  the  second  fluxion  of  the  ordinate;  but  the  second 
flaxioQ  of  the  ordinate  of  tho  harmonic  carve  is  pn){x>rtional  to  the  ordi- 
nate itself;  for  the  flosdon  of  the  sine  is  aa  the  cosine,  and  its  doxioo 
again  as  the  sine:  the  Ibroe  being  therefore  always  as  the  distanoe 
from  a  certain  point,  as  in  the  cytkM  pendnhun,  the  vibrationa  will  be 
i^03hroaoas,  and  the  ordinates  will  be  proportionally  diminished,  so  that 
the  figure  will  be  always  a  hannooic  carve.  Now  calling  the  length  of 
the  chord  a,  and  the  greatest  ordinate  y,  the  ordinate  of  the  figore 
of  sines  being  to  the  length  as  the  diameter  of  a  eirde  to  its  circnnifo> 

renoe,  or  the  ladhis  of  corvatiue  of  die  hannooic  ennre  will  be 

c 

and  the  force  acting  on  the  el^ent  a'  will  be  «  the 

weight  of  tlie  chord  being     that  of  z'  is       and  the  force  is  to  the 

weight  aa  ^  to  tf,  or  as  ^  to  1 :  therefore  the  time  of  yibra- 

tioD  will  be  to  that  of*a  pendulum  of  the  length  y  as  1  to  V  (-^^^ 
and  to  that  of  a  pendnlnm  of  tib»  l^igtii  a  in  a  ratio  as  much  less  as 

is  less  than  V«.  or  as  1  to  c  .  But  the  time  of  the  vibration 

of  a  pendulum  of  the  length  a  is  to  the  time  in  which  a  Ixxly  would  fall 
through  half  a,  as  c  to  1,  consequently  a  single  vibration  of  the  chord 

will  be  performed  in  the  time  of  foiling  through  - .- ,  anda  double  vibm> 

2  p 

tioo  in  the  time  of  ialling  through  2a ,  y  Now  the  element  ar*,  moving 
according  to  tiie  bw  of  the  cydoidal  pendulum,  describes  spaces  which  aie 
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Uie  versed  sines  of  arcs  increasing  erjuaMy,  and  the  diflerence  of 
tile  sine  at  any  point  tVoni  the  half  sum  of  the  sines  of  two  ('(|nidiflt'rc'nt 
arcs  is  in  a  constant  ratio  to  th»'  vorsed  sino  <jf  tlie  dillen'nct',  therefore, 
by  taking  the  half  sum  of  two  equidistant  onlinafes,  we  find  tlie  space 
remaining  to  l>e  described,  after  a  time  proportionate  to  the  absciss.  If 
tJu-  baso  \)e  divide<l  into  two  equal  f)arts,  and  a  harmonic  curve 
1m'  descrilHHl  on  ditlerent  sides  of  each  part,  the  same  demonstration  is 
a{jphcal>le  to  lx)th  jRirt^,  as  if  they  were  two  separate  chords:  since  tlie 
middle  |»oint  will  always  be  rctiiined  at  rest  by  wjual  and  op|>osite 
forces  :  and  nothing  prevents  us  from  combining  tliis  com|X)Uiid  vibration 
with  the  original  one,  since,  by  adding  together  the  ordhiates,  we 
incveue  or  dfaninith  the  6iudoiis  tod  incremcDtB,  in  proportion  to  the 
epacee  tbit  are  to  be  deecribed,  and  the  aame  oonstmctkm  of  two  equi- 
dist»t  oidinatea,  wiU  deteimine  the  motion  of  cacli  jmrt.  Snch  a  oom- 
poond  figure  may  be  made  to  pass  through  any  two  ixAnia  aft  plmsare^ 
and  It  nmj  eaaOy  be  coooeived,  that  by  sabdividing  the  chord  still  fiir- 
ther,  and  mnltiplyiog  the  aoboidinato  carves,  we  may  accommodate  it 
to  any  greater  nomber  of  pointi,  so  as  to  approximate  iuBnitely  near  to 
any  given  figure;  by  whidi  means  the  proposition  Is  extended  to  all 
possible  forms* 

SOBOUCX.  If  the  initial  figure  consist  of  several  equal  portloBB 
crosaiDg  the  axis,  the  chord  will  continue  to  vibrate  like  die  same  nam- 

lier  of  separate  chords;  and  it  is  sometimes  necessary  to  consider  such 
eabordinate  vibrations  as  compounded  with  a  gonoml  one.  It  usually 
happens  also  that  tlie  vibration  deviates  from  its  plane,  and  liecomes  a 
rotation,  which  is  often  exceedingly  cf)mplicatod,  and  may  be  considered 
as  composed  of  various  vibrations  in  difiisrent  planes. 

6.  THBOBSif.  The  diord  and  ito  teneioii  remaimng  tlie 
same,  the  time  of  vibratioii  b  as  the  length ;  and  if  the  tension 
be  dianged,  the  frequency  will  be  as  ito  square  root:  the 
time  also  varies  as  the  square  root  of  the  weight  of  the 
chord.    Lectures,  voL  ii.,  No.  397. 

It  has  been  shown,  that  the  time  varies  in  the  sabdnplicate  ratio  of 
the  lbioe»  that  is,  of  the  tension  directly,  and  of  the  wdi^t  inversely ; 
and  since  the  weight  varies  as  the  length,  the  equivalent  space  will  vary 
as  the  square  of  the  length,  and  the  time  of  describing  it  simply  as  the 

leiiL'^th. 

Scholium.  The  properties  of  vibrating  chords  have  boon  demon- 
strated in  a  more  direct  aiul  general  manner  by  means  of  a  branch  of  the 
fluxionarv  calruliLS  which  has  been  called  the  nietluxi  of  variations,  and 
which  is  uiu]>loycd  in  oom£jaring  the  chaugea  of  the  propertied  oi  a 
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curve  existing  atonoe  in  ifeB  difierent  fMurte,  with  the  variatii»8  which  il 
imdefgoes  in  flucoessive  portions  of  time  from  an  alteration  of  its  Ibnn. 
An  example  of  this  mode  of  caknlation  hss  abeadf  been  given  in  the  intes- 
tigstion  of  the  motions  of  waves  (Theorem  1>,  and  it  nuqr  be  applied  with 
equal  simplid^  to  the  vibrations  of  chords,  and  to  the  propitgatioo  of 
sound,  notwithstanding  the  intricacsjr  and  prolixity  with  which  it  lias  been 
always  hitherto  treated.  It  may  be  shown  that  every  small  change  of 
form  is  propagated  along  an  cxtonJetl  chord  with  a  volocit}-  equal  to 
that  o£ a  heavy  Ik)i1v  falling  through  a  hcigiit  equal  to  half  tlic  length  of 
a  portion  of  the  chord,  of  which  the  weight  is  r(}uivaleiit  to  a  force  pro* 
ducing  the  tension,  and  which  may  l>o  called  the  modulus  of  the  tension ; 
anil  that  the  change  is  continually  refloct<xl  when  it  amves  at  tlu;  extre- 
mities of  tlio  chord  ;  ntid  from  this  ]>ro]><)sitioD  all  the  properties  of  vi* 
brating  cliords  may  Ik.'  inmiediatoly  dotlucwl. 

For  the  loicc,  acting;  on  any  small  jortion  of  the  clioni,  l>C'ing  to 
the  tension  as  its  K.ii^tli  to  tlio  railius  of  curvatino,  and  its  weight  Injini,' 
h)  the  tension  as  its  length  is  to  the  mmlulus  ol  tension,  tlic  force  is  to 
the  weight  as  the  length  of  the  motluliis  to  tiie  radius.    By  this  force  the 
whole  portion  is  initially  impelled,  since  the  change  of  curvature  in  its 
immediate  neighbourhood  is  inconsiderable  with  respect  to  the  whole: 
and  it  will  describe  a  spsoe  equal  to  its  versed  sine,  which  is  totfaearc 
as  the  arc  to  the  diameter,  in  Uie  time  in  whidi  a  body  ftlling  by  the 
force  of  gravity  would  describe  a  space  as  much  less,  as  the  modulus  uf 
tension  is  greater  than  the  radius,  that  is,  a  space  which  is  to  the  are  a^ 
tlic  arc  to  twice  the  modulus ;  and  if  the  time  be  increased  iu  the  mtiu 
of  the  arc  to  the  modulus,  the  space  described  by  the  fSyiing  Inxly  will 
\hi  incre;)scd  in  the  duplicate  ratio,  and  will  become  equal  to  half  the  mo> 
dulus :  If  tlierefore  a  point  move  in  the  original  curve  with  such  a  velo- 
city as  to  descrilKJ  the  arc,  while  its  vcivmxI  sine  is  dcsorilK'd  ly  tin- 
motion  of  the  chord,  it  would  descrii>e  the  lenL,'th  of  the  molnlus  w  hil-' 
a  liravy  Inxly  would  descend  thron;j;h  half  that  length,  and  its  v.  Im  itv 
will  therefore  l»o  ot|ual  to  that  which  is  ac<|uire<l  hy  a  Itody  falling 
through  half  the  length;  and  sujn>osing  a  iM»int  to  move  each  way  with 
such  a  velocity,  the  successive  ]>laces  of  the  given  poiut  of  the  chord 
will  be  initially  in  a  straight  line  between  tlicsc  moving  jx>ints.  Tlie 
place  of  the  given  point  will  also  remain  In  a  straight  line  between  the 
two  moving  points  as  long  as  the  motion  continues.   For  the  figure  of  the 
curve  being  initially  changed  in  a  small  degree  according  to  tiiis  law, 
each  of  the  points  of  the  chord  will  be  found  in  a  situation  which  is  de- 
torrainod  by  it,  ami  its  motion  will  be  continued  in  consequence  of  the 
inertia  of  the  cliord,  and  will  receive  an  additional  velocity  from  the 
effect  of  the  new  curvature.    The  space  dcscrilwd  in  the  first  instant 
lioing  equal  to  the  mcon  uf  the  vuscd  sines  of  the  arcs  included  by  the 
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two  moveable  fioiiits,  the  velocity,  as  well  as  the  second  (luxiou  of  the 
vereed  sine,  may  be  represented  by  twice  tiiat  mean :  the  inciem<ait  of 
this  vdocitjr  in  the  nest  snooeeding  jxisitioa  of  Hie  carra  will  be  leprc- 
seoled  by  the  new  meinof  the  vened  sines,  wbidi  is  always  hslf  of  the 
meanof  the  second  fluxions  of  the  oidinetss  00  esch  side;  fortheeztro- 
mxties  of  the  new  elementsry  aros  beii^  determined  by  the  biseetioos  of 
two  equal  chofds  removed  to  the  distance  of  the  oie  on  each  side,  the 
vened  sine  of  each  is  half  of  the  excess  of  the  increment  on  one  side 
above  the  increment  adjoining  to  die  oonesponding  one  on  the  other  side, 
and  the  sum  of  the  veisod  sines  is  tlierpfoie  half  the  sum  of  the  dif. 
Terences  of  the  increments  from  the  contiguous  increments  on  the  same 
side,  oonseqnently  the  fluxion,  or  radiar  the  variation  of  the  vx'locity, 
which  is  represciitetl  by  twice  tlic  mean  versed  sine,  is  equal  to  the  iiaif 
sum  of  the  second  fluxions  of  the  original  curve  at  the  parts  in  which 
the  moveable  ]x>ints  are  found,  and  tlie  second  fluxion  or  variation  of 
the  sjiQCO,  which  is  ;ls  tlio  variation  of  the  volocitv,  is  equal  to  the  moan 
of  the  second  fluxions  of  the  ordinate^ ;  tlien^fore  the  space  tk-bcribcil  is 
always  equal  to  tlie  diminution  of  tlio  incan  of  the  ord'natcs.  And  tlie 
Siime  mtxle  of  rensctnini^  may  bo  ext^Midt'd  tlirough  the  wludc  curv(>.  If 
the  initial  figure  Ik-  such  that  two  of  its  contiguous  portions,  lyiiti;  on 
op|iosite  sides  of  the  absciss,  are  similar  to  each  other,  and  placed  m  an 
inverted  {Ktsition,  it  is  obvious  that  the  point  in  which  they  cross  the 
axis  must  remain  at  rest,  consequently  its  place  may  be  supplied  by  a 
fixed  ix>int,  and  either  portion  of  the  carve  will  oontinne  its  motion, 
when  vibrating  separately,  in  the  same  manner  as  if  the  diord  were  pro- 
longed witfaoQt  end  by  a  repetition  of  simihr  portions,  of  which  the  alter- 
nate ones  are  in  an  inverted  position. 

7.  Theorem*  When  a  prismatic  elastic  rod  b  fixed  at  one 
end.  its  vibraHom  are  performed  in  the  same  time  with  those  of 

a  pendulum  of  which  the  length  is  -^^9  I  being  the  IcngUii 

d  the  depth,  and  k  the  height  of  the  modiilus  of  elasticity : 
also  if  n  denote  the  number  of  complete  vibrations  in  a  second, 

tiH* 

the  measures  being  expressed  in  feet,  A  will  be  1.1907 
and  if  a  prismatic  rod  be  loosely  supported  at  two  pomts  only, 

the  leugtii  of  the  synchronous  peuduluiu  will  be    '  "J^ '  'y  **^"d 

k  -  .02941  or  ;  and  in  this  case,  for  a  cylindrical 
rud  of  which  «/  is  the  diameter,  h  the  time  of  vibra- 
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tion  being  to  that  of  the  circumscribing  prismatic  rod  as  2  to 
the  iqnare  root  of  3.   Lectures,  toI.  ii.,  p.  84. 

We  must  suppose  the  form  of  the  cur\e,  in  which  the  rod  vibrates, 
to  be  such,  that  all  its  jjoints  may  perform  their  vibrations  in  a  similar 
manner,  and  arrive  at  Uie  line  of  rest  at  the  same  time;  on  this  supposi- 
tion we  may  determine  the  time  in  which  the  n^i  is  cajxable  of  vibrating : 
and  if  the  time  of  vibration  is  the  same  in  all  cases,  the  detemiination 
will  hold  go<xl  in  all ;  if  not,  the  problem  is  not  capable  of  a  general 
resolution ;  but  there  apj>ears  to  be  little  or  no  difference  in  the  simple 
BOimds  excited  in  various  manners,  this  varie^  arising  principally  from 
a  combination  of  seooodaiy  Bonnda.  The  Sana  of  the  cnnre  most  there- 
fore be  such,  that  the  fomth  flnzion  of  the  oidinate  may  be  proportioiial 
to  Ae  oidinate  itself;  its  eqostioo  may  be  Ibmid  eitiier  by  means  of 
Ic^gsritfamic  and  angolar  measareSi  or  move  limply  by  an  infinite  series. 

The  conditions  of  the  Tibration  most  determine  the  vahie  the  co- 
efficients: supposing  the  loose  extremity  to  be  the  origin  of  the  carve^ 
the  air?atnre  and  its  floxioo  most  be^^  horn  nothing :  for  the  corv*- 
tare  at  the  end  cannot  be  finite,  nor  can  its  fluxion  be  finite,  since  in 
these  cases,  an  infinite  force,  or  a  Bnite  force  applied  to  an  infinitely  small 
portion  of  the  rodt  wooki  be  required,  and  the  force  could  not  be  pro- 
portional to  the  ordinate ;  the  initial  ordinate  must  also  be  independent 
of  the  absciss  ;  in  the  case  of  a  rod  fixed  at  the  end,  the  ordinate  and  its 
fluxion  mustl)Oth  vanish  at  the  fixed  ]x>int ;  and  in  the  case  of  a  rotl  not 
fixed,  tlie  second  and  third  Huxion.s  of  the  ordinate  must  also  vanish  at 
the  remoter  end,  and  the  centre  of  gravity  of  the  curve  must  remain  in 
the  quiescent  lino,  the  whole  area,  considered  ius  lN?longing  to  citln-r  side 
of  the  biisis,  l>ecoming  etjiial  to  nothing  ;  a  condition  which  w  ill  l>v  found 
identical  with  that  of  the  third  fluxion  vanishing  at  the  remoter  end. 

The  series  for  a  curve,  in  which  the  fourth  liuxion  of  tlie  ordiiuite  is  to 


be  as  the  ordinate,  can  only  be  of  this  forai,  y«a-f-  jIsTiTI*'^ 


^,,,^^^JS^^  ,  for  the  fonrdifliudoo  of  this  expression, 

divided  bv  h,  is  of  the  same  form  with  the  expression  itself;  and  Uie 
number  of  terms  allows  it  to  fiilfil  all  the  conditions  that  may  be  re- 
quired. In  both  the  cases  here  proposed,  the  co-efficients  <f  and  s 
vanish,  because  the  second  and  third  fludons  sre  initisUy  evsnesoent, 

and  the  equation  becomes  y  s  a  +    ,4^1"*'  «. aat*     ' ' " 

+  -t-+^:-Ts+i— ;ni r?Jii-+ In  the  firrt  case,  when  xal. 
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or^-l,yso^aBd4f«o»wIieBMl+^+i7^+Y^  4....  + 

be       b\:       b^e  J  ^        ^  ^ 

* +2..6  +  a..»  +  2.. la 

— ^ —  — '- — ^  •    Hence,  by  multiplying  the  ntune- 

^  +"277+ 2^7?+ 2:712  "^^  •• 

lator  of  ea^  fraction  by  the  denomioator  of  the  other,  and  arranging 
the  prodoctB  •cooiding  to  the  powers  of  6,  we  obtain  the  e<]uation  1  — 

r-i  b  -\-  - — -  ft*  —  - — +.  , .  =s  o,  wiiich  has  an  infinite  number  of 

roolB;  the  first  two  being  b  a  12.8623,  and  6^480.4.  In  a  similar 
manner  we  obtain,  for  the  second  case,  making  the  second  Aiudoo  of 
and  either  its  third  fluxion,  or  the  area,  vanish  when  x^l^  the  aqnatioo 

s!?-  3778 *+  3:^f''- 3-^6 »•+••-»'  -xi  ««*  *.  fi«t 
two  roots  are  6  s  500.5  and  6  a  8808.  From  these  Taloes  of  5^  those  of 
e  may  be  readily  fiMmd ;  and  for  each  value  after  the  fint»  the  lod  has 
an  additional  quiescent  point 

In  order  to  deteimine  the  time  of  vibration,  we  must  compare  the 
Ifaroe  acting  on  a  partiele  a;'  at  the  end  of  the  rod  with  its  weight.  The 

bbm 

force  is  (supra,  p.  130,  Theorem  4),  a  being  equal  to  ^a:,  r  to 
—  (the  chord  of  the  circle  of  corvalore),  and  h  being  the  depth,  which 
we  may  liere  call  di  but  tlie  weight  of  the  particle  x'  i&  x\  and 
the  fime  ia  to  that  of  gravity  aa  •  ^  is  to  unity.  Now 
s  for,  when  x  is  evanescent,  the  subsequent  terms  are 

inoonsiderable  in  compariaon  with  this,  and  thelbroe  is  -^^t  the  spsce 

12^ 

to  be  doocribed  being  a;  and  if  the  apace  became        and  the  force 

equal  to  that  of  gravity,  the  vibration  would  be  perfonned  in  the  same 

time ;  tins  is  therefore  the  length  of  the  synchronous  penduhun ;  that 

.  9707/* 

is,  for  the  fundamental  sound,  in  the  tiist  case  — »  ^"d  iu  the  se- 
cond .023976^ 


Digitized  by  Gopgle 


154  SOME  PBOrOSITIONS  ON  No.  XLVil. 

A  pcDdulnm,  of  which  the  length  is  leet.  makes 

)  vibrations  m  a  second,  •  -pT*)       <loul»Ic  vi- 

brations, such  OS  arc  cousidercU  in  the  estimation  of  muaicai  sounds. 
Hence  h  =  1.1907  (^)*         in  the  sAme  manner,  Sat  a  lod  loosely 

supiKjrtcd  at  two  points,  h  =  .02941  (j^^ ' 

When  the  rod  is  lootioly  fixed  at  botli  ends,  the  figure  ooinddes  with 
tlic  harmonic  curve,  and  the  length  of  the  equivalent  pendulum  is 

— c  being  3.1416,  and  c*,  or  ft,  07.4t« 

If  a  prismatic  bar  supported  nt  tlie  cxtivmitios,  be  dt  prc&sed  bv  a 
weigiit  eijual  to  a  |x>rtioii  of  it^elt  of  winch  tlie  lengtli  is*  gly  the  depres- 
sion being  «,  A  will  be  ^j^,  and  when  As^^,n*  =  8.5-^,  s  bei^g  ex- 

prcsssd  In  feet  The  weight  under  which  (he  bar  may  begin  to 
bend  (supra,  p.  132,  Theorom  6)  will  be  equal  to  that  of  a  portion  of 

wliicli  the  length  is  .0242n«/". 

The  stiffness  of  a  cylinder  lx>ing  to  that  of  its  drcumscrilNi^  prism  as 
three  times  its  miiss  to  four  tiroes  that  of  the  prism,  the  rdative  force 
will  be  i  as  great  as  in  tlie  prism,  and  the  time  w  ill  be  inaease<l  in  the 
subdupHcatc  ratio,  or  as  1  to  .866.  If  a  cylinder  be  comjiared  with  a 
prism  of  the  same  length  and  weij^ht,  its  vibrations  will  belcss  liequent 
iu  the  ratio  of  .'300  to  ."307,  or  nearly  nf  43  to  44. 

The  i>L<X)nd  values  of  h  show  the  proixjrtion  of  the  first  harmonic  or 
sec(jndary  sounds  of  the  rods,  the  length  of  the  synchronous  jxindulura 
l>eing diminished  in  the  ratios  of  1  to  30.59,  and  1  to  7.0,  and  the  times 
of  vibration  in  tlie  ratios  of  1  to  6.292,  and  of  1  to  2.757. 

JSciioLlUM.  All  these  results  nre  amply  confirmed  by  ex]>eriment, 
and  they  afford  an  easy  method  ol"  comi^uing  the  elasticity  of  various 
BUbsttnoea.  In  atO&mg  fork  of  steel,  /  was  2.8  inches,  d  .125,  and 
ns  512,  hence  A  is  about  8  530  000  feet.  In  a  plate  of  brass,  hdd 
loosely  about  one  Bfth  of  its  length  from  one  end,  /  was  0.2  inches, 
<|s.072,  and  ns273,  whence  A  =  4  940  000;  in  a  wh%  of  inferior 
bias8,lbeing20inches,<;.225,andns74,AaptieaiBtobe4  700  000. 
A  plate  of  crown  glass,  6.2  inches  long  and  .05  thick,  produced  asooiid 
consisting  of  284  vibrations  in  a  second,  whence  As9  610  000  feet 
A  box  scale  .012  f.  thick,  and  1.01  f.  long,  gave  154  vibratiQiis, 
hence  h-b  050  000  feet  When  these  substances  weie  hekl  in  the 
middle,  the  note  bccajiie  higher  by  au  oclave  and  somewhat  more  than 
a  foui-th.  Kiccati  luund  the  dilicrencc  between  the  clasticitica  of  steel 
and  brass  somewhat  greater  than  this.  For  ice,  k  i^ipeaied  to  be  about 
850  000. 
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Two  small  itkIs  ot  ckal,  one  foot  in  kngtii,  produced  sounds,  consist- 
ing of  270  and  384  vibrations  in  a  second;  tlioir  wcii^hts  were  153  and 
127  i^ins  respectively  :  hence  the  fornuila  .O'i  l'i/tT  gives  nearly  35 
and  65  |K)Unds  f«)r  the  force  under  wliich  they  woiiki  bend;  tbo  expert' 
meat,  which  was  made  bonicwhat  hastily,  qslvq  36  and  60. 

8.  Definition.  A  aoimd,  of  which  the  number  of  idbra* 
tioos  in  a  seoond  is  any  integer  power  of  2»  is  denoted  in  mnsic 
by  the  letter  c.   Lectaree,  vol.  ii.,  p.  67,  No.  899. 

SeiioMUM.  Iknce  wc  may  form  a  table  of  the  number  of  vibratiais 
of  each  uute  LU  a  second. 


s 


^  B      S  4  • 

^(■^C<DCc  c  CO  cc 

I        U  3t  N  Its  »t  ftlt     1M4         M4B  32768 


CG|d   et?e   i  f|g  aba  bt?bc 

KcalOT«rc.  tse  MS  S07  »0  141  n«.«M  in  4ft1  480  »lt. 

l->i|n«l  t.  mperaiiient  8M  tTl  187  804  SSS  Stf  868  884  488  4Sl  488  481  618. 
l'ni|{rcaNT«  tcmpe- 

wmmrnt*  MS  810  887  808  881  841  880  188  408  487  486  481  811. 

9.  Thsorbk.  All  minute  impulses  are  conveyed  through 
a  homogeneous  elastic  medium  with  a  uniform  velocity,  equal 
to  that  whidi  a  heavy  body  would*  acquire  by  falling  through 
half  the  bei(^  of  the  medium  caunng  the  pressure.  Lectures, 
vol.  ii..  No.  400,  p.  68. 

If  a  moveable  |K)int  l>e  urgeil  through  a  small  space  by  the  fhlllience 
of  two  forces,  varying  invcrsc-iy  as  its  (hstance  from  two  t  (jui<listant  fixt  <l 
jjoints,  in  the  s;ime  right  line,  the  times  of  describing  that  sjiace  v.  ill  Ik.' 
uluiiiately  e<|iiul,  whatever  be  its  magnitude.  For,  calling  the  (lii<tanco 
*of  each  point  a,  and  the  space  to  bo  descrilied  ar,  the  forces  will  l>e 

— and  —7—,  and  their  didereuce  — ,  which  is  lo  as  2ji:  to  a— • 
a<»«       a-|-«  aa—xx  a 

" ;  but  since  x  is  evsncaoent,  tills  ratio  bcoomes  tlmt  of  2x  to  a,  and 
the  force  varies  jm  the  6^mc  to  be  described,  condC^uently  the  times 
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are  equal.  If  therefbre  all  the  particles  of  an  elast  ic  medium  oontigooas 
to  any  plane,  be  agitated  at  ttieaaiiwtime  by  a  motion  vaiyiiigacooidiog 
to  any  law,  they  will  commimicate  a  motion  to  the  parddea  on  each 
aide,  and  thia  motion  wiU  be  propagated  in  each  direction  with  a  unifbnn 
velocity,  and  ao  that  each  particle  ahall  obaenre  the  aame  law  in  Ita 
motion.  For  aa  in  the  coUisiona  of  elaatic  balls,  each  ball  oommoni- 
catea  Its  whole  motion  to  the  next,  and  then  remains  at  rest,  ao  each 
particle  of  the  medinm  will  communioBte  ita  motion  to  the  nest  in 
order;  the  common  centre  of  inertia  of  two  neighbooring  particles  sup> 
plying  the  place  of  a  fixed  point ;  and  the  retrograde  motkma  will  also 
be  similarly  commanicafeed  by  the  expansive  force  and  pressure  of  the 
medium ;  and  since  the  magnitude  of  the  motion,  while  it  is  considered 
as  evanescent,  does  not  anixt  the  time  of  its  communication  from  one 
paiticic  t<3  the  next,  the  velocity  will  not  be  aflected  by  this  magnitude, 
and  the  whole  successive  motions  will  Ix?  transferred  to  the  ncighlnmring 
])!irticles  in  their  original  order  and  projwrtion.  For  computing  tlie 
velocity,  it  is  convenient  to  assume  a  certain  law  for  the  motion  of  each 
particle,  and  it  is  simplest  to  supjjose  it  moving  according  to  the  law  of 

the  cycloidal  pendulum.  Let  AB  Ik?  the  mi- 
nute space  descril)ed  by  the  |>article  A,  in  one 
aemiTibration,  while  the  undulation  is  trans- 
mitted throng^  AG  «  DA,  and  let  DB  be  a 
figure  of  sines,  of  which  DA  is  the  half  Ihsis ; 
then  if  EF  flow  imiibrmly  with  the  time,  that 
is,  if  it  increase  with  the  vdodty  of  the  nndn- 
latkm,  the  versed  aine  FG  will  be  in  a  oon* 
stant  ratio  to  the  motion  of  A;  the  velocily  of 


K    F  ) 

H  Id 

Afi  c 

M 

A  will  be  as  the  ikodon  of  the  apace,  or  of  FG,  that'is,  as  tibe  oonja- 
gate  ordinate  HI;  the  force  will  be  as  Uie  fiuxion  of  the  velodfy, 
or  as  FG ;  and  tiie  force  being  as  the  change  of  density,  or  as  its  fiuxicm, 

the  density,  or  rather  the  excess  above  the  natural  density,  will  be  again 
as  HI,  and  the  fluent  of  the  product  of  HI  into  the  fluxion  of  the  liase^ 
will  give  the  whole  excess  of  density  in  DA,  which  will  therefore  be 
represented  by  the  figure  DAK.  But  when  A  arrives  at  B,  the 
beginning  of  the  undulation  roaches  C,  and  the  whole  fluid  which  occu- 
pied A  is  condensed  into  BC,  so  that  its  mean  density  is  increiised  in 
the  ratio  of  AC  to  BC,  and  AB  represents  the  excess  above  the  natural 
density  ;  theref  )re  let  the  rectangle  DLMA  he  to  DAK,  or  DKq, 
as  BC  to  AB,  or  ultimately  as  AC  or  DA  to  AB;  that  is,  let  DA.DL  : 

DKq::DA  :  AB,  or  DLa        then  DL  will  vepreaent  the  natoral 

densi^,  while  the  oidinates  HI  everywhere  represent  its  increaae.  Let 
K  A  be  the  evanescent  length  of  the  particle  A,  then  the  force  actuating 
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it  win  be  as  the  diflferenoe,  of  the  densities  at  its  extremities,  or  as  N0» 
which  is  eqoal  to  NA;  therefore  the  foice  im|X'liing  A,  is  to  llie 
whole  elsstidty,  as  NA  to  DL.  Now  if  A  be  the  height  of  aodlnmnof 
the  anid,  equal  in  weight  to  the  whole  ehstiGi^,  this  weight  will  be  to 
the  wdght  of  A  as  A  to  NA;  and  the  force  impelling  A  being  h  NA  : 

DL,  this  force  will  be  to  the  weight  of  A  as  A  toDL,  orasA  .  ^  tol. 

Lot  thf-re  be  two  ponduluras,  of  which  the  lengths  are  h  and  AB,  then 

with  the  same  force,  they  will  vibrate  in  times  which  are  as  V  hmd 

AB 

^  AB,aad  if  the  force  in  AB  become  h .  ,  the  time  being  inversely 
m  the  stib-dapUcate  ratio  of  the  force,  the  vibiations  will  be  as  V  A  to 

^  AB  .  V  (j^i )  or  as  A  to  DK ;  and  in  the  time  of  this  semi  vibration 

in  AB,  the  undulation  will  transmitted  tluough  DA,  tlierfforc  in 
a  >«  niiv!l)rati()n  of  h,  it  will  Vx?  transmitted  through  a  sj>acc  greater  in 
tlio  ratio  of  A  to  DK,  which  will  Ix-  to  h  as  DA  to  DK,  or  as  lialf  tlie 
cirnunference  of  a  circle  to  its  diameter;  and  while  a  heavy  Ixxly 
falls  through  lialf  /i,  the  unduLition  will  descriVn?  A,  its  velocity  will 
tlierefore  be  eqtml  to  the  final  velocity  of  tlie  Ixnly  falling  through  half 
A.  According  to  this  theorem  the  mean  velocity  of  sound  should 
be  946  feet  in  a  second,  A  being  27880  foet,bat  it  is  fumidtobe  nearly 
1190,  which  is  one-fifth  greater  than  the  computed  vdodly.  The  most 
probable  reason  that  has  been  assigned  for  this  diflerenoe  is  the  partial 
increase  of  elasticity  oocssiooed  by  the  heat  and  cold  prodooed  by  con« 
densation  and  expansion. 

10.  Theorem.  The  height  of  the  barometer  will  not  affect 
the  velocity  of  sound  ;  but,  if  the  density  vary,  the  pressure 
remaining  the  same,  the  velocity  will  vary  in  its  subduplicate 
ratio.    Lectures,  vol.  ii.,  No.  401,  p.  69. 

For  the  velocity  varies  in  the  subduplicate  ratio  of  the  height  of  a 
homogeneons  atraosphere^  and  that  height  remains  the  ssme  while  the 

density  is  only  varied  by  meiuis  of  pressure. 

SrH0LiLr>f.  The  velocity  of  the  transmission  of  an  inipuls<?  through 
an  elastic  me<iium  of  any  kind  may  be  more  generally  determined  without 
the  OHisideration  of  any  particular  law  for  tlie  variation  of  the  density ; 
and  it  mav  he  directly  demonstrated,  that  the  velocitv  with  which  anv 
impulse  is  transmitted  by  an  elastic  sulxstance,  is  equal  to  that  whicli  is 
acquired  by  a  heavy  Ixydy  in  falling  through  half  tlie  height  of  tlie 
roodolos  of  its  dasticit)'.  The  density  of  Uie  different  parts  of  the 
medimn,  throogfaoat  the  fimte  space,  which  is  aflbcted  by  the  impulse 
at  any  one  time,  may  be  represoited  by  die  ordinates  of  a  curve ;  that 
which  corresponds  to  the  nataml  density  being  eqmd  to  the  height  of 
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tihe  modulus  of  the  elasticity.  The  force  acting  OD  any  small  portion  will 
be  ozpnMwd  by  the  di0^«nce*of  the  ovdiiiates  at  its  extremities  lliel  ia^ 
by  the  w«^tof  a  portion  of  the  modnhu  equal  in  he%bt  to  that  difler- 
eooe;  this  (broe  is  to  the  weight,  which  Is  to  be  moved,  as  the  flnxkm 
of  the  ordinate  to  that  of  the  absciss;  and  the  Telocity  with  wliich  the 
doisity  increases  will  be  as  the  difference  of  the  forces  at  the  extremities 
of  the  portioos,  or  as  the  second  fluxion  of  the  ordinate  of  the  curve  s 
and  the  increment  of  the  ordinate  exproofling  the  density  will  be  to  the 
whole,  as  half  of  its  second  fluxion  to  its  first  fluxion;  while  Uicre- 
foro  the  density  varies  so  as  to  be  represented  by  the  mean  of  two 
ordinates  at  a  small  distance  on  each  side  of  the  first  ordinate,  the 
increment  of  the  ordinate  being  represented  by  the  moan  vorscti  sine  of 
the  arcs,  or  half  the  .second  fluxion  of  the  mean  ordinate,  the  decrement 
of  the  space  occujiietl  by  tlie  j)articles  will  Ix;  as  much  less  as  the  fluxion 
of  the  absciss  is  less  than  thu  onlinnte,  and  the  wholt;  veKxiity  l>eing  as 
much  greater  than  tlic  (Un'erence  of  the  velocities,  tis  the  force  is  greater 
than  its  Huxion,  or  as  the  first  fluxion  of  the  ordinate  is  greater  tJian  its 
second  fluxion,  it  follows  that,  in  tlie  Simie  time,  the  ]>articles  will 
actually  describe  a  space  equal  to  half  of  the  first  fluxion  of  the  ordinate-, 
diminished  in  the  latio  of  the  fluxion  of  the  absciss  to  the  ordinate ;  but 
if  ihelbroe  were  altered  in  the  ratio  of  die  fluxion  of  the  ordhiate  to  that 
of  the  absciss,  so  as  to  become  equal  to  that  of  gravity,  the  space  de- 
scribed would  become  equal  to  half  the  fluxion  of  the  absdssidiminisbed 
in  the  ratio  of  the  fluxion  of  the  absciss  to  the  ordinate;  and  if  the  time 
were  increased  in  the  ratio  of  the  fluxion  of  the  absciss  to  the  ordinate, 
the  space  described  would  be  increased  in  the  duplicate  ratio,  and  would 
become  equal  to  lialf  the  ordinate;  and  if  a  point  move  each  wi^  through 
the  curve  so  as  to  describe  an  arc  while  the  variation  of  deniAly  causes 
the  ordinate  to  be  diminished  by  a  space  equal  to  the  mean  versed  aine, 
it  would  dcscril^e  a  space  0(|iial  to  the  ordinate  or  the  height  of  the  mo- 
dulus, while  luilf  tliat  sjuice  would  be  descrilxxl  by  the  action  of  gravity; 
C()ns<>tiuently  the  velocity  of  the  jx^tiuts  would  be  initially  equal  to  that 
of  a  heavy  body  falling  through  half  the  height  of  the  m<^lulus.  And 
that  it  would  always  remain  e<iual  to  this  velocity,  so  that  the  density  of 
the  nie<lium  might  always  Iw  expresstxl  by  tlie  mean  ordinate,  may  he 
shown  exactly  in  the  same  manner  as  h;is  already  lx*cn  done  with  resinrt 
to  tlio  motions  of  waves  and  of  vibrating  ehords.  The  variation  of  the 
velocity  and  the  diange  of  place  of  tlie  (xuiiclos  may  be  easily  dedueed 
firom  the  successive  fixms  the  curve  representing  thedensity ;  and  the 
whole  eflect  may  also  be  considered  as  arising  from  the  progressive 
motion  of  the  same  curves  which  express  the  coteroponuy  aflfectiona  of 
the  difierent  parts  of  the  medium,  and  which  will  also  show  the  sococs- 
sive  states  of  any  one  portion  of  it  at  diflerent  times. 
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No.  XLVm. 

AN  INVESTItiATION  OF  THE  PRESSURE  SUSTAINED  BV  THE  FIXED 

SUPPORTS  OF 

FLEXIBLE  SUBSTANCES. 

Prom  the  PhiloM|ihieal  MagpilbM  (or  1915,  voL  zlri.  p.  139. 


To  Mr.  TiLLOCH. 

Sis, 

The  formidablo  accident^  which  occurred  some  time 
since,  from  the  failure  of  the  hoops  of  a  vat  of  groat  size,  has 
led  to  an  inquiry  respecting  the  strength  rcquire<l  in  structures 
of  this  kind ;  and  its  results  are  comprehended  in  the  following 
prapontions.  It  must  be  remembered  that  they  are  only  cor- 
rectly tme  upon  the  supposition  that  the  resisting  pcnnfs  are 
abeolutely  fissd,  and  that  in  aotnal  practice  the  forces  will  be 
somewhat  more  equally  divided :  It  would,  however,  be  always 
prudent  to  make  the  strength  great  enough  for  the  most 
unfavourable  supposition  tliat  can  be  made  respecting  its 
employment. 

A.  If  a  flexible  bar,  equably  loaded  tlirougbout  its  Icngtli, 
be  supported  at  each  end  and  in  the  middle  by  fulcrums  per- 
fectly  fixed,  the  middle  point  will  sustain  -g-  of  the  whole 

pressure- 
Let  the  half  length  be  a,  the  distance  of  any  point  from  the 
middle     and  the  pressure  on  the  end  1/ ;  then  the  strain  at 
the  point,  being  the  joint  result  of  all  the  forces  actmg  on 

either  side  of  it,  as  on  the  arm  of  a  lever  of  which  it  is  the 

fulcrum,  will  be  y  (a  -  *)  —  («  —  «)  -j-  ~ 

weight  of  the  portion  a—a;  acts  at  the  distance     (a  -x) ;  and 

the  curvature  will  be  asay  —  jcy  — ^a*  +  <ur — ^j^,  the 
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ciirv6  being  supposed  to  differ  but  little  from  a  straight  fine : 
hence  the  fluxion  of  the  inclination  will  be  as  oyi  —  yxx  — 

i^i  -h  axx  —  -J-  a^x,  the  iiucnt  at/x  —  -j*       +  y 

ox*  —     '*>  ^liich  requires  no  correction :  and  in  the  same 

manner  the  fluent  of  the  ordinate  wlU  be  found  j-  ajfjf  — ^ 

yjrs  —  -i-  aV  4-  Y  ^  S"  w^ch  must  vanish  when 
jr  s  0,  nnoe  the  ends  are  supposed  to  be  absolutely  fixed*  or 

a,  and  jr  «  -jo,  wbidi  b  of  So,  die  whole  pteemie;  w 
that  the  two  ends  support  j  of  the  whole  pressure,  and  lea?e 

-|  for  the  middle. 

B.  in  order  that  a  flexible  bar,  equably  loaded,  may  rest 
equally  on  eadi  of  three  fixed  supports*  their  distance  must  be 
'3472  of  the  wbde  length. 

If  the  half  length  be  a,  and  the  distance  ta,  the  strain* 

2  1 

between  the  supports*  will  be  g  a  (m  —  *)  —  j  (a  —  ;  the 
inclination,  by  taking  the  fluent*  is  found  g  amx  —  ^  ^  1 
€rtr  +  5  «^  ~        «wl  the  ordmate  i-  amjf  —     oj^  — ^ 

"  j:[^9  which  must  vanish  when  x  s  m*  and 
€un  —  -  am  ^  -  or  +  -  am  —  ^»r,  or —  am— -<r  — 

must  vamsh  also ;  whence  mP— yams  —  6a*,  m  — 
-±V^V«>dfii  -  '^"/'^*a  -  •6944a;  that  is*  about 

^  of  the  whole  length  more  than  if  the  bar  were  composed  of 

three  pieces,  and  each  point  supported  an  equal  share. 
G.  If  a  flexible  bar,  equably  loaded,  rest  on  five  fixed  pointi^ 

at  the  distance  of  ^-  of  the  length  from  each  other,  uid-^ 

from  the  ends,  the  pressqjras  will  be  as  59*  52*  and  58»  or  as 
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2107,  1857,  2071,  1857,  and  2107  ;  and  if  the  middle  support 
be  removed,  the  pressure  on  the  remaining  points  will  be  as 
11  and  21,  or  as  1719,  3281,  3281,  1719. 

Calling  the  whole  length  10a,  and  the  pressure  on  the  lateral 
fiilcrums,  y  and  the  strain  at  the  distance  x  from  the  middle 
vill  be,  for  the  portion  next  the  middle,  y  (2a— x)  +  2r(4a— jr) 

5"  (5«  —  *)•;  the  indiiuition  Soyjr  —  ~ yj*  +  Aazx  —  i- 

—  Y  and  the  ordinate  oya*  —  ~  yj*  + 
Sosa"  —  ^  zj:*  —  c?3^  +  ^  ar*  -  ^  ^»  which  must  vanish 
wImo  X  »  2^  and  0  s       -         +       ~  - 

+  f«*-|«'-<^{|y  +  **-^a|,and8y  +  20^  =  67a. 
In  the  next  portion  the  pre^snre  y  is  not  concerned,  and 

the  expression  for  tlie  indinatioa  becomes  Aaxx  —  ^^rjr*  y 

SI  1 

a'jr-|--£w:*  —  ^ar^  +  ^i  and  for  the  ordinate  2cw2*  —  -^zt? 

—  —  A*  +  -      —  —     +     +      here  A  mnst  be  d©- 

termined  from  the  first  portion,  the  final  inclination  of  the  one 
coinciding  with  the  initial  inclination  of  the  other ;  and  making 
in  both  expressions  x  =  2a,  80*2  *  20*2  —  'iba^  4-  lUa^  - 

0* ;  consequently  b  =  2a^ij  :  then  the  ordinate  vanishing  at  tlie 
beginning  of  the  second  portion,  when  x  =  2a,  we  have  0  = 

-  1  flSg  _  25tf*  +  ^  tf«  -  |-     +        +  <f ;  when 

jr  «  4a,  and  the  ordinate  once  more  ▼amshes,  0  »  82a%  — 

^  ««s  «  lOOfl*  +       tf«  -  ^  0*  +        +      and  by  sub- 

tractiai,  24a»z  -  f  A  -  75a*  +  ^  ^  ^  T  +  ^'^^  " 
0««i?|^  2  —  51:^  a^.      ;  whence,  suppressing  and 

sahtracting  4y  +  IQs  —  ^  a,  we  have  0  s  ~  «  —  ^  a,  and  s 

SB  SS 

s  ~  a :  consequently  y  ~     ^        ^'^'^  ^  pressure  sup- 

ported  at  the  middle,  there  remains  ^  a. 

VOL.  IL  M 
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If  we  now  rappose  the  Menim  at  ibe  middle  to  be  removed, 
the  equations  for  the  aeoond  pert  of  the  figure  and  for  the 
inclinatiaii  of  the  first  part  remain  nnaltered,  and  we  have  alao 

y  +  2  -  5a,  and  4y  +  4^  =  20a,  which,  subtracted  from  j- 
a  -  iiSa  +  %  =  0,  leafeaf  a-"«  «  and  f  «  ^  a, 
and  V     —  a. 

"  32 


D.  In  a  flexible  stave,  forming  part  of  the  side  of  a  astern, 

7 
8 


and  supported  only  at  the  ends,  the  ineliDatioQ  at  the  top  is  r 


as  great  as  at  the  bottom. 
The  omtre  of  pressm  bang  at  one-third  of  the  height  the 

upper  support  must  withstand     and  the  lower  ^  of  the  whole 

force,  winch,  if  a  be  the  bright,  may  be  called  ^  a* ;  and  the 

strain  at  the  distance  x  from  the  surface  will  be  the  ditference 
of  the  strains  produced  by  the  prcsaure  of  the  fluid  and  the  re- 
aiataace  of  tbe  support,  that  is  ^-a*x  —  ^«*»  rinoe  the  preaaore 

of  the  flnid  above  the  given  point,  that  is  ^  2*,  may  be  oonn- 

dered  as  united  in  the  centre  of  pressure,  and  therefore  acting 
at  the  distance  y  x.   Hence,  for  the  fluxion  of  the  inclination 

of  the  stave,  we  have  j  c^xx  —  -j-  j^'i,  and  the  corrected  fluent 

ia  "  ^'  for  tlie  ordhiate  of  the  curve 

we  find,  by  a  aeoond  int^gvationi  *^  o^j;"-  ^     4-  ^  whiob 

must  vanish  when  x  =  a,  so  that  3^  +  ^  =  0,  and  6  «  — 
~  a* :  hence,  when  x  =  a,  the  inclination  becomes     a*  — 

mm 

1^  a*  =  ^  a*f  wlnle  the  initial  indinatioa  ia  repreaented  by 

860 

E.  If  a  stave  be  supported  by  three  fixed  fulcrums  or  hoo]^, 
one  at  each  end,  the  other  in  the  middle,  the  upper  one  will 
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dn     of  the  whole  pressure,  the  middle      and  the  lower- 

17 
48  • 


If  WO  cill  tlie  distance"  from  the  surface  x,  the  jiressure  at 
the  top  ^,  and  at  the  middle     the  strain  will  be  first  yx  — 

\  4* ;  and  below  the  middle,  eaUing  half  the  hdght  yx  •¥ 
zix^a)  —  ~  r*,  whence  the  mclination  will  be  first  ^  yx*— 
^  j:*  +  *  ;  and  secondly,  ^  ^-^  ~  ^  ^  +  ^  zj^-azx  +  c,  mid 
the  ordinate  first  \  -  jc*  &r,  and  teoondly  -yi^  ^ 
*^  ^  \  <ut^  +  car  +  dL  Now  the  ordinate  must 
vanish  in  the  first  expression  when  x  =  a :  hence  ~  ya?  —  ^ 
tf*  -f  &  B  0,  and  the  inclination  in  the  middle  is  ^  yo"  —  1 

▼aine  of  the  inclination  in  the  second  expression  when  x  =  a ; 
to  thai  flV  ^  +  — fl^«  +  c«  \^  ^  ^  ^9  Mwl 
f  «  —  ^  a^y  +  +  ^         w  hen,  tliercfore,  ^  =  a  in  tlie 

•eoood  expremion  for  the  ofdinate,  \  ^  "  -^^^  +  \  <Ar— 

and     =  —  ^      :  when  also  x  =  2<i,  J  a'y  —  ^  a*  +  J  0*2 

and  «  «  I  <^  -  6y.   Again,  the  preasore  on  the  third 

point  will  be  So^  —  y  —  a,  the  three  hoiqpe  ha?ing  to  snstau 

die  prcbsurc  to? :  this  third  pressure  mnst  also  exceed  the  foroe 

jf  by  1 in  Older  that  it  may  bold  in  equilibrium  the  whole 
pressure  2a',  ac  ting  at  tlic  distance  ^  a  from  the  middle  point, 
aathefblcmmofaleTer,  totbaty  +  f  <^  «  to^- 

M  2 
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y  Zf  and  9  ^  |  a"  —  2y ;  whence,  sabtracting  the  former 
value  of  Zf  we  liave  4^  —  ^  <^  «  0,  y  =  ^  a%  2  ■  |-  and 

the  third  pressure  ^  a". 

F.  If  a  stave  Ik)  supported  at  the  ends,  and  by  two  inter- 
mediate hoope  at  equal  distances,  the  respective  pressures  will 

^  4E»  r5'  4-5'  45- 

For  the  first  and  second  portions  of  the  staves,  the  values  of 

the  inclinations  and  ordinates  are  determined  from  those  of  y 
and  Zf  as  in  the  last  proposition :  for  the  third,  the  inclination 

will  be^ya*  —  ~x*-f-5M*-aiar  +  j       —  Sottf  + 

which,  at  the  ori^  of  this  portion,  where  »  »  %a,  beoomes 

2a"y  -  ^  a*  +  2a«2  -  2c^z  4-  2a«tt  -  iahi  +  e,  and  this  must 

be  equal  to  the  final  incUnatiflm  in  the  second  part,  or  to  2afy 

—       +  2a*«  -  2<Ar  --J       +  ^q^*  +  \       whence  - 

&Ai  +  «a-^«^+j45^'  +  BO  that  die  ordinate 
wiU  be  155**+  J  «p»-ia«t*+^  i«»-aitt»  + 

8<Acar  —  -J  a'yx  So  ****  i  "^/»  ^  '^^^  vanish 
when  X  a  Sa  and  jr>da,orOs  -         +  — 

2a^a  +-|-aHc-4a>tt  +  ^-  I  0^  +  4^+^ 

4.^i^  +  |afls+/,  and  by  subtraction  8y  —  i"    +  f  •  + 

^  «  «  0,  or  d6y  -  21a*  +  14«  +  2tt  «  0.   We  have  also,  as 

before,  from  a  oompariaon  of  the  evanescent  ordinates  of  the 

second  portion,  a  «  jc^  —  6y,  or  62  =  do*  ~  36y,  and  by 

addition,  -  12«^  +  8s  +  2v  «  0.  On  the  other  hand,  oon- 
flideinig  the  stave  as  a  lever  with  its  fulcmni  at  its  lower  end, 

we  have       ~  ^**»  ~       —  6y  —  4«  = 
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3  9 

12a*  —  SZi  and  6y  =  4?  —  3a"  =  j-a*  —  «,  whence  5a  =  a*, 
«  s  ^  a",  and  tiie  aeoond  boop  tastaaiiB  one-fifkli  of  the 
preflBore;  oouequenUy  ^o*,  ii=^a«, 

and  there  remains  for  the  force  at  the  bottom*  ^  ^*    In  a 

similar  maimer  the  calcaUtion  may  be  extended  step  hy  step  to 
a  greater  number  of  pcunts ;  but  as  the  number  increases,  the 
inequality  of  the  distribution  between  the  neighbouring  points 
must  of  course  diminish,  and  if  it  became  infipite,  the  pressure 
on  each  would  be  simply  as  the  depth. 

A.  B.  C.  D. 


AugaU  %  1815. 
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AH  ESSAY  ON  TEE  PfiESSUBE  OF 

SEMIFLUID  AMD  G0U£S1Y£  SUBSTANCES. 

From  Uutton'a  Mathiwiitkal  DktioiMiyt  artioto  *  PnMom.'* 


Tmb  resistaiicc  op{)osed  by  fricdoii,  or  adbesioii*  to  the  reUtive 
inotion  of  any  two  gim  solid  or  aeinifltiid  sabfltanoeB,  Is  nearly 

proportional  to  the  force  urging  tlie  swfiioee  into  contact.  Sinoe^ 
however,  this  force  most  necessarily  be  angmented  by  the  force 

of  direct  cohesion,  which  is  j)roportional  to  the  extent  of  the 
surfaces  in  contact,  it  follows,  that  a  portion  of  the  resistance  to 
lateral  motion,  must  al^o,  in  cohesive  substances,  be  proportional 
to  the  magnitude  of  the  surfaces  concerned,  and  independent  of 
the  direct  pressure.  The  proportion  of  the  variable  resist«ince, 
to  the  force  on  which  it  depends,  is  that  of  the  height  to  the  hori- 
zontal extent  of  an  inclined  plane,  on  which  the  sorfiuses  would 
begin  to  slide  on  each  other,  if  this  resistance  only  were  ooncemed, 
or  if  the  force  or  weight  were  very  great,  and  the  extent  of  the 
surface  very  small :  and  the  angle  formed  by  such  a  plane, 
with  the  horiioo,  is  called  the  angle  of  repose  of  the  sobstaDoe. 
The  mutual  cohedon  of  two  sabstanoes  may  be  estimated  finom 
the  thickness  of  a  coat  of  one  of  the  sabstaiices»  winch  woidd  be 
supported  by  it  in  contact  with  a  vertical  surfooe  of  the  other ; 
and  both  these  properties  may  be  practically  determined,  with 
respect  to  any  internal  surfaces  or  sections  of  a  given  substance, 
by  raising  a  portion  of  it,  terminated  by  a  horizontal  au«I  a 
vertical  surface,  until  the  angle  breaks  off,  observing  both  the 
depth  and  the  breadth  of  tiic  jiortiun  thus  separatin*;. 

A.  It  is  (Irbt  re({uiivd  to  dclcruiiue  the  angle  of  fractuic  tui 

•  I>i.  Ilutton,  in  %amv  piofatory  r»  ni.irk>  ii|H>n  t])i,«>  article,  rrfoi.>  t  «  hi»<">iui»<  .if 
MaliicmaticA,  vul.  ii.  d.  and  rol.  lu.  p.  lor  a  popular  theorjr  ol  the  prtMurt 
of  inwUy  ooBBpMl  or  6m  tu^~Not»hjf  tk»  iSiUor, 
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a  seaiflnid  and  oolieti?e  salMtanoe,  terminated  by  a  horiiontal 
and  A  Tertical  sorftoet  and  supported  ooly  by  a  horiionta]  force. 

We  have  here  a  wedge  of  iiie  giren  rabetanoe^  tending  to 
slide  down  an  inclined  plane,  and  to  overcome  at  once  the 

horizontal  pressure,  and  the  resistances  in  the  direction  of  the 
plane  derived  from  the  cohesion,  and  from  the  friction  produced 
by  the  sum  of  the  other  forces ;  and  we  are  to  determine  the 
breadth  x  of  that  wedge,  in  wliicb  this  teodeDcy  will  be  the 
greatest,  its  depth  being  a. 

Now  the  weight  of  the  wedge  being  expressed  by  4 ax,  its 
immediate  tendency  to  descend  along  the  inclined  plane  will  be 

\ax  .  ^(aJ'^jyj »  which  will  be  opposed  by  the  horixontal  force 
acting  in  a  contnry  difection»  and  redaced  to  /  9 

and  by  the  resistance  derived  from  three  sources:  the  first 

from  the  cohesion,  which  is  expressed  by  b  sf  (aa  -|-  xz), 
h  being  the  thickness  supported  by  the  lateral  adhesion  of 
a  vertical  surface ;  the  second  and  third  from  the  two  pres- 

siiiea,  repmented  by  4to .  and  tf.  ^^J^„y 

where  f  is  Ae  tangent  of  the  angle  of  repose,  the  resistiince 
being  to  the  direct  or  perpendicular  pressure  as  ^  to  1. 
Hence,  for  the  state  of  equilibrium,  we  have  the  equa- 

ioLr  4-  otf i  whence  /  =  x^at  • 

niQsl  be  a  mazimam  in  the  aeefcion  affiwding  the  greatest 
pioBBure,  and  its  fluxion  must  Tanish;  whence  we  have 

x«V(a*+aV)-flrf;  and  if  ft =0, /«a« 

Hence  it  appears  that,  as  Mr.  Prony  has  already  observed,  the 

angle  formed  by  the  surface  thus  determined,  with  the  vertical 

surface,  is  half  the  complement  of  the  angle  of  repose,  since 
(I  -i-  t^)  —  t  la  the  t^ingent  of  half  the  angle  of  which  the 
cotangent  is  /,  as  is  easily  shown  by  a  trigonometrical  calcuia- 
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tion;  and  that  this  angle  n  imUpeiideDt  of  the  magnitiide  of 
the  oobesive  resistance,  and  determined  only  hy  the  fiiction;  at 
the  same  time,  if  the  firictioo  vamahea,  and  the  coberion  alooe 
remains,  we  hafe  a:  a  a,  the  angle  hang  45^. 

B.  The  portion  of  a  semifluid  and  cohesiTe  saUtanee,  of 
which  the  sur&ces  are  horiimital  and  ?ertica],  afibrdmg  the 
greatest  lateral  pressure,  is  tenninated  by  a  plane. 

For  if  we  oonodve  the  substance  to  be  divided  by  a  second 
▼ertical  sorface,  parallel  to  the  first,  the  angular  situation  of  the 
upper  part  of  the  oblique  termination,  cut  otf  by  this  surface, 
will  obviously  be  correctly  determined,  if  considered  as  a  plane, 
according  to  the  principles  already  laid  down ;  and  if  any 
curved  surface  would  afford  a  greater  lateral  pressure  than  a 
plane,  the  direction  of  the  lower  part  of  the  oblique  terrainatiou, 
considered  also  as  a  plane,  would  require  to  be  different  from  that 
of  tlie  upper,  and  this  difference  might  be  exJiibited  by  sup- 
posing its  horizontal  extent  to  be  varied,  that  of  the  upper 
portion  remaining  the  same.  But  in  fiict,  the  determination  of 
the  direction  for  this  part,  thus  considered,  will  be  precisely  the 
same  as  for  the  upper  part;  since  the  proportion  of  the 
resistance  to  the  pressure  remains  the  same,  and  the  horizontal 
force  acts  on  the  lower  part  of  the  oblique  surface  witli  the 
same  increased  intensity  as  the  wdght,  the  one  depending  on 
the  other;  so  that  the  relations  of  all  the  forces  concerned  in  the 
determination  remain  unaltered* 

C.  To  determine  what  portion  of  a  soft  and  adhesive  sub- 
stance^ having  a  horisontal  and  a  vertical  surfiu»,  will  stand 
alone. 

Put  /  «  0,  then  ^(^s  ^  M  ~  hex  ^  iatxx  «  0  ;  and 
if  ^  is  given,  let  V  (1  +  O  ~  ^  be  r,  and  x  ^  ra,  then 

,        S6-t-SrF6     S6     l  +  fr     46        ,  .       ,         u  *  r 

.                     ,                -    ,           oa  -  XX          ,    ,       aax  -  aUx 
observe  a  and  x.  we  nnu  t  =  —z  ,  and  a  =  — —  . 

When  t  vanishes,  x  becomes  equal  to  a,  and  b^^ai  if 
/  =  1,  b  =  'lOUai  if  ^  =  i,  A  =  -1560. 

D.  When  the  surface  of  a  soft,  or  semifluid  and  cohesive 
substance,  is  inclined  to  the  horiion,  the  portion  affosding  the 
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greatest  horizoDtal  pressure  is  generally  temuDated  by  a 

curve 

We  may  suppose  the  sul>stance  to  be  divided  into  vortical 
strata ;  and  the  mean  depth  of  any  stratum  being  called 
and  the  difference  of  the  depths  of  its  two  sor&ces  c,  we  must 
inquire  what  must  be  its  thickness  x,  in  order  to  afford  the 
greatest  horixontal  tluuBt  The  weight  of  the  stratum  will 
then  be  represented  by  jfx ;  and  if  the  tangent  of  the  elevation 
of  the  exposed  snrfrce,  ascending  from  its  angular  ^nd,  be 
the  lengUi  of  the  oblique  termination  of  the  stratum  will  be 
V(ir'+(c+ux)')      we  have  then,  fbr  the  state  of  equilibrium, 

the  equation  ^2  .  — =/.  j  +  oz-f  iyor . •  ^  >  and 
J  ~         x-{-ci-\-tttx         "  *  +  ct  +  *«»  * 

then  putting  the  fluxion  of  /  s  0,  x  only  being  TariaUe,  we 
obtain  {ey + 2«yir-2&r-2^-8Mx-S^x) .  («+<4 + lit«)  " 
(1  +  to)  .  {eyx  +  uyaf     bafi  ^      ^  Vteux  -        -  tylf) ; 
{%t^^2b~%M~^)» .  (l+te}x+(2iiy-2&-2M-%)  j:  . 
et  +  (iy-26eu)  .  (1  +  fu)  jr  +  (fy  -  2Ain»)  .  ef  s  (1  +  to)  . 
(iry-ft-W-^y)i«  +  (l  +  ^M)  .  (cy-2ftc«)jr  -  (1  +  fti)  . 

18  louna  =  V  V(i+iii)«  +  («^-6-te»-^)  .  +  ~  I  +  to* 
Having  thus  obtained  the  angular  direction  of  the  tennination 
of  the  vertical  stratum,  which  afibrds  the  greatest  lateral  thrust 
when  the  hdght  is  we  may  proceed  to  find  what  must  be  the 
magnitude  of  y  fat  diflerent  strata,  in  order  that  they  may  all 
possess  this  property,  and  that  the  whole  horizontal  force  may 
consequently  be  the  greatest  possible.  For  this  purpose  we  must 

substitute  for  ft  x  being  now  ccmsidered  as  the  whole  hori- 
aontal  tiudmess,  and  y  the  whole  vertical  ordinate  or  depth,  as 

before.  Hence =  +   ,,.4.^.^  j-0  = 

Call  s\b-^buu-^{t  -»)  y),     then  y  =  -7^-^   ,  y  » 
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.         .«i  if  we  ciJi  ^i;;!^  ^, 

we  have  -  i  »  ^  7^  ^t**"  +      -  • 

But  it  is  well  known  that  the  fluent  of  V  (a*  +  J^) 

4«  V(<^+jr*)  +  |«*.  HL(a:H-  V(a* +*'))f  wid  by  compariaon 

with  this  fluent,  we  ohtam  die  equation  •  = 

(t^        +     +  +        +  1^  +  ^- 

When,  however,  ^  —  m  is  negative,  that  is,  when  the  elevation 
of  the  inclined  surface  is  greater  than  could  exist  without  the 
cohesioDy  the  fluent  assumes  a  diflfereut  form,  and  we  must 

make  i<*  »  — ^\  +   then  -  jp  « 

^i±^  ,/(d»^t^)  -  But  it  is  known  that  the  flnent  oT 

^  Of*)  i  is  4'  y  (a"-j:*)  +  ^o*  arc  sine  ^;  hence  «  -j:  be- 
comes =  (c/         1'^)      arc  sine  ^)  - • 

£.  When  the  ▼ariaUe  reeistimee  vanishes,  the  cuire  beoomes 
a  parabola. 

For  if  <  =  0,-^  or  •^beoomes  =  V  b+hmm^^*  whence  x  -f  c  a 
^  V(^+^-W);lNitwhenx"0,  y«a,aad  es  ?  ^(1^  + 
^  -  bau),  and  therefore  (x  +  ^        -I-  Mm  -  &»})*  » 


^  +  4A« «  ^  y  =  x»  +     +  +  ^  -  Aon), 


and  y  a  a  —  V  (1  4-  —  ^  ")  '  —  4^  In  order  to  de- 
termine the  whole  horiaontal  force,  wc  most  find  its  fluzioa 
by  substituting  i  for     and  —  y  for     m  the  equation  for  y; 

which  becomes  -  yy  •¥  uyx  ^  bx  -  2lmy  —  bt^x;  and 
since  -  y  =  v^(l+tm-^u)i  +  ^xi^  we  obtain  the  fluent 
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Ms  +  aiur  -         -l  V(l  +  t«i  -  f  «)  a;*  +        —  Mx  « 

^+(i<m-2ft-.2^«-ii  v(i +t^- 1  «*)«*-3 

wbleh  iDTiet  faiiiih  when  jr "0,  and  y  ~a,  or  ^  +  2teif — i«^"0, 
and^rsio*-  2&itf.   Wheny^O,        «  7  and 

^VCl  +  M*  —  jtt),  and  the  whole  force  b 

Here  it  rnnat  be  obaerfed  tbat  when  ^  »  ia  equal  to  or 
greater  than  1  + 1^,  the  problem  heoomes  impossible,  the 

value  of  ^  becomiDg  first  intiiiitc  and  then  imuginary.  Wa 

may  take  for  an  example  the  case  u  -  A  and  a  =  10^, 
then  X  s  2a  (Vl*01  ~  *1)  »  I'dlii,  and  the  whole  linoe  ia 

Ja«--02a»-H(-2a--2a--002aV--01a»-^--84W.  Ifii=l, 

aud  a  =  2b,  X  =  v'2a,  and  the  force  i^o*  —  a*  —  V2a*  —  lv'2a*, 
which  being  negative,  implies  that  there  can  be  no  separation. 
In  order  to  show  how  little  the  force  thus  dctormined  differs 
from  tbat  which  is  afforded  by  a  section  terminated  by  a  plane 
surface,  e?en  where  the  variable  resistance  is  supposed  to  be 
abeenty  we  may  calculate,  for  the  depth  of  a,  the  horizontal 
extent  x  of  a  (nrismatic  section  affi>rding  the  greateat  pressure, 

the  equation  of  the  forces  will  then  be  Jo*  SiJJf  —  ^  a  y  ,  f  ^ 

bz*  ba* 

and  /  =  ia*-f  iaiur— ~  =  Ja*  +  iaiur-ftx-— —  2&m  — Mr, 

bun 

and  when  its  fluxion  Taniahes,  hm  —  &  *I-Tr  —  M^bO,  conse- 


quently ^  =  1  +  1*^  ""B*  tt    -xV*  and  a  =  lOb, 

becomes  *51,  and  x  «  l'4a,  whence  /  is  found  '^^7a^  which 
ia  not  one-fortieth  part  less  than  the  more  correct  result  of 
the  former  calculation.  When  the  cohesion  vanishes,  and  the 
Tariable  resistanoe  alone  remains,  the  maximum  of  force  seems 
in  all  eases  to  be  afforded  by  a  plane  sur&oe,  whether  the 
resistance  is  horizontal  or  not. 


if 
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F.  It  remains  to  be  determined,  what  is  tlie  proportion  of  the 
forces,  when  the  preasure,  instead  of  being  horicoDtal,  is  sup- 
posed to  be  oblique,  as  will  be  the  case  when  the  surface  of  a 
wall  is  opposed  to  the  thrust  of  earth,  and  ezhilnts  a  lateral 
adhesioD  or  frictioDi  as  well  as  a  direct  resistanoe. 

We  htire  here  two  new  forces  to  be  considered,  the  one 
constant,  representing  the  adhesion  of  the  wall,  the  other 
dej)CDding  on  /  the  horizontal  preesore,  both  tending  directly 
to  lessen  the  weight,  if  we  consider  the  rarfooe  of  the  wall  as 
vertical.  We  may  still  call  the  horizontal  extent  of  the  pris- 
matic portion  x,  disregarding  the  slight  inaccuracy  of  supposing 
the  oblique  surface  a  plane ;  and  u  being,  as  above,  the 
tangent  of  the  elevation  of  the  exposed  surface,  the  friction  of 
the  wall  being,  for  the  sake  of  simplicity,  considered  as  equal  to 
the  internal  friction  of  the  materials,  which  it  can  never  exceed, 
and  of  which  it  will  seldom  fall  short,  we  have  the  equation 

and  /    (;|^-«^)  -^-(^;^-«^).  and  when  its  fluxion 

vanishes,  (^a^  +  aux  —  alnt  —  2bx  —  2ahu  —  2hu'£  —  atx  4-  tab)  , 
{2t(a  +  ux)-'ex-\-x)=^{2tu-e-\-\)  .  [{^ax-ab)  .  (a  +  ux)~ 
hj^^b  {a-^ux)*)  -  ^cu^  +  tabx],  or  [(au  -     -  2Au»  -  a<) x + 

whence  jt  +  ^^^t^i  +  (a«-96-2te»-af) .  (Sf«-fi+i)  " 

4**  -  on  -  s6  -  2bitu  -  ai>  or  ^  +  srrir+i  ^  ^  • 

(«-«  +  .).(«— 2t-M..-«.)'  •«>  »  >nay  be  found  b,  com- 
pleting  the  square. 

But  for  practical  use  on  a  large  scale,  we  may  ne|^ect 
the  cohesiTe  resistance  without  impropriety,  its  iralne  being 
generally  variable,  from  the  eflbcts  of  moisture  and  agitation, 
so  that  it  would  be  unsafe  to  place  any  dependence  on  it»  eren 
if  it  were  much  larger  than  commonly  happens :  we  may  there* 

fore  make  b^O,  and  x' -f  ^S^^+l  =  ^^\tuu^ti^i).(i^uy 
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±  'J  7r5~J  whence  /  may  be  readily  detenmned, 

being  6q[lltl  to  \flX  .  fa/  4.  2/iur-ftr4-'* 

If  tlie  wall,  instead  of  being  vertical,  be  inclined  towards  the 
bank,  which  is  a  condition  highly  favourable  to  its  stability,  the 
oblique  direction  of  the  thrust  must  also  be  taken  into  conside- 
ration, in  computinjj  its  magnitude.  Let  «  be  now  the  tangent 
of  the  deriation  of  the  wall  from  the  vertical  direction,  the 
surface  of  the  eartli  being  horizontal,  and  let  x  be,  as  above,  the 
vbole  borixontal  extent  of  the  portion  affording  the  greatest 
tbe  force /  being  perpendieolar  to  the  wall.  We  shall 
km  fiir  the  wogbt»  ia  ('  —       aetu^  in  the  direotioD 

ef  the  ehBqiie  mrfiMe  z  with  die  force  \a  (x  -  au)  ^ ,  and 

cwbg  a  mirtenfin  ^(jr—oai)^.  In  order  to  reduee  the  force 

/  to     Mne  dilectiol^  we  niirt  ifaid  the  one  and  eonue  of  the 
eentoiaed  \f<i  the  oblique  lurfiiee  z  end  the  wall,  winch  are 

j^y^y  and  V(  1  -  -^^)  -  -  VC<i'+*'  Tmt)  =  iVO+ii)  * 
whence  we  haye and  tf  y^^-^y  and  the  friction 
ef  the  walj,^  beiQg  reduced  iu  a  limihur  mannert  girea 


V  V(iT-l  +  V»  V^ir^  -  2^  /ci7!l«>)  5  consequently 

•     (1  •f  M)         («  -  211)  .  rx-aM)  -»-4l(a  +  us)  '  ^ 

andwhoi  ila  iozion  faniihea»(e4-8d:r)  .  («r+y}  - 
^  •  4il  -  (t  -  on. 


Digitized  by  Gopgle 


174 


ON  THE  FBMURB  OF 


Na  XLIX 


G.  It  will  now  be  easy  to  find  the  dimensions  of  a  wall, 
capable  of  withstanding  the  thrust  of  a  given  bank  of  earth, 
without  being  overturned  or  carried  away  horizontally,  provided 
that  we  know  the  elevation  at  which  the  surfoce  of  the  earth  is 
c^Ue  of  supporting  Itself 

It  b  ohfious  that  the  whole  prettnie,  like  that  of  inids, 
must  be  proportional  to  the  square  of  the  depth  a,  n^looting 
die  eilbct  adhesion ;  and  consequently  that  the  centre  of 
prennre  must  be  at  one-third  of  the  height  We  may  ooosider 
the  specific  gravity  of  the  wall  as  equal  to  that  of  the  earth, 
which  will  in  general  allow  us  some  excess  of  stability  for  the 
security  of  the  work  :  then  if  the  wall  be  vertical,  and  its  thick- 
ness be  the  force  being  referred  to  the  outside  of  the  base  of 
the  wall  as  the  fulcrum  of  a  lever,  we  must  have,  in  order  that 

it  may  not  be  owtumed,  W-tfif'^i^f  «nd  J^'H- «  y  =  if* 

y  s  — And  in  the  same  manner,  if  we 

suppose  fhe  section  of  the  wall  to  be  triangular,  its  outer 
surfiu»  being  sloped  off,  we  have  i  q/*  =      +  ^  arr,  and 

X  s  (^9^         '  heiDg  the  thickness  at  the  bottom. 

When  the  wall  is  inclined  towards  the  bank,  in  an  angle  of  wfaidi 

the  tangent  is  u,  /beingthe  force  perpendicular  to  it,  and  y  the 
horizontal  thickness  of  the  wall,  the  force  f  will  act  on  a  lever 

of  which  the  length  is  jaVCl-fmi)^  ^^^'^^^i  and  the  friction 

wiU  act  at  the  distance;^^,  and  the  weight  at  iy-^iau, 

whence  i«/ V(l4-tttt)  +  '  +  4«y  +  4«*'fy» 

jr  =  +«.)  +  t^J^)  +  *««)•]  -^^i^-  *«• 

If  the  wall  be  not  securely  fixed  at  its  foundations,  for 
example  when  the  earth  is  dug  away  beyond  it,  it  may  be  liable 
to  slide  away  laterally  more  easily  than  to  be  overturned. 
Supposing  it  simply  to  rest  on  materials  similar  to  those  which 
constitute  the  l)ank,  we  may  calculate  the  thickness  sufficient  to 
produce  a  resistance  equivalent  to  the  thrust ;  thus  if  the  wall 
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m  fciticait  we  moaibaTe/s  t((i^^ft},  and  ay  >  ;  but 
vfaoi  the  wan  it  ioeliiiedt  the  Isroe  /  takee  from  tbe  weight 


H.  Id  the  ease  of  drinng  a  ]nle,  the  preerare  of  the  soft 

nateriaU  is  modified  by  the  invenioD  of  the  direction  of  tbe 
friction  of  the  vertical  surface,  which  now  acts  in  conjunction 
witb  the  weight  of  the  materials,  so  that  ^ajr  ^  oh  —  tf 
becomes  h<vr  -f  ah  ^  tf,  or,  if  ^  =  0,  simply  iox  -f  tf ;  and 

/8 1  •  ^^^7^f  wfaidi  is  greatest  when  jr  is  least,  and  becomes 

•       oltuDately         and  tbe  resistanoe  (f  will  be  which 

is  a  — when  tt+ls2/,  orf  =  l,  being  then  \  a* ; 
and  in  this  case  the  resistanoe  deriTed  from  tbe  friction,  on 
tht'  whole  of  the  lateral  surfaces  of  a  square  pile,  wonld  be 
ei|ual  to  the  weight  of  the  earth  which  would  press  on  one  of 
the  surfaoi'*,  if  it  wore  buriwi  at  the  depth  to  whicli  its  lower 
en»i  ha*  penetrated.  There  would  however  be  other  resistances 
frriTn  the  tenarity  preventing  the  ready  sepu*ation  of  the  earth 
U^f.ire  the  pile,  whieh  would  perbafw  considerably  exceed  the 
frictuia  thus  determined. 

I.  Socb  of  the  results  of  these  calcttlatioos,  as  are  most  likely 
lo  be  of  practical  utility,  may  be  oooTemently  exhibited  in  the 
9mm  of  a  table :  but  it  must  be  remembered,  in  its  application, 
All  aoBM  ad^ooal  strength  ought  always  to  be  given  to  the 


■mta  eoaeemed,  m  order  to  enanre  their  stability,  and  that 
MHienal  aytition  wiD  feiy  aioch  diminish  the  resistanoe  of 
nlasit  an  kWs  cf  materials;  to  say  nqthing  of  the  preeaathm 
■aeasHfy  to  ofaviale  the  eibcia  of  the  penetration  of  water; 
whkh  win  not  only  act  by  its  own  hydrostatic  pressure^  but  also 
wmkm  the  adhesion  of  the  earth  employed,  unless  a  softcient 
— hmr  el  apcituiia  can  be  pnrrided  fer  allowing  it  to  escape. 
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Tails  w  thb  Tbbi»t  or  BA«ni  Mxan  ah  ^Jnaam  Wau. 


Sofflm  RorlMUtil. 


Tungeat  of 
the  angle  of 

pmrinc  the 
pi9poKk>ti  of 

totfwprw 

Angle  of  r«- 
poMUt  which 
tho  lul^tAncc 
wUl  aupport 
HmV. 

Til  Mil  ih  of 

the  rarface 

of  thejpor- 
tion  afford- 

f^eatect 
prewur«,  the 
iielKht  being 
unity. 

Horicontal 
thnut,  Uiat 
or  a  fluid 

beiiif  anitv. 

BiMaWte 
iMeSaMior 
a  wrtkal 
wall  of 
6Qiial  ap^' 
dOc  gra- 
vity, iu 
h<*ight 
being  unity. 

R«qaWt» 
Uikkn«aao< 
triangular 

wall  •  *\tm 

external 
■urface 
being  ot^ 

ThicknMi 
required  to 

wall  from 

1  : 

OO**  00' 

(1-414) 

1*000 

•577 

•707 

00 

1  :  10 

5  43 

1*234 

•761 

•491 

•591 

3*767 

1  :  8 

7  7 

1*194 

•713 

•470 

•575 

8*818 

I  :  6 

9  28 

1'132 

•C40 

•444 

•539 

1-867 

1  :  5 

11  18 

1*086 

•589 

•424 

•514 

P414 

1  :  4 

14  2 

1*022 

♦522 

•396 

•479 

•970 

1  :  3 

18  26 

•927 

•430 

*355 

•480 

•573 

1  :  2 

26  34 

•774 

•300 

•292 

•858 

•225 

8  :  8 

83  41 

•660 

•217 

•246 

•805 

•090 

S  :  4 

36  52 

•611 

•186 

•22G 

•270 

•059 

1  :  1 

45  0 

*500 

•125 

•184 

•221 

•ooo 

DeBcent  of  the  suifaoe  towards  the  wall 

in* 

1  :  S 

11  18 

8*750 

•805 

•491 

•591 

1  :  8 

18  86 

l*5t8 

•528 

•399 

•481 

1  :  2 

26  34 

1*058 

•373 

•322 

•386 

3  :  4 

86  52 

•753 

•211 

•240 

•287  : 

I  :  I 

45  0 

•585 

•189 

•192 

•880  1 

Descent  of  the  surface  towards  the  wall 

t  :  2 

26  34 

1  2*022 

•452 

•350 

•418 

8  t  4 

86  68 

1*040 

•847 

*255 

•804 

I  :     1  1 

1  46  0 

I  -743 

•155 

•800 

1  •889 

1 

1  30* 

a  :  4 

1  86  68 

1  1*581 

1  808 

1  •!« 

•885 

I  ;  1 

1  45  0 

1  1*076 

1  *\U 

1  -820 

1  •868 

1 

,  40** 

I  1  1 

1  45  0 

{  1*718 

\  •846 

1  -848 

•894 

« 

Asoent  of  the  tar&ee  towardg  wall 

1  :  5 

11  18 

•746 

•507 

•391 

•478 

1  :  3 

18  26 

•712 

•374 

•332 

•401 

1  :  2 

26  34 

•639 

•267 

•276 

•333 

3  :  4 

36  52 

•534 

•170 

*217 

•261 

1  1  1 

46  0 

•468 

•116 

•180 

•816 

80» 

1  :  2 

26  34 

•669 

•239 

•263 

•317 

3  :  4 

36  52 

•486 

•154 

•208 

•250 

1  ;  1 

45  0 

•377 

•117 

•179 

•214 

3  :  4 

1    3C  52 

1  '460 

•133 

1  ^195 

1  -234 

1  :  1 

1    45  0 

1  ^408 

•098 

1  •les 

1  -197 

1  :  1 

I   45  0 

1  •406 

1  'OSO 

1  •m 

1  -808 
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Tadlk  of  the  Tiinrsr  of  Kautii  aoajxst  a  Wali,  inoltned  towards  the 
Bank  in  as  Angle  of  11°  18',  of  which  the  Tanuemt  is  2;  thk 


Ihageat  of 

An^Uof 

1  

Huritontal 

extent  of 
th«  portion 

affordioK 
tiMfmtm 



rNraet  1 

tliruat 
a;;iintr  the  lloriumto) 
wall,  that  1  thratt. 
of  •  fluid  , 

being  1 

any.  1 

Thick  neat 
required  to 
•ecure  a 
wall  frotn 

bdmr 
mnanwd. 

1  ThickoMS 
rwqalwd  to 

'■■etuv  •  wall 
from  •Uditut 

1  :  00 
1   :  10 
1   :  8 
1  :  6 
1  :  fi 
1  :  4 
1    :  3 
1  :  2 
«  :  9 
3   :  4 
1  :  1 

00**  oo* 
5  43 
7  7 
0  28 
U  18 
14  2 
18  2r, 
26  34 
33  41 
36  52 
45     0  , 
1  1 

(  '200) 
1'419 
1*373 
1  •  296 
1-242 
1*166 
1  059 
*885 
•733 
•636 
*  '6M 

1-000   i  •SCO 

-721  -360 
•661  -330 
•579  -289 
•523  -261 
•452  -226 
•354  177 
-225    I  ^112 
•149  -074 
•121  -or.o 
•071    1  036 

4  I 

•540 

•440 

•41U 

•3G7 

•337 

•300 

•248 

•176 

•130 

•111 

•074 

OB 

3^640 
2 -670 
P747 
P308 
•847 
•508 
•191 
•077 
•047 
•0O7 

Ao  iostaiioe  has  occiurred  on  a  laige  scale,  where  the  wall  of 
a  dock  has  given  way  horisontally,  when  its  mean  thickneas  was 
abont  *2d0,  the  ground  having  been  dug  away  beyond  its  foun- 
dation :  it  was  of  brick,  and  somewhat  curved,  being  vertical  at 
the  top,  wlule  the  inclination  of  the  chord,  or  the  mean  incli- 
nation, was  11^  IS',  as  is  supposed  in  the  second  table.  Hence 
it  apjH'ars  that  the  friction  must  have  been  somewhat  lo^rf  than 
i  of  tiie  weight,  and  that  the  materials  wuuld  have  stood  at  an 
angle  of  about  2')^  ;  to  have  overturned  this  wall,  the  materials 
must  have  exhibited  a  friction  of  about  one-third  of  the  weight, 
and  have  been  incapable  of  standing  at  a  greater  inclioatioo 
than  about  20'^. 

In  general,  it  will  be  unquestionably  proper  to  calculate  on 
a  friction  not  exceeding  ^  of  the  weight,  and  to  make  the  thick- 
neas of  a  wail,  if  vertical,  at  least  rV  or  perhaps  i  of  its  height, 
and  if  inclined  in  an  angle  of  10^  or  12°,  about  |,  taking  care 
to  secure  the  foundation  from  sliding,  to  which  an  inclined  wall  a 
will  otherwise  be  liable  if  its  thickness  be  less  than  \,  though  a 
vertical  wall  would  be  safe  in  this  respect  if  its  thickness  were 
sufficient  to  secure  it  from  being  overturned.  The  disposal  of  a 
part  of  the  materials  of  the  wall  in  the  form  of  counterforts,  or 
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battresBeSy  will  add  to  the  strengtli  in  either  case,  especially  with 
respect  to  the  dangor  of  OTerturning :  the  earvatare,  which  is 
a  considerable  oonTenience  in  the  case  of  a  dock»  tends  in  a 
slight  degree  to  lessen  the  stability  with  respect  to  sliding,  and 
makes  it  still  more  necessary  to  attend  to  the  security  of  the 
foundation.  On  the  other  hand,  when  we  have  an  opportunity 
of  ascertaining,  by  a  simple  experiment,  the  utmost  fluidity 
that  can  be  communicated  by  accidental  moisture  to  a  chalky 
or  gravelly  soil,  these  calculations  may  often  justify  us  in  saving 
a  very  great  exj>eiise,  by  proportioning  the  strength  of  the 
works  to  the  object  required  tu  be  attained  by  tbcra. 
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REMARKS  ON 

THE  STRUCTURE  OF  COVERED  WAYS 

IXDKPBXDRKT  OF  THB  PBOIOIFLB  OF  TBS  AB4m  Ot  ■QUXUBBIUM, 
AKD  OS  THE  BB8T  rOBHS  FOB  ABCHI8  IN  BUILDtMOfl.* 

From  Nicholson's  Journal  for  1807,  vol.  xviii.  p.  241. 


7b  Mr.  Nicbolbon. 

Sir, 

Thr  sabterraoeous  passages  or  tunnels  of  the  Babylo- 
niens,  and  perhaps  the  doaee  of  the  Romans,  were  ooastmetod, 
according  to  the  opinion  of  the  best  informed  antiquaries,  by 

simply  causing  the  bricks  or  stones  of  each  of  the  side  walls  to 
project  more  and  more  as  they  rose  higher,  till  they  finally  met 
in  the  summit.  The  most  ancient  remains  of  the  Grecian  build- 
ings, for  example,  the  treasury  of  Atreus  at  Mycena*,  and  other 
ruins  in  the  Pelopomiesus,  exhibit  in  general  over  their  doors, 
according  to  the  reports  of  modern  travellers,  a  triangular 
aperture,  formed  by  large  stones;  the  base  of  the  triangle 
coinciding  with  the  lintel  of  the  door ;  and  the  pointed  arches 
of  the  Gothic  buildings  are  by  no  means  uniYersally  so  ar- 
ranged, as  to  derive  thdr  stability  from  the  proportion  of  their 
curvature  in  every  part,  to  the  pressure  which  would  be  pro- 
duced, accorduig  to  the  commonly  received  theory,  by  the 
h&ffikt  of  the  superincumbent  wall   As  fiur  as  I  know,  this 

•  This  article  is  somewhat  remark!\blc,  at  least  amongst  Dr.  Young's  \vritin<^<?,  fnr 
iU  clear  and  elegant  geometrical  treatment  of  tlic  sul'ject  of  arches  under  tlieir  mo»t 
simple  conditioiti,  lu^  Imia  to  some  very  curious  results.  The  article  OD  Bridges, 
which  follows  next  but  onf  to  it,  will  involve  roiisidorations  of  a  much  more  recon- 
dite nature,  where  the  friction  of  the  materials  and  their  resistance  to  extension 
and  compression,  M  well  as  the  mechanical  cqiitlibriaiii  of  the  ardm  whidk  thejr  fimn, 
wiU  b«  ttJkm  into  accomt^Abte     the  Editor, 
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subject  has  not  hccn  mathematically  investigated  in  all  its 
fMirtB,  and  I  shall  therefore  submit  to  the  oonsideration  of  your 
readers  some  propositions  relating  to  the  stabili^  of  oferhang- 
ing  walls  and  of  triangular  covered  ways. 

I  shall  examine  those  cases  only,  in  which  the  materials  em- 
ployed are  equal  rectangular  ])arallelopii)cd8,  whether  bricks 
or  wrought  stones,  and  in  the  6rst  place  I  shall  suppose  them 
destitute  of  all  friction  or  adhesion,  and  placed  horizontally. 
With  such  materials,  it  may  be  shown  from  the  principles  of 
the  lever  only,  that  a  covered  way  may  easily  be  made,  not 
exceeding  in  l»rea<Itii  the  length  of  three  or  four  hricks  or 
stones,  and  that  the  cumbiuatious,  represented  in  Figs.  1  . .  7, 
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will  stand  m  equilibrium  without  external  support :  and  that 
if  the  breadth  of  the  way  be  equal  only  to  the  length  of  two 
bricks,  it  may  have  any  height  of  wall  added  orer  it  without 

destroying  the  equilibrium  (Fig.  8).    These  combinations  are 

however  incapable  of  resisting  the  pres- 
sure of  any  considerable  force,  and  tin- 
mcthml  of  building  in  this  manner  cannot 
be  g<MH'rally  advisiible  ;  but  the  weight 
of  two  bricks  is  supported  at  the  vertes, 
in  Fig.  y,  and  by  extending  the  kisis, 
and  heightening  the  wail  at  the  sidfs. 
>  a  much  greater   strengtli   might  U* 

obtained.  It  is  however  obrious,  that  a  wall  terminated  in  this 
manner  would  by  no  means  necessarily  exert  such  a  pressure 
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on  any  stones  forming  a  facing  of  the  oblique  surface,  as  is 
commonly  supposed  in  the  tlu'ory  of  the  arch  ;  on  the  contrary 
it  is  plain,  that  an  arch  might  he  turned  under  it,  wliii  li  would 
be  sufficiently  strong  for  every  purpose,  if  ca])ahle  of  supporting 
little  more  than  its  own  weight:  and  the  same  reasoning  is 
applicable  to  the  wail  id  contact  with  the  lower  parts  of  every 
oommon  arch.  Hence  it  becomes  often  eligihK'  to  construct 
the  areh  in  such  a  manner  as  ta  be  mon*  ca])able  of  resisting 
a  pressure  near  its  vertex ;  and  thus  its  form  wiU  approach  in 
some  degree  to  that  of  a  pobted  arch.  The  arches  of  bridges, 
on  the  contrary,  have  to  support  the  pressore  of  materials  of  a 
very  difimnt  description ;  and  for  tiiis  reason  their  greatest 
curvature  should  be  near  the  abutments. 

In  the  next  place  I  shall  inquire  into  the  oonditioDS  requisite 
for  the  stability  of  an  oblique  facing,  composed  of  rectangular 
bricks  or  stones  only,  both  with  and  without  the  consideration 
of  the  effects  of  friction.  The  simplest  case  that  can  be  pro- 
posed is  tliat  of  two  bricks  meeting  each  other,  and  standing 
on  a  perfectly  smooth  and  horizontal  plane,  the  centre  of 
gravity  of  each  being  vertically  above  the  lowest  angle  (Fig. 
10).  But  if  the  base  he  widened,  the  surfaces  support-  p^^j^ 
ing  the  bricks  must  be  rendered  oblique.  The  weight 
of  the  brick  acts  on  a  lever  of  which  Uie  length  is  A  B 
(Fig.  11),  in  turning  it  round  the  point  iit.ii. 
B ;  and  this  is  resisted  by  the  horizontal 
thrust  at  C  acting  on  the  lever  B  D, 
beoce  the  horizontal  thrust  must  be  to 
the  weight  as  A  B  to  B  D,  and  makmg 
BE  »  AB,  the  horisontal  thrust  at  B 
combined  with  the  weight  will  act  in  the 
direetion  D  £,  and  the  brick  will  be 
supported  by  a  surface  B  F  perpendicular  to  D  E.  Supposing 
the  thickness  of  the  brick  inconsiderable,  the  centre  of  gravity 
being  in  the  line  B  C',  taking  B  G  half  B  11,  the  line  CG  will 
be  perj)endicular  to  the  surface  on  which  it  will  rest  in  etpiili- 
brium  ;  and  this  theorem  may  he  of  considerable  use  in  car- 
pentry, for  liuding  the  best  po.-sii)i(!  direction  for  the  ai)iituient 
of  a  rafter.    If  the  abutment  is  in  the  diructiun  of  the  end  of 
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the  block  Fig.  12,  describe  on  half  the  diagonal,  AB,  the  semi- 
circle BC  D  A  ;  and  C  B,  or  D  B,  will  show  the  position  of  a 
fly.  It.  line,  which  being  made  horizontal,  the  block 
will  be  Buppoited  in  equilibrium.  If  the 
borifloiital  line  cross  the  circle  between  C  and 
D,  Uie  end  B  will  slide  downwards,  but  if 
between  A  and  D,  or  B  and  O,  it  would  be 
urged  upwaads,  but  the  bearing  would  be 
transferred  to  the  lower  comer,  and  the 
whole  will  remain  at  rest :  and  tfab  will  be 
the  case  m  all  positions,  when  the  drcle  fidls  wholly  withui 
the  side  of  the  block,  that  is,  when  its  thickness  is  not  much 
less  than  half  its  length.  Thus  two  common  bricks  fradd 
remain  firm  in  all  elevations  if  placed  with  the  narrow  sides 
of  their  ends  lowermost ;  even  without  any  friction :  but  with 
the  wider  sides  lowermost,  they  would  slide  down  the  abutments 
if  the  distance  of  their  ends  were  more  than  about  two,  and 
less  than  fourteen  inches. 

The  last  additional  circumstance  which  requires  to  be  ex- 
amined, with  regard  to  the  stability  of  bricks  or  stones  in 
oblique  situations,  is  the  etlect  of  friction  or  adhesion.  This 
force  may  be  considered,  in  all  practical  invest^^tioDS,  as  pro- 
portional to  the  mutual  pressure  of  the  surfaces  concerned  ;  and 
the  most  conTenient  way  of  estimating  its  magnitude  is  to  in- 
cline the  sur&ces  to  the  horison»  until  they  begin  to  slide  on 
each  other.  The  angle  at  which  this  happens  will  be  always 
very  nearly  if  not  exactly  the  same  for  surfiues  of  the  same 
kind,  and  it  may  with  propriety  be  called  the  angle  of  repose ; 
and  it  is  obvious,  that  any  other  force  acting  on  the  snrfooe  in 
the  same  an§^e  as  that  in  which  the  force  of  gravity  aets  bi  thb 
instance  will  be  completely  obviated  by  the  reastance  of  the 
surface :  and  the  friction  will  be  to  the  pressure,  as  the  tan- 
gent of  the  angle  of  repose  to  the  radius.  If  therefore  the 
surface  A  B  (Fig.  13)  is  calculated  to  resist  the  pressure  of 

the  lilock  A  without  friction,  by  making 
\^  ^\      ^    the  angles  B  A  C  and  BAD  eaeli  equal 
X  ^  ^ :  B  to  the  angle  of  repose,  we  may  deter- 
J>    mine  the  greatest  and  least  inclination 
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which  will  be  sufficient  for  retaining  the  hlock  by  the  a&iistauce 
of  the  friction  or  adhesion  ;  the  stability  wig.  14. 

being  greatest  of  all  ia  tlie  origiDal  tttua-  -^i 
tion  A  B.  In  the  same  manner  the  rect- 
angular block  A  B  (fig.  14)  will  be  sup- 
ported by  its  abutment  as  long  as  the 
horiioiital  line  BCcnMsee  the  semiGirde 
within  the  line  AD,  DAE  bebg  equal  to 
the  angle  of  repose. 

When  two  Uoda  of  equal  dimensionB  form  an  overhanging 
&cing  on  each  side  of  a  triangular  aperture  (Fig.  15),  the 
upper  one  is  in  the 
same  predicament  as 
if  it  rested  simply  on 
a  fixed  abutmi'iit ;  the 
lower  one  ia  retained 
in  its  situation  by  the 
force  of  friction  only. 
If  ABC  be  the  angle 
of  repose,  the  direo* 
lion  of  the  force  sup- 
porting each  of  the  upper  blocks  will  be  B  C ;  and  if  the  rer- 
tical  line  B  D  represent  the  wmght  of  the  block  A,  B  C  will  bo 
the  resisting  force,  and  A  C  the  Motion,  which  counteracts 
the  tendency  of  the  block  B  to  descend  along  the  abutment, 
and  this  force  is  represented  by  £  B.  In  order  tberefi>re  to  find 
the  position  in  whioh  the  block  B  will  most  readOy  slide  away, 
we  must  make  the  proportion  of  E  B  to  A  C  a  maximum ; 
and  this  will  happen  when  the  mean  of  the  angles  DBA 
and  D  B  C  is  equal  to  half  a  right  angle.    For  the  sine 

of  the  angle  DBC  being  and  its  codne  jj^,  and  the  one 
and  cosine  of  ABC  being  ^,and^,the  sine  of  DBA 

.  DC.AR     BD.AC        ,  ur^  DC  AH  +  BD.AC 

w  — I-  ngy„  , and  consequently Lii-tiu, 


BCq  ^  BCq 


BCq 


which,  divided  by  A  C,  ia  BD  .  ^'^^^4.^^,  and  this  must  be 


AB 


a  maximum,  consequently,  BC  being  supposed  constant,  ^  • 
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ii\u<\  aUo  l)c  a  maximum,    'riicii  if  we  make  D  K 

perpendicular  to  B  C,  and  the  angle  FDG  =  ACB,  DF 

Will  be  -^,FG-j^.--j^,andBF=-^,  «a  thai 

B  G  must  be  a  maximum,  which  will  evidently  hapjR'n  when 
DO  is  a  tangent  to  the  semicircle  BDC,  and  the  angle  DBC 
half  D II C,  which  is  the  differenoe  between  ABC  and  a  right 
angle.  If  we  wish  to  determine  the  proportion  of  the  friction 
to  the  pressure  when  the  friction  14  barely  capable  of  retaining 
the  block  in  its  aituation  in  the  most  unfavourable  position, 
let «  be  the  sine,  and  y  the  corine  of  half  the  angle  A  BC» 
thmi  the  sme  and  ooriiie  of  half  a  right  angle  b^ng  V  is  the 

sine  of  ABDorBDE,a8wel]a8thatofBCD,winbe 

BD 

A  +  V  iy.    Now,  if  the  weight  be  BD,  BC  =  (]?+J)7i« 

the  sine  of  A  BC  being  2x     A  C  b  •  the 

weight  which  produces  the  friction  is  three  times  the  weight  of 
a  single  block,  the  friction  on  the  upper  surface  being  clerive<l 
from  the  pressure  of  tJie  highest  block,  and  that  on  the  lower 
from  the  prt^sure  of  both  blocks  ;  while  the  tendency  to  descend 
behnigs  to  the  lower  block  only,  and  is  therefore  expressed 
by  B  D .  V4  X  (x  4*  ^)  i  hence  we  have  the  equation  {x  +  y) 

=  jT^T] ;  therefore  4  (» -t- y}' -        (-^  +  y)' « 

•'+//*  =  -r//  =  1»  a"^l  -  -f !/  =  U  which  is  the  sine  of  A  BC, 
and  the  friction  is  in  tliis  c;isc  to  the  oblique  resistance  aa 
1  to  5,  and  to  the  pressure  nearly  as  10  to  47 :  so  that  whenever 
the  friction  is  greater  than  this,  which  is  almost  always  the  case 
with  the  materials  commonly  employed,  two  pairs  of  equal 
blocks  meeting  eadi  other  in  tliis  manner  will  be  secure  from 
sliding  in  every  possible  position.  If  there  are  more  than  two 
blocks  on  each  side,  or  if  the  lower  blocks  are  laiger  than  the 
upper  one,  the  force  tending  to  support  the  bwerones,  which  ia 
derived  ironi  the  pressure  of  the  upper  one,  is  twice  the  imne- 
diate  friction  occasioned  by  its  weight,  since  the  same  pressure 
acts  in  two  different  places,  and  as  long  as  this  exceeds  the 
difference  between  the  friction  and  the  relative  weight  of  the 
lower  block  ur  blocks,  they  will  be  bccure  from  sliding  along 
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the  abutments.  For  example,  in  the  case.of  common  bricks  or 
Stone,  the  friction  is  at  least  half  of  the  pressure  ;  for  if  a  brick 
be  placed  with  tlie  short  side  of  its  end  downwards  on  another 
vhich  is  gradually  raised,  it  will  faU  over  before  it  slides ;  we 
may  thereibre  safely  estimate  the  friction  as  equal  to  half  the 
pressure*  the  tangent  of  the  angle  ABC  being  .5,  its  sine 
.446,  and  its  cosine  .892.  Now  if  the  whole  aperture  be  sup- 
posed eqmlaten],  the  sine  of  D  B  A  will  be  .5,  and  its  cosine 
.866;  and  the  sine  of  DBC  nearly  .06;  and  the  fiictioo  AC 
will  be  to  the  weight  B D  as  .45  to  1,  and  to  EBas  9  to  10, 
so  that  18  bricks  on  each  side  might  be  secured  from  sliding  by 
the  double  efFect  of  the  upper  pair. 

There  are  however  two  other  ways  in  which  such  a  structure 
might  give  way :  the  lower  portion  revolving  on  its  lowest 
point,  and  the  higher  either  moving  with  it  towards  the  oppo- 
site side,  or  sluliiiLr  upwards  in  a  contrary  tlirection :  and  in 
order  that  the  pile  may  stand,  it  is  obvious  that  it  must  possess 
sufficient  stability  in  both  these  respects.  When  there  are 
only  two  equal  blocks  on  each  side,  it  is  easy  to  determine 
whether  or  no  their  breadth  is  suilicient 
to  prevent  their  both  falling  inwards  by 
descrilnng  round  the  triangle  ABC 
(Fig.  16)9  a  segment  of  a  circle, 
by  making  D  E  vertica],  and  joming 
A£»  wluch  must  dther  colndde  with 
the  diagonal  A  or  be  below  it  If 
there  are  more  than  two  pieces  on  each 
side,  in  order  to  determine  the  stability  of  any 
joint  A  B  (Fig.  17),  let  A  C  and  D  E  be 
liorizoiital,  and  F  E  vertical,  draw  1)  B  C, 
make  E  11  =  E  G,  and  II  I  horizontal  and 
equal  to  half  A  C ;  then  if  F  I  fall  below  B, 
the  structure  vsiil  not  give  way  at  the  joint 
A  B.  The  demonstration  may  easily  be  de- 
duced from  the  principle  of  the  equality 
of  the  horizontal  thrusts  in  the  case  of  an 
equilibrium :  and  it  may  be  ahowu  that,  if  the  aperture  be 
equilateral,  15  common  bricks  on  each  side  will  stand,  but  16 
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will  give  way  at  thu  hixth  joint  from  the  summit.  The  stability 
is  however  less  considerable  with  respect  to  the  second  mode 
of  fiiUure>  in  which  the  upper  brick  ^des  outwards,  while  all 

below  it  fall  inwards  (Fig.  18).  In  this 
case  the  angular  motion  of  the  two 
portions  is  initially  equal,  the  points  A 
and  B  remaining  fixed.  The  velodties 
of  the  centres  of  gravity  reduced  to  a 
vertical  direction  are  as  the  distances 
CD,  DE;  in  order  therefero  thai  there 
may  be  an  equOibrium  without  frictioii, 
the  weiglit  of  the  u])pcr  portimi  must  be  to  that  of  the  lower  as 
D  E  to  C  D ;  and  in  aU  cases  the  force  of  A  D,  tending  to 
support  D  F,  is  to  the  weight  of  1)  F,  acting  at  its  centre  of 

gravity,  as  A  G  .  C  D  to  F  G .  D  E,  or  as  A  G .         to  F  G. 

The  friction  of  the  upper  block,  of  which  the  magnitude  may  be 
determined  in  the  manner  already  shown,  will  act  upon  the  whole 
lengdi  of  the  arm  FG,  while  the  wdght  of  D  F  acts  only  on  the 
length  of  half  D  £,  consequently  itB  elfect  must  be  considered  as 
increasedmtheratioof  D£  to  twice  FG.  Thus  if  we  take  the 
example  of  an  equilateral  aperture,  constructed  with  8  common 
bricks  on  each  side,  and  without  cement  of  any  kind,  C  D  will 
be  9-3  inches,  D  E  2-7,  and  F  C;  21  ;  hence  the  brick  A  will 
produce  immediately  a  force  ecjuivalent  to  the  weight  of  3'4 
brick.N,  and  by  its  friction,  which  is  of  its  weipht,  another 
force  equivalent  to  the  weight  of  7  more ;  conbcqueutly  the  sum 
of  both  will  be  fully  adeciuate  to  the  support  of  the  7  bricks 
which  form  the  lower  jHirtion  of  the  structure.  But  if  we  make 
the  same  calculation  for  9  bricks,  we  shall  iiud  that  they  will 
not  stand  without  some  external  support 

It  is  obvious  that  in  all  these  cases  the  addition  of  any  load 
at  the  summit  of  the  structure  would  very  materially  increase 
its  stability,  and  that  even  a  block,  of  sufficient  magnitude  to 
fill  up  the  angle  only,  would  enable  us  considerably  to  extend 
the  base.  It  is  also  plain  that  an  inclined  fitdi^  of  this  kind  is 
•  not  distinguished  from  an  arch  by  the  want  of  a  key  stone, 
since  the  two  middle  blocks  act  nearly  in  the  same  manner  as 
if  they  were  united,  except  when  they  are  forced  outwards  by 
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the  praare  of  the  lower  parts ;  and  a  centre  is  aa  necessary 
fer  ratting  a  fiuang  of  thia  kindy  aa  if  it  were  an  arch  of  any 
other  tofn» 

I  am,  Sir, 

Your  very  obedient  aervant, 

Apsopuus. 

17  OcL,  1807. 


f%.  19. 

(r  II 

i 

Postscrijtt. — The  equilibrium  of  the  flattened  arches,  com- 
monly placet!  over  windows,  may  be  determined  in  a  siinihir 
inanner,  the  principles  being  the  same  as  those  which  are  em- 
ployed in  the  construction  of  Fig.  11  and  Fig.  13.  Supposing 
the  blocks  witliout  friction  and  of  e(}ual  height,  if  their  divisions 
coDTerge  to  one  point,  the  lateral  thrust  will  be  equal  through- 
out, and  the  whole  will  remain  in  eqaiUbriom,  provided  that 
the  ends  do  not  slide  outwards. 
In  order  to  find  the  breadth  which 
it  within  this  limit,  let  the  hori* 
lontal  line  A  B  (Fig.  19)  paai 
ihmt^  the  centre  of  grari^ 
of  the  Uoeka,  draw  any  Una 
<!BfriNBtfae  oentre  of  divergence  C,  make  B  D  «  A  B;  join 
CD,  and  let  the  vertieal  line  BE  meet  it  in  E;  then  EF, 
drawn  lo  theinteraeetionof  thesemidrde  EFG  with  the  lower 
tenninatinn  of  the  hloeka,  will  show  the  direction  of  the  abat- 
ment,  wineh  will  aflbrd  an  equilibrium :  and  C  U  parallel 
to  it  will  determine  the  greatest  breadth  that  will  stand.  But 
tunci*  the  blocks  thus  disjKjscd,  and  supporting  a  wall,  cannot 
slide  away  williout  dis<placing  the  superincumbent  weight,  tlie 
vh«ile  wall  may  U*  con.-idcrcd  as  adding  to  the  height  of  the 
bIcK'ks,  and  the  stal»llity  in  every  case  that  can  occur  in  prac- 
tice, must  Ix"  complete :  it  is  only  necessary  to  reduce  the 
bijrizontal  thrust  aj*  much  as  |>r)ssil>le,  and  this  must  be  tlone 
by  making  the  j^oiut  C  as  near  the  blocks  as  convenient :  the 
thru^  being  equal  to  the  weight  of  the  )K)rtion  A  II,  sup- 
posing A  C  II  lialf  a  right  angle.  If  we  wish  to  estimate  also 
thr  c'fiecU  of  friction,  let  the  segment  £iG  contain  a  right 
angle,  diainiabed  by  the  angle  of  repose,  then  C  K,  parallel 
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to  E  I,  will  1)0  the  direction  of  tlie  almtineut  which  will  secure 
the  blocks  from  sliding  outwards,  with  the  assistance  of  tlie  force 
of  friction.  Generally  however  the  obliquity  must  be  much  leaa 
than  this ;  and  the  resistance  of  tlie  abutment  becomes  capable 
of  being  exerted  in  the  most  favourable  direction  that  its 
friction  will  allow,  that  is,  in  a  direction  more  nearly  vertic<il 
than  the  perpendicular  to  its  surface,  for  example  L  M,  M  L  N 
being  the  an^e  of  repose ;  and  if  we  wish  to  have  the  thrust 
equal  throughout,  we  must  employ  blocks  of  such  a  fcnn  that 
thdr  diviaouB  may  make,  with  the  lines  converj^ng  to  C, 
nf.M.  9iDg\vB  equal  to  MLN;  this  however  would  lead 
\^>.y.y  y  \   us  to  make  the  middle  hlocks  of  the  form  of  inverted 


<     wedges  (Fig.  20),  or  at  least  to  make  their  divi- 
sions  parallel :  but  it  will  be  sufficient  in  practice 

to  caui^^e  the  parts  next  tlie  abutments  to  converge 
Fig.»i.  to  points  somewhat  nearer  than  the  point  of  con- 
/  / /7    vergence  of  the  middle  parts  (Fig.  21)  ;  nor,  indeed, 


i///        has  this  arranfrciiicnt  any  material  advantage  over 
f         the  simpler  form  of  lines  converging  to  a  single 
centre. 

From  a  consideration  of  these  principles,  we  may  derive 
some  useful  inferences  with  respect  to  arches  in  general,  espe- 
cially such  as  are  employed  in  building^.  Tlic  objects  to  be 
attained  in  the  construction  of  an  arch  are  to  diminish  as  much 
as  possible  the  horizontal  thrust,  and  to  secure  the  stahili^  by 
such  an  arrangement  as  requires  the  least  siae  in  the  blocks 
and  firmness  in  the  joints.  The  size  of  the  blocks  must  be 
such,  that  the  curve  of  equilibrium,  under  the  pressure  ac- 
tually produced  by  the  walls,  may  be  everywhere  included 
within  their  substance,  and  even  without  coming  very  near 
their  termination ;  and  the  horizontal  thrust  will  be  less  in  pro- 
portion as  the  curvature  at  the  vertex  is  greater,  that  is,  other 
things  being  equal,  as  the  arch  is  higher.  Supposing  the 
height  of  the  wall  supported  by  the  arch  to  be  very  consider- 
able in  proj>ortion  to  that  of  the  arch  itself,  the  curve  of  equili- 
brium must  be  very  nearly  a  parabola  :  if  the  wall  is  raised 
but  little  above  the  arch,  it  will  approach  to  a  Si'gnient  of  a 
circle,    in  order  Uiereforc  to  Hud  wlictbcr  tlie  size  of  the  blocks 
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is  snfficient,  describe  a  parabola  through  the  Biimmit  and  the 
abutments ;  and  if  it  pass  wholly  within  the  blocks,  they  will 
stand  ;  pro^nded  faowe?er  that  their  joints  are  either  perpen- 
dicular to  the  curve,  or  are  within  the  limits  of  the  angle  of 
repose  on  either  ude  of  the  perpendicular.  But  if  the  wall  is 
very  low,  and  the  arch  ilat,  &  segment  of  a  drde  will  be  more 
correct  than  a  parabola.  Hence  it  is  obvious,  first,  that  a  seg- 
ment of  a  circle  is  a  better  form  for  an  arch  than  an  ellipsis  of 
equal  height  and  span,  although  less  pleasing  to  the  eye,  the 
horixontal  thrust  being  less :  secondly,  that  for  the  same  reason, 
a  Gothic  or  pointed  arch  is  preferable  to  a  Saxon  or  semicir- 
cular arch,  when  its  height  is  greater ;  and  cvon  wljcn  tlie 
height  is  cciual,  an  arch  composed  of  two  paralxilic  segments 
mectinii;  in  the  vertex  is  stronger  than  a  semicircular  arch  :  for, 
sii|»j>()slng  tlie  wall  very  liigh,  the  deptli  of  the  arch  stones  of  a 
semicircular  arch  mu^t  be  at  least  ,  3  of  the  span,  in  order  that 
the  arch  may  stand,  hut  that  of  the  stones  of  a  Gothic  arch, 
cora{K)sed  of  two  parabolic  segments,  may  be  less  by  one- 
twentieth  ;  the  parabola  of  equilibrium  touching  in  this  case 
the  internal  limit  of  the  arch  at  of  its  whole  height  above 
the  abutments.  If,  however,  the  arch  is  flatter,  a  segment  of  a 
circle  will  be  somewhat  stronger  than  a  pointed  arch  composed 
of  parabolic  or  elliptical  segments.  When  the  arch  is  higher,  it 
is  obvious  that  a  single  dieular  curve  is  no  longer  applicable : 
and  in  this  case,  it  is  of  little  consequence  whether  the  segments 
be  circular  or  parabolic,  either  of  these  forms  approaching  suffi- 
ciently near  to  the  curve  of  equilibrium,  and  both  producing 
equally  a  much  smaller  horijtontal  thrust  than  a  semidrcular 
arch. 
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REMARKS  OK 

THE  FRICTION  OF  WHEELWORK, 

AND  OH  THE  FOEMS  BEST  SUITED  FOK  TEETii. 
PiWD  BndMUMn'*  *  Essay  on  Wlmlwork/  9ro.   Glasgow.  1809. 
Ik  a  Lbttsb  fbom  Db.  Yodso  to  thx  Aothor. 


1  HATB  been  considering  your  obscnrations  on  the  di^ 
ference  of  the  friction,  aooordin^^y  as  tiie  teeth  loiieh  before  or 
after  the  line  of  centres :  at  first  I  was  disposed  to  doubt  of  the 
fiust;  but  upon  more  mature  examinatioo,  I  found  that,  like 
many  other  practical  observatioDs*  they  went  beyond  the  scope 
of  the  doctrines  of  theoretical  writers.  I  cannot,  however,  per- 
fectly agree  with  yon  as  to  the  explanation  of  the  foct:  bat  I 
will  state  to  you  briefly  my  opinion  on  the  subject,  not  baring 
leisure  at  present  to  enter  into  a  more  ample  discuasion. 

The  magnitude  of  the  frietion  lias  usually  been  cstimate<l 
by  the  relative  velocity  of  the  surfaces  conccmed ;  a  mode 
of  calculation  which,  as  I  have  observed  in  my  Lecture  on 
Machinery,  is  only  so  far  correct  as  it  shows  the  comparative 
effect  of  a  p^iven  friction  in  retanliiig  the  machine.  But  in  fact 
the  primitive  friction  itself  is  liable  to  variation,  according  to 
tlic  obliquity  of  the  surfaces :  for  since  the  friction  is  nearly 
proportional  to  the  mutual  pressure,  it  will  be  great^^r  or  less  as 
the  direction  of  these  surfaces  is  more  or  less  inclined  to  the 
radii,  the  force  of  rotation  being  supposed  to  be  given :  and 
what  is  of  still  more  immediate  importance  to  the  resolution  of 
the  difficulty  in  questioD,  the  direction  of  the  foroe  by  which  the 
one  wheel  acts  on  the  other,  is  not  to  be  considered  as  peipen- 
dicnlar  to  the  suriaoe  of  the  teeth,  but  as  obliqne  to  it»  being 
so  situated  as  to  of^iose  the  joint  result  of  the  direct  resistance 
and  the  friction ;  that  is,  as  bong  inclined  to  the  snrfoes  in  a 
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which  a  late  anonymoiiH  writer*  has  called 
the  ma^  of  repoie,  and  which  is  equal  to  the  inclination  of  a 
pbae»  cowludi  one  of  the  sabfitaiioeeooiHsenied  would  begin  to 

•lide  en  tin  other  by  its  gnvitatioii. 

Let  the  tooth  A  impel  the  tooth 
Bwitfa  the  giveo  fefce  ACt  pei^ 
peodicular  to  the  commoo  sor&ce 
of  the  teeth;  make  CAD  equal 
Id  the  angle  of  re[KMe,  theo  the 
Ibroe  must  act  in  the  direction  AD, 
and  makini;  C  D  ptiralld  to  the 
radlu-*  A  K.  A  D  will  Ik?  the  iictunl 
f»rv^ure:  and  then  drawing  DF 
{iaraJI«-l  to  the  radius  A  (i,  A  F 
•  ill  l»e  tiic  ertVctive  foree  in  the 
dirxt^iiirtj  A  (V  .in»i  FC  will  be  tlie 
torn  by  friction.  Again,  if  B  im- 
pel A,  the  angle  of  repose  mmt 
fie  on  the  other  side  of  A  (%  and 
^  H  fnu5t  \te  parallel  to  A  G,  and 
II 1  to  A  £,  and  the  frictioo  in  tUs 
ehviowljletethaDFa 

llcacie  we  nay  eavlj  calculate  the  magnitude  of  the  resiet- 
aaee  FC  or  IC  produoed  by  firietioiiv  calling  the  force  A  C 


will  be  IC,  which  ia 


sin.CAl) 


iiB.CDF 


uritj  ;  for  C  D  become*  ^^jj^  and  F  C  =  C  D .  =-V^  = 


CAD  nioCDP 


•in.  CAD 


sin.GAK 


iiB.CFD  Hn.(CAE>rAl)> 
•in  CAD  nin.rill 


I  C  = 


•in.  AHC      Kin. cm 


■iii.GAC 

 Bin. CAD  

»in.'(;AC  +  CAD) 


and  in  the  sanu- 


fin.CAK 
nin.F.AC^* 


Buih  these  quantitie*  vary  ultimately  as  the  angle  formed  by 
the  redo*  and  Tanbh  when  the  point  of  contact  is  in  the  line  of 
th^  ct  ri^r.-4  ;  and  in  this  case  the  rommon  theory  agnH»8  with 
this  calc  ulation.  When  C  A  £  is  always  a  right  angle,  a?  in 
the  epirycloidal  tooth  conmonly  recommended,  the  friction  F  C 

varieA  in  the  diiiereot  positions  of  the  teeth  as  ^~^^(J>  or  as  cot. 

G  A  C ;  that  is»  if  A  K.  be  made  Goaiitant»  an  K  L. 

♦  toth»lMlntlcHMo.L.p.  183. 
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Since  therefore  it  is  demonstrable,  that  the  friction  is 
always  greater  in  approaching  the  line  of  the  centres  than  at  an 
equal  distance  beyond  it,  it  must  obnously  be  dearable  that  the 
oontact  Bhould  be  rather  after  than  before  the  passage  of 
the  teeth  o?er  that  line,  although  it  is  better  that  it  should  be 
at  a  small  distance  before,  than  at  a  much  greater  distance 
beyond  it  Hence,  the  impelling  teeth  ought  to  be  of  such 
a  form  as  to  accelerate  the  motion  of  the  impelled  a  little  before 
and  a  little  more  after  the  passage  of  the  line  of  the  centres, 
and  then  to  retard  it  again,  so  that  the  next  tooth  may  succeed 
to  a  similar  operation. 

A  wheel  acting  on  a  trundle  with  cylindrical  strives  has 
in  this  respect  an  advantage  over  two  wheels  with  teeth, 
since  the  curve  fitted  for  impelling  the  trundle  is  adaj)ted  only 
to  act  on  it  beyond  the  line  of  the  centres.  This  curve  may 
liowever  be  formed  more  easily,  and  at  the  same  time  more  ad- 
vantageously, than  by  the  method  which  has  hitherto  been 
recommended  :  for  if  we  employ  an  epicycloid  descrilx'd  by  the 
rolling  of  a  circle,  which  would  just  touch  the  internal  surface 
of  all  the  staves  of  the  trundle,  on  the  circumference  of 
the  wheel,  the  trundle  will  at  first  be  accelerated  a  very  little, 
and  will  then  be  allowed  to  fall  back  from  each  tooth  to  the 
Buoceeding  one,  soon  after  its  passage  ow  the  line  of  the 
centres.  The  same  form  will  also  answ^  ?ery  well  when  the 
trundle  is  to  impel  the  wheel,  although  this  mode  of  action 
produces  a  greater  friction  than  the  former. 

A  similar  advantage  may  be  obtained  in  teeth  of  any  other 
form,  by  finishing  them  in  such  a  manner  as  to  project  a  veiy 
little  beyond  the  regular  outline,  at  the  point  which  is  in- 
tended to  come  into  contact  a  little  beyond  the  line  of  the 
centres.  Such  a  corrected  outline  may  be  described  at  once, 
if  it  be  required.  If  the  tootli  is  to  be  formed  into  an  involute 
of  a  circle,  having  fitted  a  thread  or  fine  wire  to  the  circumfer- 
ence of  the  wheel,  find  the  point  of  contact  at  tlie  instant  wlicn 
the  end  of  the  wire  is  describing  the  part  of  the  tooth  which  is 
to  act  at  or  a  little  before  tlic  line  of  the  centres ;  cut  otl'  from 
the  wheel,  beyond  this  point,  an  arc  equal  to  tiie  distance 
of  the  centres  of  two  adjoining  teeth,  and  fix  a  pin  in  Uic  taii- 
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gent  at  the  same  point,  that  is,  in  the  continuation  of  tlie  part 
of  tlie  wire  which  is  unrolled,  at  such  a  distance  as  just  to 
stretch  the  part  which  is  left  loose  hy  the  removal  of  the  arc  ; 
the  pin  thus  fixed,  and  the  remainder  of  the  circle,  will  serve  as 
bases  for  continuing  the  evolution  of  the  wire  and  the  descrip- 
tion of  the  tooth.  The  same  position  of  the  wire  will  show  the 
outline  of  a  basis  proper  for  describing,  by  means  of  a  circle 
rolled  on  it»  the  curve  which  must  be  substituted  for  tlie  form 
of  any  epicycloidal  tooth,  which  might  have  been  described  by 
eannng  the  same  circle  to  roll  on  the  nmple  droumference 
of  the  wheel  as  a  basis :  the  cnrred  part  of  the  tooth  hegjnmng 
in  this  ease  at  the  point  of  oontaet  first  mentioned. 

Hie  advantage  of  dividing  the  pressure  among  several 
teeth  on^t  not  to  be  purchased  at  the  expense  of  an  increase 
of  iriction,  since  the  property  of  greater  dnrability  may  be 
obtained  in  an  equal  degree  by  simply  making  the  wheels 
thicker,  without  materially  adding  to  the  friction ;  and  in  fact 
although  the  })ressure  on  each  tooth  may  he  lessened  hy 
dividing,  yet  its  duratiou  is  increased  momentarily  in  the  same 
proportion. 

It  has  l)een  remarked  that  the  form  of  the  involute  of 
a  circle  is  not  immediately  deducihle  from  the  general  prin- 
dple  of  Camns ;  and  the  remark  is  strictly  true,  since  the  curves 
fonnedy  according  to  that  principle,  from  two  contiguous  circles 
as  bases,  would  not  act  on  each  other  without  a  furtlier 
separation  of  the  centres,  which  would  render  the  demonstration 
inadequate.  But  I  have  observed  in  the  additions  to  my  second 
volnme  (Lectures,  p.  s.),  that  the  prindple  may  be  extended 
to  any  other  curves,  as  well  as  circles  and  straight  lines :  and 
if  we  employ  an  equi-angular  spiral  instead  of  a  straight  line, 
we  shall  have  the  involutes  exactly  as  they  are  recommended 
for  practice. 
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SELECTIONS  PROM  THB  ARTICLE 

'BRIDGE,' 

In  the  Sappleroent  to  the  fiucyclopcdia  Britaonica. 


•Thb  maifaematical  theory  of  tho  stmetoro  of  bridges  has  been 
a  &?oiirite  subject  with  medumioal  philosophers ;  it  gires  scope 
to  some  of  the  most  refined  and  elegant  applicalaons  of  science 

to  practical  utility ;  and  at  the  same  time  that  its  progressive 
improvement  exhibits  an  example  of  the  very  slow  steps  by 
which  speculation  has  sometimes  followed  execution,  it  enables 
us  to  look  forwards  with  perfect  con6dence  to  that  more  desi- 
rable state  of  human  knowledge,  in  wliich  the  calculations  of 
the  mathematician  are  authorised  to  direct  the  operations  of 
the  artificer  with  security,  instead  of  watching  with  servility  the 
progress  of  his  labours. 

Of  the  origin  of  the  art  of  building  bridges  a  sketch  has  been 
l^ven  in  the  body  of  the  Eiieyclopa!dia  i  the  subject  has  been 
re-ctisoussed  within  the  last  twenty  years  by  some  of  the  most 
learned  antiquaries,  and  of  the  most  elegant  seholais  of  the  age ; 
but  additions  still  more  important  have  been  made  to  the  scien- 
tific andprseticBl  principles  on  which  thai  art  dqwods ;  and  tibe 
principal  information,  that  is  demanded  on  the  present  ocoasion, 
will  be  comprehended  under  the  two  heads  of  physieo^mathe- 
raatical  principles  subservient  to  the  theory  of  this  department 
of  architecture,  and  a  historical  account  of  the  works  either 
actually  executed  or  projected,  which  ap{)ear  to  be  the  most 
deserving  of  notice.  The  first  head  will  conttiin  three  sections, 
relating  respectively  (1)  to  the  resistance  of  the  materials  em- 
ployed, (2)  to  the  equilibrium  of  arches,  and  (3)  to  the  effects 
of  friction;  the  second  will  comprehend  (4)  some  details  of 
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esilier  liisiory  and  literature,  (5)  an  aoooiint  of  tlic  tliscnssions 
which  have  taken  place  res}>ecting  the  improveinent  of  the  port 
of  lyondon,  and  (6)  a  description  of  some  of  the  most  remark- 
able  bridge  which  have  been  erected  in  modem  times.* 

Section  I.  —  Of  the  Resistance  of  Materials. 

The  nature  of  the  forces  on  which  the  utility  of  the  substances 
eoiployed  in  architecture  and  carpentry  depends,  has  been 
pretty  folly  hifestigated  m  the  article  Sthsmoth  of  the  Eney' 
clqNBd£a;t  and  the  theory  has  been  carried  somewhat  fiirther,  m 
the  intestigations  of  a  late  writer}  concerning  Cohesion  and 
Passhre  Strength  of  Materials.  Moch,  howerer,  still  lemuns 
to  be  done ;  and  we  shall  find  many  cases,  in  which  the  prin- 
ciples of  diese  calculations  admit  of  a  more  immediate  and 
accurate  application  to  practice  than  luis  hitherto  heen  sup- 
posed. It  will  first  l>e  necessary  to  advert  to  tlie  foundation  of 
the  theory  in  its  simplest  form,  as  depending  on  the  attractive 
and  repulsive  powers,  wliirh  balance  each  othiT,  in  all  natural 
guljftances  remaining  in  a  permanent  state  of  cohesion,  whether 
as  lit^uids,  or  as  more  or  leas  perfect  solids.  . 

A. — In  aU  homotfenMU  aoUd  bodin^  ih$  mutaneu  to 
sipn  amd  tompnmom  wnut  ie  imtiall^  equal,  and proportUmal  to 
tkt  change  of  dimgngUmM. 

Tbc  p<^uilibriura  of  the  particles  of  any  body  remaining  at 
re«t,  defM^nds  on  the  e<|uality  of  opjK)8ite  forces,  varying  aeeonl- 
ing  t<»  eertiiiu  laws  ;  and  that  these  laws  are  continued  without 
any  abrupt  change,  when  any  minute  alteratioti  takes  place  in 
the  di^Lan(V,  is  demonstrated  by  their  continuing  little  altere<l 
by  any  variation  of  dimensions,  in  con9e<|ueiice  of  an  increase 
or  dimiontion  of  tem|)erature,  and  might  indeed  be  at  once 
inferriHl  as  highly  probable,  from  the  general  principle  of  con- 
tiimity  bbserved  in  the  laws  of  nature.  We  may,  therefore, 
alwiqra  assmne  a  change  of  dimensions  so  imall,  tliat,  as  in  all 
olfaar  diAffvotial  calculatiooa,  the  elements  of  the  curves,  of 
vtadi  llie  orcUnates  express  the  ferora,  as  functioiii  o(  or  as 
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depending  on,  tlie  distanct's  a??  abscis'ses,  may  bo  considered  as 
not  sensibly  differing  from  right  lines  crossing  each  other,  if  the 
curves  be  drawn  on  the  snme  side  of  the  absciss,  in  a  point 
corresponding  to  the  point  of  rest,  or  to  the  distance  affording 
an  equilibrium ;  so  that  the  elementary  finite  differences  of  the 
rcspectiTe  purs  of  ordinates,  which  must  form,  with  the  portions 
of  the  two  curves,  rectilinear  triangles,  always  similar  to  each 
other,  will  always  vary  as  the  lengths  of  the  elements  of 
the  curves,  or  as  the  elements  of  the  absciss,  beginning  at  the 
point  of  rest ;  and  it  is  obvious  that  these  difierenoes  will  repre- 
sent  the  actual  magnitude  of  the  resistances  exhibited  by  the 
substance  to  extension  or  compression.   (Plate,  fig.  1.) 

It  was  on  the  same  principle  that  Bernoulli  long  ago  observed, 
that  the  minute  osdUations  of  any  system  of  bodies,  whatever 
the  laws  of  the  forces  governing  them  might  be,  must  ultimately 
be  isochronous,  notwithstanding  any  imaginable  variation  of 
their  comparative  extent,  the  forces  tending  to  bring  tliem  back 
to  the  quiescent  po.-ition  being  always  jiroporlional  to  the  dis- 
placements;  and  co  far  as  tlie  dcR-trine  has  been  investii^ated 
by  experiments,  its  general  truth  has  been  amjdy  confirmed  ; 
the  slight  deviati(tns  from  the  exact  pri)j)orti<)ii.  which  have  been 
discovered  in  some  ^ub^tanc(•s,  being  far  too  unimportant  to 
constitute  an  exception,  and  merely  tending  to  show  that  these 
substances  cannot  have  been  perfectly  homogeneous,  in  the 
sense  here  attributed  to  the  word.  \\  hen  the  compression  or 
extension  is  considerable,  there  may  indeed  be  a  sensible  devi* 
ation,  especially  in  fibrous  or  stratified  substances ;  but  this 
irregularity  by  ho  means  aflbcts  the  admissibility  of  any  of  the 
oondusions  which  will  be  derived  from  this  proposition. 

B.—  T/w  ttrtngth  of  a  block  or  beam  tmut  be  ftduetd  ia  om 
haify  before  ii$  ooknive  and  rqmlnve  fofee$  cm  hM  bt'taOed 
inio  aHion* 

We  must  suppose  the  transverse  sections  of  the  IkkIv  to 
remain  j)lane  and  perpendicular  to  the  axis,  whatcNcr  the  |M>inl 
may  be  to  which  the  forcr  is  applie«l,  a  snp|)o?ition  wliich  will 
be  correctly  true,  if  ihe  pressure  be  made  l>\  the  intervention  of 
a  firm  plate  attached  to  each  end,  and  w  hich  *b  perfectly  admis- 
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tible  in  evety  other  cue.  Now  if  the  termiiiai  plates  remain 
parallel,  it  is  ohrions  that  the  oompreasion  or  extension  nrast  be 
nniformly  distribated  throughout  the  substance,  winch  must 

liappen  when  ii»  origiual  force  is  applied  in  the  middle  of  the 
block ;  the  centre  of  pressure  or  resistance,  collected  by  the 

plate,  acting  like  a  lever,  being  then  coincident  with  the  axis. 
But  when  the  plates  arc  inclined,  the  resistance  depending  on 
the  compression  or  extension  will  be  various  in  diticrciit  jjarts, 
and  will  always  be  proportionid  to  the  distance  fronj  the  nentnil 
point,  where  the  compression  ends  and  the  extension  bt  gins,  if 
tlie  depth  of  the  substance  is  suthcieiit  to  extend  to  this  pouit ; 
conjie«|uently  the  forces  may  always  be  represented,  like  the 
pretisure  of  a  fluid,  at  difl'ereut  depths,  by  the  onlinates  of  a 
triangle ;  and  their  result  may  be  cooBidered  as  concentrated  in 
the  centre  of  gravity  of  the  trianj^le,  or  of  such  of  its  portions 
as  are  contained  within  the  depth  of  the  substance ;  and  when 
both  e&tension  and  compression  are  concerned,  the  smaller  force 
may  be  oonadered  as  a  negad? e  pressure,  to  be  subtracted  from 
the  greater,  as  u  usual  when  any  other  compound  forces  are 
6U[)posed  to  act  on  a  lever  of  any  kind.  Now,  when  the  neutral 
point  b  situated  in  one  of  tlie  surfiuses  of  the  block,  the  sum  of 
all  the  Ibroes  is  represented  by  the  area  of  the  triangle,  as  it  is 
by  that  of  the  parallelogram  when  the  plates  remain  parallel, 
and  tlR-?>e  art'as  bein^  in  either  case  ec^uivaU  nt  to  the  sanu'  ex- 
tt-nial  force,  it  is  obvious  that  the  jiiTpendicular  of  the  triangle 
must  Ik*  eijual  to  twice  the  hciulit  of  the  parallelogram,  indicat- 
ing tlmt  the  compression  or  e\tcu?ion  of  the  surface  in  the  one 
ca-c' i«*  l  iis  great  a.*  the  c^juable  eoujprcs.-lon  or  extension 
in  the  other;  and  since  there  is  always  a  certain  degree  of 
oonipre:^ion  or  extension  which  must  be  precisely  sufficient  to 
crush  or  tear  tliat  part  of  the  substance  which  is  imiue<liately 
eiposed  to  it,  and  since  the  whole  substance  must  in  general 
give  way  n  beo  nny  of  its  parts  fiul,  it  follows  that  the  strength 
as  only  half  as  great  in  the  former  case  as  in  the  latter.  And 
the  centre  of  gravity  of  ever)'  triangle  being  at  the  distance  of 
(loe-third  of  its  height  from  the  base,  the  external  force  must  be 
applied  in  order  to  produce  such  a  comprewion  or  eatension,  at 
the  dialanoe  of  onv  sixth  of  the  depth  from  the  axis ;  and  when 
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its  distance  is  greater  thaa  this,  both  the  repulsive  and  cohesive 
forces  of  the  substance  must  be  called  into  action,  and  the 
strength  must  be  still  further  impured.  (Plate,  fig.  2.) 

C.  —  The  compression  or  extension  of  the  axis  of  a  block  or 
beam  is  always  proportional  to  the  force^  reduced  to  tlie  direction 
of  the  axis,  at  whatever  distance  it  may  be  applied. 

We  may  suppose  one  of  the  inflexible  plates,  attached  to  the 
extremities  of  the  blodL»  to  be  oontiniied  to  the  given  distance, 
and  to  act  as  a  le?er  held  in  equilibrium  by  three  forces,  ihat 
is,  by  the  cohesive  and  repuMTC  resistances  of  the  block,  and 
the  external  force;  and  it  is  obnons  that,  as  in  all  other 
levers,  the  external  force  inll  always  be  equal  to  the  difoenoe 
of  the  other  two  forces  depending  on  the  compression  and 
extension,  or  to  the  mean  compression  or  extenaon  of  the 
whole,  which  must  also  be  the  immediate  compressiou  or  ex- 
tension of  the  middle,  since  the  figure  representing  the  forces 
is  rectilinear.  And  the  eflfect  will  be  the  same,  wliatever  may 
be  the  intermediate  substances  by  which  the  force  is  impressed 
on  the  block,  whether  continued  in  a  straight  line  or  otherwise. 
When  the  force  is  oblique,  the  portion  perpendicular  to  tlie 
axis  will  be  resisted  by  the  lateral  adhesion  of  the  different 
strata  of  the  block,  the  compression  or  extension  being  only 
detemuned  by  the  portion  parallel  to  the  aus ;  and  when  it  is 
transverse,  the  length  of  the  axis  will  remain  unaltered.  But 
the  line  of  direction  of  the  original  force  must  always  be  con- 
tinned  till  it  meets  Che  transverse  section  at  any  point  of  the 
length,  in  order  to  determine  the  nature  of  the  strain  at  that 
point* 

D.  —  Tlie  distance  of'  the  neutral  point  from  the  axis  of  a  block 
or  beam  is  to  the  depths  as  the  depth  to  twelve  times  t/ie  distance 
of  the  force,  measured  in  tli£  transverse  section. 

Calling  the  depth  a,  and  the  distance  of  the  neutral  point 
from  the  axis  the  resistances  may  be  expressed  by  the  8i|iiares 
of  i  a  -f-  ;r  and  i  a  -  z,  which  are  the  sides  of  the  similar 
triani^es  denoting  the  comprcmion  and  extension  (Phip.  R) ; 
consequently,  the  diflbrenoe  of  these  squares,  2<i2r,  will  repre- 
sent the  external  force  (Prop.  C).   But  the  distance  of  the 
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ceofcrM  of  gmfity  of  the  two  tnanfjim  moat  always  be  |  a ;  and, 
bf  tbo  property  of  tbe  iofor,  makng  the  centre  of  actum  of  the 
greater  reiigtapoe  the  folonuB,  as  tbe  external  force  U  to  the 
aooller  raristaiwei  ao  u  thb  distance  to  the  diaUnoe  of  the 
fttNn  the  oaotra  id  aetkm  of  tbe  greater  renstanoe ;  or  2  ay : 

(ia  +  r)*  »|a  :  (^-1+^^;  and  adding  to  this  the  dis- 

tuice  of  the  centreof  action  from  the  axis,  winch  most  be  ^  a* 

^(4<>4-')"iA'~i'>  we  bave-j^  for  tbe  distance  of  tbe  force 

firom  tbe  axis ;  whence,  calling  this  distance  y,  z  »  ^ . 

E.  — The  power  of  a  gitjen  force  to  cruth'a  MwA,  u  increatedf 

by  its  removal  from  the  €uci*,  tupposing  its  direction  unaltered, 
III  the  mme  proportion  as  the  depth  of  the  block  is  increased  Inj 
tlie  addition  of  six  times  the  distance  of  the  point  of  application 
of  the  force^  measured  in  the  trantverse  section. 

Since  the  corapression  or  extension  of  tbe  axis  is  invariable, 
whatever  the  distance  of  the  force  may  be,  that  of  the  nearest 
sorfiwe  most  be  as  much  greater,  by  the  propertiea  of  similar 
triaqgleB^  as  the  half  depUi,  iocraased  by  the  distance  of  the 
nentral  point,  is  srealer  than  that  <i«HiF!**f  itBel£  that  is.  in  tbe 
ratio  of  a  +  6y  to  <^  since  ^btoaasatolSy;  (Fhip.  D.) 
sad  to  I  a  as  o  to  6y :  and  tbe  strength  is  reduced  in  the  same 
prupGftioo,  as  the  partial  compression  or  extension,  by  tbe 
eperatioo  d  a  givee  force,  is  nimased.   (Plate,  fig.  3.) 

F.  — TKs  curoaliiyv  of  the  neutral  line  of  a  beam  at  any  point , 
pnedmed  by  a  given  force,  is  proportional  to  the  dittanee  of  the  Une 
^dimiim^the  force  Jrim  the  ^iven  ptritU  if  the  axie,  whatever 

Since  the  distance  z  of  the  neutral  point  from  the  axis  is 
inrerwly  as  y,  the  dii^tancc  of  the  force,  and  tlie  radium  of 
mrratun',  or  the  distance  of  the  intcri^ection  of  the  planes  of 
tin*  ternniial  platen  from  the  neutral  point,  must  be  to  the 
distance  z  as  the  whf»le  length  of  the  axis  is  to  the  alteration  of 
•  that  length  produced  by  the  conipresfcion  «)r  extension,  it 
follows  Ibat  tbe  radius  of  curvature  must  be  iuvcritely  as  tbe 
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diBtance  y,  and  inversely  also  as  the  compreanon,  and  the  cnr- 
▼atnre  itaell  must  be  oonjointly  as  the  force  and  as  the  diatance 
of  its  application.  If  the  dhrection  of  the  force  be  changed* 
and  the  perpendicular  felling  from  the  given  point  of  the  axis 
on  the  line  of  the  finoe  be  now  called  y,  the  distance  of  the 
force  from  the  axis  meastired  in  the  transverse  section  will  be 
increased  by  the  obliquity  exactly  in  the  same  ratio  as  its  effi* 
cacy  is  diminished,  and  the  curvature  of  the  neutral  line  ^11 
remain  unaltered  ;  although  the  place  of  that  line  will  be  a 
little  varied,  until  at  it  coincides  with  the  axis,  when  the 
force  becomes  completely  transverse  ;  and  the  radius  of  curva- 
ture of  the  axis  will  always  be  to  that  of  the  neutral  liuc 
as  the  acquired  to  the  original  length  of  the  axis.  (Plate, 
fig.  4.) 

G.  —  The  radius  of  cuj^atiire  of  the  neutral  line  is  to  the 
distance  of  the  neutral  point  as  the  original  length  of  the  axis  to 
the  alteration  of  that  length  ;  or  as  a  certain  given  quantity 
to  the  external  force  :  and  this  quantity  has  been  termed  the 
Modulus  of  elasticity. 

Or  r  :     s  M  :  /,  and  ^ =       as  is  obvions  from  the 

preceding  demonstration  ;  y  being  the  distance  of  the  line  of 
the  force  from  the  given  point,  wliatever  its  direction  may  be. 

H.  — The  flexibility y  referred  to  the  direction  of  the  force^  is 
exjyressed  by  unity,  itwreased  by  twelve  times  the  square  of  the 

distance,  divided  by  that  of'  the  depth. 

Making  the  alteration  of  the  axis  unity,  the  corresponding 
change  at  the  distance  y  will  betola8;;  +  ytoz,  oraal  +  ^ 

to  1,  and  will  conseqnentiy  be  equal  to  I  +         (Prop.  D.) 

When  the  direction  of  the  force  becomes  oblique,  the  actual 
compression  of  the  axis  is  diminished,  but  its  effect  referred  to 
that  direction  remains  unaltered. 

I.  —  The  total  compression  of  a  narrow  blocks  fretted  in  the 
direction  of  one  of  its  diagonals,  is  twice  as  yreai  at  if  the  tmme  ' 
force  were  applied  in  the  direction  of  the  axit. 
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This  propontioo  alibrds  a  ample  illustnition  of  the  application 
of  the  preoeding  one.  CUling  the  length  of  any  portion  of  the 
azia  j;^  begMuung  from  the  middle»and  neglecting  the  obliquity, 
thediatanceof  the  ibroe  may  be  called  y  » fur,and  the  eomprea- 

niou  in  the  line  of  the  force  being  everywhere  as  its 
flnzioo  wiD  be  d^r  +  tbr"**?,  and  the  fluent  m        ,  which, 

aa  aa 

when  y  =  i  a,  bccuiiies  r-f  x,  wliich  is  twice  as  great  as  if  y 
were  always  =  0.  But  if  the  breadth  of  the  block  were  con- 
siderable, so  that  it  approached  to  a  cube,  the  compression 
would  vary  according  to  a  different  law,  each  section  parallel 
to  the  diagonal  affording  an  equal  resistance,  and  the  exact 
solution  of  the  problem  would  require  an  infinite  series  for 

expressing  the  ndue  of  fnSdx, 

K. —  //'(/  si>/i(l  bar  have  its  axis  curved  a  little  into  a  circular 
Jorm^  and  an  '  jternal  force  be  then  aji/dial  in  the  direction  of  the 
dwrd,  tchile  tlie  extremities  retain  tlieir  angular  position^  the 
grtatut  comprtstion  or  eximtsian  qf  tht  substance  will  ultitnately 
U  to  Urn  mtan  eompreuian  or  extentum  wtiich  takes  place  in  tine 

dir$ciiam  of  th$  dmd  a«l+^ft>lH-4^;  a  htina  Oo 

deitth  of  ttie  Imr^  and  h  the  actuai  versed  sine,  or  t/ie  lieitflU  of  tlue 
arch. 

We  must  here  separate  the  actioni  of  the  forces  retaining  the 
ends  of  the  bar  into  two  parts,  the  one  mmply  uigmg  the  bar  in 
the  direction  of  the  chord,  and  the  other,  winch  is  of  a  more 
complicated  nature,  keeping  the  angular  direction  unaltered ; 
and  we  must  first  calculate  the  variation  of  the  angular  situation 
of  the  ends,  m  consequence  of  the  bending  of  tlie  bar  by  the 
first  portion,  and  then  the  strain  required  to  obviate  that  change, 
by  means  of  a  force  noting  ra  the  direction  of  the  middle  of  the 
bar,  while  the  ends  are  supposed  to  be  fixed.  If  each  half  of 
the  bar  were  rectilinear,  these  two  strains  would  obviously  be 
e<jiial,  aijti  v^ould  lu  utralize  eatli  «»tlier  in  the  middle  of  tlie 
lialvfs,  which  might  l»o  cuiiM«len*d  an  the  meeting  of  the  ends 
of  two  !«hortrr  [lieces,  acting  transver?ely  or  t)hii(juely  on  eaeli 
tiiber,  without  any  strain  ;  Uie  curvature  produced  by  the  whole 
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Strain  being  elsewhere  as  the  dintaiioe  from  the  line  joining 
these  points.  But,  since  the  bar  is  supposed  to  be  curved,  it 
beeoBUS  necessary  to  determine  tiie  place  of  tbese  oentral 
pointy  by  calculating  the  change  of  ita  aqgnkr  pontiQii 
throu^^out  its  extent 

Coorideringy  first,  the  middle  of  the  bar  as  fixed,  and  calling 
the  angular  extent  of  the  vaiiable  are  Xf  begjnniiig  from  the 
middle,  and  the  radius  r,  the  ordinate  or  the  distance  of  tte 
arc  from  the  cbordt  will  her  cos. 6,  b  being  the  cosine  of  the 
whole  arc ;  and  the  fluxion  of  the  change  of  the  angular  situar 
tioD,  being  as  the  stndnand  the  fluxion  of  the  arc  conjointly,  will 
be  expressed  by  pr  cos.  xdz—pbdx,  of  which  the  fluent  is  pr  sin.  * 
—  pbx.  In  the  second  place,  the  curvature  derived  from  tlie 
force  acting  between  the  two  halves,  when  tlie  ends  are  consi- 
dered as  fixed  points,  will  be  as  r  —  r  cos.  x,  and  the  fluent  of  the 
change  of  angular  situation  may  be  called  qrx  —  qr  sin.  x  ;  and  at 
the  end,  when  x  becomes  equal  to  c,  the  whole  extent  of  the 
arc,  these  two  deviations  must  destroy  each  other,  since  the 
positions  of  the  middle  and  of  the  ends  remain  unaltered;  oome^ 

qxmAjffrAi.e~pbeesgre-^qrtan,et  whence  ^  =  ^,^7-^* 
exact  proportion  oiptoq  may  be  found,  by  means  of  a  table  of 
suaes.   But  when  the  arc  is  small,  sin.c  bemg  equal  toe<*  i  ^+ 
•j^c*  •  •    re— rrin.c  is  i  rc",  and  rsm.e— &c*(r— d)  c— ire"  ; 

now  r—by  the  versed  sine  of  the  arc,  becomes  ultimately  i  re*, 
and  (r—b)  c  =-  hrc* :  therefore  p  '.  q  {  :  r  =  ^  '  ^  i  that 
is,  the  strain  at  the  middle,  expressed  by  p,  must  be  half  as 
great  as  the  strain  at  the  ends,  expressed  by  q :  consequently, 
when  the  force  is  considered  as  single,  the  distance  d  of  tlie  line 
of  its  direction  from  the  summit  must  ultimately  be  one-third 
of  the  versed  one  or  height. 

Now  if  we  call  any  portion  of  the  chord  x,  we  have  for  the 
corresponding  value  of  y,  the  distance  from  the  line  of  directioo 
of  this  force,  V  (r'—x*)—^,  and  for  the  fluxion  of  the  comprea* 

sion  or  extension  in  the  direction  of  the  chord,  d«  ^  1  + 
whicb  will  be  true  for  both  portions  of  the  bar,  whether^  be 
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positive  or  negative ;  buty*  =  r*-jf»  +  rf»— 

and  the  fluent  beoQiiiee;r  +  £^r*x-^4(*  4- -Sif  [Hare 

rnxL  J  ^  9  -  3*)]^.  When  the  arc  b  small,  calling 
tfie  wMe  Tened  aine  A,  we  haf«  y  -  ^  A  -  ~,  and    »  ^  i(P 

-  ^+1^.  «d      ««»t  k  x+£  (       -  ^  +  ,^);  hot 

when  «  becomes  equal  to  the  aenicbocd  e,  h  bong^,  die  ex- 
pression becomes  c  +  i?{^-^  +  ^)-c  + 


+  -j5^f  whidi  aliowa  the  ooropreaBion  or  eztenrion  in  the  line 

of  the  chord,  while  c  expresses  that  which  the  bar  would  have 
undergone  if  it  had  been  straight,  and  the  force  had  been  im- 
raediatelj  applied  to  the  axis  ;  the  actual  change  being  greater 

in  the  ptoportum  of  1  -f       to  1. 

The  greatest  strain  will  ob?iously  be  at  the  ends,  where  the 
distance  from  the  line  of  direction  of  the  force  is  the  greatest, 
tlie  compreiisioQ  or  extension  of  the  surface  being  here  to  that 

of  the  azia,  as  a  +  6^  to  a  (Plrqp.  £.)  or  aa  1  +  ^4o  1 ;  eon- 

seqnently  the  compression  or  extension  in  the  line  of  the 
diord  Is  to  the  greatest  actual  change  of  the  suhstaneeaa  1  + 

ISU  .1.4* 

Thus  If  the  depth  a  were  10  feet,  and  the  hei|^t  or  yersed 
aine  A^SQ,  the  nidins  heing  lery  laige,  the  whole  oompressioo 
of  the  chord  wonld  be  to  the  whole  compression  of  a  similar 
snbetance,  placed  In  the  direction  of  the  chord,  aa  tMl  to  1 ; 

and  the  compression  at  the  surface  of  the  ends  would  be  to  tiie 

compresiijiou  of  the  axis  there  as  9  to  1  ;  and  disregarding  tlie 
insensible  obliquity,  this  compression  may  be  considered  aa 
equal  throughout  the  bar ;  so  that  the  comj)re8sion  at  the  ends 
will  be  to  the  compression  of  the  chord  as  U  to  5.267,  or  as  17 
to  10. 

Supposing,  for  example,  such  a  bar  of  iron  to  undergo  a 
change  of  temperature  of  32"^  of  Fahrenheit,  which  would  natu- 
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rally  caiue  it  to  expand  or  oootraet  about  in  all  its  dimen- 
aons;  then  the  length  of  the  chord,  being  limited  by  the 
abutments,  must  now  be  supposed  to  be  altered  Wvr  by  an 
external  force ;  and,  at  the  extremities  of  the  abutments,  the 

compression  and  extension  of  the  metal  will  amount  to  about 

tVo?  ;  a  change  which  is  equivalent  to  the  pressure  of  a  culumn 
of  the  metal  about  3300  feet  in  height,  bince  M,  the  height  of 
the  modulus  of  ehisticity.  is  found,  for  iron  and  s^teei,  to  be 
about  10,0(M),000  feet  ;  and  .^uch  would  be  the  addition  to  the 
pressure  at  one  extremit)  of  the  abutment,  and  its  diminution 
at  the  other,  amounting  to  about  five  tons  for  every  square  inch 
of  the  section,  which  would  certaiuly  require  sonie  particular 
precaution,  to  prevent  the  destruction  of  the  stones  forming  tlie 
abutment  by  a  force  so  much  greater  tlian  they  are  capable  of 
withstanding  without  assistance.  Should  such  a  case  indeed 
actually  occur,  it  is  probable  that  the  extremities  would  give 
way  a  little,  and  that  the  i)rincipal  .pressure  would  necessarily 
be  supported  nearer  the  middle,  so  that  there  would  be  a  waste 
of  materials  in  a  situation  where  they  could  co-operate  but  im- 
perfectly in  resisting  the  thrust ;  an  inconvemenoe  which  would 
not  occur  if  the  bar  were  made  wider  and  less  deep,  especially 
towards  the  abutments. 

Sbctiom  II. — 0/  the  Eqmlihrmm  cf  Arehei. 

We  may  now  proceed  to  inquire  into  the  mode  of  determining 
tlie  situation  and  properties  of  the  curve  of  e(iuilibrium,  which 
represents,  for  every  part  of  a  system  of  bodies  >upi)ortln<i  each 
other,  the  general  direction  of  their  mutual  pressure ;  remem- 
bering always  that  this  curve  is  as  much  an  imaginary  line,  as 
the  centre  of  gravity  is  an  imaginary  ]>oint,  the  forces  being  no 
more  actually  collected  into  such  a  line  than  the  whole  weight 
or  inertia  of  a  body  is  collected  in  its  centre  of  gravity.  Indeed, 
the  situation  of  the  cunre  is  even  less  definite  than  that  of  the 
centre  of  gravity,  since  in  many  cases  it  may  differ  a  little 
according  to  the  nature  of  the  co-operatioD  of  the  forces  which 
it  is  supposed  to  represent  In  reality,  every  gravitating  atom 
entering  the  structure  must  be  supported  by  some  forces  con- 
tinued in  some  line,  whether  regular  or  irregular,  to  the  fixed 
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pomtB  or  abntmeDts,  and  every  rensting  atom  partakes,  in 
a  mathematical  aenae,  either  poritively  or  negatiT<dy»  in  trane- 
mitting  a  lateral  preaaore  where  it  la  required  for  anpporting 
any  part  of  the  weight :  and  when  we  attempt  to  represent  the 
result  of  all  tbeae  collateral  pressures  by  a  rimple  cnrve»  its 
atoation  is  liable  to  a  slight  Tariation,  according  to  the  Erec- 
tion in  which  we  suppose  the  co-operating  forces  to  be  collected. 
If,  for  instance,  we  wished  to  dctennine  the  stability  of  a  joint, 
formed  in  a  given  direction,  it  would  be  necessary  to  consider 
the  marriiitude  of  the  forces  acting  throughout  the  extent  of  the 
joint  in  a  direction  perpendicular  to  its  plane,  and  to  collect 
them  into  a  ?ingle  result,  and  it  is  obvious  that  the  forces, 
represented  by  the  various  elementary  curves,  may  vary  very 
sensibly  iii  their  proportion,  when  we  consider  their  joint  opera- 
tion on  a  vertical  or  on  an  oblique  plane ;  although  if  the  depth 
of  the  substance  be  inconsiderable,  this  difference  will  be  wholly 
imperceptible,  •  and  in  practice  it  may  generally  be  neglected 
widioat  inconvenience ;  calculatiog  the  curve  upon  the  auppo- 
dtion  of  a  series  of  joints  m  a  vertical  direction.  If,  however, 
we  wish  to  be  very  minutely  accurate*  we  must  attend  to  the 
actual  direction  of  the  joints  in  the  determination  of  the  curve, 
and  must  oooaider,  in  the  case  of  a  bridge,  the  whole  weight  of 
the  atructnre  terminated  by  a  given  arch  atone,  with  the  mate- 
rials which  it  supports,  as  determining  the  direction  of  the  curve 
of  equilibrium  where  it  meets  the  given  joint,  instead  of  the 
weight  of  the  materials  terminated  by  a  vertical  plane  passing 
through  the  point  of  the  curve  in  question,  which  may  some- 
times Ix^  verj'  sensibly  less  ;  this  consideration  being  as  neces- 
sary for  detennining  the  circumstances  under  which  the  joints 
will  open,  as  for  the  more  imaginary  possibility  of  the  arch 
stones  sliding  upwards  or  downwards.  But  we  may  commonly 
make  a  sufficiently  accurate  compensation  for  this  difference,  by 
anppoabg  the  specific  gravity  of  the  materials  producing  the 
pressure,  and  the  curvature  of  the  line  which  terminates  them, 
to  be  a  little  increased,  while  the  absdsa  remains  equal  to  that 
of  the  curve  of  equilibrium  intersecting  the  jointa. 
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L.— two  equal  paralklepipedt  be  tupported  each  ai  om  emd, 
and  Uan  agahut  eoek  $iher  at  the  alker,  eoaaio  remain  horixoi^ 
ted,  the  curve  of  equilibrntm,  repreaenting  the  gentral  effect  of  tha 
pressure  transmitied  tkrauffh  them,  will  be  of  a  paraboKe  form. 

The  pressure  of  the  blocks  where  they  meet,  will  obviously  be 
horizontal,  but  at  the  other  ends  it  will  be  oblique,  being  the 
result  of  this  horizontal  pressure  and  of  the  whole  weight  of  each 
block.  And  if  we  ima^ne  the  blocks  to  be  divided  into  any 
number  of  parts,  by  sections  parallel  to  the  ends^  which  is  the 
only  way  in  which  we  can  easily  obtain  a  regular  result,  it  is 
evident  that  the  force  exerted  at  any  of  these  sections,  by  the 
external  portions,  must  be  sufficient  to  support  die  lateral  tiunst 
and  the  weight  of  the  internal  portions ;  and  its  inclination  must 
be  such  that  the  horizontal  base  of  the  triangle  of  forces  must 
be  to  the  vertical  perpendicular  as  the  lateral  thrust  to  the 
weight  of  the  internal  portion ;  or,  in  other  w orcLs,  the  lateral 
thrust  remaining  constant,  the  weight  supported  will  be  as  the 
tangent  of  the  inclination.    But  calling  the  horizontal  absciss 

and  the  vertical  ordinate    the  tangent  of  the  inclination  will 

be  ^ ;  which,  in  the  case  of  a  parallelepiped,  must  be  propor- 
tional to  the  distance  x  from  the  contiguous  ends ;  and  x  » 
^ ;  consequenUy  «djr  ^  md^,  and  ^  jb*  —  my,  which  is  the 

equation  of  a  parabola.   It  is  usual  in  such  cases  to  ooosider 

the  thrusts  as  rectilinear  throughout,  and  iis  meeting  in  the 

vertical  line  passing  through  the  centre  of  gravity  of  each  hlork  ; 
l)ut  this  mode  of  representation  is  evidently  only  a  coDveuieut 
compendium. 

If  the  blocks  were  united  together  in  the  middle,  so  as 
to  form  a  single  bar  or  lever,  the  forces  would  be  somewhat 
differenUy  arranged ;  the  upper  half  of  the  bar  would  contain 
a  series  of  elementary  arches,  abutting  on  a  series  of  similar 
elementaiy  chains  in  the  lower  half,  so  as  to  take  off  all  lateral 
thrust  from  the  supports  at  the  ends. 

With  respect  to  the  transverse  strains  of  levers  in  general,  it 
may  be  observed,  that  the  most  convenient  way  of  representing 
them  is  to  consider  the  axis  of  the  lever  as  composed  of  a  series 


Digitized  by  Google 


No.  Lll. 


ON  THE  STRUCTUBE  OF  BRIDGES. 


207 


of  dementary  bum,  biiected,  and  cmnd  at  right  angles,  by  as 

many  others  extending  across  the  IcTcr,  or  rather  as  far  as  two- 
thirds  of  the  half  depth  on  each  side,  wliere  the  centre  of 
resistance  is  situated.  The  transverse  force  must  then  be 
transmitted  unaltered  throughout  the  whole  system,  acting  in 
contrary  directions  at  the  opposite  ends  of  each  of  the  elemen- 
tary Imrs  ctHistituting  the  axis;  and  it  must  be  held  in  equili- 
brium, with  respect  to  each  of  the  centres,  considered  as  a 
fulcrum,  by  the  general  result  of  all  the  corpuscular  forces 
acting  on  the  longer  croet  arms ;  that  is.  by  the  difference  of 
the  oompresrion  or  extension  on  the  different  aides  of  the  arms. 
Tkkia  difference  must  tberefiore  be  constant;  and  in  all  such 
cases  the  itraui  or  enrvmtiire  must  increase  uniformly,  and  its 
iiizkao  must  be  ooastant ;  bntif  the  transverse  force  be  variable, 
aa  when  the  lever  nipporte  its  own  wei|^t,  or  any  farther  ex- 
ternal preirare»the  llnzion  of  the  enrvatnre  mnet  be  proportional 
to  it  Now  the  transvene  ibroe,  thus  estimated,  being  the  smn 
of  the  weights  or  other  forces  acting  on  either  ride  of  the  given 
point,  the  additional  weii^t  at  the  point  will  be  represented  by 
the  inidon  of  the  wdght  or  by  the  second  fluxion  of  the  stnun 
or  enrvatnre,  which  is  nHtaately  as  the  foforth  fluxion  of  the 
ordinate.  Also,  the  fluxion  of  the  strain  being  as  the  whole 
weight  on  «  ach  bide,  it  follows  that  when  the  strain  is  a  maxi- 
mum, ati<l  it.-i  fluxion  vanishes,  the  whole  weight  or  the  sum  of 
the  positive  and  negative  forces  on  either  side,  niubt  abo  vanish; 
as  Mr.  Dupio  has  lately  demonstrated  in  a  different  manner. 

M. — Jbi  tvtry  drwebtn  mipporUd  by  abutmeniM,  the  toMgeM  <f 
0m  Mimiicm  ^tke  emnm  of  equiUMum  io  tk$  korizm  u  pro^ 
fortitmal  io  tkt  weiyfu  of  the  j)ar($  nOmrpattd  btiwem  ikt  givm 
ptiwiamitht  mUUUe  qfikg  thuthtrt. 

The  truth  of  this  pro|)otiition  dep«'nds  on  the  equality  of  the 
jK»ri2ontal  thrust  throughout  the  structure,  from  which  it  may 
be  immediately  inferred,  as  in  the  last  prop<ksition.  TIjc  mate- 
rials employed  for  making  bridges  are  not  uncommonly  such,  as 
to  create  a  certain  degree  of  lateral  pressure  on  the  outside  of 
dM  atcfa ;  but  as  there  nmsl  be  a  similar  and  equal  pirssure  in 
a  eonlrtfy  direction  against  the  abntaMnf,  its  eflbcis  will  be 
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oomprehended  in  the  detennination  of  the  pobt  at  which  the' 
cuire  springs  from  the  abutment,  as  well  as  in  the  direction  of 
the  cnrre  itself :  so  that  the  circumstance  does  not  aflbrd  any 
exception  to  the  general  truth  of  the  law.  It  is,  howerer, 
seldom  necenaiy  to  include  the  operation  of  such  materials  in 
our  calculations,  since  their  lateral  pressure  has  little  or  no 
effect  at  the  upper  part  of  the  arch,  which  has  the  greatest  in- 
fluence on  the  direction  of  the  curve  ;  and  it  is  also  (k\<irable 
to  avoid  the  unnecessary  employment  of  these  soft  materials, 
because  they  tend  to  increase  the  horizontal  thrust,  and  to  raise 
it  to  a  greater  height  above  the  foundation  of  the  abutment 

We  have  therefore  generally  Jitdx^mi^m  ^,  to  being  the 

height  of  uniform  matter,  pressing  on  the  arch  at  the  horizontiil 
distance  x  from  the  vertex,  t  the  tangent  of  the  inclination  of 
the  curve  of  equilibrium,  »/  its  vertical  ordinate,  and  w  a  quan- 
tity proportional  to  the  lateral  pressure,  or  horizontal  thrust 

N. —  The  radius  of  curvature  of  the  curve  of  erjuih'bn'um  is 
inversely  as  the  load  on  cadi  jxtrty  and  directly  as  the  cube  of  the 
tecant  of  the  angle  of  inclination  to  t/ie  liorizon. 

The  general  expression  for  the  radius  of  cnr?ature  is  r 

;  and  here,  since  mdy  —  dxftodx,  dx^  being  coustaot, 

mdV  =  to(dz)«;  but  drh«ng-d»  V(l  +  -  ^  d 

+       and  r     ^  (1  +         and  m  being  constant,  r  is  in- 

Tersely  as  the  load  tr,  and  directly  as  the  cube  of  the  secant 
V  (  1  -h  /*)•  The  same  result  may  also  be  obtained  from  a 
geometrical  consideration  of  the  magnitude  of  the  versed  sine 
of  the  elementary  arc,  and  the  effect  of  the  obliquity  of  the 
pressure ;  the  one  varying  as  the  square  of  the  secant,  the 
other  as  the  secant  simply. 

O. — ConseqHently,  if  the  curve  he  eiraUarf  the  had  rniut  be 

everywhere  as  the  cube  of  the  secant, 

P. — If  the  curve  ef  equilibrium  be  paraboiie,  the  load  nnut  be 
umfbrm  tkraugkowt  the  span. 
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(Prop.  L.)  The  uniformity  of  the  load  implies  that  tlie  supe- 
rior and  inferior  terminations  of  the  arc}),  commonly  called  the 
extrados  and  intrados,  should  be  parallel :  but  it  b not  necessary 
that  either  of  tliem  should  be  parabolic,  unless  we  wi»h  to  keep 
the  curve  exactly  in  the  middle  of  the  whole  stnictnre.  When 
the  height  of  the  load  is  very  great  in  proportion  to  that  of 
tlie  arch,  the  carve  must  always  be  nearly  parabolic,  because 
the  Ibrm  of  the  eztradoshas  bat  little  comparative  eflhct  oo  the 
load  at  each  point 

A  parabola  will  therefore  ezpresB  the  general  form  of  the 
curve  of  eqoilibriam  in  the  flat  bands  of  brick  or  stone,  com- 
aooly  placed  over  windows  and  doors,  which,  notwiUistanding 
their  external  form,  may  very  properly  be  denominated  flat 
archcfl.  But  if  we  consider  the  direction  of  the  joints  an  per- 
pendicular to  the  curve,  it  may  ci^ily  be  bhown,  from  the  pro- 
piTties  of  the  wedge,  that  they  must  tend  to  a  common  axis, 
in  order  that  the  thnist  may  he  equal  throughout ;  and  the 
rur^e  mmt  be  |)erj)endicuiar  to  them,  and  consequently  circu- 
lar ;  but  the  difference  from  the  parabola  will  be  wholly  incon- 
siderable. 


Q.— J^or  a  harizanial  extmdo$^  and  an  uUradot  terminated  by 
Ultfomw  Umlff  wkkh^  howeotr^uatuppotkian  nmrt^ythtoretiealt 

the  ctiuatum  of  the  curve  it  x     V  '^'HL  ^'*'^^''^\ 

Smoe  in  this  case  u>  ^  y  (Prop.  M.)>  we  have  fydx  ^  m 

^ ;  and  md'y  ~  y  {dxf ;  whence,  multiplying  both  sides  by 

djr«  we  have  Mdyd^  »  ydy  (dx)* ;  and*  taking  the  fluentt 
%m  (dgf  ^  (dx)\  andm^-/,  which  most  be  corrected 
by  making  p^a  when  t  vanishes,  so  that  we  shall  have 

dy 

mt"  ^  If*  "  a\  aud  ^  —      (a*  +  wU* ).     But  siucc  ~  —  £  — 

W^),  d*-dy  ^^j^^,  and    -  V««HL(y+ V|y-fl»j) 

—  s'tiim.a  \  whence  all  the  points  of  the  curve  may  he  rlrter- 
fn!n«  'i  h\  mrana  of  a  tahh*  of  lo^aritluns.  But  such  a  cah  ula- 
Hon  I-  i'\  iiu  means  so  iujuKMliati  ly  apj)licable  to  practice,  as 
has  g'-nemliy  been  supposed   for  the  curve  of  equilibrium  will 
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always  be  so  dij^tiuit  from  the  intnulos  at  the  abutmonta,  as  to 
derauge  the  whole  distribution  of  the  forces  ooncemcgd. 

R. — For  an  arch  of  equable  absolute  thicknfss  throuijhoiU 
its  lengthy  the  equation  it  z    V      ~  m')  aiu2  a;  jmhl 

The  weight  of  any  portiofn  of  the  half  ardi  being  lepreaented 

by  Its  length     we  have  z  —  »»^>  but  ^  ^      -/  (1  + 

(-) .)  -  d,  V  (1  +  =).  -Hi  4y  -  = 

of  which  the  fluent  is  V  +  m*),  requiring  no  further  eorree- 
tion  than  to  suppose  y  initially  equal  to  m  ;  and  we  have  z  mm 

V  —  m*)*  Again*  since  d«  «  V  (l  +  ^  we  find  in 
the  same  manner  d»  «  ^^S^^TJi)*        ^  ^  (2-|-V[»«»t 

4-«T.  —  wiHLin  —  mHi.  ^.     This  cmre  will,  therefefe, 

in  some  cases,  be  identical  with  that  of  the  preceding  proposi- 
tion. It  is  commonly  called  the  catenaria,  since  it  reprcacnts 
the  form  in  which  a  perfiectly  flexible  chain  of  equable  thick- 
ness will  bang  by  its  gntvity. 

S. — If  the  load  on  each  point  of  an  arch  be  exyrested  by  the 
equation  to  »  a  +  bs^^  the  equation  for  the  curve  if  equiiibrium 
will  be  my  a  (  as*  4. 

Since  the  whole  load  J* todx  is  here  ax-h  i  bx\  we  hare 
m  ^  «  oar  +  i  ijc*,  (Prop.  M  )  and  wiy  =  ^  aa^  -f  bx*. 

This  expression  will,  in  general,  be  found  sufficiently  accurate 
for  calculating  the  form  of  the  curve  of  equilibrium  in  practical 
cases ;  and  it  may  easily  be  made  to  comprehend  the  increase 
of  the  load  from  the  o!)liquity  of  the  arch-stones.  The  ordinate 

at  the  abutment,  being  given,  the  value  of  m  may  be  deduced 
from  it !  and  since  at  the  vertex  my  is  dmply        the  radius 

of  curvature  r  will  here  be  ?  « 

ajr  a 
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T. — If  we  divide  the  sjmjh  of  an  arch  into  four  eqrial  jmrts, 
and  add  to  tlie  trcir/ht  of  one  of  the  middle  jHirts  one-sixth  of  its 
difference  from  the  icciyht  of  one  of  tlie  extreme  parts,  we  shall 
have  a  reduced  xoeight,  which  will  be  to  the  lateral  tknut  at  the 
height  of  the  areh  to  half  the  tpan,  wMout  eeneibk 

The  weight  of  tho  lialf  arch  hoing  expressed  by  ox  -f  ^  bx^^ 
wlien  X  is  equal  to  the  whole  spao,  if  we  substitute  \x  tot 

it  will  become  1  oz  «f     ^»  for  one  of  the  middle  parts, 

leaving  i  ax  +  &r*,  for  the  extreme  part,  which  gives 
^  &r*  (or  the  diffnnem»  of  the  parts,  and  \  of  this,  added 
to  the  former  quantity,  makes  it  i  ox  +  ^  Ax* :  but  since 

mjf  m  ^as*  + JLAj4,  dividing  by  m,  we  have^  =  

It  i.s  aI-<>  obvious,  tliat  if  we  subtract,  instead  of  adding,  one 
kxxth  of  the  dii&reDce,  we  have  i  ax ;  and  dividing  by  i  x,  we 

obiaio  a,  and  thence  r  »     m  being  previously  found  by  the 

proposition. 

U. — ffken  the  had  i$  temimied  by  a  eireular  or  Mptietd 
«rr,  t^  —  tf-fnft  —  wV(A*  —  a^,  and  my  =  4  (a  +  nli)  x* 

-  4      z  arc  sine  J  -  i  liA*  V  (i"  -  x»)  +  i  n      -  x«j*  + 

Hie  whole  load  fwdx  is  here  ax  +  nte  —  i      are  sine 

^  *  i  ftx        —  x^ ;  and  hence  my  —  *      +  kfM  —  hdhs 

arcsine  ^-|-ia^-iii^V(^-^)+iii(^-ai^)^ 

—  I  nl^  (Prop.  M.)    And  the  radius  of  curvature  at  the 

vertex  will  again  be  ^.    When  the  curve  is  circular,  the  axes 

of  the  ellipsis  beiqg  equal, »  «  I. 

If  the  ertrados  and  mtradoa  are  concentric,  the  calculation 
requires  us  to  take  the  difference  between  the  results  determin- 
ing the  weight  for  esch  curve ;  but  it  will  commonly  be  equally 
accurate  in  such  a  case,  to  consider  tlio  depth  of  the  load 
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as  nnifonii,  at  least  when  the  joints  are  in  the  direction  of  the 
radiL 

X. — The  abuimeni  nuut  be  higher  withoui  than  wUhm,  by  a 
distanee,  wAtcA  is  to  Us  breadik,  as  M«  horizonial  dietamce  of  the 
centre  of  gravity  of  the  half  arch  from  the  middle  pf  the  abui- 
meni is  to  the  heiglU  of  the  middle  of  the  key-stone  above  the  game 

point. 

This  proposition  follows  immediately  from  the  proportion  of 
the  horixontal  thrust  to  the  w<nght,  determined  by  tiie  property 
of  the  lever :  the  one  acting  at  the  distance  of  the  height  of  the 
arch  from  the  fblcrnm,  and  the  other  at  the  distance  of  the 
centre  of  gravity  from  the  abutment,  so  as  to  balance  each 
other ;  and  the  oblique  direction  of  the  face  of  the  abutment 
1)1  ing  perpendicular  to  the  thrust  compounded  of  these  two 
forces.  The  same  rule  also  serves  for  determining  the  proper 
position  of  the  abutment  of  a  hvum  or  rafter  of  any  kind,  in 
order  that  it  may  stand  securely,  without  the  assistance  of 
friction.  But  for  a  bridge,  if  we  calculate  the  situation  of  the 
curve  of  equilibrium,  we  obtain  the  direction  of  the  thrust  at 
its  e-xtremity  more  conveniently,  without  immediately  deter^ 
mining  the  place  of  the  centre  of  gravity. 

Y. — In  order  that  an  arch  may  stand  toithout  friction  or 
cohesion,  a  curve  of  equilibrium,  j>erp€ndicular  to  all  the  surfaeet 
of  the  joints,  must  be  capable  of  being  drawn  within  the  eubetanee 
ofthebkeke. 

If  the  pressure  on  each  joint  be  not  exactly  perpendicular  to 
the  surfaces,  it  cannot  be  resisted  without  friction,  and  the 
parts  must  slide  on  each  other:  this,  however,  is  an  event 
that  can  never  be  likely  to  occur  in  practice.  But  if  the  curve, 
representing  the  general  pressure  on  any  joint,  be  diiected  to 
a  point  in  its  plane  beyond  the  limits  of  the  substance,  the 
joint  will  open  at  its  remoter  end,  unless  it  be  secured  by  the 
cohesion  of  the  cements,  and  the  structure  will  cither  wholly 
fall,  or  continue  to  stand  in  a  new  form.   (Plate,  fig;  5.) 

From  this  condition,  together  with  the  detennination  of  the 
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tlirection  of  tlic  joints  already  mentioned  (Prop.  P.),  we  may 
eaaly  find  t|)c  best  arrangement  of  the  joints  in  a  ilat  arch  ;  the 
object,  in  such  cases,  being  to  diminish  the  lateral  thrust  as 
much  as  possUile,  it  is  obvbus  that  the  common  centre  of  the 
joints  must  be  brought  as  near  to  the  arch  as  is  compatible 
with  the  oomiition  of  the  circle  remaining  within  its  limits ;  and 
it  may  efen  happen  that  the  superincumbent  materials  would 
pment  the  opening  of  the  joints  even  if  the  centre  were  still 
nearer  than  this:  but  if,  on  the  other  hsnd,  the  arch  depended 
ody  oo  its  own  resistance,  and  the  materials  were  in  any  danger 
of  being  crushed,  it  would  be  neoeisary  to  keep  the  drcle  at 
BOM  litde  distance  from  its  suHaoes,  even  at  the  expense  of 
sooiewhat  increasing  tlie  lateral  pressure. 

When  the  curve  of  equilibrium  touches  the  intrados  of  an 
arch  of  any  kind,  the  coin])resk-ion  at  the  surface  must  be  at 
least  four  times  as  great  as  if  it  remained  in  the  middle  of  the 
arch-stones  (Prop.  E.),  and  still  greater  tlian  this  if  the  cohesion 
of  the  cements  is  called  into  action.  In  this  estimate  we  suppose 
the  transverse  sections  of  the  blocks  inflexible,  so  as  to  co-ope- 
nitc  throughout  the  depth  in  resisting  the  pressure  on  any  point; 
but  in  reality  this  co-operation  will  be  confined  within  much 
nairower  limits,  and  the  diminution  of  strength  will  probably 
be  considerably  greater  than  is  here  supposed,  whenever  the 
curve  approaches  to  the  intrados  of  the  arch. 

The  pasMge  of  the  curve  of  equilibrium  througli  the  middle 
of  each  Uock  is  all  that  is  necesssry  to  ensure  the  stability  of  a 
bridge  of  moderate  dimensions  and  of  sound  materials.  Its 
strength  is  by  no  means  increased,  like  that  of  a  frame  of  car^ 
peatiy,  or  of  a  beam  resisting  a  transverse  force,  by  an  increase 
of  its  depth  in  preference  to  any  other  of  its  dimensions:  a 
greater  depth  does,  indeed,  give  it  a  power  of  eflectually 
n.-i-tiiiL'  a  greater  force  of  external  pressure  derived  from  tlic 
prt--4  ii<  e  (if  ail)  (K-casional  load  on  any  part  of  the  structure ; 
but  the  magnitude  (jf  such  a  load  is  seldom  very  cousiderable, 
io  projHjrtion  to  tlie  weight  of  the  bridge. 

It  is  of  some  imptjrtanee,  in  these  investigations,  to  endeavour 
to  trace  the  successive  :.te|i««  by  which  the  fabric  of  a  bridge  may 
mmmonly  be  expected  to  fail,   ^iupposiog  the  materials  to  be 
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too' soft,  or  the  abutments  insecure,  or  any  part  of  the  work  to 
he  defective,  and  to  afford  too  little  reAistancc,  the  l^ngA  of  the 
cum  of  the  ardi  being  diminished,  or  its  chord  exteoded,  it 
will  become  flatter,  and,  oonseqneiitly,  sink ;  the  alteimtioD  bebg 
by  &r  the  greatest,  if  other  things  are  equal,  where  the  depth 
is  die  least,  that  isy  near  the  crown  or  key-stone ;  so  tiiat  if  the 
onmtore  was,  at  first,  nearly  equal  tfaroii|^ioiit,  the  crown  will 
sink  so  ranch  as  to  cause  a  rapid  increase  of  enrratore  on  each 
sidii  in  its  immediate  neighbourhood,  which  will  bring  the  intra- 
do3  up  to  the  curve  of  equilibrium,  or  even  above  it,  the  form 
of  this  curve  being  little  altered  by  the  change  of  tliat  of  the 
arch.  The  middle  remains  firm,  because  the  pressure  is  pretty 
equally  divided  throughout  the  blocks,  but  the  part^  newly  U'lit 
give  way  to  the  unequal  force,  and  chip  a  little  at  their  internal 
8ur£EUM2 ;  but  being  reduced  in  their  dimensions  by  the  pressure, 
they  sufl^  the  middle  to  descend  still  lower,  and  are,  conse- 
quently, carried  down  with  it,  so  as  to  l>e  relieved  from  the 
inequality  of  pressure  depending  on  their  curvature,  and  to 
transfer  the  eftct  to  the  parts  immediately  beyond  them,  tall 
these  in  their  turn  crumble,  and  by  dt^rees  the  whole  ttmctnrd 
fidls.   (Plate,  Fig.  6.) 

This  explanation  wUl  enable  us  to  understand  some  obaer- 
fations  and  experiments  which  the  late  Phifessor  RobisoB  has 
related  as  somewhat  paradoxical.  lie  says,  that  an  arch  built 
**of  an  exceedingly  soft  and  friable  stone,''  the  aich-stones 
bc»ing  also  too  short,  began  to  show  signs  of  weakness  by  the 
stones  chipping  about  ten  feet  from  the  middle,  and  that  it 
afterwards  split  at  the  middle,  and  fifteen  or  sixteen  feet  on 
each  side  of  it,  and  also  at  the  abutments.  And  in  some  expe- 
riments on  models  of  arches  in  chalk,  he  found,  tliat  the  arch 
always  broke  at  some  place  considerably  beyond  another  pointt 
where  the  first  chipping  had  been  observed a  circumstaaoe 
which  he  has  not  succeeded  in  sufficiently  explaining. 

Section  III. — Of  tfte  Effect  of  Frutivn. 

The  friction  or  adhesion  of  the  substances,  employed  in 
Architecture,  ii»  of  the  most  material  consequence,  fiir  insuriiiK 
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the  stability  of  the  works  cotistnicted  with  them ;  and  it  is  right 
tliat  we  should  know  the  extent  of  its  o})eration ;  it  is  not, 
however,  often  practically  necessary  to  calculate  it^  exact  mag- 
nitude, because  it  would  geldoni  be  prudent  to  rely  materially 
on  it,  the  accidental  circumstances  of  agitation  or  moisture 
tending  very  much  to  diminish  its  etfect  Nor  is  the  coheiioik 
of  the  ceroentB  emjiloyed  of  much  further  oouequence  than  as 
enabUng  them  to  form  a  firm  eoonezion,  by  means  of  which  the 
blocks  nay  rest  more  completely  on  eaeh  other  than  they  could 
do  wHfaoDt  it ;  for  we  must  always  remember,  that  we  must 
lose  at  leasthalf  of  the  strength,  before  the  cohesion  of  the  solid 
blodM  tbensehes,  in  the  direction  of  the  arch,  can  be  caUed 
into  aelioa,  and  at  least  three  fourths  before  the  joints  will  have 
any  tendency  to  open  throughout  their  extent 

3^. —  The  joints  of  an  arc/i^  cnmposed  of  materials  subject  to 
fncti'in,  nuuj  In:  situated  in  any  direction  It/int/  icitliin  the  limits 
of  t/ie  (Uigle  of  repose^  on  either  side  of  tlie  jferjjendicular  to  the 
curve  of  equilibrium  ;  the  am/le  of  repose  beituf  equal  to  tite  in- 
clinniio*  tO  the  horizon  at  which  the  imUerials  be^in  to  slide  cn 
each  other ;  and  tlte  direct  friction  being  to  the  pressure  as  the 
tamgesU  of  this  angh  is  to  the  radius* 

It  is  obvious,  that  any  other  force,  as  well  as  that  of  gravity, 
win  be  resisted  by  the  friction  or  adhesion  of  the  sur&oes  when 
its  direction  is  within  the  limits  of  the  angle  at  which  the  sub- 
slanedk  begin  to  slide :  and  it  may  be  inferred  from  the  experi* 
aeoti  of  lir.  Coulomb  and  IVofessor  Yince,  that  this  angle  is 
ooQstant,  whatever  the  magnitude  of  the  force  may  be,  since 
the  friction  is  very  nearly  proportional  to  the  mutual  pressure 
of  the  sulwtances.  The  tendency  of  a  body  to  descend  along 
anv  plane  being  as  much  less  tliaii  its  wi'ight  tis  the  heijxht  of 
tlic  plane  is  less  than  its  length,  and  the  pressure  on  tiie  plane 
being  as  much  lej>s  than  the  weight  as  the  h'ugth  is  greater  tlian 
the  horizontal  extent,  it  follows,  that,  when  the  weight  iK'gins  to 
uvercnme  the  friction,  tlie  friction  nni>t  be  to  the  pre->ure  as 
the  height  of  the  plane  to  \t»  horizontal  extent,  or  as  the  tau- 
gent  of  the  incliiuition  tu  the  radius. 

Tim  prufMTty  of  the  angle  of  repo»e  aliords  a  >ery  ca*y 
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method  of  awsertaining,  by  a  simple  experiment,  the  friction  of 
the  materials  employed :  takings  tot  example,  a  eommon  brick, 
and  pladng  it,  with  the  shorter  side  of  its  end  downwards,  on 
another  which  is  gradually  raised,  we  shall  find  thai  it  will  &U 
o?er  withont  be^^nning  to  slide;  and  when  this  happens,  the 
height  must  be  half  of  the  borixontal  extent,  a  brick  being 
twice  as  long  as  it  is  broad :  in  this  case,  therefore,  the  friction 
must  be  at  least  half  of  the  pressure,  and  the  angle  of  repose 
at  least  30°  ;  and  an  equilateral  wedge  of  brick  could  not  be 
forced  up  by  any  steady  pressure  of  bricks  acting  against  its 
sides,  in  a  direction  parallel  to  its  base.  But  the  effects  of 
agitation  would  make  such  a  wedge  totally  insecure  in  any 
practical  case ;  and  the  determination  only  serves  to  assure  us, 
that  a  very  considerable  latitude  may  be  allowed  to  the  joints 
of  our  materials,  when  there  is  any  reason  for  deviating  from 
the  proper  direction,  provided  that  we  be  assured  of  a  steady 
pressure ;  and  much  more  in  brick  or  stone  than  in  wood,  and 
more  in  wood  than  in  iron,  unless  the  joints  of  the  iron  be 
secured  by  some  cohesive  connexion.  It  may  also  be  inferred 
from  these  conttdeiations,  that  the  direction  of  the  jmnts  can 
never  determine  the  direction  of  the  curve  of  ei^uilibrium 
crossing  them,  since  the  friction  will  always  enable  them  to 
transmit  the  thrust  in  a  direction  varying  very  considerably 
from  the  perpendicular  ;  although,  with  respect  to  any  particu- 
lar joint,  of  which  we  wish  to  ascertain  the  stability  independent 
of  the  friction,  it  would  be  desirable  to  collect  the  result  of  the 
elements,  of  which  that  curve  is  the  representative,  with  a  proper 
regard  to  its  direction. 

Sbctioh  IV.— ^/mt  Hidarieal  DeiaUs. 

The  original  invention  of  arches,  and  the  date  of  their  general 
adoption  in  architecture,  have  been  discussed  with  great  ani- 
mation by  the  late  Mr.  King,  Mr.  Dutens,  and  several  otlier 
learned  antiquaries.  Mr.  King  insisted  that  the  use  of  the 
arch  was  not  more  ancient  than  the  Christian  era,  and  con- 
sidered its  introduction  as  one  of  the  most  remarkable  events 
accompanying  that  memorable  period.   Mr.  Dutens  appealed 
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to  tlie  structure  of  the  cloacae,  built  by  the  Tarquins,  and  to 
tbe  aatbority  of  Seneca,  who  observes  that  the  arch  was  generally 
considered  as  the  invention  of  Democritus,  a  Philosopher  who 
lived  some  centuries  before  Christ,  but  that,  in  bis  opinion,  the 
simplicity  of  the  principle  could  not  bave  escaped  the  rudest 
architect;  and,  that  long  before  Democritus,  there  must  hsTe 
been  both  bridges  and  doors,  in  both  of  which  struciures  the 
arch  was  commonly  employed.  TherQ  do  indeed  appear  to  be 
solitary  instances  cf  arches  mcsre  ancient  than  the  epodi  assigned 
by  Mr.  King  to  thrir  inrention.  We  find  arches  concealed  in 
the  walls  of  some  of  tiw  oldest  temples  extant  at  Athens ;  the 
doacae  are  said  to  be  arched,  not  at  the  o})ening  into  the  "Rber 
only,  but  to  a  greater  distance  within  it  than  is  likely  to  have 
been  rebuilt  at  a  later  period  for  oruainent ;  and  the  fragments 
of  a  bridge,  still  remaining  at  Rome,  bear  an  inseription  which 
refers  its  erection  to  the  latter  years  of  tlie  Commonwealth. 
But  it  seems  highly  probable,  that  almost  all  the  covered  ways, 
.  constructed  in  the  earlier  times  of  Greece  and  fiome,  were 
either  formed  by  lintels,  like  doorways,  or  by  stones  overhan^g 
each  other,  in  horisontal  strata,  and  leaving  a  triangular  aper- 
ture, or  by  both  these  arrangements  combined,  as  is  eiemplified 
in  the  entrance  to  the  treasury  of  Atreus  at  Mycenn,  where 
the  lintel  has  a  triangular  aperture  oyer  it,  by  which  it  is  re- 
Itered  from  the  pressure  of  the  wall  above  $  and  thb  instance 
serves  to  show  how  difierent  the  distribution  of  the  pressure  on 
any  part  of  a  structure  may  be^  from  the  simple  prop<nrtions  of 
the  height  of  the  materials  above  it.  Some  other  old  buildings, 
which  have  been  supposed  to  be  arched,  have  been  found,  on 
further  examination,  rather  to  resemble  domes,  which  may 
be  built  without  centres,  and  may  be  left  open  at  the  summit, 
the  horizontal  curvature  producing  a  transverse  pressure,  which 
supports  the  structure  without  an  ordinary  key-stone.  And 
this  has  been  suspected  to  be  the  form  of  the  roofs  and  ceilings 
of  ancient  Babylon,  where  Strabo  tells  us  that  the  buildings  were 
arched  over  or  "  camerated,"  for  the  purpose  of  saving  timber: 
and  the  bridge  of  Babylon,  which  must  have  been  of  considerable 
antiquity,  is  exprcsely  said,  by  Herodotus,  to  have  consisted  of 
|Ners  of  stone,  with  a  road  formed  of  beams  of  wood  only.  It 
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may  however  be  rejoined,  that  tliough  a  dume  is  not  simply  an 
arch,  yet  it  exceeds  it  in  contrivance  and  mechaoical  compUca* 
tion ;  it  generally  exerts  a  thrust,  and  requires  either  ao 
abutment,  or  a  circular  tie ;  and  it  is  icaroely  possible  that  the 
inventor  of  a  dome  should  not  have  been  previously  acquainted 
with  the  ooostroctiou  of  a  oommon  arch.  Bendes  the  term 
CAMARA,  the  Greeks  had  also  nAus,  Aim,  and  tholto;  the 
last  was  partienlarly  appropriate  to  drenlar  domes;  but  tfaa 
variety  of  appellatioDS  seems  to  prove  that  the  thing  most  have 
been  perfectly  familiar;  and  the  term  psalis  is  supposed  to 
have  been  applied  from  the  appearanoe  of  the  wedgod  arch* 
stones,  viewed  in  their  elevation,  which  oould  not  have  been 
observable  in  a  donie  of  any  kind. 

From  these  outlines  of  the  origin  of  the  art  of  building 
bridges,  we  may  pass  on  rapidly  to  the  latest  improvenicntis 
which  have  been  ni  ide,  in  Great  Britain  and  on  the  Continent, 
in  the  practice  of  thi.s  department  of  arcliitectuiv.  A  very 
ample  detail  of  tlie  most  important  operations,  that  are  gene- 
rally required  to  be  performed  in  it,  may  be  found  in  the 
numerous  Reports  of  the  ingenious  Mr.  Smeaton,  published 
since  his  death  by  the  Society  of  Civil  Engineers  in  London. 
They  cootain  a  body  of  information  oompreheoding  almort 
every  case  that  can  occur  to  a  workman^  in  the  eiecution  of 
soeh  structures ;  and  even  where  they  have  to  record  an  aod- 
dental  fiulure,  the  instructioD  they  aflbfd  u  not  leas  valuable 
than  where  the  success  has  been  more  complete. 

Respectmg  the  general  arrangement  of  a  bridge,  and  die 
numbor  of  arches  to  be  employed,  in  the  case  of  a  wide  river, 
Mr.  Smeaton  has  cxj)res6ed  his  approbation  of  a  few  wide  and 
tlat  arches,  supported  by  good  al)utments,  in  preference  to  more 
numerous  piers,  which  unnecessarily  interrupt  the  water-way. 
In  a  case  where  a  long  series  of  small  arches  was  required,  he 
has  made  them  so  tiat,  and  the  piers  so  slight,  that  a  single  pier 
would  be  incapable  of  withstanding  the  thrust  of  its  arch  :  but 
in  order  to  avoid  the  destruction  of  the  wliole  fabric  in  case  of 
an  accident,  be  has  intermiaed  a  number  of  stronger  pien^  at 
certain  intervals,  among  the  weaker  ones.  Whm  several 
archeS)  of  diflerent  heights,  were  required,  he  commonly  reeom- 
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mentled  different  portions  of  the  same  ciicle  for  all  of  tbem ;  a 
inrxic  which  rendered  the  lateral  thrust  nearly  equal  throug^ut 
the  fiUwio,  and  had  the  advantage  of  allowing  the  same  centre 
to  be  employed  for  all,  with  aome  little  addition  at  the  ends  to 
adapt  it  to  the  larger  arehes.  He  reoords  the  caae  of  Ohi 
Walton  Bridge,  in  which  the  wooden  raperBtructore  had  annk 
two  feet,  80  aa  to  become  part  of  a  cirde  700  feet  m  diameter, 
and  the  throat,  thus  increased,  had  forced  the  piers  oonsideiably 
out  of  thdr  original  sitoation :  a  striking  proof  that  the  prin- 
dples  of  the  pressure  of  arches  must  not  be  neglected,  even 
when  frames  of  carpentry  are  concerned. 

Bfr.  Smeaton  particularly  describes  the  inconvenienoes  arising 
from  the  old  method  of  laying  the  feundations  of  piers,  which 
waa  introduoed  soon  after  the  Conquest,  and  which  is  particn- 
lariy  exemplified  in  London  Bridge.  The  masonry  commences 
above  low  water  mark,  being  s\ip|K)rted  on  piles,  which  would 
be  exposed  to  the  destructive  iilternation  of  moisture  and  dry- 
ness, with  the  access  of  air,  if  they  were  not  defeiiJoil  by  othur 
piU*s  f'Tiiiini;  projections  |)arlly  lilled  with  stone,  ami  (Icnoiiii- 
nat<'<l  -trrlings  ;  wliicli,  in  their  turn,  occasionally  require  the 
&u|»)»ort  and  defence  of  new  piles  surrounding  them,  since  ihvy 
are  not  easily  removed  when  they  decay  ;  so  that,  by  degrees,  a 
great  interruption  is  occasioned  by  the  breadth  of  the  piers, 
thus  augmented,  requiring,  for  the  transmission  of  the  water, 
an  increase  of  velocity,  which  is  not  only  inconvenient  to  the 
navigation,  but  also  carries  away  the  bed  of  the  river  under  tlie 
arches,  and  immediately  below  the  bridge,  making  deep  pools 
or  excafations,  which  require  from  time  to  time  to  be  tilled  up 
with  mbble  stones;  while  the  materials,  which  have  been 
carried  ^way  by  the  stream,  are  depositc^d  a  little  lower  down 
m  shoals,  and  very  much  interfere  with  the  navigation  of  the 
rifcr.  From  these  eireumstanoes,  as  well  aa  from  the  eifeets  of 
time  anddoenj,  it  has  happened,  according  to  Ute  reports,  that 
the  repairs  of  London  Bridge  have  often  amounted,  fer  many 
yean  together,  to  4000L  a  year,  while  those  of  Westminster 
and  BUckfriars  Bridges  hate  not  cost  so  many  hundreda.  It 
i*  trae,  that  the  fell  produem  a  trilling  adfantage  in  enabling 
the  l4mdon  watcr-worka  to  employ  moie  of  the  force  of  the 
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tide  in  raising  water  for  the  use  of  the  city ;  and  this  right, 
being  eBtablished  as  a  legal  privilege,  has  long  delaye<l  the 
improvements,  which  might  othenrise  have  been  attempted,  for 
the  benefit  of  the  navigation  of  the  river.  The  interest  of  the 
proprietofs  of  the  water-works  has  been  valued  at  125,0001. ; 
and  it  has  been  estimated  that  50,000/.  would  be  required  for 
the  erection  of  steam-engines  to  supply  their  place ;  while^  on 
the  other  hand,  it  is  said  that  from  thirty  to  forty  persons,  on  an 
average,  have  perished  annually  from  tiie  dangers  of  the  fall 
under  the  bridge.  • 

But  Mr.  SmeatoD,  as  well  as  his  predecessor  Mr.  Labelye, 
appears  sometimes  to  have  gone  into  a  contrary  extreme,  and  to 
have  been  somewhat  too  sparing  in  tlie  use  of  piles.  It  is  well 
known  that  the  opening  of  Westminster  Bridge  was  delayed  for 
two  years*  on  account  of  the  failure  of  a  pier,  the  foundation  of 
which  had  been  partly  undermined  by  the  incautious  removal 
of  gravel  from  tlie  bed  of  the  river,  in  its  immediate  neigh- 
bourhood ;  a  circumstance  which  would  scarcely  have  occurred 
if  piles  had  been  more  freely  employed  in  securing  the  founda- 
tion. Tlie  omission,  however,  did  not  arise  from  a  want  of  a 
just  estimate  of  the  importance  of  piles  in  a  loose  bottom,  but  from 
a  confidence,  founded  on  examination  as  the  work  advanced,  that 
the  bed  of  the  river  was  already  sufficiently  firm.  Mr.  SmeaUm 
directed  the  foundations  of  Hexham  Bridge  to  be  laid,  as  those 
of  Westminster  Bridge  had  been,  by  moans  of  caissons,  or 
boxes,  made  water-tight,  and  oontaimng  the  bottom  of  the  pier, 
completed  in  masonry  well  connected  together,  and  ready  to  be 
deposited  in  its  proper  place  by  lowering  tlie  caissons,  and  then  * 
detaching  the  sides,  whidi  are  raised  for  further  use,  from  the 
bottoms,  which  remain  fixed  as  a  part  of  the  foundations  imme- 
diately resting  on  the  bed  of  the  river,  previously  made  smooth 
for  th^  reoeptioQ,  and  sometimes  also  rendered  more  firm  by 
piles  and  a  grating  of  timber.  By  a  careful  ezanunation  of  the 
bottom  of  the  river  at  Hexham,  Mr.  Smeaton  thought  he  had 
ascertained  that  the  stratum  of  gravel,  of  which  it  consisted, 
was  extremely  thin,  and  supported  by  a  (quicksand,  much  too 
loose  to  give  a  firm  hold  to  piles,  while  he  supposed  the  gravel 
strong  enough  to  bear  the  weight  of  the  pier,  if  built  in  a 
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cainon.  The  bridge  was  a  handsome  edifice,  with  elHptical 
archt's,  and  stood  well  for  a  few  years  ;  but  an  extraordinar)- 
fl<XMl  wcurrt'd,  which  caused  the  water  to  rise  five  feet  higher 
aU>ve  than  below  the  bridge,  and  to  flow  through  it  with  so 
great  a  velocity,  as  to  undermine  the  piers,  and  cause  the 
bridge  to  divide  longitudinally,  and  fall  in  against  the  stream  ; 
a  cireunistance  so  much  the  more  mortifying  to  the  eminent 
engineer  who  had  constructed  it,  as  it  was  the  only  one  of  his 
works  that,  "  in  a  period  of  tliirty  years,"  had  been  known  to 
fail.  It  was  observed  that  some  of  the  piers,  which  had  been 
built  in  ooffer-dams,  with  the  assistance  of  some  piles,  withstood, 
the  violence  of  the  flood  ;  and  it  is  remarkable,  that  the  whole 
bridge  has  been  rebuilt  by  a  pmindal  architect  with  perfect 
wicoeMf  having  stood  without  any  accident  for  many  yeais. 

It  seens,  therefore,  soaroely  prudent  to  trust  any  very  beayy 
bridge  to  a  foundation  not  secured  by  piles,  unless  the  ground 
oo  whieb  it  stands  is  an  absolute  rock;  and  in  this  case,  as  well 
as  when  piles  are  to  be  drifen  and  sawed  off,  it  is  generally 
nenesBsry  to  have  reooime  to  a  oollerHlam.  In  the  instaaoe  of 
tlie  bridge  at  Harraloii,  for  eiample,  what  tiw  rock  is  mne 
feet  below  the  bed  of  the  river,  Mr.  Smeatoo  directs  that  the 
pQca  fermiDg  the  coflbr-dam  be  rebated  into  each  other,  driven 
dofVD  to  tiie  rook,  and  seeored  by  intefoal  stretchers,  before  the 
vater  contained  within  them  is  pumped  oat  In  soma  esses,  a 
double  row  of  piles,  with  day  between  them,  baa  been  employed 
for  forming  a  coflbr-dam ;  bat  In  others  it  has  been  foond  mors 
ooovement  to  drive  and  ent  off  the  piles  onder  water,  by  means 
of  proper  machinery,  without  the  assistance  of  a  coffer-dam. 

Piles  are  employed  of  various  lengths,  from  7  to  1 G  feet  or 
more,  and  from  H  to  10  inches  in  thicknejvs,  and  they  are 
commonly  shod  with  iron.  Smeaton  directs  them  to  be  driven 
till  it  requires  from  20  to  40  strokes  of  the  pile  driver  to  sink 
them  an  inch,  according  to  the  magnitude  of  the  wt  ight,  and 
the  firmness  requirtHl  in  the  work.  lie  was  in  the  habit  of 
fr«  'jucntly  nvommending  the  piles  surrounding  tht-  piers  to  bo 
M  '  un-d  by  throwing  iu  rubble  stone,  so  as  to  form  an  inclined 
surfai^e,  sloping  gradually  from  the  bridge  upwards  and  down- 
wards.  In  the  case  of  Coldstream  Bridge,  it  was  also  found 
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necessary  to  have  a  partial  dam,  or  artificial  slioiil,  thrown 
across  the  river  a  little  below  the  bridge,  in  order  to  lessen  tlie 
velocity  of  the  water,  which  was  cutting  up  the  gravel  from  the 
base  of  the  piles.  But  all  these  expedients  are  attended  with 
considerable  inconvenience,  and  it  is  better  to  avoid  them  in 
the  tirst  instance  by  leaving  the  water-way  as  wide  and  as  deej) 
as  possible,  and  by  making  the  foundations  as  firm  and  exteo- 
sive  as  the  circumstances  may  require. 

The  angles  of  the  piers,  both  above  and  under  water,  are 
oommoiily  rounded  off,  in  order  to  facilitate  the  passage  of  the 
ttream,  md  to  be  b liable  to  accidental  injury.  Mr.  Smeaton 
recommends  a  cylindiicai  stirfaoe  of  60**  as  a  proper  terminatian; 
and  two  such  nir&ces,  meeting  each  other  in  an  angle,  wUl 
approach  to  the  outline  of  the  head  of  a  ship,  which  is  calca* 
lated  to  afford  the  least  resiatance  to  the  water  gliding  by  it. 

We  find  that,  in  the  year  1769,  the  earth  employed  for 
filling  up  the  qiaoe  between  the  walls  of  the  Kortfa  Bridge  in 
Edinbuig|i»  had  forced  them  ont,8o  as  to  require  the  aaBistance 
of  tnmsverw  bars  and  bnttresBes  for  thehr  snpport.  In  the 
more  modem  bridges,  these  aoeidents  are  prevented  by  the 
employment  of  longitodinal  walls  for  filling  up  the  hashes, 
with  flat  stones  emrering  the  intenrals  between  ihem,  instead  of 
the  earth,  or  the  more  solid  materials  which  were  formeriy  used, 
and  wfaidi  prodnoed  a  greater  pressore  both  on  the  arch  and  on 
the  abatments,  as  well  as  a  transverse  tbmst  against  the  side 
walla.  For  the  inclination  of  the  road  pasnng  o?er  this  bridge, 
Bfr.  Smeaton  thought  a  slope  of  1  in  IS  not  too  great ;  observ- 
ing that  horses  cannot  trot  even  when  the  ascent  is  much  more 
gradual  than  this,  and  that  if  they  walk,  they  can  draw  a 
carriage  up  such  a  road  as  this  without  ditficully  :  and,  indeed, 
the  bridge  at  Newcastle  a]>pear«,  for  a  short  di.-tance,  to  have 
been  much  steeper.  But  it  has  been  more  lately  argueil,  on 
another  occasion,  that  it  is  a  great  inconvenience  in  a  crowded 
city,  to  have  to  lock  the  wheel  of  a  loaded  waggon  ;  that  this  is 
necessary  at  all  times  on  llolbom  Ilill,  where  the  slope  is  only 
1  in  18  ;  while  in  frosty  weather  this  street  is  absolut»dy  impis- 
sable  for  such  carriages:  and  the  descent  of  Ludgate  Hill, 
which  is  only  1  in  36,  is  considered  as  much  more  desirable. 
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when  it  is  poenble  to  eonrtnict  a  bridge  with  an  accVvity  so 
gentle. 

Section  V. — ImprowmtmU  of  the  Port  of  Landmu 

From  the  study  of  lifr.  Smeaton's  divenified  labonn,  we 
proceed  to  take  a  cnnory  view  of  the  Parliamentary  Inquiry 
respecting  the  improvement  of  the  Port  of  London,  which  has 

brouglit  forward  a  variety  of  important  information,  and 
suggested  a  nuiltiplicity  of  ingenious  designs.  The  principal 
part  of  that  which  relates  to  our  present  subject  is  contained  in 
the  Second  and  Tliird  Reports  from  the  Select  Committee  of  the 
House  of  Commons,  on  the  improvement  of  the  Port  of 
London;  ordered  to  be  printed  11th  July,  1799,  and  28th 
July,  1800. 

We  find  in  these  Reports  some  interesting  details  respecting 
the  history  of  Tendon  Bridge,  which  appears  to  have  been 
begun,  net,  as  Hume  tells  us,  by  William  Rufus,  who  was 
killed  in  1100,  but  in  1176,  under  Henry  IL ;  and  to  have 
been  oompleted  in  83  years.  The  piles  are  prindpally  of  elm, 
and  they  have  remained  for  six  centuries  without  material 
decay ;  although  a  part  of  the  bridge  fell,  and  was  rebuilt  about 
100  years  after  it  was  begun.  Rochester,  York,  and  Newcastle 
Bridges  were  also  bmlt  in  the  twelfth  century,  as  well  as  the 
Bridge  of  St.  Eisprit  at  Avignon.  About  50  years  ago,  the 
middle  pier  of  Tendon  Bridge  was  removed  ;  the  piles  were 
drjiwn  by  a  very  powerful  screw,  conunonly  u^ed  for  lifting  the 
wheels  of  the  water-works ;  and  a  t^itigle  arch  was  made  to 
occupy  the  place  of  two.  Tn  consequence  of  this,  tlie  fall  was 
somewhat  diminished,  and  it  was  necessary  partially  to  obstruct 
the  channel  again,  in  order  that  the  stream  sliould  have  force 
enough  for  the  water-works  ;  but  it  was  very  difficult  to  secure 
the  bottom  from  the  efiects  of  the  increased  velocity  under  the 
arch.  Several  strong  beams  were  firmly  fixed  acroes  the  bed 
of  the  river,  but  only  two  of  them  retsined  thmr  situations  fat 
any  length  of  time ;  and  the  materials  carried  away  had  been 
deposited  below  the  middle  aidi,  so  as  to  ftrm  a  dioal,  which 
was  only  16  inches  below  the  sm&oa  at  low  water.  The 
Reports  contain  also  mueh  partienlar  information  respecting 
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Blackfinars  Bridge,  the  piles  for  which  were  driven  under  water, 
and  eat  off  terel  with  the  bed  of  the  foundatioiis,  by  a  machine 
of  Mr.  Mylne's  invention.  The  expense  of  Bkckfriars  Bridge, 
indoding  the  purchase  of  premises,  was  about  260,000/. ;  that 
of  the  building  only  was  170,0002.  Westminster  Bridge,  built 
in  tfie  beginning  of  the  century,  cost  about  400,0001. 

The  committee  had  received  an  immense  variety  of  plans 
and  proposals  for  docks,  wharfs,  and  bridges,  and  many  of  theso 
have  been  published  in  the  Reports,  together  with  engraved 
details  on  a  very  ample  scale.  They  finally  adopted  three 
resolutions  respecting  the  rebuilding  of  London  Bridge. 

"  1.  That  it  is  the  opinion  of  this  Committee,  that  it  is 
essential  to  the  improvement  and  accommodation  of  the  f)ort  of 
London,  that  London  Bridge  should  be  rebuilt  upon  such  a 
construction  as  to  permit  a  fiee  passage,  at  all  times  of  the 
tide,  for  ships  of  such  a  tonnage,  at  least,  as  the  depth  of  the 
river  would  admit  o^  at  present,  between  London  Bridge  and 
BlacUiars  Bridge. 

That  it  is  the  opinion  of  this  Committee,  that  an  iron 
bridge,  haring  its  centre  arch  not  less  than  65  feet  high  in  the 
dear,  above  faig^-water-mark,  wiU  answer  the  intended  purpose, 
and  at  the  least  expense. 

8.  That  it  is  the  opinion  of  this  Committee,  that  the  most 
convenient  situation  for  the  New  Bridge  will  be  immediately 
above  St.  Saviour  s  Church,  and  upon  a  line  from  thence  to  the 
Royal  Exchange." 

In  a  subsequent  Report,  ordered  to  be  printed  3rd  June, 
1801,  we  find  a  plan  for  a  magnificent  iron  bridge  of  GOO  feet 
span,  which  had  been  submitted  to  the  Committee  by  Messrs. 
Telford  and  Douglas.  Mr.  Telford's  reputation  in  his  profession 
as^an  engineer  deservedly  attracted  the  attention  of  the  Com- 
mittee ;  but  many  practical  difficulties  having  been  suggested 
to  them,  they  circulated  a  number  of  queries  relating  to  the 
proposal,  among  such  persons  of  science,  and  professional  ardu- 
tecta,  as  were  the  most  likely  to  have  afibrded  them  satisfectory 
information.  But  the  results  of  these  inquiries  are  not  a  liule 
humiliating  to  the  admirers  of  abstract  reasoning  and  of 
geometrical  evidence;  and  it  would  be  difficult  to  find  a 
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greater  discorilaiice  in  the  most  heterodox  professions  of  faith, 
or  in  the  most  capricious  variations  of  taste*  than  is  exhibitod 
in  the  responses  of  our  most  oelebnUed  professors,  on  almost 
efery  point  submitted  to  their  oooaderation.  It  would  be 
ueetege  to  dwell  on  the  namerons  errors  with  which  many  of  the 
answers  abound ;  but  the  questaons  will  affi>rd  us  a  very  ood- 
veoient  doe  fiir  directum  oar  attention  to  such  subjects  of 
deliberatioQ  as  are  really  likely  to  occur  in  a  multiplicity  of 
eases ;  and  it  will  perhaps  he  possible  to  find  such  answers  fur 
aQ  of  tfaeniy  as  will  tend  to  remove  the  greater  number  of  the 
difficulties  wUch  have  hitherto  embarrassed  the  subject. 

Questions  respecting  the  construction  of  a  cast  iron 
bridge,  of  a  single  arch,  600  fkbt  in  tub  spam,  and 
65  rsBT  AisB.  (Plate,  Fig.  7.) 

I.  ffkat  parti  of  the  bridge  shcuid  be  considered  at  wedget^ 
which  act  on  aseft  other  hy  gravity  and  premtrey  and  what  parte 
as  weight,  acting  by  gravity  only^  similar  to  the  tcalls  and  other 

loading,  nsnally  erected  upon  the  arches  of  stone  bridges  ?  Or 
docs  the  whole  act  as  one  frame  of  iron^  which  can  only  be  de- 
stroyed by  crushing  its  parts? 

The  distribution  of  the  resistance  cxf  a  bridge  may  be  con- 
sidered as  in  some  measure  optional,  since  it  may  be  transferred 
from  one  part  of  the  structure  to  another,  by  wedging  together 
most  firmly  those  parts  which  we  wish  to  be  most  materially  con- 
cerned in  it  But  there  is  also  a  natural  principle  of  adjustment, 
by  which  the  resistance  has  a  tendency  to  be  thrown  where  it  can 
best  be  supported ;  for  the  materials  being  always  more  or  less 
compressible,  a  very  small  change  of  form,  supposed  to  be  equal 
throughout  the  structure,  will  relieve  those  parts  most  which 
are  the  most  strained,  and  the  accommodation  will  be  still  more 
effectual  when  the  parts  most  straini'd  undergo  the  grcate.st 
change  of  form.  Thus,  if  the  flatter  ribs,  seen  at  the  upper 
part  of  tlie  proposed  structure,  supported  any  material  part  of 
its  weight,  they  would  undergo  a  considerable  longitudinal 
compression,  and  being  shortened  a  little,  would  naturally 
descend  very  rapidly  upon  the  more  curved,  and  consequently 
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stronger  parts  below,  which  would  soon  relieve  them  from  the 
load  improperly  allotted  to  them ;  the  abutment  would  also 
give  way  a  little,  and  be  forced  oat»  by  the  greater  pressure 
at  its  upper  part,  while  the  lower  part  remained  almoBt  entirelj 
unchanged. 

It  is,  howew,  higlily  important  tliat  the  work  ahonld,  in  tbe 
first  instance,  be  so  arranged  as  best  to  fdlfil  tbe  intended 
purposes,  and  especially  that  such  parts  should  bare  to  support 
the  weight  as  are  able  to  do  it  with  the  least  expense  of  lateral 
thrust,  which  is  the  great  evil  to  be  dreaded  in  a  work  of  these 
gigantic  dimensions,  the  materials  themselves  being  scarcely 
ever  crushed  when  the  arch  is  of  a  proper  form  ;  and  the  failiii-e 
of  an  iron  bridge,  by  the  want  of  ultimate  resistance  of  its  parts 
to  a  compressing  force,  being  a  thing  altogether  out  of  our 
contemplation  ;  and  it  is  obvious  that  the  greater  the  curvature 
of  the  resisting  parts,  the  smaller  will  be  the  lateral  thrust  on 
the  abutments. 

We  may,  therefore,  sufficiently  answer  this  question,  by 
saying,  that  the  whole  frame  of  the  proposed  bridge,  so  fieur  as 
it  lies  in  or  near  the  longitudinal  directioa  of  the  arch,  may 
occasionally  cooperate  in  affording  a  partial  resistance  if  re- 
quired ;  but  that  tbe  principal  part  of  the  force  ong^  to  be 
concentrated  in  the  lower  ribs;  not  &r  remote  from  Cbe  intrados. 

But  it  is  by  no  means  allowable  to  calculate  upon  a  curre  of 
equilibrium  exactly  coinciding  with  tbe  intrados ;  since,  if  tins 
supposition  were  realized,  we  should  lose  more  than  three- 
fourths  of  the  strength  of  our  materials,  and  all  the  stability  of 
the  joints  independent  of  cohesion,  so  that  the  slightest  external 
force  might  throw  the  curve  beyond  the  limits  of  the  joint,  and 
cause  it  to  open.  Nor  can  we  always  consider  the  curve  of 
equilibrium  as  parallel  to  the  intrados :  taking,  for  example, 
the  case  of  a  bridge  like  Blackfriars,  the  curve  of  equilibrium, 
passing  near  the  middle  of  the  arch-stones,  is,  and  ought  to  be, 
nine  or  ten  feet  above  the  intrados  at  tbe  abutment,  and  only 
two  or  three  feet  at  the  crown ;  so  that  the  ordinates  of  this 
curve  are  altogether  different  from  the  ordinates  winch  have 
hitherto  been  considered  by  theoretical  writers.  It  may  be 
imagined  that  this  difierence  is  of  no  great  importance  in 
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praeliee ;  but  its  aaooat  is  modi  greater  than  the  differenoe 
between  the  theoretical  corres  of  equiUhriiim,  determined 
by  calculation,  and  the  oomniooeBt  cireolar  or  ellipiical 
aidiea. 

Willi  reipect  to  the  aHematiTe  of  oompariog  the  bridge  with 
maaooiy  or  witfi  carpentry,  we  may  say,  that  the  principles  on 
wfaicb  the  equilibrium  of  bridges  b  calculated,  are  altogether 
elementary,  and  independent  of  any  figurative  expressions  of 
strains  and  luodianical  purchase,  which  are  employed  in  con- 
mdering  many  of  tlie  arrangomonts  of  carpentry,  and  whic  h  may 
indeed,  when  they  are  accurately  analysed,  ho  rojolved  into 
forces  opposed  and  combined  in  the  same  manner  as  thi'  thrusts  of 
a  bridge.  It  is,  therefore,  wholly  unnecessary,  when  wc  incjuirc 
into  the  strength  of  such  a  fabric,  to  distinguish  the  thrus^ts  of 
ina^mry  from  the  strains  of  carpentry,  tlie  hiws  wliich  govern 
them  lx>ing  not  only  similar  but  identical ;  except  that  a  strain 
is  commonly  understood  as  implying  an  exertion  of  cohesive 
force,  and  we  hare  seen  that  a  cohesive  force  ought  never  to  be 
called  into  action  in  a  bridge,  since  it  implies  a  great  and 
unnecessary  sacrifice  of  the  strength  of  the  materials  employed. 

indeed,  we  wanted  to  croes  a  mere  ditch,  without  dependmg 
on  tim  firmness  of  the  bank,  we  might  easily  find  a  beam  of 
wood  orabarof  uftmstrangenongb  toafibrdapasiage  o?er  it, 
■in|Hm  ted  by  any  abutment,  beawae,  in  a  snbstance  of  incon- 
•dewMe  leqgA,  we  aiw  snre  of  having  more  strength  than  we 
require.  Bnl  to  amerC  thai  an  mm  bridge  of  600  feet  span 

is  a  lever  eierting  a  vertical  pressnre  only  on  the  abutmenta,** 
ia  la  proooonoe  a  sentence  from  the  lofty  tribunal  of  refined 
acicnee,  winch  the  simplest  workman  mnsi  fed  to  be  erroneoos. 
Bnli  in  lino  intaaoe,  the  error  ia  not  so  moch  in  the  comparison 
Willi  llie  lever,  as  in  the  niattention  to  the  mode  of  fiibg  it : 
for  a  lever  or  beam  of  the  dimensioos  of  the  proposed  bridge, 
lying  loosely  on  its  abutments,  would  probably  be  at  least  a 
Imn  lred  times  weaker  than  if  it  won-  finuly  connected  with  the 
abutnii'tit^  iia  a  liridge  is.  so  as  to  be  fixed  in  a  determinate 
direction.  And  tlic  true  reason  of  the  utility  of  cast  iron  for 
building  briilges,  consists  not,  x-^  has  often  been  suppostni, 
in  itM  capebility  of  being  united  so  as  to  act  like  a  frame  of 
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carpentry,  but  in  the  great  Resistance  which  it  seems  to  afford 
to  any  force  tending  to  crush  it. 

Question  IL  Whether  the  gtrm^th  of  the  arcA  U  tffeeted, 

and  in  wfiat  manner  y  by  the  propoeed  increase  of  its  width  towards 

the  two  extremities  or  ahutments,  when  ronsidercd  verticalhf  and 
horizontally  ?  And  if  so,  witat  fonn  s/touid  tke  bridge  gradually 
acquire  f 

The  only  material  advantage,  derived  from  wideniog  the 
bridge  at  the  ends,  oonsists  in  the  finnneas  of  the  ahntmentB ; 
and  this  advantage  is  greatly  dumnished  by  the  increase  of 
horisontal  thrust  whidi  is  occasioned  by  the  increase  of  breadth ; 
while  die  curve  of  equilibrium  is  caused  to  deviate  greatly 
firom  a  circular  or  parabolic  arc,  in  conseqiience  of  the  great 
inequality  of  the  load  on  the  difoent  parts ;  and  there  seems 
to  be  no  great  difficulty  in  forming  a  firm  connexion  between  a 
narrow  bridge  and  a  wider  abutment,  without  this  inconvenience. 
The  lateral  strength  of  the  fabric,  in  resisting  any  horizontal 
force,  would  be  amply  sutficient,  without  the  dilatition  at  the 
ends.  Perhajis  the  form  was  suggested  to  the  inventor  by  the 
recollection  of  the  partial  failure  of  an  earlier  work  of  the  s;ime 
kind,  which  has  been  found  to  deviate  considerably  from  the 
vertical  plane  in  which  it  was  originally  situated ;  but  in  this 
instance,  there  seems,  if  we  judge  from  the  engravings  which 
have  been  published,  to  have  been  a  total  deficiency  of  oblique 
braoes ;  and  the  abutments  appear  to  have  been  somewhat  less 
firm  than  could  have  been  d^ired,  since  one  of  them  contains 
an  arch  and  some  warehouses,  instead  of  being  composed  of 
more  solid  masonry. 

Question  III.  In  what  proportion  should  the  weight  be  dis- 
tributed from  the  centre  to  the  abutmenis^  to  make  the  arch 
untfcrmly  ttrongf 

This  question  is  so  comprehensive,  that  a  complete  answer  to 
it  would  involve  the  whole  theory  of  bridges ;  and  it  will  be 
necessary  to  limit  our  investigations  to  an  inquiry  whether  the 
structure,  represented  in  the  plan,  is  actually  such  as  to  afford 
a  uni£brm  strength,  or  whether  any  alterations  can  be  made  in 
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it,  compatible  with  the  general  outtines  of  the  proposal,  to 
remedy  any  iiu])erfectioii8  which  may  be  dieooTemble,  vi  the 
airaogement  of  the  piremure. 

There  is  an  oversight  in  some  of  the  official  answers  to  this 
i|iie9tioD,  from  quarters  of  the  very  first  respectability,  which 
require;}  our  particular  attention.  The  weight  of  the  ditrcrent 
parts  of  tlie  bridge  has  been  supposed  to  difler  so  materially 
from  that  whieh  is  reiiuired  fur  ])roducing  an  equilibrium  in  a 
circular  areh  of  equable  curvature,  that  it  has  been  thought 
linjK>'-i!iIf  to  apply  the  prineipK-s  of  the  theory  in  any  manner 
t«»  iui  arch  so  constituted,  at  the  banie  time  that  the  structure  is 
admittcil  to  be  toh  rahlv  well  calculated  to  stand,  when  con- 
sidcred  iu*  a  frame  of  carpentry.  The  truth  is,  that  it  is  by  no 
means  al>>iolutcly  necessary,  nor  often  perfectly  practicable,  that 
the  mean  curve  of  equilibrium  should  agree  precisely  in  its 
form  with  the  curves  limiting  the  external  surfaces  of  the  parts 
beariog  the  pressure,  especially  when  they  are  sufficiently  exten- 
sive  to  admit  of  considerable  latitude  within  the  limits  of  their 
substance.  It  may  happen  in  many  cases,  that  the  curve  of 
equilibrium  is  much  flatter  in  one  part,  and  more  convex  in 
another,  than  the  circle  which  approaches  nearest  to  it :  and  yet 
the  distance  of  the  two  cnr? ea  may  be  uMxmsiderable^  in  compa- 
risoQ  with  the  thickness  of  the  parts  capable  of  co-operating  in 
the  ifiiiitanrc  The  great  problem,  therefore,  in  all  such  cases, 
is,  to  determine  the  precise  situation  of  the  curve  of  equilibrium 
in  the  aetnal  state  of  tiie  bridge ;  and  when  this  has  been  done, 
the  direotioos  of  the  ribs,  in  the  case  of  an  iron  bridge,  and  of 
the  joinla  of  the  arch-stooes,  in  a  stone  bridge,  may  be  so  regu- 
lated as  to  afibrd  the  greatest  possible  security ;  and  if  this 
security  is  not  deemed  sufieient,  the  whole  arrangement  must 
be  altered. 

Considering  the  ciect  of  the  dilatation  at  the  ends  in  in- 

rn-iu-ing  the  load,  wc  may  estimate  the  dejtth  of  the  njaterials 
<  .i-;.-ing  the  pressure  at  the  alnilnients  as  about  three  times  as 
great  as  at  the  crown  ;  tlie  plan  n(»t  l)eing  .^utfieiently  minute 
to  utford  us  a  more  precise  determination  ;  and  it  will  be  (piite 
accurate  enough  It*  tiike  w  -  a  -f  Us  (Prop.  8.)  for  the  load,  %c 
beoMming  —  3a  when  x  is  300  feet,  whence  UOOOU  ^  — 
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46^00  *i  we  ha?e  then  inj^  -  ^  ax^  +  -^j^f^  for 
the  value  of  the  ordinate.  Now  the  obliquity  to  the  horiioii 
being  inoounderaUe,  this  ordinate  will  not  dtinately  be 
much  leas  than  the  n^e  height  of  the  arch ;  and  ita  greatest 
falue  may  be  called  64  feet :  consequently  when  x  —  300^  we 
haye  64  m  »  i  a  x  90,000  +  i  a  X  90,000,  and  the  radius 

of  curvature  at  the  vertex  r  —  ^    937.5  feet,  while  the  radius 

of  the  intrados  is  725  feet,  and  that  of  a  circle  posring  through 
both  ends  of  the  curve  of  equilibrium,  as  we  have  supposed 

them  to  be  situated,  735  feet    Uence,  y  being  «  (l  + 

^y^^  a:*),  we  may  calculate  the  ordinates  at  different  points, 
and  compare  them  with  those  of  the  circular  curves. 

TMm^m.^  ~         Versed  sine  at       Vened  nns  of  Um   _ 

tbeinlnidoa.  dieiilirara.  OfdiMlejr. 

60  1.78  1.71  1.84 

100  6.94  6.82  5.88 

150  15.66  15.48  18.00 

200  28.18  -27.70  24.50 

250  44.42  48.81  41.01 

800  65.00  64.00  64.00 

Hence  it  appears  that,  at  the  distance  of  200  feet  from  the 
middle,  the  curve  of  equilibrium  will  rise  more  than  3  feet 
above  its  proper  place;  requiring  a  great  proportion  of  the 
preasnre  to  be  transfened  to  the  iqiper  ribs,  with  a  oonaderaUe 
loss  of  strength,  for  want  of  a  conununicationi^vproacfaing  move 
nearly  to  the  direction  of  the  curve.  If  we  <toe  to  form  the 
lower  part  of  the  structure  of  two  series  of  fiwmes,  eadi  about 
4  foot  deep,  with  diagonal  bnuses,  we  might  provide  amply  for 
such  an  irregularity  in  the  distribution  of  the  pressure ;  but  it 
would  be  necessary  to  cast  the  diagonals  as  strong  as  the 
blocks,  in  order  to  avoid  the  inequality  of  tension  from  unequal 
cooling,  which  is  often  a  cause  of  dangerous  accidents ;  it  would, 
however,  be  much  better  to  have  the  arch  somewhat  elliptical 
in  its  form,  if  the  load  were  of  necessity  such  as  has  been 
supposed. 
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QuMTtOlf  IV.  fVhal  pretsure  wUl  each  part  of  the  bridge 
rtmm,  mtfponng  it  divided  into  any  given  number  of  equal 
mdicmt^  tk$  weight  of  the  middle  section  beimj  given  f  And  an 
what  parts,  and  writh  what  fcret,  wiU  the  whole  act  iqnhi  tht 
^Aatawats  f 

li  fpem  from  the  procedh^  cakwlatioM.  tliat  tbe  weight  of 
dM  middle  teelioa"  aloiie  is  not  raffioient  tat  determiiiiiig  tim 
f  'emum  in  any  part  of  tfie  fiMc ;  although,  when  the  Ibun  of 
the  aim  of  eqmlihriiim  has  been  ioimd,  its  ndiw 
at  the  Bummit  must  give  at  once  the  length  of  a  nmilar  load 
equivalent  to  the  lateral  thnist ;  and  by  combining  this  thrust 
with  the  weight,  or  with  the  dfrection  of  the  curve,  the  oblique 
thrust  at  any  |>art  of  the  arch  may  be  readily  found.  Thus, 
iioce  at  the  abutment  w  »  a  +  ^x*  —  3a,  aud  bj^  —  2a,  we 

kaie  +  ^       the  tangent  of  the  in- 

...        ,  a        .     1  i       ax   ,    i  ax        5  x 

cluiatjoo,  becomes  —  •z''f+v--«^"~-l-«ir~"S  i"" 

I  •  A  "*  '5333  ;  consequently  the  borisontal  thnist  will 

!«'  to  the  weight  of  the  half  arch  as  15  to  8,  and  to  that  of  the 
whole  arch  as  15  to  10  Now  the  arch  is  supposed  to  contain 
6500  tons  of  cast  iron,  and  together  with  the  road,  will  amount, 
acoording  to  Professor  Robison^s  estimate,  to  10,000  tons ;  so 
ibal  the  lateral  thnist  on  each  abutment  is  9470  tons ;  and 
nnce  this  b  eqpuX  to  the  weight  of  937^  feet  in  length,  of  the 
Ibif^nrnn  of  the  crown,  the  load  there  must  be  about  10  tons 
for  eoflh  feot  ef  the  length.  Henoe  it  appears,  that  although 
lim  ibraH,  tfaoi  oakoktod,  is  potter  than  the  weight  of  a  per- 
tkm  of  «|QaIlength  with  the  a|iparent  nkdins  at  the  erown,  it 
is  lem  than  wottU  be  infcmd  from  tbe  angular  direotien  of  the 
intwdoi  at  the  ahirtisil :  the  incUnation  of  the  tcpunation  of 
the  Mdi  befa«  Si"*  S7'»  while  that  of  the  true  ennre  of  eqnili- 
hmiii»''4';  thai  i% about  one-tenth  f^ter. 

Aa  a  ftBther  aiiMlnition  of  the  utility  of  this  mode  of  ooa> 
palalaoo,  we  may  taka  the  aiample  of  an  arch  of  Blaokfriars 
Bridge.  Tba  nMKut  of  oonrature^  as  frr  as  four>fifths  of  the 
hreadth,  it  here  56  feet ;  and  we  may  suppose,  without  sensihle 
error,  the  whole  load  to  he  that  whiob  wottl4,be  determined  by 
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the  contiiniation  of  the  saTnei  curve  tliroiipliont  the  breadth. 
Now,  the  middle  of  the  arch  stones,  at  the  distance  of  50  feet 
from  the  middle  of  the  hridge,  that  is,  immediately  over  the 
termination  of  the  abutment,  is  about  12  feet  above  that  termi- 
nation, and  at  the  erowii  about  three  feet  above  the  intrados, 
»o  that  we  have  only  31  feet  for  the  extreme  value  of  while 
the  whole  height  of  the  arch  is  40 ;  and  a  being  6*58  feet,  we 

find  (Prop.  U.)  my  » 13,510  »  dim,  whence  m  =  436,  and 

3  r  s  66^ ;  we  also  obUiin  the  values  of  the  ordiuatcs  of  the 
curve  as  in  the  annexed  table. 


Distance  x. 

Ui-dinate  jf. 

Middle  of  «b» 
Areh-ttoDCf. 

10  feet 

.76 

.90 

20 

3.12 

3.72 

25 

5.13 

6.12 

30 

7.71 

8.75 

40 

15.81 

16.81 

60 

31.00 

31.00 

llenee  it  appears  that  the  greatest  deviation  is  alwut  30  feet 
from  the  middle,  where  it  amounts  to  a  little  more  than  a  foot. 
But  if  we  suppose  this  deviation  divided  by  a  partial  displace- 
ment of  the  curve  at  its  extremities,  as  it  would  probably  be  in 
reality,  even  if  the  resistance  were  confined  to  the  arch-stones, 
it  would  be  only  about  half  as  great  in  all  three  places ;  and 
even  this  deviation  will  reduce  the  strength  of  the  stones  to 
two-thirds,  leaving  them  however  still  manyttraes  stronger  than 
can  erer  be  necessary.  The  participation  of  the  whole  fiibric^ 
in  supportmg  a  share  of  the  oblique  thmst,  might  make  fht 
pressnre  on  the  arch-stones  somewhat  less  unequal,  and  the 
diminution  of  their  strength  less  considerable ;  bnl  it  would  be 
better  that  the  pressure  should  be  confined  almost  entirely  to 
the  arch-stones,  as  tending  less  to  increase  the  horizontal  thnist, 
which  is  here  eompresj^ed  by  m  —  436,  imj>lying  the  weight  of 
go  many  .^i^uare  feet  of  the  longitudinal  section  of  the  bridge  ; 
vhile,  if  we  determined  it  from  the  curvature  of  the  iutradus,  it 
would  appear  to  be  only  h^a  —  3<>8. 

In  this  calcuktion,  the  oblique  direction  of  the  joints,  a^ 
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alleeting  the  loadt  has  not  been  oonaidered ;  liut  its  effbct  may 
be  eethnated  by  merely  sapponng  the  specific  granty  of  tiie 
materials  to  be  somewhat  increased.  Thus,  since  the  back  of 
each  arch-stooe  is  about  one-eighth  wider  than  its  lower  end» 
the  wdght  of  the  materials  pressing  on  it  will  be  about  ooe>. 
sixteenth  greater  than  would  press  on  it,  if  it  were  of  uniform 
thidmess ;  and  this  increase  will  be  very  nearly  proportional  to 
10^  the  whole  load  at  each  part ;  so  that  it  will  only  aflbct  the 
total  magmtode  of  the  thrust,  which,  instead  of  436,  must  be 
supposed  to  amount  to  about  463.  If  also  great  accuracy 
were  required,  it  would  be  necessary  to  appreciate  the  different 
fipecific  gravities  of  the  various  niatt'rials  constituting  Uie  load  ; 
i'iiicc  tl)f  v  are  not  altogethiT  homogeneous ;  but  so  minute 
a  calculation  is  not  necfiisan  in  oihUt  to  t^how  the  geniTal 
distribution  of  the  forces  concerned,  and  the  suthciency  of  Uie 
arraogemeDt  for  aoswchng  all  the  purposes  intended. 

ami  what  will  be  the  effect  of  a  ffiven  weight  pheed  upon  any  qf 

the  fteforc-mcntioned  sections  f 

\\  heu  a  weight  is  placed  on  any  j>art  of  a  bridge,  the  curve 
of  equilibrium  must  change  it^  situation  more  or  less,  according 
to  the  magnitude  of  the  weight ;  and  the  tangent  of  its  inch- 
nation  must  now  be  increased  by  a  quantity  proportional  to  the 
additional  pressure  to  be  supported,  which,  if  the  weight  were 
placed  in  the  middle  of  the  arch,  would  always  be  equal  to  half 
<if  it ;  but  when  the  weight  is  placed  at  any  other  part  of  the 
arch,  if  we  find  the  point  where  the  whole  thrust  is  horizontal, 
the  vertieal  pmsiire  to  be  supported  «t  each  point  of  the  curve 
mast  obviouily  be  equal  to  Ae  weight  of  the  matierials  inter> 
posed  between  it  and  this  new  summit  of  the  cnrve.  Now,  in 
order  to  ind  utoe  the  thmst  is  horisontal,  we  most  divide  the 
areh  into  two  socfa  portions,  that  their  dilibrenoe,  aotiog  at  the 
end  of  a  kver  ef  the  length  of  half  the  span,  thai  is,  of  the 
distance  from  the  abutment,  may  be  equivalent  to  the  g}ven 
weight,  acting  on  a  lever  equal  lo  its  distance  from  the  other 
abotiDcnt,  to  which  it  b  nearest ;  consequently  this  diiierenoe 
must  be  to  the  weight  as  tlie  distance  of  the  weight  from  the 
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end  to  half  the  span ;  and  the  distance  of  the  new  summit  of 
the  curve  from  the  middle  must  be  such,  that  the  weight  of 
materials  intercepted  between  it  and  Uie  middle  shall  be  to  the 
wdght  as  tiie  distanoe  of  the  weight  from  the  end  to  the  whole 
span ;  and  the  tangent  of  the  inclination  moat  everywhefo  be 
Increased  or  diminiahed  by  the  tangent  of  the  «n|^  at  winch 
fSbe  lateral  thmai  would  support  the  weight  of  this  portion  of 
the  materials ;  except  immediately  under  the  weight,  where  the 
two  portions  of  the  curve  will  meet  in  a  finite  angle,  at  least  if 
we  suppose  the  weight  to  be  collected  in  a  single  point 

I(  for  example,  a  weight  of  100  tons,  equal  to  that 
of  about  10  feet  of  the  crown  of  the  ardi»  be  placed  hal^ 
way  between  the  abutment  and  the  middle ;  then  the  vertex 
of  the  curve,  where  the  thrust  is  horizontal,  will  be  removed 
2]^  feet  towards  the  weight ;  but  the  radius  being  937*5  feet, 

the  taqgent  of  the  additional  inclination  will  be  * 

and  each  ordinate  of  the  curve  will  be  increased      of  the  ab- 

375 

sdss,  reckoning  from  the  place  of  the  weight  to  the  remoter  abut- 
ment ;  but  between  the  weight  and  the  nearest  abutment,  the 
additiooal  pressure  at  eaeh  point  will  be  10— 2.  »  7.5  feet, 

consequently  the  tangent  will  be  and  the  additions  to  the 
ordinates  at  the  abutmenti  will  be  ^  and       each  equal  to 

li  fiiot,  and  at  the  summit  ^  —  g>  which,  brnqg  dedueted» 

the  true  addition  to  the  height  of  the  curve  will  appear  to  be 

~,  But  the  actual  hei|^t  will  remain  unalteiedy  since  the 

curve  Is  still  supposed  to  be  terminated  by  the  abutments^  and 
to  pass  through  the  middle  of  the  key-elone;  and  we  have  only 
to  reduce  all  the  ordinates  in  the  proportion  of  64.8  to  64. 
UniB,  at  200  feet  from  the  summit,  the  ordinate,  instead  of 

24.50  +      -  25.03,  wiU  be  24.72,  so  t^  the  curve  will 

be  brauf^t  2k  inches  nearer  to  the  intrsdoe.  which,  in  the 
proposed  fidiric,  would  by  no  means  diminish  its  strength ; 
wlule  on  the  opposite  side,  immediately  under  the  weight,  the 


Digitized  by 


No.  lAL  ON  THK  STBUCrUftS  OF  BRIDGES.  235 

ordinnte  18- H?.  12,6  wiU  be  reduced  to  12.45,  and  the 

com  raised  betveen  u%  and  seven  indies,  which  is  a  duuBge 
bj  no  means  to  be  neglected  in  conndering  the  resistances  re- 
quired fton  each  partof  thestmetore.  We  oqght  also,  if  great 
aocuracj  were  required,  to  determine  the  eflect  of  such  a 
weight  in  increasing  the  Intend  thrusl,  which  would  aflbet  in  a 
slight  degree  the  result  of  the  calculation  ;  but  it  would  not 
amount  in  the  case  proposed,  to  more  than  one-eightieth  of  the 
whole  thrust 

It  is  obrions  tiiat  the  tendency  of  any  additional  weight, 
placed  near  the  mitidlc  of  a  bridge,  is  to  straighten  the  two 
branches  of  the  curve  of  equilibrium,  and  that,  if  it  were  sup- 
[>o3ed  infinite,  it  would  convert  them  into  right  lines ;  provided, 
therefore,  that  such  right  lines  could  be  drawn  without  coming 
too  near  the  intradc«  at  the  haunches,  tlie  bridge  would  be  in  no 
ilanger  of  giving  way,  unless  either  the  materials  were  crushed, 
or  the  abutments  were  forced  out.  In  fact,  any  bridge  well 
constructed  might  support  a  load  at  least  e<}ual  to  its  own 
weight,  with  less  loss  of  strength  than  would  arise  from  some 
such  errois,  as  have  tiot  ?ery  uncommonly  been  committed, 
eten  b  works  which  hare  on  the  whole  suooeeded  tolerably 
wen. 

QDwnoif  \l.  Supposing  tkthri^umufidmamhtdwtm' 
mr,  9fkat  ktngmHal  firet  wiO  it  rwqmtt  wkm  applied  io 
partkmkr  part^  to  ovtrtum     or  pmu  U       if  Ab  mrtioai 
plamf 

If  the  bridge  he  well  tied  together,  it  may  l>e  considered  as  a 
nngle  iiia^  standing  on  its  abutments ;  its  mean  breadtli  In'ing 
about  bO  feet,  and  its  weight  10,100  tons ;  and  such  a  mass 
would  require  a  lateral  premuic  at  the  crown  of  the  arch  of 
about  7000  tons  to  orerset  U.  Any  strength  of  attachment  to 
ike  atmtmsnts  would,  of  eoone,  make  it  still  firmer,  and  any 
want  of  cooDeiioa  between  the  parte  weaker ;  and  since  the 
actaal  resistance  to  such  a  fimse  must  depend  entirely  on  the 
sltinglli  of  tbe  oUiqae  connectioo  between  tiie  ribsi  it  is  not 
oosy  to  dfllM  ite  magnitude  with  aeenraey ;  but,  as  Profossor 
Sobisoa  bos  justly  wisrkod,  tbe  strength  would  be  increased 
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by  causing  the  braces  to  extend  across  the  whole  breadth  of  the 
half  arch.  The  single  ribs,  if  wholly  unconnected,  might  be 
overset  by  an  inconsiderable  force,  since  they  stand  in  a  kind 
of  tottering  ojiiilibrium ;  and  something  like  this  appears  to 
have  happened  to  the  bridge  at  Wearmouth.  Dr.  Uutton, 
indeed,  mentions  some  diagonal  iron  ban*'  in  this  bridge, bat 
these  were  perhaps  added  after  its  first  erection,  to  obviate  ^ 
twistmg*'  which  had  become  apparent,  once  they  are  neither 
exhibited  in  the  large  plates  of  the  bridge,  nor  mentioned  in 
the  specification  of  the  patent 

QuBSnON  YII*  Sn^ppoting  the  span  of  the  arch  to  remain  the 
tame,  and  to  spring  ten  feet  lotcer,  What  additional  strm^h 
would  it  give  the  hrid^  9  Or^  making  the  strength  the  msw^ 
fVhat  be  made  in  the  materiait  f   Or,  (f,  instead  tf 

a  eireahr  oreAy  as  in  the  plates  and  drawings^  the  bridge 
thoM  be  made  m  the  form  <f  an  Mptieal  arch.  What  wmld 
he  the  difference  in  ^[eet,  as  to  strength,  duration,  comwnenee, 
andexpensesf 

The  question  seems  to  suppose  the  weight  of  the  materials  to 
remain  unaltered,  and  the  ])arts  of  the  structure  tliat  would  l>e 
expanded  to  be  made  proj)ortionally  lighter ;  which  could  not 
be  exactly  true,  though  there  might  be  a  compensation  in  some 
other  parts.  Granting,  however,  the  weight  to  be  the  same 
under  both  circumstances,  if  the  ordinate  1/  at  the  end  be 
increased  in  the  proportion  of  G4  to  about  73,  the  curvature  at 
the  vertex  will  be  increased,  and  the  lateral  thrust  diminished 
in  the  same  ratio,  the  9470  tons  being  reduced  to  8300.  The 
additional  thrust  occasioned  by  any  foreign  weig^  would  also 
be  lessened,  but  not  the  vertical  displacement  of  the  curve 
derived  firom  its  pressure ;  and  since  the  whole  &bric  might 
saMy  be  made  somewhat  lighter,  the  lightness  would  again 
diminish  the  strain.  The  veiy  least  resistance  that  can  be 
attributed  to  a  square  inch  of  the  section  of  a  blodcof  cast  iron, 
is  about  50  tons,  or  somewhat  more  than  100,000  pounds.  It 
is  said,  indeed,  that  Mr.  William  Reynolds  fimnd,  by  aoonnite 
experiments,  that  400  tons  were  required  to  crush  a  cube  of  a 
quarter  of  an  inch  of  the  kind  of  cast  iron  called  gun-metal, 
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wludi  is  equivalent  to  6400  tons  for  aaquare  tndiqf  the  sectSon. 
But  tiiiB  reeolt  lo  ht  eioeeds  anything  that  oonld  be  expected, 
either  fiftnn  experiment  or  from  analogy,  that  it  would  be 
impmdewt  to  place  much  reliance  on  it  in  practice;  the  strength 
attributed  to  the  metal  being  equivalent  to  the  pressure  of  a 
column  2,280,000  feet  in  height,  which  would  compress  it  to 
about  four-fifths  of  its  length,  since  the  height  of  the  modulus 
of  ela>ticity  (Prop.  G.)  is  about  10,000,000  feet.  The  greatest 
cohesive  force  that  has  ever  been  observed  in  iron  or  steel,  does 
not  exceed  70  tons  for  a  square  inch  of  the  section,  and  the 
repulsive  force  of  a  homogeneous  substance  has  not  been  found, 
in  any  other  inst^mce,  to  be  many  times  greater  or  less  than  the 
c*)hesive.  There  cannot,  however,  be  any  doubt  that  the 
oblique  thrust,  which  amounts  to  10,730  tons,  would  be  suffi- 
ciently resisted  by  a  section  of  215  square  inches,  or,  if  we 
allowed  a  load  amounting  to  about  one-third  only  of  the  whole 
strength,  by  a  section  of  600  square  inches ;  and  since  each  foot 
of  an  iron  l>ar,  an  inch  square,  weighs  three  pounds,  and  the 
whole  length  of  the  arch  nearly  a  ton,  the  600  square  inches 
would  require  nearly  as  many  tons  to  be  employed  in  the  ribs 
aliwding  the  resistance,  uf)on  this  very  low  estimate  of  the 
strength  of  cast  iron.  The  doubts  here  expressed  respecting 
Mr.  Reynolds'a  results  have  been  fully  justified  by  some  hasty 
expeiiiieute,  which  hare  been  obligiogly  made  by  the  son  of  a 
dietingoiAed  architeet:  he  foimd  that  two  parallelepipeds  of 
call  iron,  one-eig)hth  of  an  tneh  square,  and  a  quarter  of  an  mdi 
loB^  were  crosbed  by  a  force  of  little  more  than  a  ton.  The 
experiments  were  made  in  a  rice,  and  reqmred  considerable 
lednetioBs  for  the  friction.  Hie  mode  <^  calcnladon  may 
dtmnt  to  be  explained,  on  aooount  of  its  ntili^  on  odier 
simikir  oceasions.  Supposing  the  friction  to  be  to  the  pressnre 
m  tl»  screw  as  1  to  ai,  and  the  pressure  on  the  screw  to  the 
actual  pressure  on  the  substance  as  w  to  1,  calling  this  pressure 

the  pressure  oo  the  screw  will  be  lu,  and  the  friction  ^ » 

bot  this  resistance  will  take  from  the  g^  ultimate  premure  / 
a  hntf  which  b  tu  the  friction  itself  as  the  Telocity  of  the 
parts  slidii^  en  each  other  is  to  the  velocity  of  the  part  pro- 
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dnemg  the  ultimate  preMoiey  a  proportkm  wUcli  we  may  call  p 
to  1 ;  aod  tlie  foroe  iwmidiig  wUl  be  the  adnal  prasm  that 

\&,f  —  ^  —  or,  and  X  —  jjj^^  f-     In  these  experiments  the 

g^MB  ftiee  /,  as  suppoaed  to  be  exerted  on  the  iron,  was  4 

tooi:  the  Inetion  ^,  was  probably  abont  \,  the  screw  not 

having  been  lately  oiled ;  the  distance  of  the  screw  {rom  the 
centre  of  motion  was  to  the  length  of  the  whole  vice  as  3  to  4, 
whence  n  was  4,  and  p  was  8.44,  the  middle  of  the  screw  de- 
scribing 4  22  inches,  while  the  cheek  of  the  vice  moved 

tlmN#««iiiiidi:o(»ieq»»id;  ^  wa3^-  =  .±;.Md 

the  oorrected  pressure  becomes  In  several  experi- 

ments made  with  still  g^peater  care,  and  widi  an  improved 
apparaftua  of  leven^  the  mean  force  required  to  cmih  a  cnbe 
of  a  quarter  of  an  inch  was  not  quite  4i  tons,  instead  of  400. 

Calcareous  freestone  supports  about  a  ton  on  a  square^incfa, 
which  is  equal  to  the  weight  of  U  column  not  quite  2000  feet 
in  height ;  consequently  an  ardi  of  sudi  freestone,  of  SOOO  feet 
radius,  would  be  crushed  by  its  own  weight  only,  without  any 
further  load ;  and  for  an  arch  like  that  of  a  bridge,  which  has 
other  materials  to  support,  200  feet  is  tlie  utmost  radius  that  it 
has  been  thought  prudent  to  attempt ;  although  a  i>art  of  the 
bridge  of  Neuilly  stands,  cracked  as  it  is,  with  a  curvature  of 
250  feet  radius ;  and  there  is  no  doubt  that  a  firm  structure,  well 
arranged  in  the  beginning,  might  safely  be  made  much  flatter 
than  this,  if  there  were  any  necessity  for  it. 

An  elliptical  arch  would  certainly  approach  nearer  to  the 
form  of  the  curve  of  equilibrium,  which  would  remain  little 
altered  by  the  change  of  that  of  the  arch ;  and  the  pressure 
might  be  more  equably  and  advantageously  transmitted  through 
the  blocks  of  such  an  arch,  than  in  the  proposed  ferm  of  the 
structure.  The  duration  would  probably  be  proportional  to 
the  increased  firmness  of  the  fabric,  and  the  greater  flatness  at 
the  croiwn  might  allow  a  wider  space  fer  the  passage  of  the 
masts  of  laige  shipa  on  each  side  of  tiie  middle.  Tbm  mtg^ 
be  some  additional  trouble  and  expense  in  die  fermation  of 
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fKirtiorw  of  ail  elliptical  curve;  but  even  this  might  be  in  a 
great  measure  avoided  by  enij)loying  portions  of  three  circles 
of  diflerent  radii,  which  would  scarcely  be  diatingaiabable  from 
the  ellipM  itself. 

lime  who  hate  imagpied  that  a  circular  arch  must  in 
gowral  be  ^  ntnmga  timi  an  eUiptical  arch  of  the  same  height 
and  fpaa^"  have  not  adverted  to  the  dietinetion  between  the 
afpttcat  cnrvatnre  of  the  arch  and  the  atnatkm  of  the  tme 
ewe  of  equSKfarinnif  wfaieh  dependi  on  the  distribution  of  the 
of  the  dBflerent  parte  of  the  bridge,  and  by  no  means  on 
As  iirm  of  tiie  arch  stones  only;  this  Ibrm  being  totally  insuf- 
faent  to  detennine  the  tme  radins  of  enrvatoie,  which  is 
immsdtelely  eoanectad  with  the  lateral  tfamst,  and  with  the 
linngh  of  the  &bric. 

Qcamov  VUI*  if  H  mte$tmry  or  auMmhU  to  ham  a  modti 
maii^tktfTOpomdbridgit^  OMjf  pari  ^itf  im  eaii  irmf  If 
m^wi^ar$tkt€^ftettiomkiehA$experimmiiiMk4mldbedi^^ 
if  fit  ^foSAroHmmfyt  or  to  the  edhenam  of  the  antral  parts,  or 
mioAwiittifatthey  udnoetmrimd^iiatadodbrU^t 

ExpcrimeDta  on  the  e^libration  of  the  arch  would  be  easy 
and  eonehiBife ;  on  the  cohesion  or  oonneetion  of  the  parts, 
cttnwly  nnoertain;  the  fimn  and  proportion  of  the  jomte 
esald  seareely  be  imitated  with  sdBcient  aoeuacy ;  and  since 
the  stieuglh  of  some  of  the  parte  conoemed,  wonld  vary  as  the 
tlsdmem  SDDply,  and  that  of  odiers  as  the  square  or  cube  of  the 
Aidkneai,  it  wonld  be  more  £fienlt  to  ar|pie  from  ibe  strengdi 
cf  the  SBodel  npoo  that  of  the  bridge,  than  to  calculate  die 
whi>l*'  from  still  more  elementary  experiments.  Some  such 
dpenuit'iit.?  ought,  however,  to  Imj  made,  on  the  force  required 
la  cruih  a  blo<k  of  the  substance  employed;  and  the  form 
caleulatpd  to  afford  the  proper  etiuilihrium,  might  be  very  pre- 
rijclv  and  elegantly  determined  by  means  of  the  metliod  first 
suggested  by  I>.,Hooke,  that  of  substituting  for  the  blocks, 
fCiliag  on  each  other  and  on  the  abutments,  as  many  similar 
pieeaa  fvmiqg  a  chain,  and  suBpended  at  the  extremitiea.  It 
woald,  Imwercr,  be  important  to  make  one  alteration  in  the 
eommaa  mode  of  perfanntng  this  eaperimant,  without  which 
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it  would  be  of  little  or  no  value;  the  parts  oorrespooding  to  the 
blocks  of  the  arch  should  be  formed  of  their  proper  thickness 
and  length,  and  connected  with  each  other  and  with  the  abut- 
ments by  a  short  joint  or  hinge  in  the  middle  of  each,  allowing 

room  for  a  slight  degree  of  angular  motion  only  ;  and  every 
other  piU't  of  the  structure  should  hv  reprcscntiMl  in  proper 
form  and  proportion  and  connexion,  that  form  l)<»ing  j)rt'viou.Hly 
determined  as  nearly  as  possible  by  calculation  ;  and  then, 
if  the  cun'c  underwent  no  material  alteration  by  the  siisp-  n.-ion, 
we  should  be  sure  that  the  calculation  was  sufficiently  correct  ; 
or,  if  otherwise,  the  arrangement  of  the  materials  might  l>e 
altered,  until  the  required  curve  should  be  obtained ;  and  the 
investigation  might  be  facilitated  by  allowing  the  joints  or 
hmges  connecting  the  block  to  slide  a  little  along  their  surfiiees» 
within  such  limits  as  would  be  allowable,  without  too  great  a 
reduction  of  the  powers  of  reststance  of  the  blocks. 

Question  IX.  Of  what  size  outfit  t/ie  nuxkl  to  he  madt\  and 
what  relative  profwrtioiu  will  experimmUf  made  on  tJte  models 
bmr  to  the  bridge  when  exeattedf 

Tlie  site  is  of  little  importance,  and  it  wonld  be  unsafe  lo 

calculate  the  strength  of  the  bridge  from  any  general  com- 
parison with  that  of  the  model.  There  is  an  JCss^ii/  of  Eulcr  in 
the  '  New  Commentaries  of  the  Royal  Academy  of  Petcrshurgh/ 
(Vol.  XX.  p.  271),  relating  expressly  to  the  mode  of  judging  of 
the  strength  of  a  bridge  from  a  model ;  but  it  contains  only  mi 
elementary  calculation,  applicable  to  ropes  and  simple  levers, 
and  by  no  means  comprehending  all  the  circumstances  that 
require  to  be  considered  in  the  structure  of  an  arch. 

Question  X.  Bi/  what  jneans  mat/  ships  In:  best  dircctrd  in 
the  middle  stream^  or  jtn  n  iited  frtnn  driving  to  tin'  sidr,  and 
striking  t/te  arch  ;  and  what  would  be  ilu  coiiset^uence  of  such  a 
stroke f 

For  the  durectioD  of  ships,  Professor  Boliison*s  suggcstioo 
seems  the  simplest  and  best,  that  they  might  be  guided 
by  means  of  a  small  anchor,  dragged  along  the  bottom  of  the 
river.    The  stroke  of  a  ship  might  fracture  tiie  outer  ribs,  if 
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they  were  too  weak,  but  could  scarcely  affect  the  whole  fabric 
in  any  material  degree,  supposing  it  to  be  firmly  secured  by 
oblique  bars,  crossing  from  one  side  of  the  abutment  to  the 
other  side  of  the  middle ;  and  if  still  greater  firmness  were 
wanted,  the  braces  miglit  cross  still  more  obliquely,  aud  be 
repeated  from  space  to  space. 

A  ship  moving  with  a  velocity  of  three  miles  in  an  hour,  or 
about  four  feet  in  a  second,  would  be  stopped  by  a  force  equal 
to  her  weight,  when  she  had  advanced  three  inches  with  a 
retarded  motioii ;  and  the  bridge  oonld  not  very  easily  with- 
stand, at  any  one  point,  a  force  much  greater  than  such  a 
shock  of  a  large  ship,  if  it  were  direct,  without  bdng  dBn-> 
geroDsly  struned.  But  we  must  coorider  that  a  laige  ship 
could  never  sinke  the  bridge  with  its  full  force»  and  that  the 
mast  would  be  much  more  easily  broken  than  the  bridge.  The 
inertia  of  the  parts  of  the  bridge,  and  of  the  heavy  materiab 
laid  on  it,  would  enable  it  to  resist  the  stroke  of  a  small  mass 
with  great  mechanical  advantage.  Thus  the  inertia  of  an  anvil, 
laid  on  a  man's  chest,  enables  him  to  support  a  blow  on  the 
anvil,  which  would  bo  fatiil  without  such  an  interposition,  the 
momentum  communicated  to  the  greater  weight  being  always 
less  than  twice  the  momentum  of  the  smaller ;  and  this  small 
increase  of  momentum  being  attended  by  a  much  greater  de- 
crease of  energy  or  impetus,  which  is  expressed  by  the  product 
of  the  mass  into  the  square  of  the  velodty,  and  which  is  some- 
times called  the  ascending  or  penetrating  force,  since  the  height 
of  ascent  or  depth  of  penetration  is  proportional  to  it,  when  the 
reastance  is  g^yen ;  and  the  same  mode  of  reasoning  is  appli- 
cable to  any  wdght  fiilling  on  the  bridge,  or  to  any  other  cause 
of  ribration  which  is  not  likely  to  call  forth  in  such  a  fiibric  any 
riolent  eiertion  of  the  strei^h  of  the  parts,  or  of  their  con- 
nections. We  must  also  remember,  in  appreciating  the  eflect 
of  a  stroke  of  any  kind  on  an  arched  structure,  that  something 
of  strength  is  always  lost  by  too  great  stiflhess ;  the  property  of 
resisting  velocity,  which  has  sometimes  been  called  resilience, 
being  generally  diminished  by  any  increase  of  stiffness,  if  the 
strength,  with  respect  to  pressure,  remains  the  same. 
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QuFsTiON  \I.  The  weicfht  and  lateral  pressttte  of  the  bridge 
being  givcn^  can  abutments  be  made  in  tlie  proposed  situation  for 
London  Bridge^  to  resist  that  jtresmre  f 

Snoe  thb  question  relates  entirely  to  the  local  draumstanees 
of  the  banlcB  of  the  Thames,  the  persons  to  whom  it  has  been 
referred  hare  general ly  appealed  to  the  stability  of  St  Saviour's 

Church,  in  a  neighbouring  situation,  as  a  proof  of  the  aflSrmati  ve ; 
and  it  liocs  not  appear  that  there  have  heen  any  instances  of  a 
failure  of  piles  well  driven,  in  a  moderately  favourahle  s«)il. 
Professor  Rohison,  indeed,  asserts  that  the  firmest  piling  will 
yield  in  time  to  a  pressure  continued  without  interruption ;  hut 
a  consideration  of  the  general  nature  of  friction  and  lateral 
adhesion,  as  well  as  the  experience  of  ages  in  a  multitude  of 
structures  actually  erected,  will  not  allow  us  to  ado|)i  the 
assertion  as  universally  true.  When,  indeed,  the  earth  is 
extremely  soft,  it  would  he  advisable  to  unite  it  into  one  mass 
for  a  large  extent,  perhaps  as  &r  as  100  yards  in  eveiy  directioD» 
for  such  a  bridge  as  that  under  discussion,  by  beams  radiating 
from  the  abutments,  resting  on  short  pQes,  with  cross  pieces 
interspersed;  since  we  might  combine,  in  this  manner,  the 
effect  of  a  weight  of  100,000  tons,  which  could  scarcely  ever 
produce  a  lateral  adheaon  of  less  than  20,000,  even  if  the 
materials  were  semifluid ;  for  they  would  aflbrd  this  resistance 
if  they  were  capable  of  standing  in  the  form  of  a  bank,  rising 
only  one  foot  in  five  of  horizontil  extent,  which  any  thing  short 
of  an  absolute  quicksand  or  a  bog  would  certainly  do  in  perfect 
security.  The  proper  direction  of  the  joints  of  the  masonry 
may  be  determined  for  the  abutment  exactly  as  for  the  bridge, 
the  tangent  of  the  inclination  being  always  increased  in  pro- 
portion to  the  weights  of  the  successive  wedges  added  to  the 
load ;  and  the  ultimate  inclination  of  the  curve  is  that  in 
which  the  piles  ought  to  be  driven ;  being  the  direction  of  the 
result,  composed  of  the  lateral  thrust,  comlnned  with  the  joint 
wdght  of  the  half  bridge  And  the  abutment 

Question  Xll.  The%oeight  and  lateral  pressure  tfthe  bridge 
being  given,  eon  a  estOre  or  see^fMing  he  erected  oner  thg  rieer 
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fi^fieieni  to  carry  the  arch  without  obstructing  the  vessels  wftteft 
at  present  navigate  that  part  f 

There  seems  to  be  do  great  difficulty  in  the  constroction  of 
•iidi  a  centre.  When  the  bridge  at  Wearmouth  was  erected,  the 
centre  was  supported  by  pUes  aad  standards,  which  suilered 
ships  to  psss  between  them  without  intermption,  and  a  similar 
amngement  mighl  be  made  in  the  present  esse  with  eqnal 
frdfity. 

QuBSTfOH  Xm.  WhBik8rwauldiii$mattadm$ahbtoiimk$ 
tk§  Mdge  of  eati  €md  wrought  irom  eombimd^  or  of  eati  tnm 
mifyf  AMdifofamUM8r^WIM»(ifth»hardwkU9wmtal,o^ 
of  tko  toft  grty  mtUL,  or  of  pun  wutalf 

A  bridge  well  built  ought  to  require  no  cohesiTe  strength  of 
des,  as  Hr.  Southern  has  justly  observed  in  his  answer  to  the 
eighth  question;  and  for  rcpulave  resistance,  in  the  capacity 
of  a  sliorc,  cast  iron  is  probably  much  stronger  than  wrought. 
It  hv  also  the  advantage  of  being  less  liable  to  rust,  and  of 
eapanding  somewhat  less  by  heat  than  wrought  iron;  but 
wheiwfer  any  trsnsrerse  strain  is  unaToidable,  wrought  iron 
pomemes  some  advantages,  and  it  is  generally  most  convenient 
fer  bolls  and  other  fastenings.  Hie  kind  ^  iron  called  gun 
ssetal  is  decidedly  preferred  by  the  most  experienced  judges, 
as  eombining  in  the  greatest  decree  the  properties  of  hardness 
Mid  Inughiaws ;  the  white  being  connderad  as  loo  brittle,  and 
the  grey  as  loo  soft.  Dr.  Hutton,  however,  and  Mr.  Jessop, 
prefer  the  grey ;  aad  if  we  allow  the  strength  of  the  gun  metal 
to  be  at  all  comparable  to  tlmt  which  Mr.  Reynolds  attributes 
to  it,  we  must  also  acknowledge  that  a  much  weaker  substanoe 
would  be  amply  sufltdent  for  every  practieal  purpose,  and 
nriglit  deserve  to  be  preferred,  if  it  were  found  to  possess  a 
greater  degree  of  tenacity. 

QcwnoM  XIV.  Of  what  dnmntkm  otighi  tk§  moerat  mem- 
hort  ^the  firm  work  to  At»  to  pvo  tht  hridgo  tugSeient  otrength  t 

See  the  answers  to  Queitioiis  VII.  and  XI. 

a  i 
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QoBSTiON  XV.  Can  frames  of  cast  iron  be  made  $i0ieiendy 
correct  to  compose  an  areh  of  the  form  and  dimmuioni  shoion  iu 
the  drawinfftf  to  as  to  take  an  equal  hearing  a»  one  fiame,  the 
eeverai  parte  beit^  connected  by  diagonal  braoee^  and  joined  by  on 
troit  cement,  or  other  etibttanee  f 

Professor  Robison  considers  it  as  indispensable  that  tlie 
frames  of  cast  iron  should  he  ground  to  fit  each  other  :  and  a 
very  accurate  adjustment  of  the  surface  would  certainly  be 
necessary  for  tlie  perfect  co-operation  of  every  part  of  so  hcarci 
a  substance.  Probably,  indeed,  any  %  ery  small  interetices  that 
might  be  left,  would  in  some  measure  be  fdled  up  by  degrees, 
IB  consequence  of  the  oxydation  of  the  metal,  but  scarcely  soon 
enough  to  assist  in  bearing  the  general  thrust  upon  the  first 
oompletioa  of  the  bridge.  The  plan  of  mortising  the  frames 
together  is  by  no  means  to  be  adyised,  as  rendering  it  very 
difficult  to  adapt  the  snrfooes  to  each  other  throughont  any 
considerable  part  of  thdr  extent  They  nught  be  connected 
either  as  in  the  bridge  at  Wearmonth,  by  bars  of  wiongbt  uon 
let  into  the  sides,  which  might  be  of  extremely  moderate 
dimensions  ;  or,  as  in  some  still  more  modem  Ikbrics,  by  being 
wedged  into  the  grooves  of  cross  plates  adajited  to  receive  them, 
which  very  elVcctually  secure  the  co-operation  of  the  whole  force 
of  the  blocks,  and  which  have  the  advantage  of  employing  cast 
iron  only. 

Qdbbtion  XVI.  InUead  of  caeting  the  rib*  in  frames  tfeon- 
siderabih  iength  and  breadth^  would  it  be  more  admeahle  to  east 
each  member  of  the  ribe  in  eeparate  pieces  of  coneideraMe  lengths, 
connecting  them  together  by  diagonal  braees,  both  harigontaliy 

and  vertically  f 

No  joint  can  possibly  be  so  strong  as  a  single  sound  piece  of 
the  same  metal ;  and  it  is  highly  desirable  that  the  cnnre  of 
pressure  should  pass  through  7ery  substantial  frames  or  blocks, 
abutting  fully  on  each  other,  without  any  reliance  on  lateral 
joints ;  but  for  the  upper  parts  of  the  work,  single  ribs,  much 
lighter  than  those  winch  form  the  true  arch,  would  be  sufficiently 
firm. 
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QuiflTiOH  XVlL  Can  or  iron  cement  be  madet  toAtcA  shall 
become  hard  and  dttrablef  or  can  liquid  iron  be  poured  into  the 
Jointet 

Mr.  Reynolds  has  observed,  that  a  cement  comjwseil  of  iron 
borings  and  saline  substances,  will  hecoiue  extremely  hard  ;  and 
it  is  pruliable  that  this  jm)|H'rty  depends  (ni  the  solidity  which 
is  priwiuced  by  the  gradual  oxydatioii  of  the  iron.  It  would 
certainly  be  injurious  to  the  strength  of  the  fabric  to  interpose 
this  cement  between  perfectly  smooth  and  solid  surfaces ;  l»ut  it 
might  he  of  advantage  to  fill  up  with  it  any  small  iateraticea 
unavoidably  left  lietween  the  parts.  To  pour  melted  iron  into 
the  joints  would  be  utterly  impracticable. 

Qt  ESTioN  Win  ITould  Lad  bii  better  to  lue  in  t/ie  wlutle 
or  ant/  jnirt  of  the  joints  f 

Lead  is  by  far  too  sofl  to  be  of  the  least  use,  and  a  saline 
cement  would  be  decidedly  preferable. 

Qi  ESTioN  XIX.  Can  any  improvemente  be  made  in  the  plan^ 

$o  (Ls  to  render  it  more  substantial  and  durable,  and  less  expensive; 

And  if  so,  what  are  these  impruvemeiUs  f 

The  most  ucecssiiry  alterations  apiM\'ir  to  be  the  omissiou  of 
the  upper  and  flatter  ribs ;  the  greater  strength  and  solidity  of 
the  lower,  made  either  in  the  form  of  blocks  or  of  frames  with 
iliagirfii^ ;  a  curvature  more  neariy  approaching  to  that  of  the 
curve  of  eciuilibrium,  and  a  greater  obliquity  of  the  crosa-braoet. 

It  would  be  necessary  to  wedge  tlie  whole  structure  very 
firmly  together  before  the  removal  of  the  centres,  a  precaution 
which  is  still  more  necessary  for  stone  bridges,  in  which  a  cer- 
tain portioo  of  soft  mortar  must  inevitably  be  employed,  in 
order  to  enable  the  stones  to  bear  fully  on  each  other,  and 
which  has  been  vety  properly  adopted  in  the  best  modem  works. 
In  this  manner ,we  may  n.iM  the  inconvenience  pointed  out  by 
Professor  Robiioot  who  has  remarked,  that  the  compresnbility 
of  the  wtrrials,  hard  as  they  appear,  would  occasion  a  reduction 
of  three  inches  in  the  length  of  the  bridge,  from  the  eflect  of  the 
lalml  thrust,  and  a  consequent  fall  at  the  crown  of  11^;  a 
result  which  will^ot  be  found  materially  erroneous,  if  the  cal- 
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ciilatioo  be  repeated  from  more  oorrect  elements,  derived  from 
later  ezperiments  and  compariBona,  For  obTiatnig  tbe  diaad- 
yantageouB  effects  of  tudi  a  de^rearioiiy  whicb  he  leems  to  have 
supposed  muiToidable,  as  well  as  those  of  a  chai^  of  tarn- 
peratore,  which  must  in  reality  oociir,  thougli  to  a  less  eon- 
siderable  extent,  Frafessor  Robison  suggested  the  espedient  of 
a  joint  in  the  middle  of  the  bridge*  with  an  intermediate  portion, 
calculated  to  receive  the  romided  ends  of  the  oppoate  riba» 
somewhat  like  an  interartieular  cartilage  ;  but  it  is  impossible 
to  devise  any  kind  of  joint,  without  limiting  the  pressure,  during 
the  cliange  of  form,  to  a  very  small  portion  of  the  surfaces, 
which  could  not  bear  fully  on  each  other  throughout  their 
extent,  if  any  such  liberty  of  motion  were  allowed,  unless  all 
friction  between  them  were  prevented ;  and  a  similar  joint  would 
be  required  at  the  abutment,  where  it  would  be  atiU  more 
objectioDable,  as  extending  to  a  wider  surface. 

Hie  arrangement  of  the  joints  between  the  portions  of  the 
ribs,  in  one  or  more  tranaverae  lines,  would  be  a  matter  of  great 
indiflerenoe.  Some  have  recommended  to  break  the  joints^  aa 
»  usual  in  masonry,  in  order  to  tie  tiie  parts  more  firmly 
together;  others  to  make  all  the  joints  oonttnuous,  as  a  safer 
method,  on  aooonnt  of  the  brittleness  of  the  materials ;  but  if 
the  fitbrie  were  weQ  put  together,  there  would  be  neither  any 
want  of  firm  connection,  nor  any  danger  of  breaking  firtm 
irregular  strains,  in  whatever  way  the  jcnnta  ndgfat  be  disposed. 

QuBSTioK  XX.  i/^MR  tmMering  tk$  wkok  cireumiiimiem  €f 
tk$  eate^  OffMeoNe  to  Ma  BetohHonM  if  tha  CommUim^  oi  aiaUd 
iU  the  etmehuion  qf  their  mrd  Bepcrt,  U  U  your  opmim  that 
an  arch  qf  600  fett  in  the  tpan^  ae  esepremd  m  the  drweinge 
produced  by  Mutrs.  TBlford  and  DouplaSj  or  the  eamepUm^  wiUk 
any  tmprommAit  you  may  be  eo  good  ae  to  point  out,  is  praeH" 
cable  and  adoieMOf  and  oapaJbile  of  being  made  a  durable  edifice  f 

The  answers  that  have  been  returned  to  tliis  question  an? 
almost  universally  in  the  affirmative,  tliough  deduced  from  very 
discordant  and  inconsistent  views  of  tbe  subject.  The  only 
reasonable  doubt  relates  to  the  abutments ;  and  with  the  pre- 
oantions  which  have  been  already  mentiooed  inthe  anawertotbe 
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1  Ith  question,  there  would  be  no  insuperable  diflicttlty  in  making 
the  abutmentB  luiBcienily  firm. 

Qi  E^TiON  XXI.  Does  the  estimate,  rommunicated  lierewith, 
according  to  your  judgment,  great hj  exceed  or  fall  short  of  the 
probable  expense  of  executing  the  plan  propoied :  specify iruj  tJie 
general  grounds  qf  your  opinion  f 

The  eitimate  amonntB  to  262,299/. ;  and  it  has  generally  been 
eonidered  as  below  the  probable  expense.  The  abutments  are 
set  down  at  SO,00(NL;  but  they  would  Tery  posnbly  require  five 
times  as  much,  to  be  properly  eseouted;  wHle  some  other  parts 
of  the  work,  by  a  more  judidous  distribution  of  the  forces  con- 
cerned, mi|^  salely  be  made  so  much  lighter,  as  considerably 
to  lessen  die  expense  of  the  whole  &hrte,  without  any  diminution 
either  of  its  beuity  or  of  its  stabilify. 
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A   PORTION   OF   THE  ARTICLE 

^carpentry; 

From  tlw  8«ppl— wat  to  tht  Encydopadia  &4tMuika,  toL  ii.  ^  681. 


It  has  bedli  judged  most  expedient  to  reprint  the  article 
GabpSNTBT  from  the  Supplement  to  the  third  editioo  of  the 
*  Encyclopedia,'  in  order  that  it  may  hnOf  with  tbe  artidea 
Roop  and  Stbbmqth  of  Matkuau^  a  untfonn  ayslem  of  tiie 
most  useful  depaiiments  of  practical  mechanics,  deduced,  m 
the  same  fiuniliar  and  elementary  manner,  from  the  sfanple 
prindples  of  die  composition  of  forces :  premising  some  Intio> 
ductory  Ohsenrations,  whidi  may  be  considered  as  a  letrospectiTe 
summary  of  the  doctrine  of  PaSRTe  Strength,  accompanied  by 
some  of  the  most  useful  propositions  respecting  the  resistance 
of  elastic  sul)>tances,  derived  from  the  principles  which  have 
been  already  laid  down  in  our  article  Bridge  :  and  suhjoiuiug 
a  few  notes,  on  such  passages  as  may  apj)ear  to  re<juire  further 
illustration  or  correction.  Some  of  the  demonstrations  will  be 
partly  borrowed  from  a  work  which  has  been  published  since 
the  death  of  Professor  Robison,  the  able  author  of  these 
three  articles:  but  otliers  will  be  more  completely  original:* 
and  of  the  remarks,  the  most  important  will  probably  be  thoM 
which  relate  to  the  form  and  direction  of  the  abutments  of 
rafters;  a  subject  which  seems  to  have  been  ?ery  incorrectly 
treated  by  former  writers  on  Carpentry. 

1.  Abstbaci  op  thb  DocTBiHn  OP  pAsanrK  Stbbmotb. 

The  effects  of  forces  of  different  kinds,  on  the  materials  em- 
ployed in  the  meciianical  art;-,  recjiiiri'  to  be  mlimtely  examined 
in  the  arrangement  of  every  work  dependent  on  them ;  and  of 
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time  efleets,  as  eihibited  id  a  solid  body  at  rest,  we  nay  diatiii- 
guiflh  seren  different  trarietieB;  the  extennoo  of  a  snbetanoe 
acting  aimply  as  a  tie ;  the  compression  of  a  block  supportbg  a 
load  aboTe  it ;  the  detnuion  of  an  axis  resting  oo  a  support 
close  to  its  idieel,  and  resisting  by  its  lateral  adhesion  only ;  the 
flexure  of  a  body  bent  by  a  fbroe  applied  unequally  to  its 
different  parts ;  the  torsiou  or  twisting,  arising  from  a  partial 
detnision  of  the  external  parts  in  opposite  directions,  while  the 
axis  retains  its  place ;  the  alteration  or  permanent  change  of  a 
body  which  settles,  so  as  to  remain  in  a  new  form,  when  the 
force  is  withdrawn  ;  and  lastly,  the  fracture,  which  consists  in 
a  complete  separation  of  parts  before  united,  and  which  has 
been  the  only  effect  particularly  examined  by  the  generality  of 
authors  on  the  strength  of  materials. 

Tlie  analogy  of  the  laws  of  extension  and  compression  has 
been  demonstrated  in  a  former  article*  of  this  Yolume,  and  their 
connexion  with  flexure  has  been  infcstigated :  but  it  is  not  easy 
to  compare  them  directiy  with  the  resistance  opposed  to  a  par- 
tial detmstoD,  the  eflfocts  of  which  are  only  so  &r  understood 
as  tiiey  are  exhibited  in  the  phenomena  of  twisting :  and  these 
appear  to  justify  us  in  considering  the  resistance  of  lateral 
adhesum  as  a  prindtife  Ibrcse,  deduced  from  the  rigidity  or 
solidity  of  the  substance,  and  proportional  to  the  deriation  from 
tiie  natural  situation  of  the  particles.  The  resistance  exhibited 
by  steel  wire,  when  twisted,  boars  a  greater  proportion  to  that 
of  brass  than  the  resistance  to  extension  or  compression ;  but 
the  forces  agree  iu  being  independent  of  the  hardness  produced 
by  tempering. 

Flexure  may  be  occasioned  either  by  a  transverse  or  by  a 
longitudinal  force :  when  the  force  is  transverse,  the  extent  of 
the  flexure  is  nearly  proportional  to  its  magnitude ;  but  when 
it  is  longitudinal,  there  is  a  certain  magnitude  which  it  must 
exceed,  in  order  to  produce  or  rather  to  continue  the  flexure^ 
if  the  force  be  applied  exactly  at  the  axis.  But  it  is  equally 
true  that  the  sU|^itest  possible  force  applied  at  a  distance  from 
the  axis,  however  minute,  or  with  an  obliquity  however  small, 
or  to  a  beam  already  a  littie  curved,  will  produce  a  certain 

•  Supra,  p.  195, 
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degree  of  flexure ;  and  this  observation  will  serve  to  esplahi 
lome  of  Uie  difficoltiee  luid  irregukritieB  whidi  liave  oocnrred, 
in  makiiig  esperiments  on  beuM  expoied  to  longitudinal  pm- 
enra. 

StiffiMtti  or  the  power  of  lenitiqg  fleznrey  ie  neerared  bj 
tlie  hroB  required  to  prodnee  a  f^ven  nmrate  diange  of  tbrai. 
For  beams  onularly  fixed,  it  it  directly  proportional  to  the 

breadth  and  the  cube  of  the  depth,  and  inversely  to  the  cube  of 
the  lengtli.  Thus  a  beam  or  bar  two  yards  long  will  be  equally 
stiff  with  a  beam  one  yard,  provided  that  it  be  either  twice  as 
deep,  or  eight  times  as  broad.  If  the  ends  of  a  beam  tan  be 
firmly  fixed,  by  continuing  them  to  a  auflScient  distance,  and 
keeping  them  down  by  a  proj)er  pressure,  the  stiffness  will  be 
four  times  as  great  as  if  the  ends  were  simply  supported.  A 
hollow  Sttbetanoe,  of  given  weigbt  and  length,  has  its  sti&e« 
nearly  proportional  to  the  square  of  the  diameter :  and  hence 
•riaeB  tfie  great  utility  of  tMbea»  when  stiflneM  it  required,  this 
property  being  still  more  increased  by  the  expansion  of  the 
enbikanoe  than  the  ultimate  itreqgth.  It  is  obvimia  that  theiw 
are  a  multiplicity  of  casea  in  Carpentiy  where  itSffiwai  ia  of 
more  importance  than  any  other  proper^,  auiee  the  utility  aa 
well  as  beauty  of  tiie  fiibric  uq^t  often  be  deitroyed  by  loo 
great  a  fienbility  of  the  mafteriali 

If  we  wiah  to  find  how  much  a  beam  of  fir  will  rink  when  il 
it  loaded  in  the  onddle,  we  may  multiply  the  cube  of  the  length 
in  indiee  by  the  given  weight  in  pounds,  and  divide  by  the  cube 
of  the  depth,  and  by  ten  million  times  the  breadth :  but  on 
account  of  the  unequal  texture  of  the  wood,  we  must  expect  to 
find  the  bending  somewhat  greater  than  this  iu  practice,  besidea 
tliat  a  large  weight  will  often  produce  an  alteration,  or  }>erma- 
nent  settling,  wliich  will  be  added  to  it :  a  beam  of  oak  will 
also  sink  a  little  more  than  a  beam  of  fir,  with  the  same  weights 

With  respect  to  torsiou,  the  atiffiiem  of  a  ^iindiical  body 
varies  directly  as  the  fourth  power  of  the  diameter,  and  inversely 
in  the  simple  proportion  of  the  length :  it  does  not  appear  to  be 
dianged  fay  the  action  of  any  Ibroe  tending  to  lengthim  or  to 
eomptem  die  cylinder :  and  it  may  Tery  pomibly  bear  loroeaanpla 
relation  to  the  (broe  of  coheiion,  whieh  has  not  yet  been  ftdly 
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■teertaincd :  but  it  a|ipean  that,  in  an  eiperiment  of  Mr. 
Gmndiih,  the  raastanoe  of  •  (^Uoder  of  copper  to  a  twisting 
totc9t  aisluig  at  its  iiir&oe,  was  about  xiY  of  Uw  renstanee  that 
the  spaie  cyliiider  would  hate  opposed  to  direet  extennon  or 
coBpranm* 

Alteraliflii  is  oAea  an  intennediate  step  between  a  temponvy 
dmmga  and  a  eonplete  fracture.  There  are  many  substances^ 
wUflb,  after  bending  to  a  certain  extent,  are  no  longer  capable 
of  resomiog  their  original  form :  and  in  such  cases  it  generally 
bappene  thai  the  alteration  may  be  increased  without  limit, 
until  eomplete  fracture  takes  place,  by  the  continued  cperatioo 
of  tfie  same  force  wbicfa  h«a  b^gun  it,  or  by  a  force  a  little 
greater.  Tlioee  substances  wluc^  are  Ihid  most  capable  of  this 
change,  are  called  ductile,  and  the  most  remarkable  are  gold 
and  a  spider's  web.  When  a  substance  has  undergone  an 
alteration  by  means  of  its  ductility,  its  stiffness,  in  resisting 
ftiuall  cliangt'd  on  either  side,  remaiiia  little  or  not  at  all  altered. 
TbuiJ  if  the  stiffness  of  a  spider  s  web,  in  resisting  tort-ion, 
were  suffieieut  at  the  commencement  of  an  experiment,  to  cause 
it  to  recover  itself,  after  being  twisted  in  an  angle  of  ten 
degrees,  it  would  return  ten  degrees,  and  not  more,  after  having 
been  tiristed  round  a  thousand  times.  I  he  ductility  of  all  sub- 
stances, capable  of  being  annealed,  is  greatly  modified  by  the 
effects  of  li«'at :  hanl  steel,  for  example,  is  incomparably  less 
subject  to  alteration  than  soft,  although  in  some  eases  more 
liable  to  fracture :  so  that  the  degree  of  hardness  requires  to  be 
proportioned  to  the  uses  for  which  each  instrument  is  intended: 
although  it  was  proved  by  Coulomb,  and  has  since  been  con- 
firmed  by  other  observers,  that  the  primitive  stiffness  of  steel,  in 
resistii^  soiall  ffexures,  is  neither  increised  nor  diminished  by 
any  variatioo  in  its  temper. 

The  strength  of  a  body  is  measured  by  the  force  rt>quired 
CQVpletely  to  ofcrcome  the  corpuscular  powers  concerned  in  the 
aggregation  of  Its  particles,  and  it  is  jointly  proportional  to  the 
primitive  sfiflhem,  and  to  the  toughness  of  the  substance;  that 
is,  to  the  deyee  in  which  it  is  capable  of  a  change  of  form 
without  pmnanent  allaration.   It  becones  however  of  impor- 
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■treogtby  which  has  sometimes  been  called  resilience,  or  the 
power  of  resisting  a  body  in  motion,  and  which  is  proportional 
to  the  strength  and  the  tou^ineas  conjointly,  that  is,  to  the 
stiflfaess  and  the  square  of  the  toughness,  llnis  if  we  double 
the  length  of  a  giren  beam,  we  reduce  its  absolute  strength  to 
one  hait,  and  its  stiflness  to  one  «g}ith ;  but  smoe  the  toogliness, 
or  the  space,  through  which  it  will  continue  to  reast,  is  quad- 
rupled, the  resilience  will  be  doubled,  and  it  would  require  a 
double  weight  to  fidl  from  the  same  heigjit,  or  the  same  wag^t 
to  iall  from  a  double  height,  in  order  to  oTercome  its  whole 
resistance.  If  we  wish  to  determine  the  resilience  of  a  body 
from  an  experiment  on  its  strength,  we  must  measure  the  dis- 
tance through  which  it  recedes  or  is  bent,  pre?iously  to  its 
fracture ;  and  it  may  be  shown  tliat  a  weight,  which  is  capable 
of  breaking  it  by  [)ressure,  would  also  break  it  by  impulse  if  it 
moved  with  the  velocity  acquired  by  falling  from  a  height  equal 
to  half  the  defleetion.  TliUa  if  a  beam  or  bar  were  broken  by 
a  weight  of  100  pounds,  after  being  bent  6  inches  w  ithout  alter- 
ation, it  would  also  be  broken  by  a  weight  of  100  pounds 
falling  from  a  height  of  3  inches,  or  moving  in  a  horizontal 
direction  with  a  velocity  of  4  feet  in  a  second,  or  by  a  weight  of 
1  pound  falling  from  a  height  of  300  inches.  Tliis  substitution 
of  velocity  for  quantity  of  matter  has  however  one  limit,  beyond 
which  the  velocity  must  prevail  over  the  resistance,  without 
regard  to  the  quantity  of  matter,  and  this  limit  is  derired  from 
the  time  required  for  the  successire  propagation  of  the  pressure 
through  the  different  parts  of  the  substance,  in  order  that  they 
may  participate  in  the  resistance.  Thus  if  a  weight  fell  on  the 
end  of  a  bar  or  column  with  the  velocity  of  100  feet  in  • 
second,  and  the  substance  could  only  be  compressed  ttt  of  its 
length,  without  being  crushed,  it  is  obvious  that  the  pressure 
must  be  propagated  throng  the  substance  with  a  fdoctty  of 
20,000  feet  in  a  second,  m  order  that  it  might  resist  the  stroke ; 
and,  b  general,  a  substance  will  be  crushed  or  penetrated  by 
any  velocity  exceedmg  that  which  is  acquured  by  a  body  feUuig 
from  a  heig^  whidi  is  to  half  that  of  the  modulus  of  elasticity 
of  the  substance,  as  the  square  of  the  greatest  posnble  change 
of  length  is  to  the  whole  length.   From  the  ooosiderBtion  of 


Digitized  by 


Ko.  LHI. 


CARPENTRY. 


253 


the  effi)Ct  of  rigidity  in  leMening  ibe  rwillenoe  of  bodSea,  we 
maj  undentand  bow  a  diamond,  wUdi  is  capable  of  reoatiiig 
ao  enomioas  preasure,  may  be  crashed  with  a  bhyw  of  a  small 
hammer,  moving  with  a  moderate  velocity.  It  is  remarkable 
that,  for  the  same  sobetance  in  diflerent  forms,  the  redfienee  is 
in  most  cases  simply  proportional  to  the  bulk  or  weight,  while 
almost  every  other  kind  of  resistance  is  capable  of  infinite 
Tariation  by  change  of  form  only. 

The  elaborate  investigations  of  Mr.  Lagrange,  respecting  the 
strength  and  the  strongest  forms  of  columns,  appear  to  have 
been  conducted  upon  principles  not  altogether  unexceptionable  ; 
but  it  is  much  easier  to  confute  the  results  than  to  follow  the 
steps  of  the  computations.  One  great  error  is  the  suppositioii 
that  columns  are  to  be  considered  as  elastic  beams,  bent  by  a 
longitudinal  force ;  while,  in  reality,  a  stone  column  is  never 
slender  enough  to  be  bent  by  a  force  which  it  can  bear  without 
being  crashed ;  imd  even  for  such  columns  as  are  capable  of 
being  bent  fay  a  longitudinal  force,  Mr.  Lagrange's  determina- 
tions are  in  several  instances  inadmissible;  he  asserts,  for 
eiample,  that  a  cylinder  is  the  strongest  of  all  posrible  forms, 
and  that  a  cone  is  stronger  than  any  conoid  of  the  same  bulk ; 
but  it  appears  to  be  demonstrable  in  a  very  simple  manner,  and 
upon  incontestable  principles,  that  a  conoidal  form  may  be  deter- 
mined, which  shall  be  stronger  than  eitlier  a  cone  or  a  cylinder 
of  the  same  bulk. 

\VTien  a  column  is  crushed,  its  resistance  to  compression 
seems  to  depend  in  great  measure  on  the  force  of  lateral 
adhesion,  assisted  by  a  kind  of  internal  fricticm,  dependent  on 
the  magnitude  of  the  pressure,  and  it  commonly  gives  way  by 
the  separation  of  a  wedge  in  an  oblique  direction.  If  the  ad- 
hesion were  simply  proportional  to  the  section,  it  may  be  shown 
that  a  square  column  would  be  most  easily  crushed  when  the  angle 
of  the  wedge  is  equal  to  half  of  a  right  angle ;  but,  if  the  adhesion 
is  increased  by  pressare,  this  angle  will  be  itiminished  by  half  the 
angle  of  repose  appropriate  to  the  substance.  In  a  wedge  sepa- 
rated  by  a  dureet  force  from  a  prism  of  cast  iron»the  angle  was 
found  equal  to  32.^"^,  consequently  the  angle  of  repose  was 
2  X  12^°  »  25"^,  and  the  internal  friction  to  the  pressure  as 
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1  to  .466,  the  tangent  of  this  angle :  there  was,  howerer,  a  tittle 
bubble  in  the  course  of  the  fracture,  which  may  have  chanpjed 
ltd  direction  in  a  slight  degree.  Tlie  magnitude  of  the  lateral 
adhesion  is  measured  by  twice  the  height  of  tlie  wedge,  what- 
ever its  angle  may  be :  in  this  instance  the  height  was  to  the 
depth  as  1.57  to  I,  consequently  the  surface,  affording  an  ad- 
hesion equal  to  the  force,  was  somewhat  more  than  tliree  times 
as  great  as  the  transverae  section,  and  the  lateral  adhesion  of  a 
square  inch  of  cast  iron  would  be  equal  to  about  46,000  pounds ; 
the  direct  cohenve  force  of  the  same  iron  was  found  by  expert* 
ment  equal  to  about  20^000  pounds  for  a  square  inch.  It  is 
obvious  that  e)iperiiBent8  on  the  streiigth  of  a  snbstanoe  m 
resisling  compressioo  oug^  to  be  tried  on  pieces  rather  hxiger 
lhaa  cubes,  since  a  cube  would  not  allow  of  the  free  separaticn 
of  a  single  wedge  so  acute  as  was  observed  in  this  eiperiment  s 
ahhoughy  indeed,  the  foree  required  to  separate  a  shorter  wedge 
on  each  side  would  be  litile  or  no  greater  than  for  a  sia^ 
wedge,  the  same  consideration  of  the  oblique  direction  of  flie 
plane  of  easiest  fracture  would  induce  us  to  make  the  outline 
of  a  column  a  little  convex  externally,  as  the  common  practice 
has  been  :  for  a  circle  cut  out  of  a  plank  possesses  the  advan- 
tage of  resisting  equally  in  every  section,  and  consequently  of 
exhibiting  the  strongest  form,  when  there  is  no  lateral  adliesion  ; 
and  in  the  case  of  an  additional  resistance  proportional  to  the 
pressure,  the  strongest  form  is  afforded  by  an  oral  consisting  of 
two  circular  segments,  each  containing  twice  the  angle  formed 
by  the  j^ane  of  fracture  with  the  horizon.  If  we  wish  to  obtain 
a  direct  measure  of  the  lateral  adhesion,  we  must  take  care  to 
apply  the  forces  eonoemed  at  a  distance  from  each  other  not 
peatsr  than  one  nxth  of  the  depth  of  the  substanee^  otherwise 
the  fracture  will  probably  be  rather  the  consequence  of  fiexore 
than  of  detruBon.  Professor  Bobison  found  tfus  force  in  somo 
instanees  twice  as  great  as  the  direct  cohesion,  or  nearly  in  the 
same  proportion,  as  it  appears  to  have  been  in  the  expevinanl 
on  the  strength  of  cast  iron ;  Mr.  Coulomb  thmks  it  most  com- 
monly equal  only  to  the  cohesion :  and  in  fibrom  substances, 
especially  where  the  fibres  are  not  perfectly  straight,  the  repul- 
sive strength  is  generally  much  less  than  would  be  inferrc-d 
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from  tbb  equalitj,  and  aonetunct  ercn  Wm  than  the  oobetive 

It  is  well  known  that  the  transrene  strength  of  a  beam  is 
directly  as  the  breadth,  and  as  the  square  of  the  depth,  and 
imrefBely  as  the  length :  and  the  variation  of  the  results  of  some 
eiperiiiienta  from  this  law  can  only  have  depended  on  accidental 
drcumstanccB.  If  we  wish  to  find  the  nnmber  of  hundred 
weights  that  will  fafeak  a  beam  of  oak,  supported  at  both  ends, 
inppoaiDg  them  to  be  placed  exactly  on  the  middle,  we  may 
mnhiplj  the  iqiiare  of  the  depth,  in  mches,  100  times  the 
treadth,  and  divide  by  the  length ;  and  we  may  Tentore  in 
ptaetiee  to  kad  a  beam  with  at  least  an  eighth  as  mueh  as  this, 
er  in  case  of  necessity,  even  a  Ibnrth.  And  if  the  load  be  dis- 
trihnted  equally  throng^Mmt  the  length  of  the  beam,  it  win 
support  twice  as  mndi :  but  fat  a  beam  of  fir,  the  strength  is 
somewhat  less  than  for  oak.  A  cylinder  will  bear  the  same 
corvatnre  as  the  cirenmscribing  prism,  and  it  may  be  shown 
that  its  strength,  as  well  as  its  stiflhess,  is  to  that  of  the  prism 
as  one  fourth  of  its  hnlh  if  to  one  third  of  the  bnllc  of  the  prism. 
The  strength  of  a  beam  supported  at  its  extremities  may  be 
doul)le<l  by  firmly  fixing  the  end**,  where  it  is  practicable ;  and 
we  have  already  .«ocn  that  tlie  .^tifFnciiS  is  (|uadrupled  :  but  the 
resilience  remains  unaltered,  since  the  resistance  is  doubled, 
and  the  space  through  which  it  aet^s  is  reduced  to  a  half.  It  is 
therefore  obviously  of  importance  to  consider  the  nature  of  the 
n^ifeLance  that  is  required  from  the  fabric  whi(  h  we  are  con- 
ftructing.  A  floor,  considered  alone,  requires  to  be  strong; 
hnt  in  connexion  with  a  ceiling,  its  stifihess  requires  more  |Nir- 
tu  ular  attention,  in  order  that  the  ceiling  may  remain  free  from 
cracks.  A  coach  spring  requires  resilience,  for  resisting  the 
relative  motions  of  the  carriage,  and  we  obtaiti  this  kind  of 
strength  aa  efiectually  by  combining  a  number  of  separate 
plates,  aa  if  we  united  tliem  into  a  single  mass,  while  we  afoid 
the  stiffness,  whieh  would  render  the  changes  of  motion  inoon> 
fenicntly  abrupt 

In  all  calculationi  respecting  stiffness,  it  is  necessary  to  be 
■eqaamled  with  the  modalm  of  elasticity,  which  may  be  fonnd, 
far  a  fariety  of  subjtaooes^  in  the  ameied  table. 
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Height  of  the  JiIodulus  of  Elasticity  in  Tuou^sanm  OP  Feet. 

.    .    .    .  10,000 


Iron  and  steel  •  , 

,     .  10,000 

Fir  wood 

Copper  •    •    •  1 

.    .  5,700 

Beech  • 

Oak 

Tin       .     .     ,  , 

.    •  2,250 

Box 

Crown  glass  • 

.  9,800 

6,050 
850 


n.  PsOP08ITIOK8  RBL&TINO  TO  FlBZOBB. 

A.  The  stiffness  of  a  cylinder  is  to  that  of  its  circumscribing 

rectaiif/ular  prism  as  three  times  the  hulk  of  the  cylinder  is  to 
four  times  that  of  the  prism. 

We  may  oonader  the  different  strata  of  the  substance  as 
acting  on  le?en  equal  in  length  to  the  distance  of  each  from  the 
axis ;  for  althou^  there  is  no  fixed  fulcrom  at  the  axis,  yet  the 
whole  force  b  the  same  as  if  such  a  fulcrum  ensted,  since  the 
oppodte  actions  of  the  opposite  parts  would  relieve  the  fulcrum 
ftmn  all  pressure.  Then  the  tenaon  of  eadi  stratum  being  also 
as  the  same  distance  jr,  and  the  breadtfi  of  tiie  stratum  bong 
called  2y,  the  fluxion  of  the  force  on  either  side  of  the  axis  will 
be  2x*i/(1j-,  while  that  of  the  force  of  the  prism,  the  radius  being 
r,  is  2rjt^t\x.  Now  z  beinir  the  area  of  half  the  portion  in- 
cluded between  the  stratum  and  the  axifi,  of  which  the  fluxion  is 

ydjr,  the  fluxion  of      ^  will  be  ydx  —      -         or  since 

rr"         rr*     rr  r     \      y/'  rr  rr     ~    rr  * 

consequently  the  fluent  of  ^x'l/dx  is  ^r'z  —  i  ^j*,  which,  when 
y=0  becomes  or  one  fourth  of  the  proiluit  of  the 

square  of  the  radius  by  the  area  of  the  section,  while  the 
fluent  of  2/.r-dj-,  that  is,  ^  rj-^,  the  force  of  the  prism,  becomes 
^  r*  or  ^  X  2r,  one  third  of  the  product  of  the  same  square 
into  the  area  of  the  section  of  the  prism. 

Hence  the  radius  of  curvature  of  a  cylindrical  column,  in- 
stead of  ^  (Art.  BRiDOB,Prop.6.*)  will  be        the  weight  of 

the  modulus  M  decreasing  in  the  same  proportion  as  the  bulk, 
when  the  prism  is  reduced  to  a  cylinder.    The  force  is  sup- 
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poaed  in  this  proposition  to  he  either  transvene  or  applied  at  a 
eonsiderable  distance  from  the  axis :  but  the  error  will  oot  be 
material  in  any  other  caae. 

B.  fVhen  a  fonfjfitudinal  force  f  is  applied  to  the  extrC' 
mities  of  a  draitffU  prUmcUic  beam.,  at  tfie  distance  b  from 
the  axis,  the  deflection  of  the  middle  of  the  beam  mil  he 

b  ^SBCAKT  [V(  ^)  •  ^1  ~  ^)  i  ^  ^"^y  weigtU  of  the 
moAdmi^  e  the  kngih  qfthe  beam^  and  a  its  d^ptk. 

The  curvature  heiug  proportional  to  the  distance  from  tlie 
line  of  direction  of  the  force,  or  to  the  ordinate,  when  that 
liu<'  considered  as  ti»e  ahsci^s,  the  ehistie  curve  must,  in  this 
ca3<s  initially  coincide  with  a  j)ortiim  of  the  harmonic  curve, 
wi'll  known  for  it-s  utility  in  the  resolution  of  a  variety  of 
prohlems  of  this  kind.  Now  if  the  half  length  of  the  eomj)lete 
cur^c  U;  called  A,  corresponding  to  a  quadrant  of  the  generating 
circhs  and  the  greatest  ordinate  y,  c  heing  the  quatlrant  of  a 
circle  of  which  the  radius  is  uoity,  the  radius  of  curvature  r 

corresponding  to  y  will  be  ^ ,  that  iSf  a  third  proportional  to 
y  and  ^  the  radius  of  the  generating  circle;  cousequeutly 


-        AA  =  and  A  =  i  V  1^  •  oc  ;  but,  by  the 


nature  of  the  curve»  y  :  6  «  1  :  cos.  ~  «•  sec.  ^  :  1  and 

|r  «  &  SBC  ^  =  6 IBC.  ^  ^  •  ~»  which  is  the  ordinate  at  the 

middle;  and  the  d«  flection  from  the  natural  situation  is  y  —  ft. 
it  follow:!  that,  since  tlie  secant  uf  the  ({uadrant  is  infmite 

when  V  ^  *  ^  becomes  «pial  to      the  deflection  will  be 

iaimte,  and  the  resistance  of  the  column  will  be  overcome, 
however  small  tiie  distance  h  may  be  taken,  provided  that 


5  ftt 

it  be  of  finite  magnitude :  and  since  in  this  case         »  oc, 


/  .  .  ^225  M      which  is  the  utmnit  fort»  that  tlie 

fnlnmn  wilMiear:  and  for  a  cylinder  we  tind,  by  tlie  sauie 
rensnning,  /  •         •  .6169  M  ^ .    If  ft  be  supposed  to 
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vanish,  we  sliall  have  in  theory  an  equilibrium  without  fleziire» 
but  since  it  will  be  tottering,  it  cannot  exist  in  nature. 

By  applying  this  determination  to  tlie  strength  of  wood  and 
iron,  compared  with  the  modulus  of  elasticity,  it  appears,  that 
a  round  column  or  a  squaro  pillar  of  either  of  these  suhstances 
cannot  be  bent  by  any  longitudinal  force  applied  to  the  axis, 
which  it  can  withstand  without  bdng  crushed,  unless  its  length 
be  greater  than  12  or  13  times  its  thickness  respectively :  nor 
a  column  or  |nllar  of  stone,  unless  it  be  40  or  45  times  as  long 
as  it  is  thick.  Hence  we  may  infer,  as  a  practical  rule,  that 
every  piece  of  timber  or  iron,  intended  to  withstand  any  con- 
siderable compressing  force,  should  be  at  Iccist  i\s  many  inches 
in  thickness  as  it  is  feet  in  lenp;th,  in  order  to  avoid  tlie  loss  of 
force  which  necessarily  arises  irom  curvature. 

C.  fV/icn  a  Ijeanif  Jixcd  at  one  end,  is  pressed  by  a  force  in  a 
direction  deviating  from  the  original  jwsition  of  t/ic  (uis  in  a 
small  angle y  of  which  the  tangent  is  t,  the  defieclion  becomes 

The  inclination  of  the  curve  to  the  absciss  being  inconsider- 
able, it  will  not  differ  sensibly  from  a  portion  of  a  hannonie 
eurve ;  and  supposing  the  quadrantal  length  of  this  curve  A, 

we  have  again,  as  in  the  last  proposition,  h  =  ^  4/     •  ac,  or 

M 

for  a  cylinder,  k  -  i     y  »  ae.    Now,  the  tangent  of  the 

incliuatiou  of  the  harmonic  curve  varies  as  the  sine  of  the 
angular  distance  from  the  middle,  consequently  as  sm.      •  r>, 

or  cos.  ^  is  to  the  radius,  so  is  the  tangent  t  expressing  the 

difference  of  inclination  of  the  end  of  the  beam  and  the 
direction  of  the  force,  which  is  also  that  of  tiie  middle  of 
the  supposed  curve,  to  the  tangent  of  the  extreme  inclination 

of  the  curve  to  its  absciss,  which  will  therefore  be  t  8£C  ^ : 

consequently  the  greatest  ordinate  will  be  -  sec.  and  since 
the  ordinates  are  as  the  sines  of  the  angular  distances  from  the 
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origpn  id  the  oonre,  the  ordinate  at  the  fised  end  of  the  beam, 

corresponding  to  the  angle  ^,  tliat  is,  the  deflection,  will  be 

—  SBC  J-  .  8»n.y  =  -  TANO.  jf  -  i  V  ^         TAMO,  —  V  gi  OT, 

for  a  cylinder,  i  1/  j  '  at  tamo.  7  V  ^  > 

By  neuiB  of  tins  propodtioo  we  may  determiiie  the  eflect  of 
a  niall  lateral  feroe  in  weakening  a  beam  or  pillar,  which  is  at 
the  aaoie  time  oompreesed  longitudinally  by  a  mnch  greater 
fbrae ;  considering  the  parts  on  each  aide  of  the  point,  to 
which  the  hiteral  force  is  applied,  as  portions  of  two  beams, 
bent  in  the  manner  here  described,  by  a  single  force  slightly 
inclined  to  the  axis. 

\y.  A  har  fixed  at  one  end^  and  Itrnt  lnj  a  transverse  force  applied 
to  the  (diter  end,  assumes  initiaUy  the  form  of  a  cubic  parabola^ 

tmd  the  d^beii0n  at  the  end  ied  ^  . 

The  ordinate  of  a  cuhic  parahola  varying  as  j-\  it.>  second 
fluxion  varic*  a.s  Gj-  (dx  f^  or  since  the  first  fluxion  of  tlio  alix  iss 
is  (*on>t;uit,  simjily  as  the  al)>ci?s  .r,  nit'a>urt'tl  from  the  vertex 
of  the  j){iralM»la,  whieh  must  therefore  he  .situated  at  the  end  to 
which  the  force  is  apjdicd,  and  tlie  ah>ci.ss  must  coincide  with 
the  tangent  of  the  har.  Hut  if  wt?  hegin  from  the  otiier  end, 
we  roust  substitute  c—x  for  and  the  second  fluxion  of  the 
ordinate  will  be  as  (j  (e-x)  (dx)\  the  first  as  Qexdx  —  Sj^dxj 
and  the  fluent  as  d< -  j^,  which,  when  x^e,  becomes  wliile 
it  would  have  been  if  the  cunrature  had  l>een  uniform,  and 
the  second  fluxion  had  been  cTerywhere  (M{dje)K   Now  the 

radios  of  curvature  at  the  fixed  end  being  r  b  and  the 
versed  sine  of  a  small  portion  of  a  drcle  being  equal  to  ~ , 

thia  versed  sine  will  be  expre&>ed  by       ;  and  two  thirds  of 
or       ,  will  be  the  actual  deflection. 

Vina 

£.  The  depression  of  a  har^  fixed  hcrixoniaUy  at  one  end,  and 

fpoftingonty  its  omn  an 
the  modmhu  ^  r/a«/<i-i/y. 


mepportiug  oniy  its  own  weight,  itd»  ^rrr-.  S  si  U  in(/  the  licight  of 
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The  cnrrature  here  Taiies  as  the  aqnare  of  the  distance  from 

the  end,  because  the  strain  is  proportional  to  the  weight  of  the 

portion  of  the  bar  beyond  any  given  point,  and  to  the  distance 
of  its  centre  of  gravity  conjointly,  that  is,  to  {e  —  x)  J  (e—x),  so 
that  if  the  second  fluxion  at  the  fixed  end  be  as  e*(djr)*,  it  will 
elsewhere  be  as  (e— 2-)^  (dry;  and  the  corresponding  first 
fluxions  being  e^xdx  and  e^xdx—ex'klx  +  .\  j^dr,  the  fluents  will 
be  )f  e^x^f  and  ^  eV  —  ^  cjr'  -f  i  V  -r*,  or  when  x  =  <?,  4  and 
(4  —  i + Vr)  =  i  ;  consequently  the  depression  must  be  half 
the  versed  sine  in  the  circle  of  greatest  curvature.  Now  the 

radius  of  carvature  ^  becomes  here  ^ ,  the  force  bemg  ap- 
plied at  the  distance  e  :  and  since  the  weight  of  the  bar  is  to 
that  of  the  modulus  of  elasticity  in  tlie  proportion  of  the  re- 
spective lengths,  we  have  ^    ^»  and  r  s       and  the  versed 

sine  for  the  ordinate  e  will  be  — ~,  half  of  which  is  the  actual 


depression. 

F.  T/ie  depremott  of  the  middle  of  a  honzonial  bar^  fixed  ai 

both  ends,  and  supporting  its  own  weight  oidg,  is  d  -  j:^-— . 


The  transverse  force  at  each  pmnt  of  such  a  bar,  resbted  by 
the  lateral  adhesion,  is  as  the  distance  x  from  the  middle  (Art. 
Bbipob,  Prop.  L.  p.  205) ;  but  this  feroe  is  proportional  to  the 
first  fiuzion  of  the  strain  or  curvature,  consequently  the  curva- 
ture itself  must  vary  as  the  corrected  fluent  of  ±  xAxy  taking 
here  the  negative  sign,  because  the  curvature  diminishes  as  x 
incrctises  ;  and  the  corrected  fluent  will  be  — j-,  since  it  must 
vanish  when  x  =  ^  e ;  the  first  fluxion  of  the  ordinate  will  then  be 
^  e^xdjr  —  i  jr^dj-,  Jind  the  fluent  J  e^jr^— or  for  the  whole 
length  i  c,  riT^*'  instead  of -y',?  or  j  g^,  which  would  have  been 
its  value  if  the  curvature  had  been  equal  throughout.  Now 
the  strain  at  the  middle  is  the  difference  of  the  opposite  strains 
produced  by  the  forces  acting  on  either  side ;  and  these  are  the 
half  weight,  acting  at  the  mean  distance  ^e,  and  the  resistance 
of  the  support,  wliich  is  equal  to  the  same  half  weight,  but  acts 
at  the  dbtance  \  e,  the  difference  being  equivalent  to  the  half 
weight  acting  at  the  distance  i  e,  so  that  the  oorvalure  at  the 
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middle  U  the  same  as  if  Uie  bar  were  fixed  tliere,  and  looae 
at  the  ends,  that  ia,  as  in  the  last  propoBition,  substituting 

it  ibr e,  r- ;  and  the  ▼eraed  sine  at  the  distance  ( e 

being  - ,  or       ,  i  of  this  will  be  This  demonstration 

may  sem  as  an  illustration  of  two  modes  of  considering  the 
effect  of  a  strain^  which  have  not  been  generally  known,  and 
which  are  capable  of  a  very  extensiTe  application. 

It  follows  that  where  a  bar  is  equally  loaded  throughout  its 
lengtli,  the  curvature  at  the  middle  is  half  as  great  as  if  the 
whole  weight  were  collected  there,  the  strain  derived  from  the 
resistance  of  the  support  remaining  in  that  case  uncompensated. 
The  ilepression  produced  hy  the  divided  weight  will  be  |  U8 
great  aa  by  the  sinph'  weight,  >ince  J  X  i  is  to  ^  as  5  to  8. 
Mr.  Dupiti  found  tin*  proportion  liy  many  »'xjM'rinu'nt.s,  ln'twern 
I  and  ^  ;  and  ^  id  a  very  good  mean  for  repre:>entiug  tiiebo 
refiuits. 
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A  THEORY  OF  TIDES, 

INCLUDING  THB  OONSIDEBATTON  OF  RESISTANCE.* 
From  Nicbolion't  Joanul  for  1813,  rol.  sur.  pp.  146  and  217. 


[The  author  of  these  investigatiotis  is  sennble  that  they  arc 
not  altogether  so  ezpticitly  and  demonstratiTely  detailed  as 
ooiild  be  desired ;  they  were  not  written  with  any  immediate 
view  to  publication ;  but,  as  they  contain  some  new  results, 
and  may  possibly  lead  to  new  methods  of  calculation,  he  thinks 
it  better  that  they  should  be  printed  in  an  imperfect  form, 
than  that  they  should  be  wholly  lost,  which  is  the  only  altenui- 
tive  compatible  with  his  present  engagements.  He  does  not 
apologize  to  an  author  from  wiioui  he  has  hon  nwed  some  Itleas, 
because  all  those,  who  are  sufficiently  intercepted  in  the  subject 

*  This  article  contains  the  first  complete  mathemiitfca]  sketch  of  Dr.  Yoilii|;*« 

th'  (i!  V  «>f  the  Tiiios,  tlioii;^'li  tlu'  ^^t-nend  priin  ijili-s  t)|w>n  whii-Ii  it  n  -ti'd  ;inil  fhf  ri  >;iilts 
Ui  whirh  tliey  ioaii  woie  \ery  jircciscly  hUitcil  in  lii%47tli  I.tHlnrc,  .vs  well  as  in  Uic 
Journals  of  the  Royal  In.stitatioD  and  diewhere.  Some  ut'thc  more  important  pro- 
|M><tiiions  which  it  includes  were  more  complcti'lv  devc]n|icd  iu  Uis  KIcmontary 
Illustrations  of  the  Celestial  Mechanics  of  I.aplai-c ;  out  it  was  finally  pre&cntv<J  in  its 
most  complete  form  in  the  Supplement  to  the  tn(rYclo]i«edia  Blilailllica,  in  M  article 
which  immediately  succeeds  the  one  given  in  the  text. 

Dr.  Young  was  aocitstomed  to  regard  his  ezponitioii  nf  the  theory  of  the  tides  a* 
ix  aily  till-  tno-t  mh  •  .'->fiil  of  his  phyjiico-in  itln  in.it ii  al  lulM)urs,  only  v<  imkI  in 
importance  to  his  researches  ou  the  theory  of  light.  'I  be  author  of  the  well-knuwn 
article  on  Warea  and  Tides  in  the  EneyclopdHlla  Metropolitaan,  tii«  firat  MrUtg 
authority  on  this  sulijwt,  in  answer  to  some  inquiries  res|H!cting  them  j  wore 
addressed  to  him  hy  tlie  editor,  thus  sjieaks  of"  them  :  **  Vou  ask  my  opinion  ot  l)r. 
Young's  researches  ou  tides;  as  far  as  they  lli.  y  nre  capital :  when  I  was  writing 
my  article  I  totally  forjjot  l>r.  Youn);,  althoii^'h  I  well  knew  th;it  in  writing;  on  .my 
physical  subject  it  is  but  ordinary  prudence  to  look  at  him  lij-sL  When  I  i  anie  U> 
look  at  him,  I  was  8Urpris<-<l  to  timl  that  he  has  clearly  enough  shown  the  dillorence 
of  poeitire  and  negative  waves,  and  alao  the  dilfereoce  of  free  06cillatioui  and  ton  «n| 
oarillations:  and  Uiat  be  has  hinted  at  the  cause  of  the  rapid  rise  of  river  luie:* 

disiiuguishetl  fn-ni  tli<  lr  slower  fill.  All  tin  -,  \\,n-  .^nat  |K<intj»  with  m>',  quite 
original  to  unsell.  There  is  one  of  mine,  however,  which  he  lutf  nut  (:o|^  iiamely, 
tlie  effect  of  friction  in  producing  an  atiMrent  retardation  of  the  day  of  sprine  tides. 
ker—N9t€h^ih$  Editor, 
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to  study  this  essay,  are  probably  already  acquainted  with  that 
antfaor^a  works.] 

Theorem  A.*  If  the  point  of  suspension  (A)  of  a  pendulum 
(AB)  be  made  to  vibrate  in  a  regular  manner,  tlwit  is,  accord- 
ing to  the  law  of  cycloidal  vibrations,  the  pendulum  itself  may 
also  vibrate  regularly  in  the  same  time,  provided  that  the 
extent  of  its  vibrations  (BC)  be  to  that  of  the  vibrations  of  the 
point  of  suspension  (AD)  as  the  length  of  the  thread  (AK) 
supposed  to  carry  this  point    as  a  pendulum/'  is  to  the  dif- 


B 

I 


ference  of  the  lengths  of  the  two  threads. 

In  representing  the  vibrations,  we  may  dis- 
regard the  cturratnre  of  the  patlis,  considering 
them  as  of  evanescent  extent,  the  forces  being 
however  still  supposed  to  depend  on  the  incli- 
nation of  the  threads,  which  must  be  ez« 
aggerated  in  the  figures  employed."  Let  F 
be  the  intersection  of  AB  with  the  vertical 
line  £F;  then,  upon  the  conditions  of  the 
theorem,  BF  will  be  equal  to  A£,  that  is,  if 
BC  :  AD  =  AE  :  AE  «^  AB,  since  by 
similar  triangles  BC  :  AD  =  BF  :  BF  ^ 
AB,  it  follows  that  AE  =  BF.  Conse(juently 
the  inclination  of  the  thread  AB  will  always 
be  the  same  as  if  F  were  its  fixed  point  of 
suspension,  and  the  body  B  will  begin  and 
continue  its  vibrations  like  a  simple  pendulum 
attached  to  that  point,  the  true  point  of  sus- 
pension accompanying  it  with  a  proportional 
velocity,  so  as  to  be  always  in  the  right  line 
passing  through  it  and  through  F.  It  is 
obvious,  that  whra  the  thread  supposed  to 
suspend  the  moveable  point  of  suspension  is 
the  bnger  of  the  two^  the  vibratimis  will  be 
in  the  same  direction ;  when  the  shorter,  in  contrary  directions. 

♦  The  theorems  A  and  B,  w  ith  their  achoHa,  arc  reprinted  in  the  form  given  to 
them  in  the  llluiitraUoos  ot^tho('eloi«tiat  Mechanics  of  Laplm  o,  p.  157.  The  pai  ls  of 
then  whicb  are  new,  or  which  diil'er  from  the  origiual  ailicic,  arc  markcU  \>\  iuvLi  ivd 
 by  the  SdUor,  ' 
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ScfioUum  1.  The  truth  of  this  propusition  may  easily  be 
illustrated,  by  holding  aoy  pendulous  body  in  the  hand,  and 
causing  it  to  vibrate  more  or  less  rapidly,  by  mofing  the  hand 
regularly  backwards  or  forwards,  "  in  a  longer  or  in  a  shorter 
time  than  that  of  the  spontaneous  vibrations.** 

Scholium  2.  The  8;ime  mode  of  reasoning  is  applicable  to 
oscillations  of  any  other  kinds,  which  are  governed  by  forces 
proportbnal  to  tbe  distances  of  the  bodies  concerned,  from  a 
point  of  which  the  situation,  either  in  a  quiescent  space,  or 
with  respect  to  another  moveable  point,  Taries  according  to  the 
law  of  the  cydoidal  pendulum,  or  may  he  expressed  by  the 
does  of  arcs  varying  with  the  time :  such  forces  always  pro- 
ducing periodical  variations,  of  which  the  extent  is  to  that  of 
the  excursions  of  the  supposed  point  of  suspension  in  the  ratio 
off!  to  fi  —  1,  Ji  h^g  to  1  as  the  square  of  the  time  of  the 
forced,  to  that  of  the  time  of  the  spontaneous  vibration,  and 
when  n  —  1  is  negative,  the  displacement  being  in  a  direction 
opposite  to  that  of  the  supposed  point  of  suspension.  Conse- 
quently, when  a  body  is  performing  oedllations  by  the  operation 
of  any  force,  and  is  subjected  to  the  action  of  any  other  peri- 
odical forces,  we  have  only  to  enquire  at  what  distance  a 
moveable  point  must  l»e  situated  before  or  behind  it,  in  order 
to  reprea'nt  tlie  actual  magnitude  of  the  periodical  force  by 
the  relative  situation  according  to  the  law  of  the  primary  force 
concerned,  and  to  liml  an  expresision  for  tliis  distance  in  terms 
of  the  sines  of  ares  increasing  e<iuahly,  in  order  to  ohtiiin  the 
situation  and  velocity  of  the  body  at  any  time,  provided  that 
we  8Uj)pose  it  to  have  attained  a  permanent  state  of  vil)ration. 

"  Sc/io/iiirn  3,  We  may  easily  express  this  re;isoning  in  a 
form  more  strictly  algebraical :  thus  the  time,  with  respect  to 
the  forced  vibration  of  the  centre  of  susj)ension,  being  called  t, 
the  place  of  the  vertical  line  piii;sing  through  that  point  will  l>e 
indicated  by  sin.  ^  sn])posing  /  to  begin  from  the  middle  of  a 
vibration  :  now  the  fon-e  acting  on  the  moving  body  will  always 
be  as  its  distance  from  this  moveable  verticiU  line,  considered 
with  rclatiuu  to  the  length  of  the  true  pendulum  m ;  that  is,  it 

will  be  expressed  by  /  =  -"^^^^'y  ^        of  m  beiQg  the 
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length  of  the  imaginary  pendulum  carrying  the  point  of  sus- 
pension, since  when  s  =  0,  and  sin.  f  =  1,  the  force  must  be 
=  1  or  =  *7.  Now  we  may  satisfy  this  equation  by  the  par- 
ticular solution  *  —  sin.  t  =  a  sin.  t,  wliich  represents  a 
vibration  either  corresponding  in  its  direction  with  the  former, 
or  in  an  opposite  directioiiy  aocordingly  as  a  is  positive  or 
negatiTe;  and  the  space  actually  described,  will  be  the 
sum  or  diflerence  of  the  spaces  beloDging  to  the  separate 
vibratioiis  eo  oomlniied :  then  since  o  s  _  ffdt,  aod  '  -  /  vd/, 

we  have  v  - —f  ^       ^  +  '  ~  «  ^*  ^ 

et  ^  amiLt     WLtf  and  c  =  0,  ^  «  a  +  1, «  «  1  :  (-  — 1) 

SchoHtan  4.  If  the  oscillating  body  be  initially  in  any  other 
condition,  its  subsequent  motion  may  be  determined,  by  consi- 
dering it  as  performing  a  secondaiy  vibration  with  respect  to  a 
point  vibrating  in  the  manner  here  supposed,  which  will  conse- 
quently represent  its  mean  place ;  but  if  there  be  no  resistance, 
the  body  will  have  no  tendency  to  assume  the  form  of  a  regular 
simple  vibration,  rather  than  any  other.  "  Supposing,  for 
example,  that  the  point  had  been  initially  at  rest  in  the  middle 
vertical  line,  when  the  centre  of  suspension  passed  that  line ;  it 
will  then  agree  in  situation  with  the  point  representing  its 
mean  place,  but  not  in  velocity ;  and  it  will  return  to  its  mean 
place  after  every  interval  equal  to  a  complete  single  spon- 
taneous vibration  of  the  true  pendulum ;  and  when  this  co- 
incidence happens  in  the  middle  vertical  line  as  at  first,  the 
whole  cycle  of  motions  will  l>egin  again,  after  a  period  depend- 
ing  on  the  comparative  lengths  of  the  supposed  pendulums; 
and  at  some  intermediate  time  the  coincidence  will  in  most 
cases  occur  near  the  extremity  of  the  vibration  rqiresenting  the 
mean  place,  and  the  excursion  will  be  much  greater  than  that 
of  this  vibration,  while  at  another  part  of  the  cycle  it  may  be 
almost  obliterated.  Such  a  succession  of  cycles  may  be  often 
observed  in  the  actual  vibrations  of  elastic  bodies  of  irregular 
Ibnns,  the  excursions  being  alternately  greater  and  smaller 
without  any  interference  of  external  causes. 
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"  Scholium  5.  A  more  general  analytical  solution  of  the 
problem  may  be  obtained  by  making  s  =  h  sin.  t     c  siu.  {et  4- 

h)  whence  v  =  ^ffdt  «  -/  n  |  (6  -  1)  an.  I  +  e  sin.  {et 

+  /i)  }  d/  =  n  I  (6  —  1)  COS.  i  +  -  COS.  (rf  -I-  A)  }  4-  i,  since 

I  (6  -  1)  ain.  £  -f-  ^  sin.  +  A)  }  -\-  it  -h  k  ^  bma.  i  +  c 
sin.  (0f  +  A) ;  whence  n     -  1)  «  ^,  ^  «  0,  t  «  0  and  A  «  0; 

6  In 

consequently  «  «  ^'^^  ^  ~  jT^*  Jt  ~  ^'       *  ~  ^'^ 

h  and  c  remaining  altogether  nndetemiined.  We  may,  there- 
ibre,  accommodate  this  expression  to  any  relative  Taloes  of  the 
suppoaed  yibrations,  or  of  the  forces  belonging  to  them,  and  to 
any  conditions  of  motion  or  rest  in  the  initial  state  of  the 
moving  body.  Thus,  if  we  suppose  it  initially  at  rest,  so  that 
«  s  0  and  o  «  0  when  ^  s  0,  the  length  n  being  given,  we 
have  9  s  b  an.  t  +  e  sin.  (cf  +  h)  »  0,  and  consequent;)  h  a 

c  c  c 

0,  and  t;  -  n  {b  —  1 )  cos.  '  +  -  cos.  e<  =  6  +  -  =0,  and  - 
»  —  A  «         whence  e  -         =  -r— -»  and  we  have  «  a 

sin.  i         jn      .       /  - 1. 

TiiE(M{i:M  B.  If  the  resistance  be  simply  projwrtional  to  the 
vt  hx  ity,  a  priuiulum  with  a  vibrating  point  of  su5pen>ion  may 
pi'i  torm  regular  vibrations,  isochronou.s  with  tho^e  of  the  jKunt 
of  suspension,  provided  that,  at  the  middle  of  a  vibration,  the 
point  of  susjiension  (  A)  be  so  t-ituated  as  to  cause  a  propelling 
force  equal  to  the  actual  resistance,  the  extent  of  the  vibrations 
being  reduced  in  the  ratio  of  the  whole  excursion  of  tbe  point 
of  suspension  (BC)  to  its  distance  from  the  middle  at  the 
beginning  of  the  motion  of  the  pendulous  body  (DC):  and  it 
will  ultimately  acquire  this  mode  of  vibration,  whatever  may 
have  Iwen  its  initial  condition. 

Let  FG  be  the  supposed  length  of  the  thread  carr)  ing  the 
point  of  suspension,  and  draw  F£  passing  through  U  instead 
of  B  then  if  IIC  =  EG  be  the  e&tent  of  the  vibration,  it 
will  be  maintained  according  to  the  Uw  of  the  cycloidal  pen- 
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dulum.  Draw  the  concentric  circles  Bl,  DK,  HL:  then  the 
initial  force  may  l)€  representeil  by 
HI),  which  determines  the  greatest 
inclination  of  the  thread ;  and  at 
any  sul>8equent  part  of  the  vibra- 
tion, if  tlie  centre  be  advanced 
from  D  to  M,  the  time  elapsed 
will  be  expressed  by  the  arc  IN, 
DI  aod  MN  being  perpendicular 
to  Afi;  and  taking  II L  similar  to  ^ 
IN,  the  perpendicular  LP  will 
show  the  place  of  the  pendulons 
body,  and  PM  the  force,  which 
may  be  difided  or  resolved  into 
two  parts,  PQ  and  QM.  BntPQ 
is  to  LK,  or  HD,  as  PC  to  LC, 
or  HC  ;  consequently  tins  part  of 
the  force  will  always  be  em- 
ployed in  generating  the  regular 
velocity  ;  and  QM  is  equal  to 
KR,  which  is  the  sine  of  the 
angle  KNR  or  BCL  to  the 
radius  KN  =  DI  =  AC,  each  |— ( 
of  these  lines  Ixjing  equal  to 
the  sine  of  BI;  the  line  QM 
tlierefore  varies  as  the  velocity, 
and  will  always  be  eqniTalent 
to  the  friction,  provided  that  it 
be  once  equivalent  to  it,  as  it 
is  supposed  to  be  at  A;  the 
ratio  of  the  fbrces  oonoemed, 
in  any  two  succeeding  instants,  being  always  such  as  to 
maintain  a  regular  vibration. 

If  the  pendulum  be  initially  in  any  other  situation  than  that 
which  is  here  supposed,  its  subsecjuent  motion  may  l>e  deter- 
luiiuMl  by  c(miparison  with  that  of  a  point  so  vibrating,  "  and 
itij  progress  may  be  estimatecl,  with  tttlerabh'  accuracy,  while 
this  deviation  exists,  by  supposing  it  to  perform  suiali  vibrations 
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with  respect  to  its  mean  place,  in  which  the  imme&te  effect  of 

resistance  may  be  neglected but  since  these  vibrations  are 
not  supported  by  any  new  sustaining  force,  they  will  evidently 
be  rendered  by  degrees  smaller  and  smaller,  so  that  the  pen- 
dulum will  ultimately  approach  infinitely  near  to  the  regular 
state  of  vibration  here  described,  which  may  therefore  be  con- 
sidered as  afibrding  a  stiible  equilibrium  of  motion. 

Scholium  1.  Supposing  the  relation  of  the  resistance  to  the 
velocity  to  be  altered,  the  relation  of  the  sine  AC  to  the  cosine 
CD  must  be  similarly  altered,  the  force  equivalent  to  the 
resistance  varying  as  the  sine^  and  the  extent  of  the  vibratioDBy 
and  consequently  the  Telocity,  as  the  cosine  of  the  displacement 
BI :  but  the  relation  of  the  sine  to  the  cosine  is  that  of  the 
tangent  to  the  radius :  so  that  the  tangpnt  of  the  displacement 
will  be  as  the  mean  resistance.  And  the  sine  of  the  displace- 
ment AC  is  to  the  radius  BC  as  the  greatest  resistance  b  to 
the  greatest  force  which  would  operate  on  the  pendulous  body 
if  it  remained  at  rest  at  G :  "  the  displacement  at  the  ex- 
tremity of  the  vibration  having  the  same  angular  measure,  but 
becoming,  with  respect  to  the  place  of  the  body,  tlie  verse  sine 
only,  instead  of  the  sine. 

"  Scholium  2.  It  is  obvious,  from  the  figures,  that  the  l>ody 
G  will  always  Ik^  behind  the  place  S,  which  it  would  have 
occupi(Hl  without  the  resistance,  when  the  vibration  is  direct, 
but  before  it  when  inverted. 

**  Scholium  3.  When  the  resistance  is  very  small,  a  simple 
pendulum  with  a  similar  resistance  may  be  conceived  to  vibrate 
nearly  in  a  similar  manner :  and  if  we  neglect  the  diminution 
of  the  Telocity  in  the  consideration  of  the  resistance,  and  call  r 
s  mo  a  m  cos.  /,  we  have  v  =  — / /dt  =  —/{wa.  t  +  m  ooa. 
t)  ^  cos.  t  —  m  sin.  and  «  =  /  vd/  =  sin.  t  ^  m  cos.  t  — 
a  s  ^(1  -f  m*)  sin.  {t  •¥  b)  -^a^b  being  the  angle  of  whidi 
the  tangent  is  m,  and  a  «  V(  1  +       nn.  b  s  ^(1  +  m») 

^(1*  mm)  ~  '  consequently  j?  =  V(l  -f  ni^)  sin.  (/  m,  which 
implies  a  vibration  observing  the  period  of  /,  but  beginning  at 
a  point  at  the  distance  b  further  Ixu  k  in  tlie  circle,  so  thai  the 
time  of  ascent  will  be  diminished  and  that  of  descent  increased 
very  nearly  in  an  equal  degree.'* 
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Scholium  4.  Tliis  proposition  may  aim  be  deduced  from  the 
former,  by  representiDg  the  reaistance  as  a  force  tending  to  a 
moveable  centre  of  attraction,  analogouB  to  the  point  of  sua- 
penrioD  of  a  pendulum,  so  as  to  create  a  new  Tibration  liable  to 
an  equal  resistance;  or  still  more  amply  in  the  preaent  instance, 
by  attributing  the  whole  actual  resistance  to  the  principal  Ti- 
bration, and  considering  the  subordinate  vibration  as  exempt 
fixnn  it.   TTie  resistance  at  G  may  evidently  be  represented 
by  the  force  acting  on  a  piMidnlinn  of  the  length  AG  at  tlie 
distance  AC  from  the  vertical  line,  and  the  corresponding 
excursion  of  the  pendulous  body  must  he  re{)resented,  according 
to  the  former  proposition,  by  GS,  which  is  to  AC  as  the  length 
of  the  thread  corresponding  to  the  periodical  time  is  to  the 
difference  of  the  lengths :  so  that  when  the  place  of  the  body, 
as  determined  by  the  former  proposition,  without  resistance, 
would  have  been  S,  it  is  actually  found  in  G :  the  centre  of 
attraction  representing  the  resistance  being  always  behind  the 
body,  the  body  will  also  be  behind  the  phioe  which  it  would 
have  occupied  without  the  reristance  when  the  vibration  is 
direct,  but  before  it  when  inverted :  and  it  will  he  found,  that 
the  forces  concerned  preserve  their  due  proportion  in  every 
other  part  of  the  vibration.    At  the  beginning  of  the  true 
vibration,  the  body  mast  have  its  greatest  velocity  in  the  sub- 
ordinate vibration  representing  the  eflfect  of  resistance,  and  this 
velocity  mw-^t  be  equal  and  contrary  to  the  supposed  velocity  in 
the  primitive  vibration,  independent  of  resistance  ;  consequently 
AC,  representing  the  greatest  velocity  in  the  subordinate  vibra- 
tion, must  be  equal  to  DI,  the  sine  of  the  displacement,  which 
shows  the  velocity  in  the  primitive  vibration.    And  this  agree- 
ment with  the  former  demonstration  is  sufficient  to  show  the 
accuracy  of  this  mode  of  representing  the  operation  of  the 
forces  concerned. 

Theorem  C.  If  the  resistance  be  proprtional  to  the  square 
of  the  velocity,  a  pendulum  with  a  vibrating  point  of  suspension 
may  perform  vibrations  isochronous  with  those  of  the  point  of 
suspension,  and  very  nearly  regular,  the  relative  situations  Wmg 
nearly  the  same  as  in  the  case  of  a  similar  pendulum  liable  to 
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a  resistance  simply  proportional  to  the  velocity,  and  equal  in 
its  aggregate  amount  to  the  actual  resistance. 

Tlie  mode  of  investigation  which  has  been  exemplified  in  the 
last  scholium,  may  be  applied  to  this  and  to  all  oUier  similar 
cases ;  the  only  difficulty  being  of  a  mathematical  nature,  since 
the  method  depends  on  the  expression  of  the  forces  concerned 
in  the  terms  of  sines  or  cosines  of  arcs,  and  their  multiples ;  and 
it  appears  to  be  frequently  impossible  to  do  this  otherwise  than 
by  a])proxima1ion.  In  the  present  instance  we  cannot  obtain  a 
perfectly  correct  expression  for  the  square  of  the  sine:  the 
square  of  the  sine,  in  the  common  language  of  mathematics, 
being  always  positive,  and  this  case  requiring  an  alternation  of 
positive  and  negative  values,  the  common  forms  employed  by 
Euler,  Arbogast,  and  others,  completely  fail ;  and  the  difficulty 
seems  to  be  rather  in  the  nature  of  the  problem^  than  in  the 
mode  of  inyestigation,  for  the  formula  which  answers  the 
coDditioos  most  completely  for  one  part  of  the  drde,  seems  to  be 
incorrect  at  others.  Thus  we  may  put  an.  *x  s  a  sin.  x  b 
nn.  ^  +  e  mn,  &r  .  .  .  omitting  the  even  multiples,  since 
they  would  afford  different  values  for  the  corresponding  parts 
of  the  first  two  quadrants,  and  take  the  suooessiTe  orders  of 
fluxions,  whence  we  hare 

nn.  *jr  =  a  sin.  x  4-  &  sin  9x     c  sin.  5jr  +  .  .  . 

2  sin.  X  cos.  X  =  a  cos.  x  +  Sh  cos.  Sx  -f  5c  cos.  5j-  +  .  .  . 

2  —  4  sin.  =  —  a  sin.  x  —  9b  sin.  32-  —  25c  sin.  5x  —  .  .  . 
— 8  sin.  X  cos,  X  =  —  a  cos.  x  —  27b  cos.  3  x  —  125  cos. 

5x 

10  sin.  ^x  —  S  =  a  sin.  x  +  81/>  sin.  3x -\-  G25c  sin.  5t  -h  .  .  . 

If  in  these  five  equations  we  make  x  alteniatcly  =  DO",  and 
-  0,  we  may  find  five  coefficients,  rt  =  "7801,  b  =  -  •25i.>8, 
c« -.  03709,  r/= -01012,  and  c  -  •()()732,  which  represent  the 
ordinates  of  a  curve  agreeing  with  the  curve  proposed  at  the 
vertex  and  at  the  origpn  in  situation,  in  curvature,  and  in  the 
first  and  second  fluxions  of  the  curvature :  and  yet  the  curves 
differ  surprisingly  from  each  other  in  the  intermediate  parts ; 
the  ordinate  at  45°  becoming  less  than  '4  instead  of  '5. 

On  the  whole,  the  best  mode  of  determining  the  coefficients^ 
vis.  (*4)  (*5)  appears  to  be,  to  divide  the  quadrant  into  as  many 
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parts  as  we  wish  to  have  coefficit'nt}*,  and  to  substitute  the  corre- 
sponding values  of  the  arc  in  the  general  equation ;  we  thus  obt;iiu 
a  =  -8484,  A  = -  IGOG,  c= --0244,  </=— -0081,  c  =-.0021), 
and  /*=— •0013.  Then  if  we  make,  as  before,  the  s{|ua re  of 
the  time  in  the  entire  forced  vibration  of  the  point  of  suspension 
to  the  S([uare  of  the  time  of  the  spontaneous  vibration  of  the 
.  pendulum  as  7i  to  1,  the  distance  of  the  pendulous  body  will  be 

expraised  by       when  that  of  the  point  of  snspenaon  is  um^ ; 

and  aooordmgly  as  Ji-*1  is  positive  or  negative,  the  body 
will'  be  on  the  same  side  of  the  vertical  line  with  the  point 

of  suspension,  or  on  the  opposite  side :  and  the  same  will  be 
true  with  respect  to  the  displacement  corresponding  to  the 
first  term  of  the  series  expressing  the  resistance,  substituting 
the  sujjposod  centre  of  attraction  for  the  point  of  suspension, 
and  the  mean  j)lace  for  the  vertical  line :  but  in  the  following 
terms,  the  value  of  7i  is  successively  reduced  to  i,  jV»  and 
so  forth  :  consequently,  the  whole  displacement  immediately 
produced  by  the  effect  of  the  resistance  r  sin  *x  will  be  m 

(•8484    .              '1096     .      A           -U-IU     .      -  '0081     .  « 

— ;-8in.  X  —  — r  sm  3jr  em*os  -  - — -  sin.  7a? 
«— 1                    11-9                      n-25  n-49 

—        sin.  9«  *  ^  llar^*   This  displacement  will, 

however,  cause  an  alteration  of  the  resistance,  which  may  be 
considered  as  a  differential  of  the  former,  and  since  (;/')•  = 
the  new  resistance  may  be  expressed  by  the  product  of 
the  new  and  twice  the  original  velocity,  or  by  —  2r^n  sin.  x 

(•8484    o         '1696  „  -   ,      '0244  -  \ 

1^  COS. X -3  X  -j^^  COS.  3*  -  5  X  -:^cos.5x-...j 

and  the  consequent  displacement  may  be  determined  in  the 
same  manner  as  for  the  original  resistance.    The  first  term 

gives  2r*«iP  ; — sin.  2x  i  for  the  remainder  we  must 

find  an  equivalent  series  in  terms  of  the  cosines  of  multiple 
arcs,  since  the  direction  of  the  force  of  resistance  does  not 
change  where  the  sine  becomes  negative :  and  each  terra  will 
require  a  sej)arate  investigation  while  n  remains  indeterminate  ; 
but  for  the  prestint  purpose  two  of  the  tenus  will  be  sufficient. 
The  method  employed  by  Euler  fur  determining  the  coefficients 
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in  such  08868  is  of  no  use  here,  because  it  affords  a  progression 
of  sinos  only :  we  must,  therefore,  put  a  cos.  j:  +  &  cos  3cr  + 
e  cos.  bx-^d  COS.  7x-\~, .  .successively  equal  to  sin.  x  cos.  3* 
and  sin.  x  cos.  5x ;  then  bisecting  and  trisecting  the  quadrant, 
we  find  the  ooefficiento  1667,—  3333,  6869,  and—  •5202, 
and— *1057,  —  '2886,  '6421,  and— *2478,  respectively,  and  the 

/  •4348 

whole  of  this  second  displacement  becomes  2r^n^  \{n^\)  {m~4) 
sin.  2x  —  — ■■  ( — r  COS-  *  a  cos.  3x  +  — -  cos.  ox 

•  M-9  n-25 

•5202  '\220  r      -1057  '  2886  «  . 

-7:1:^9  «»-74r)----C-  —  COS.*  -  — cos.3*  + 
_  cos.  5*  -  j::^  COS.  7*)  j. 

For  eiample,  if  we  take  r  and  n,  each  eqnal  to  i,  the  first 
formula  gives  — '4484  for  the  displacement  at  the  middle  of 

the  time,  and  0  for  the  beginning ;  the  second  0  at  the  middle, 
and  —  0022  at  the  beginning :  but  the  true  be^nning  of  the 
actual  vibration  is  modifiod  hy  the  velocity  belonging  to  the  first 
order  of  the  effects  of  resistance,  whicli  is  found  in  this  case  .SlK), 
consequently,  the  true  time  of  rest  will  be  when  the  velocity  is 
— '3[)0  in  the  primitive  vibration,  or  when  the  arc  corresponding 
to  the  excursion  is  67^,  and  its  sine  '920,  which,  lessened  by 
•0022,  shews  the  true  extent  of  the  excursion  '9178  ;  and 
reckoning  from  this  point  as  the  begiiuiing,  the  displacement  in 
the  middle  will  be  reduced  to  about  '05.  Now  an  equal  mean 
resistance,  varying  simply  in  proportion  to  the  velocity,  would 
cause  a  displacement  in  tlie  middle  of  '3957  instead  of  4434; 
and  reckoning  from  the  true  beginning  of  the  vibration,  the  dis- 
placement  in  the  middle  would  vanish,  instead  of  being  reduced 
to  about  *05,  and  the  extent  would  be  '9196  instead  of  9178. 
And  if  r  were  smaller  than  there  would  obviously  be  still 
less  difference  in  the  two  cases.  From  the  small  proportion 
which  the  second  displacement  bears  in  this  case  to  tlie  first,  it 
may  be  inferred,  that  any  further  calculation  of  the  effiscts  of 
the  third  order  would  be  wholly  snperfluous. 

Scholium  1.  Dr.  T.  haB  suggested  an  ingenious  method, 
which  affords  a  formula  for  the  coefficients  of  the  first  series ; 
but  unfortunately  it  loses  its  convergence  too  soon  to  be  of  any 
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use.   Taking  the  equatioo  2  sin.  x  OM.  »  ^  a  cos.  x  4.  d6 

C06.  dr  4-  5c  ooe.  5*  +  •  .  .  =  2  (t  —  cos.  ■x)"*co8.  x,  we 

may  exp.md  this  expression,  by  means  of  the  binomial  theorem, 
into  2  eos.  x  —  vo^.  '.r  —  \  cos.  —  ^  e(\><.  '.r  —  .  .  .  and 
substituting  the  eft^iiics  of  multiple  arcs  for  tlie  powers  of  cos.  r, 
and  tlieo  compariog  Uie  homologous  terms,  we  obtain  a  -  2 
(I  -  «  -  i3  —  If  — >  —  .  . .)  where  as  i%,  i3  s  4.  i.  i    7  ss 

i.  4.       «  .4%  t^lf.  V  +  /8 

+  y  +  . . .)  where  a  s  yV,  iS  »  ^  |.  f  a,  y  s  i.  |.  i  /S,  S  « 
4.  I  y :  and  «=  —  |.(a+^  +  7  +  ...)  where  a  =  ttt* 

^  =  V-  •  {  «,  7  =  T-  i  f  "  •  .  •  :  but  in  all  these  series  it  ia 
obviou.H  that  the  ratio  of  the  terras,  .'is  tlu«y  diminish,  ap- 
proar}i<'.-i  to  (  (juality  ;  so  that  it  is  even  difficult  to  det»'r- 
inuif  whether  or  no  this  sum  is  finite.  But  a  still  greater 
objection  to  this  metluMl  is,  that  the  thini  tluxion  —  8  sin.  r 
cos.  X,  treated  in  the  same  wajr,  afibrds  a  very  different 
result 

Scholium  2.  In  the  case  of  a  simple  pendulum,  subjected  for 
a  single  vibration  to  a  resistance  prop>rtiona]  to  the  square  of 
the  velocity,  Uie  space  described  may  be  correctly  calculated  by 
of  a  logarithmic  equation,  and  the  time  might  also  be  ex- 
it if  it  were  required,  in  a  series.  Let  the  apaoe  described 
be  Xt  and  the  resistance  then  the  fon^e  may  be  represented  by 
I  ~  X  *  and  the  square  of  the  velocity  will  be/(x  ~  xx  ~ 
jfx),  whence y  ss  af(i  —  xi  -5?*),  andy  =  ax  —  oxx  -  ayi, 
and  jf  +  atyx  =  (a  —  ax)x.  Then  if  we  make  y  as  its,  a  being 
a  ftmctioD  ci  x,  and  =  iii  ^  xv,  we  have  ui  4.  ate  4-  atcsx 
s:  (a  <->  ax)i;  and  in  order  to  determine  a,  we  may  put  tii  + 

auix  =  0,  «  4.      s  0,  XlLz  =  —  ax,  or  z  =  e       and,  sub- 
stituting for  av,  e      u  s  (a  —  ax)  z,  or,  if  ax  s  w,  a       » tb 
»  .  w  .       1     w      .        •  — w  ^   w  .  I 

—     lipase   Mb  ^  -  €   WW,  and  y«a  /« 
*  '  '/*  "  anv.   Hence  (Eul.  calc.  integr.  pr.  52)  y  =  C*  ~ 
+  I  -  '-  D»      -  iir  +  '  =  C.       +  1  -  i  D. 

TfrU  II.  T 
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a;  +  J,  which  must  vanish  when  a;  =  o,  and  €       =  1, 

whence  C  -        =  -         and  y  =  —  (1  -  •  "'^  -  «. 

Scholium  3.  The  Siinie  result  may  be  still  more  simply  ob- 
tained, hy  repeated  approximations,  from  the  first  expreMiao 
y  «  a  y  (i:  —  a"i  —  yz)  :  neglecting  first  the  term  yi,  we 
have  y^ax — ioz*;  then  aubetituting  this  Taltie  in  yi^  we 

hftfe  a/yx  =  ioV  -  j^aV,  and  y  »  ox  -  ioa^  -  iaftr^  + 
•j—^o^,  to  whiefa  we.  add,  by  another  aimttar  opentioii,  the 
terms  +  ~  s~77^^t  And  the  whole  becomes  ax  — 

4«=x=  +  aV  -  -L;  oV  . .  -  W  +  ^  o-x*-.... 
But  Itta  wen  known  that  ,  —  =  I  -     +  io"^  -  ^3 

oV. . . ;  therefore,  y  « 1  —  e  ***  —  ^  j     * 5  preciaely 

as  before.  The  length  of  the  whole  ▼ibration  may  obnoudy  he 

found  by  making  y  =  0 :  and  if  it  be  desired  to  determine  the 
time,  we  must  develope,  by  means  of  the  polynomial  theorem, 

tbe  expression  ^  {ax  —  i  (a  +  a*)  «*  +  (a*  +  «*)  — 
.  .  .  )~^,  and  take  the  fluent. 

Scholium  4.  This  mode  of  exhaustion  may  be  illuatrated  by 
aoother  well-known  case  of  a  pendulum  with  a  constant  resist- 
ance, which  b  known  not  to  alter  the  time  of  vibration*  Galfing 
the  initial  force  1»  and  the  resistance  a,  the  Yeloeity  destroyed 
win  he  ox,  if  «  he  the  are  proportional  to  the  time :  and  the 
dimtnntioD  of  the  qpaoe  will  he  Jo*' :  bnt  this  displaoemeni 
will  catiae  a  new  force,  which  is  to  the  initial  ibroe  1  as  iai^  to 
the  raiOas  1,  and  is  therefore  represented  by  ^o^* ;  hence  the 

Telocity  will  be  increased  by  the  quantity/         »  •j-^  <u\ 

and  the  space  by  or* :  so  that  wc  have  iox*  —  or* 
for  the  corrected  displacement:  and  this  correction  wiU»  in  a 

similar  manner,  afford  a  second  of  ^-z  ax* ;  so  that  tJie  t 

mm  .O 
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dkplaoement  becomes  iox^  -  .  —  oc^  +  ^  or*  ^  a«* 

—  .  .  . ,  which,  as  is  well  known,  is  equal  to  a  -  a  co3.  x :  and 

tiie  diminution  of  the  velocity  ox  —  — ^  ox*  +        or*—. . 

=  a  sin.  X ;  which  will,  of  course,  fanish  when  x  <=  180* ;  so 
that  the  body  will  be  at  rest  at  the  expiration  of  the  cor> 
^  responding  time  of  a  complete  vibration  in  one  direction. 
And  a  similar  mode  of  calculation  may  be  applied  to  the  case 
of  a  simple  pendolum,  with  a  resistance  varying  as  the  square 
of  the  velocity,  excqtt  that  here  the  variation  of  the  resistance 
at  each  step  makes  the  process  more  complicated.* 

Theorem  D.  If  the  resistance  he  proportional  to  the  square 
of  the  velocity,  a  pendulum,  of  which  the  point  of  suspension 
perfurras  vihnitions  composed  of  two  regular  vibrations,  may 
have  its  greatest  excursions  a  little  after  the  greatest  excursions 
of  the  point  of  suspension  wheu  its  vibrations  are  inverted,  and 
a  little  before  them  when  they  are  direct,  provided  tiiat  the 
slower  vibrations  be  the  laiger. 

In  order  to  express  the  resistance  as  correctly  as  possible  in 
this  case  by  a  series  of  multiple  arcs,  it  would  be  neoesaary  to 
have  a  great  variety  of  terms,  some  approaching  in  their  periods 
to  the  primitive  vibrations,  others  triple  and  quintuple  of  these : 
but  for  the  present  purpose  these  greater  multiples  may  be 
safely  omitted,  taking  care  only  that  the  omission  do  not  afl^ 
the  determination  of  the  coefficients  of  the  rest  The  general 
methods  of  obtaining  a  series  in  the  terms  of  sines  and  cosines 
of  multiple  arcs  fiul  here,  as  before,  on  account  of  the  positive 
terms  resulting  from  the  squares  of  negative  quantities,  wheT« 
the  conditions  of  the  problem  require  that  they  should  be 
negative,  aud  it  is  necessary  to  employ  approximations  obtained 
from  the  results  of  individual  snbstitntions.  For  this  purpose  a 
series  of  five  or  six  terms  has  been  tried  in  various  ways  without 
success:  and  the  most  convenient  fionn  which  has  been  disco- 
vered consists  of  three  only,  two  isochronous  with  the  primitive 

*  The  jirobleiiu  conudered  in  this  and  the  following  theorem  are  traated  iu  a  much 
iBor*  «0nptcto  ud  adartifie  fimn,  bf  fkt  aid  of  a  more  modm  aiid  refimd  analysis 

in  set  tioii  iii.  of  tlie  article  which  lollows,  No.  I.V.  The  methodt*  adoi  fcil  lu  re  innkn  a 
bold  aud,  tlte  circtUDstaiicea  being  c'oii.si<iered,  a  tolerahlv  aucoeaaful  inroa*!  upou'tha 

ikn  •!«  MMMrcntlr  tuudlT  t " 


aoltttioD  of  a  problem  of  great  dini>  ulty  by  owaiM  are  qiparcntly  haidlj  ana 
afeni  for  the  piirpoae.~i^f «  fty  |A«  E^kor, 
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Tibratioiis,  and  the  third  having  a  recurrence  lees  frequent  by 
one  time  in  the  common  period  than  the  slowest  of  these :  then 
the  coincidence  h&ng  estabUsfaed  at  the  time  of  the  greatest 
and  least  excursions,  and  at  the  transit  of  the  vertical  line 
nearest  to  the  middle  of  the  intermediate  time,  a  mean  value  of 
the  coefficients  may  be  obtained,  which  nowhere  differs  very 
materially  from  the  tmib;  although,  if  we  desure  to  make  the 
oouicidence  more  perfect  in  any  given  part  of  the  period,  we 
may  do  it  by  altering  the  values  of  the  coefficients  a  little ;  and 
by  these  means  we  may  obtain  a  correction  of  the  approxima- 
tion, sttffidenily  near  to  the  truth.  We  may  also  suppose  the 
actual  compound  vibrations  to  preserve  th^  regularity  without 
any  material  deviation,  following  the  same  law  as  if  the  resi>t- 
ance  were  either  inconsiderable,  or  varied  simply  as  the  velocity; 
and  we  may  make  the  pro])()rti()n  of  the  greatest  to  the  least 
actual  vibration  that  of  m-fl  to  m — 1 ;  then  calling  the  peri- 
odical time  of  the  greater  primitive  vibration  (  J) )  ^  that  of  the 
lesser  (0)  being  unity,  and  x  being  the  arc  corresponding  to  the 
time  in  the  latter,  beginning  with  the  perfect  coincidence  in  the 
vertical  line,  the  distance  from  that  line  at  any  subsequent 

time  wOl  be  expressed  by  an.  x+m  sin.  and  the  velodty  by 
COS. '  +  7       ^,  creating  a  resistance  which  may  be  called  r 


may  obtain  from  the  true  place  the  place  in  whidi  the  body  would 
have  been  found  if  there  had  been  no  resistance.  In  order  to 
facilitate  the  computation,  we  may  assume  particular  values 
of  m  and  t,  making  the  one  3,  and  the  other  1^ ;  and  then 

determine  the  coefficients  of  the  formula  a  cos.  jr  +  ^  cos.  — 


+  e  cos.  -  COS.  X  «  (cos.  x  +  2*9  cos.  — - )  ,  so  as  to  obtmn  as 


correct  a  coincidence  as  possible  of  the  magnitude  arid  of  the 
period  of  the  joint  vibratious  at  the  time  more  immediately  to 
be  considered.  Now  it  is  easily  shown,  from  the  well-known 
properties  of  compound  vibrations,  as  applied  to  the  intervals  of 
successive  spring  and  neap  tides,  that  the  interval  between  two 
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of  the  greatest  TibradoiiB  will  be  expressed  very  nearly  by 
^j-^  t  360°,  and  the  interyal  between  two  of  tiie  smallest  by 

t  360'',  provided  that  the  periods  differ  but  little  from 

each  other:  and  from  these  formulas  we  must  determine  tiie 
proportions  of  the  coefiicients  a  and  c ;  for  6  must  always  be 

I  +  2*^  s  9-4X,  in  order  that  the  eqnatioD  may  hold  good 
for  the  greatest  aod  least  vibrations ;  consequeDtly  a  4*  e  »  5'8. 

9*41 

We  may  first  aHow  -j-  to  a,  in  order  to  form  with  b  a  result 

similar  to  the  true  compound  vibratibn,  and  the  remainder 
2*663  must  again  be  distributed  between  a  and  c  in  such  a 
proportion  that  the  interval  of  the  greatest  vibrations  may  be 
4^  360"^,  and  m  must  be  so  determined  for  this  purpose  that 

'  ft  shall  be  equal  to       whence  m  a     and  for  this 

part  of  a,  'a  :  c  =  1  :  ^,  'a  :  a  -\-  c  =  \  :  ^,  and  'a  =  |  .  2  GG3 
=  1*664,  a  =  4*b0,  and  r  =  1,  so  that  the  velocity  becomes 
4*8  000.  je  +  9'41  cos.  Ht  +  cos.      :  and  for  the  interval 

of  the  least  vibrations,        .  \i  =  If,  and  the  whole  is  found 

3'8  cos.  X  4-  9'41  cos.  -/^  x  4-  2  cos.  ;  and  for  a  mean 
value  of  the  coefficients,  4*3  cos.  «  +  9'41  cos.  H  '  +  1*5 

COS.  If  X. 

If  now  we  denote  tlje  ratio  of  the  square  of  the  time  of  the 
most  firequent  vibration  ©  to  that  of  the  square  of  the  time  of 
the  spontaneous  vibration  of  the  pendulum  (c:)  by  the  ratio  of 

II  to  1,  the  Gonre^onding  displacement  will  be  to  the  distance 

expresnve  of  the  force  as       to  1>  and  the  term  4*8  cos.  z 

will  exhibit  a  displacement  of  ^  cos.  x :  and  in  the  other 

terms,  substituting,  for  n,  and  (H)'^  respectively,  we 

have        —  and     -^-~^«  or     ?     ,  and        —  for  mul- 

tipliers ;  and  the  distance  thus  determined  shows  the  place  m 
which  the  body  would  have  been  if  there  had  been  no  resist^ 
anoe,  which  is  before  the  true  place  when  the  multi|dier  » 
positive,  and  behind  when  it  is  negative :  the  distance  of 
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virtual  place  therefore  becomes  tan,  x  -\-  S  sin.  Hli  sin.  2;  -f  3 

»"••«+"•  (v^T  r?^-«»'H#+  rrV. 

eos.  Hl)t  ond  the  rekxaty  oos.  x  +  t9  eot.  H#  —  rn 

(;;^  sm.  Z  +  «  .  oc  H*  +  «  •  ^  HJ). 

Here  it  is  obvioiis  that  as  n  approaobes  to  1,  to  *9344»  or  to 
'871,  the  Talue  of  the  correspondii^  term  inereases  without 
timit,  and  the  period  of  the  redstance  may  approach  to  that 
of  the  slower  vibratioD,  or  may  even  exceed  it,  in  very  particular 
drcamstanees :  and  if  these  periods  were  equal,  the  eifect  would 
be  the  same  as  if  the  whole  resistance  were  attached  to  the 
slower  vibration,  which  would  obviously  be  such  as  is  stated  in 
the  theorem.  But  for  a  more  particular  illustration,  we  may 
take  n  =  |,  and  r  =  =  the  distance  of  the  virtual  place 
will  then  become  sin.  x  3  sin.  ~  '48  eos.  x  —  1103 
cos.  —  163  cos.  *l  t:  and  by  sub;>tituting  in  this  formula 
a  number  of  different  values  for  j-,  we  find,  when  z  =  118^,  — 
252'',  and  —  623"",  maxima  amounting  to  4  353,  4'367,  and 
4*342  respectively  ;  and,  employing  the  other  values  of  a  and 
c,  a  maximum  of  2"055  when  x  -  If)  x  300^  —  280^.  Here  it 
is  obvious  that  the  maximum  for  the  virtual  place  is  anterior  to 
the  true  maximum,  the  excursion  4*367  being  considerably 
greater  than  4"353,  which  is  nearest  to  the  true  maximum  ;  or, 
in  other  words,  the  true  maximum  hapjHnis  a  little  after  the 
perfect  conjunction  of  the  forces  which  occasion  it,  whith,  if 
there  were  no  resistance,  would  coincide  with  the  mAximum  of 
the  excursions. 

Theorem  £.  The  disturbing  force  of  a  distant  attractive 
body,  urging  a  particle  of  a  fluid  in  the  direction  of  the  sur- 
face of  a  sphere,  varies  as  the  sine  of  twice  the  altitude  of 
the  body. — See  supra.  No.  XLIV.,  p.  lil. 

Theorem  F.  The  inclination  of  the  surface  of  a  spheroid, 
slightly  elliptic-al,  to  that  of  the  inscribed  sphere,  varies  as  the 
nne  of  twice  the  distance  from  the  circle  of  contact ;  and  a 
particle  resting  on  any  part  of  it  witbottt  friction  may  be  held 
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ill  etjuilibrium  by  the  attraction  of  a  distaut  body.  — See  nipra. 
No.  XLIV.,  p.  121. 

Corollary.  Hence  it  may  be  calculated,  neglecting  th«» 
density  of  the  sea,  that  the  primitive  solar  tide  would  be  '807. 
and  the  lunar  2  0 166  feet,  supposing  the  lunar  disturbing  forob 
to  the  solar  as  5  to  2. 

Theorem  G.  The  disturbing  attraction  of  the  thin  shell, 
contained  between  a  spheroidical  surface  and  its  inscriljed  sphere, 
varies  in  the  same  proportion  as  the  inclination  of  the  surface, 
and  is  to  the  relative  force  of  gravity,  depending  on  that  incli- 
natioii,  as  3  times  the  density  of  the  shell  to  5  tuoes  that  of  the 
sphere. — See  supra.  No.  XLIV.,  p.  124. 

CoTvUiuy.  Hence  the  elliptiGity  must  he  to  that  which 
would  take  place  if  the  density  n  of  the  sphere  were  infinite^  as 

1  to  1 —  —  ;  or,  in  the  case  of  n  =  5i,  nearly  as  8  to  U,  giving 

for  the  solar  tide  '91,  and  for  the  lunar  2'26d:  if  n  =  5,  the 
heights  are  -92  and  2*291  respectively;  if  2*024  and 
6*042. 

SekoHum*  The  direct  attraction,  determining  the  length  of 
the  pendulum  in  diflferent  latitudes,  may  be  calculated  in  a 
naaner  nearly  similar.— See  japro,  No.  XLV.,  p.  127. 

Theorem  H.  MThen  the  horizontal  surface  of  a  liquid  is 
elevated  or  depressed  a  little  at  a  given  point,  the  effect  will  be 
propagated  in  the  manner  of  a  wave,  with  a  velocity  equal  to 
that  of  a  heavy  body  which  has  fallen  through  a  space  equal  to 
half  the  depth  of  the  fluid,  the  form  of  the  wave  remaining 
similar  to  that  of  the  original  elevation  or  depression.* 

Scholium,  In  calculating  this  velocity,  it  would  probably  be 
more  correct  to  diminish  the  multiplier  about  Vir  or  as  is 
found  to  be  necessary  for  determining  the  velocity  of  the 
motions  of  fluids  in  most  other  cases.f 

Thbobsm  I.  A  wave  of  a  symmetrical  form,  with  a  depres- 
sion equal  and  similar  to  its  elevatioo,  striking  agsinst  a  solid 
▼srtical  obstacle^  will  he  reflected  so  as  to  cause  a  part  of  the 
surfiMse,  at  the  distance  of  one-fourUi  of  its  breadth,  to  lemain 

*  Sec  tupn,  No.  XLVU.,  p.  141.  f  bee  supra,  Mo.  XXZV. 
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at  rert;  and  if  there  be  another  opposite  obstacle  at  twice  that 
distance,  there  may  be  a  perpetual  vibration  between  the  sur- 
fiices.  the  middle  point  having  no  vertical  motion. — Ste  *  Young's 
Natural  Philosophy,'  I.  289,  777. 

Thus  the  vibrations  of  the  water  supposed  to  be  contained  in 
a  canal  in  the  situation  of  the  equator,  and  90**  in  length, 
would  be  synchronous  witli  the  pai^swige  of  a  wave  180'^  in 
breadth  over  any  point  of  a  canal  of  the  same  depth  :  and  the 
elevation  and  (h'pression  of  a  spheroid,  compared  with  the 
mean  height,  exhibits  a  symmetrical  wave  in  the  sense  of  the 
proposition. 

Theorem  K.  The  oscillations  of  the  sea  and  of  lakes,  consti- 
tuting the  tides,  are  subject  to  laws  exactly  similar  to  those  of 
pendidums  capable  of  performing  vibrations  in  the  same  time, 
and  suspended  from  points  which  are  subjected  to  com{x)und 
regular  vibrations  of  which  the  constituent  periods  are  com- 
pletcd  in  half  a  lunar  and  half  a  solar  day. 

Supposing  the  surface  of  the  sea  to  remain  at  rest,  each 
point  oiit  will  become  alteniately  elevated  and  depressed  in 
comparison  with  the  situation  in  which  it  would  remain  in  equi- 
librium, its  distance  from  this  situation  varying  according  to  tlie 
tegular  law  of  the  pendulum  (see  Theorem  F) :  and  it  will  be 
actuated  by  forces  indirectly  dependent  on,  and  proportional  to 
this  distance,  so  that  it  may  be  compared  to  a  pendulum  remain- 
ing at  rest  in  the  vertical  line  about  wliich  its  point  of  suspenaoo 
vibrates,  and  will  consequently  follow  the  motion  of  the  tempo- 
rary horixon  in  the  same  manner  as  the  pendulum  follows  the 
viWtion  of  its  point  of  suspension,  either  with  a  direct  or 
retrograde  motion  aooordbg  to  circumstances :  the  operation  of 
the  forces  concerned  bemg  perfectly  analogous,  whether  we 
consider  the  simple  hydrostatic  pressure  depending  on  the 
elevation,  or  the  horisontal  pressure  derived  from  the  tneti- 
nation  of  the  sur&oe,  or  the  difierential  force  immediately  pro* 
dnomg  elevation  and  depression,  depending  on  the  variatioo  of 
the  horisontal  pressure,  and  proportional  to  the  corvature  of  the 
surfoce.   We  have  only  to  determine  the  time  of  spontaneous 
oscillation  (ss)  either  in  the  open  sea,  or  in  any  confined  chan- 
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nd  or  lake  of  known  dimenaions,  and  we  may  thenoe  immedi- 
ately infer  the  magnitnde  of  the  solar  or  Innar  tide,  supposing 
the  reaiitanoe  inconsiderable;  and  supponng  the  resistance 
given,  we  may  obtain  by  approximation  a  aoffidently  correct 
idea  of  its  efibcts. 

Corollary  1.  Neglecting,  in  the  first  place,  tbe  resistance,  we 
may  suppose  a  lake  or  sea  to  be  contained  between  opj)osite 
codiiU  in  the  direction  of  the  meridian,  and  call  its  hreadth  in 
the  direction  of  the  equator  6,  ami  its  depth  hoth  in  miles ; 
then  the  time  required  for  the  complete  uticillation  of  such  a 

lake  will  be  |^^^  in  hours :  and  the  square  of  this  time  will 

be  to  the  square  of  half  a  solar  day  (©)  as  j^g^  to  144,  or 
as  to  28d0000<i, : :  1  :  it  (Pr.  A.  Sch.  2.)*  and  n  =  2880  000 
d :  h\  and  ^  =  ^^^JZJ^^  ^'"<^fc  »  ^  mullipHcr  for  de- 
termining the  excursion  of  the  pendulum  from  that  of  the  point 
of  suspension,  or  the  true  height  of  the  tide  from  the  variation 
of  the  form  of  equilihrlum  :  so  that  if  b  he  considered  as  a 
circular  arc,  the  height  at  tbe  eastern  and  western  shores  will 

be  sin.  4  &  ^^^^^Zt'-hb  '  *♦  *  ^  hxaghi  of  the 

primitive  solar  variation ;  and  in  the  same  manner  taking  half  a 
lunar  instead  of  half  a  solar  day,  we  have  sin.  ^  h  "g^^^zn 

A,  for  the  lunar  tide,  h  bmng  the  primitire  lunar  variation :  and 
for  a  lake  of  90*  in  breadth,  where  h  »  6216,  or  for  tbe  open 

ocean,  the  heights  become          fh        dZ\i  ^  respectively. 

It  would,  however,  probably  be  more  correct  to  make  the  num- 
bers 14  and  13  somewhat  larger,  on  account  of  tbe  deficiency 
of  velocity  observable  in  almost  all  the  motions  of  fluids. 

Cbrvflory  2.  In  this  calculation  we  neglect  tbe  attraction  of 
the  parts  of  tbe  sea  already  elevated  or  depressed,  so  that  it 
would  only  be  strictly  accurate  if  the  density  of  the  sea  were 
absolutely  inconader^le,  and  h  were  *8  or  2  feet.  But  if  the 
earth  consisted  wholly  of  a  substance  not  more  dense  than 
water,  the  force  tending  to  destroy  the  level  of  its  surface  would 

*  Supra,  p.  'iS4. 
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be  only  |  at  great  as  the  dirturbuig  ibroe  winch  wonld  act  at  the 
same  pomt  if  the  body  had  asBiuiied  the  form  of  eqvDlibriiiiD, 
fliiice  T  of  the  force  would  be  the  eflbot  of  the  attraotioii  of  the 
parts  actually  elevated  ('HieoremG) :  and  the  ratio  of  the  ibioea 
would  be  the  same  in  every  part  of  the  vibration;  so  that  the 
time  of  a  qNmtaneoas  oscillatioo  would  be  increased  in  the  sub- 
dupficate  ratio  of  the  diminution  of  the  fttce,  and  the  value 
of  n  diminished  in  the  simple  ratio.  And  if  we  suppose  the 
density  of  the  earth  to  be  about  5i  tunes  as  great  as  that  of  the 
sea,  the  value  of  n  becomes  reduced  to  ^  r,  and  we  find  ibr 

the  solar  tide  of  the  open  sea  jz^^j*  ^®  lunar  ^]^^^ 

«  y  ;  and  having  the  actual  height  9,     =  or  ; 

the  depth  15*7  and  14*6  miles  being  the  smallest  at  which  the 
tides  could  be  direct :  supposing  the  sea  shallower,  they  would 
be  inverted,  the  passage  of  the  luminary  over  the  meridian  cor- 
responding with  the  time  of  low  water. 

CoroUary  8.  We  may  form  a  coarse  estimate  of  the  efet  of 
resistance  on  the  hei^t  and  time  of  the  tides  of  a  given  aea  by 
considering  the  case  of  a  ample  oscillation  subjected  to  a 
remstance  proportional  to  the  velocity.  Supposing  the  retarda- 
tion or  acceleration  of  a  lunar  tide  to  amount  to  one  lunar  hour, 
the  are  of  the  circle  appropriate  to  the  vibration  becoming  dO^^ 
the  cosine  of  this  arc  will  be  '866,  and  tiie  hei^t  will  be  *866. 

(Th.  B)  for  the  open  sea,  and    =  i  Thus  if 

tiieheiriit  were  2  or  -2,  if  would  be  7'dO  or  7*87,  while  Uie 

formula  independent  of  resistance,  would  give  only 

6*45,  a  negative  value  of  d  being  impossible.  If  h  were  —  3, 
with  this  resistance,  d  would  be  8*83.  The  sine  of  30"  being 
*5,  the  resbtance,  when  greatest,  would  be  equal  to  half  the 
greatest  accelerating  force. 

CoroUary  4.  If  the  bottom  of  the  sea  were  perfectly  smootii 
and  horiaontal,  we  mig|it  form  some  idea  of  the  resistance 
opposed  to  the  tides  from  the  phenomena  of  rivers  and  pipes ; 
bat  on  account  of  the  great  irregularity  of  form,  we  can  only 
mfer  tiiat  the  resistance  must  be  incomparably  greater  than  tlia^ 
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winch  Is  Urns  detenmned.  The  horisontal  velooity  is  most 
rattdil y  deduced  from  the  effect  of  the  incUnatioii,  which  gene- 
ntes  a  isroe  itarpng  according  to  the  law  of  the  pendulum, 
and  ptodudng,  therefine,  a  Telocity,  which,  when  greatest,  Is 
to  that  wludi  would  have  been  produced  hy  the  whole  fince 
nnilbrmly  continued  for  the  ssme  time^  as  the  rsdins  is  to  one 
fourth  of  the  drcumforence :  the  cine  of  the  indinatinB,  which 
eipresses  the  force,  is  also  to  the  whde  height  divided  by  the 
breadth,  as  one  fourth  of  the  dreumforence  to  the  radius :  so 
that  the  greatest  Telocity  becomes  precisely  equal  to  that  which 
would  be  produced  in  the  same  time  by  a  uniform  force, 
expressed  by  the  height  of  the  tide  divided  by  the  breadth : 
and  for  the  solar  tide  in  the  open  sea,  we  have  a  force  expressed 

by  the  sine  m^^ssso  ^P^^'^'S  hours,  which  is  equi- 

valent to  the  force  of  gravity  operating  for  ^^i^itati'' 

generate  a  velocity  of  =^^  =  9^1  »*««oiid,or, 

if  q  be  supposed  equal  to  1  foot,  about  |  of  an  incli.  Now  it 
appears  from  the  experiments  of  Dubuat  an<l  others  (Phil. 
Trans.  1808)*,  that  the  resistance  may  be  expressed  in  inches 

of  pfcssure  by  the  formula  /  »a  ji^4-2ejv,  where,  for 

considerable  depths,  a  =  '0000419,  and  e  s  '00009,  or 
perhaps  *0001,  d  being  four  times  the  depth ;  but  instead  of 
having  /  as  a  measure  of  the  hdg^  corresponding  to  the 
resistance,  we  may  determine  the  equivalent  indinatioa  by 

^  O     "4*  ftgy 

finding  j-$  which  will  be  — ^ — ;  and  this  we  are  to  com- 
pare with  the  greatest  force  tending  to  produce  the  horiaontal 

1-57087  ^     .  ^  ^  „     4l47200g  W^+9e» 

1-5708^     orjjc     i:5Z£i ,  and  the  oreatest  redstance  wiU 

6216X5280  d       '    4147200'  imeiAuvv  wim 

be  to  the  greatest  propelling  force  as  +  2c)  to  d, 

or  as  S6u  4-  126  to  the  depth  in  inches,  that  is,  as  ^  -f  JO^ 
feet  to  the  depth.   Hence  it  appears  that  if  this  calculation 

*  Supra,  No.  XXIV.,  vol.  i. 
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were  sufficient  to  determine  tlie  magnitude  of  the  resistance, 
that  part  of  it  which  varies  as  the  square  of  the  velocity  would 
be  small  in  comparison  with  the  part  which  varies  as  the 
▼elodty,  not  only  for  a  tide  of  one  foot,  hut  even  for  one  of  ten 
ieet  in  height ;  and  that  hoth  parts  would  hecorae  almost 
insensible  in  a  sea  of  considerablf  depth.  In  fact,  however, 
the  observations  have  been  made  under  circumstances  so 
widely  difierent,  that  no  valid  otmdusaons  can  he  formed  from 
them  with  respect  to  depths  so  great  and  velocities  so  small, 
even  if  we  could  disregard  the  irregularities  of  the  bottom  of 
the  sea.  which,  by  the  eddies  and  other  deviations  depending 
on  them,  most  create  a  much  greater  resistance  than  the  cal* 
cnlation  indicates ;  and  this  resistance,  from  the  nature  of  the 
centrifugal  forces  oonoemed  in  it,  is  much  more  likely  to  vary 
as  the  square  of  the  velodty  than  as  the  velocity  simply.  If 
we  employed  Dubuat's  ori|pnal  formula  0"(Vr  —  -1) 

.  ,        '3  V  we  might  infer  that  their  resistance  or 

adhesion  would  annihilate  the  velocity  when  •3(V^— 1IL\' (/>+ 
1*6))  became  equal  to  207,  b  being  the  cosecant  of  the  incli- 
nation, or  here  so  that  if  9  « 1,  •  8  (^^  HL 

1  •()))=  :  consiHjuently  nothing  can  he  inferred  from  the 
calculation,  except  that  Dubuat's  formula  is  totally  iiiajtplieable 
to  tlu^  case  ;  perha])>,  however,  the  extravagant  resi.stance,  whic  h 
is  iiniieated  by  it,  may  be  admitted  a^  a  conjectural  argument, 
to  shew  that  the  resistiince,  even  in  a  sea  of  a  form  perftvtly 
regular,  would  probably  be  greater  than  is  inferred  from  the 
formula  for  pipes  and  rivers,  ])ublished  in  the  Phil.  Trans. 

Corollary  5.  We  are  next  to  inquire  what  would  be  the 
effect  of  a  considerable  resistance,  varying  as  the  square  of  the 
velocity,  on  the  compound  tide,  produced  by  the  combination  of 
the  lunar  and  solar  forces:  and  the  calculations  in  Theorem  D 
will  serve  to  illustrate  this  case  as  it  is  found  in  nature.  The 
first  remarkable  consequence  of  such  a  re«stanoe  is  the  altera- 
tion of  the  comparative  magnitudes  of  the  forces  concerned :  the 
extent  of  the  oscillations  being  diminished  by  the  resistance,  the 
diminution  will  be  greater  where  the  resistance  is  greater  for  a 
given  velocity,  and  the  iqpring  tides  will  hear  a  smaller  pi«|ior> 
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tion  to  the  neap  than  if  there  were  no  resistiince,  so  that  the 
apparent  inequality  of  the  solar  and  lunar  forces  will  be  greater 
than  tlieir  true  inequality.  We  must,  however,  remember  in 
making  this  calculation,  that  the  proportion  of  the  tides  is  by  no 
means  precisely  the  same  with  that  of  the  disturbing  forces  of 
the  luminaries,  but  may  differ  from  it  more  or  less  on  account 
of  the  difference  of  the  periods,  according  to  tin*  depth  of  the 
ocean,  and  the  form  and  magnitude  of  the  seas  and  lakes  con- 
cerned.   For  example,  taking  n  =  f  and  r  =  ,v  9  ^ 

n  s       if  s  |(H  miles,  tln^  greatest  resistanoe  being  supposed 

for  the  solar  tide  equal  to  of  the  greatest  propelling  force  ;  it 
appears  that  under  these  circumstances,  if  the  true  spring  and 
nesp  tides  are  generally  9s  2  to  1 ,  which  seems  to  be  Teiy  ncarlj 
their  true  proportion,  the  tides  which  would  happen  if  the 
resistance  were  annihilated  would  be  in  the  proportion  of  4*d67 
to  2*055,  and  the  primitive  forces  exciting  these  tides,  instead  of 

6  422  and  2  312,  would  be  6-422  ^^^^  and  2  312  — »  or 

in  the  proportion  of  5  158  to  2*312,  or  2'208  to  I .  It  is  obvious 
therefore,  that  without  a  more  correct  knowledge  of  the  depth  of 
the  sea,  and  the  resistances  to  its  motion,  than  we  possess,  it  is 
impossible  to  form  any  accurate  estimate  of  the  proportion  of 
the  solar  and  lunar  forces  from  the  tides,  even  if  we  suppose  our 
observations  to  be  exempt  from  tiie  operation  of  any  of  tiiose 
local  causes  which  have  been  described,  as  likely  to  influence 
tins  pnqiortion :  in  hd  it  is  not  improbable  that  the  irregular- 
ities of  the  farm  of  the  seas  are  so  great  as  to  set  at  defiance  all 
calculation,  even  if  they  were  ascertained. 

Corolhry  6.  The  time  of  iiigh  water  is  also  subjected  to 
various  modifications,  according  to  the  resistances  concerned. 
It  is  easy  to  see,  that  a  resistance  of  any  kind  will  produce  a 
retardation  of  the  direct,  and  an  acceleration  of  the  inverted 
tides  (Cor.  3)  ;  but  the  law  of  a  resist«ince  varying  as  the 
square  of  the  velocity  produces  two  remarkab^'  consequences 
with  respect  to  the  time  of  high  water  :  first,  that  the  spring 
tides  will  be  retarded  or  accelerated  more  than  the  neap  tides ; 
and  secondly*  that  the  highest  tides  will  not  be  precisely  at  the 
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syzygios,  but  may  be  before  or  after  them,  according  to  circum- 
stances. The  first  of  these  consequences  has  not  been  suffi- 
ciently established  by  obsen^ation,  although  it  lia.s  been 
remarked  in  general,  that  high  tides  happen  earlier  than  lower 
ones,  other  things  being  equal.  But  in  many  of  the  harbours 
in  which  the  most  accurate  observations  have  been  made,  the 
time  of  high  water  may  perhaps  be  somewhat  moditied  by  the 
different  resistances  opposed  to  tides  of  different  magnitudes  in 
their  passage  from  the  seas  in  which  they  originate.  The  se- 
cond circumstance  is  observed  in  a  greater  degree  than  can  be 
well  explained  from  the  present  state  of  the  calculation.  It  is 
not  easy  to  suppose  the  conditions  more  favourable  to  the  re- 
tardation of  the  spring  tides,  than  tliey  have  been  assumed  in  the 
case  stated  in  Theorem  D ;  and  the  maximum  is  here  scarcely 
at  the  distance  of  a  single  tide  from  the  conjunction,  the  second 
excursion  being  somewhat  smalW  than  the  excursion  immedi- 
ately preceding  the  conjunction,  nor  is  it  probable  that  the  im- 
perfection of  the  mode  of  calculation  is  so  great  as  to  afibrd  a 
result  Tecy  materially  difkrent  from  the  truth.  It  mnat»  there- 
fore, remain,  for  the  present,  as  a  difficult  to  be  solved  by  fu- 
ture iuTestigations,  that  in  many  ports  not  far  remote  from  the 
open  sea,  to  which  the  tides  can  by  no  means  be,  as  Laplace 
seems  to  suppose,  a  day  and  a  half  in  traTelling,  the  third  tide 
after  the  syzygy  is,  in  general,  the  highest ;  if,  indeed,  this  hd 
should  be  confirmed  in  all  its  extent  by  observatioos  made  in  a 
greater  variety  of  situatioDS  than  those  which  have  hitherto 
been  recorded.  The  advance  of  the  spring  tides  at  the  solstices, 
which  Laplace  has  adduced  as  an  illustration  of  the  dependence 
of  the  tides  on  the  state  of  the  luminaries  a  day  and  a  half 
before,  is  certainly  &vourable  to  his  opinion.  But  this  circum- 
stance 18  not  sufficiently  established  by  continued  observation,  to 
eonnterbalance  the  incompatibility  of  so  slow  a  progress  of  the 
tides  fix)m  the  open  ocean  with  the  well-known  times  of  high 
water  at  the  different  ports.  There  is  also  some  difficulty  in 
explaining  the  occurrence  of  high  water  at  St.  Helena  2 1  hours, 
and  at  Belleisle  2|  after  the  moon's  transit,  in  these  situations, 
which  seem  to  be  as  little  remote  as  possible  from  the  source  of 
the  tides  of  the  Atlantic.  The  direct  tides  on  the  eastern  coasts 
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of  .1  sea  like  the  Atlantic  ought  to  happen  about  an  hour  before, 
and  the  inverted  almost  fivt;  liours  after  the  transit ;  an  acceler- 
ation of  24  hours  seems  to  be  greater  than  would  be  expected 
according  to  any  probable  estimate  of  the  magnitude  of  the  re- 
sistance. The  simplest  solution  of  this  ditlic  ulty  .^^eems  to  be  to 
puppo-e  the  deepest  parts  of  the  Atlantic  nuich  narrower  than 
the  whole  of  that  ocean,  so  as  to  cause  the  simple  inverted  tide 
to  happen  considerably  before  the  fifth  lunar  hour  ;  unless  we 
choose  to  consider  the  principal  part  of  the  phenomena  of  our 
tide*  a^  dependent  on  the  atlections  of  distant  seas,  so  as  to 
occur  at  tiuu  s  very  different  from  those  of  the  primitive  varia- 
tions of  the  Atlantic.  The  tides  on  the  western  coasts  agree 
very  well  with  either  supposition,  llie  slight  difference  of  the 
asceot  and  descent  of  the  tide,  remarked  by  Mr.  T^ftptaffe  in  the 
obsenratioiis  at  Brest,  may  be  explained  by  a  comparison  with 
the  form  of  a  common  waTe,  whichy  wliere  the  water  is  shallow, 
it  always  steepest  before.  Thia  ctrcnmstance  arises  from  the 
gV«ater  Telocity  with  which  the  upper  parts  of  tbe  wave  advance, 
wbere  the  difference  of  the  depths  becomes  considerable  (Phi). 
Trans.  180S) ;  and  it  is,  perhaps,  somewhat  increased  by  the 
resistance  of  the  bottom.  Where  tlie  tide  tniTels  far  in  shallow 
channels,  its  irregularity  of  indinatioD  increases  more  and  more ; 
ktr  iDStaiio^  in  the  Severn,  it  assumes  almost  the  appearance 
of  a  steep  bank.  (See  Nich.  Joum.,  toI.  XVIII.,  1807,  p.  118.) 

SekcHwH  1.  As  a  fonfinnation  of  the  condasioos  whicfa  have 
been  deduced  from  the  analogy  of  the  osciUations  of  the  ihiida 
with  the  vibrations  of  the  pendulum,  we  may  obtain  similar 
rasalta  froai  the  immsdistw  conideralion  of  the  progress  of  the 
tide  in  an  open  ocean  feUowiqg  the  luminary  like  a  wideij 
eamdedwave.  If  the  actual  hdght  of  the  tide  be  called  7,  ita 
virtnal  he^jM,  with  lespeet  to  the  Ibim  which  would  ailbtd  a 
MPenlary  eqoilihrittm,  will  be  q±k,  and  the  propelling  Ibfce 
wiU  be  propoitienaltothisheig^:  now  die  natoral  vehMilj  of 
the  wave,  ( genenled  by  its  exposure  to  a  fiwoe 
proportional  to  its  ample  hei|^  fbratame  proportional  to  thai 
which  il  ocFupifs  in  passing  over  its  own  brftadth  A,  thai  is  fin* 

the  time  ^TTiVy  ^     *^  ^  exposed  to  a  force  greater 
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or  len  in  the  ratio  of  9  :t  ^  to  9,  for  the  time  ^,  where  »  ib  the 

velocity  of  rotation,  its  velocity  will  become  m  V  {^d)       ~  • 

-^^Ml  ^nf,\d*        which  must  he  equal  to  n,  and  i^q=nf 

iq  ±h)y  and  putting      =  in',  ^r,  rq  =  d  (q  ±  h)  and  q  = 

and  d  ~       ,  precisely  as  already  demonstrated ;  r  being 

the  depth,  affording  a  velocity  equal  to  the  velocity  of  rotation. 
And  sapposing,  in  the  nest  place,  such  a  wave  to  be  liable  to  a 
resistance  proportional  to  tfie  velocity,  we  may  illustrate  the 
eifoct  of  the  resistance  by  comparing  it  with  that  of  another 
wave,  wUch  we  may  call  its  representative,  comlnned  with  the 
original  wave,  and  altering  the  inclination  of  Its  surfooe 
to  the  horizon.    Thus,  if  the  ordinates  of  the  curve  A 


represent  tho  elevation  and  the  horizontal  velocity  of  the  tide, 

those  of  the  curve  B  will  cxhil)it  tlie  force  derived  immediately 
from  the  resistance,  which  will  l)e  the  same  as  would  be  pro- 
duced by  the  combination  of  the  wave  C  with  the  original  wave, 
or  as  if  the  momentary  position  of  the  virtual  horizon  were 
altered  from  it^  natural  state  to  the  form  D,  which  is  the  re- 
verse of  C ;  and  tliit^  form  D  must  be  combined  with  the  virtual 
variation  of  the  horizon  corresponding  to  the  primitive  tide,  in 
gu''li  a  manner  as  to  produce  a  result  agreeing  in  its  position 
with  the  actual  tide,  and  such  as  is  represented  by  the  curve 
A£  for  the  direct,  or  AF  for  the  inverted  tide :  and  this  will  ob- 
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vioQtly  happen  if  the  primitife  wiation  be  represented  hy  ihe 
ipftw  mdnM  between  AE  or  AF  and  DC,  the  resistance  GlI 
being  proportional  to  the  sine  of  the  displacement  HI  or  HK, 
and  the  height  of  the  result  LE  or  LF,  on  which  the  true 
lipjght  LM  immediately  depends,  to  its  cosine :  the  true  maxi- 
mum at  M  following  that  of  the  space  A  EL,  ami  preceding 
that  of  FGH,  as  has  already  been  shown  by  a  different  method. 

It  may  remark«Hi,  that  since  the  resistance  probably  varies 
with  thf  depth,  the  retrognule  motion  of  the  waters  will  be  more 
iinpeii«Nj  tlian  the  direct,  and  a  very  slow,  although  perhaps  an 
inr|M'rrfptible,  current  from  ea^jt  to  west  will  thus  be  establislied, 
itg  velocity  being  always  less  than  tliat  which  is  sufficient  • 
to  produce  an  e«{uality  of  resistance  in  the  different  directions. 

Scholium  t.  It  bat  been  obaenred,  in  Corollary  6,  that  the 
IBM  of  high  water  najr  perhaps  be  modified  by  the  renstances 
CppOMd  to  tbe  pas.<Age  of  the  tides  from  the  open  ocean  into 
tbe  ports  al  which  they  hare  been  observed.  And  indeed, 
wilfcoBt  o  mature  oonnderaUon  of  the  subject,  it  would  have 
been  Mtnta]  lo  speak  with  less  hesitation  of  the  eSkicX  of  resist- 
iaee  to  rstarding  tbe  propagMiaii  of  an  undulatioo  throngh  a 
laid.  In  reality,  however,  this  retardation  appears  to  be  very 
iMBridendde,  if  it  eiists  at  all,  at  least  where  the  height  of  the 
wmvw  is  nodcrate  in  proportion  to  that  of  (he  fluid.  We  may 
sappOK  AM  to  be  the  figure  of  an  undulatioo  advancing  biuiply 
in  a  cliamiel  of  a  ^ven  depth,  with  a  resistance  propcrtiona]  to 
tbe  velocity,  which  may  again  be  represented  by  the  virtual 
cIrvAtion  of  the  wave  C,  which  must  alwajrs  accompany  the 
original  undulation  AM  in  its  progress,  and  must,  therefore, 
ron*t;»nt!y  lend  to  produce  the  same  motions  in  the  jiarticles  of 
the  fluid  A*  a  r<  al  wave  of  the  same  magnitude ;  fi)r  the  figure 
of  the  >.urfaef,  aii<1  tin-  vel(»city  witli  which  that  figure  sucees- 
sively  rhnng»»s  or  advances,  are  the  only  eaust».H  which  furnish 
tlw  inuii'  dlate  forces  concerned  in  producing  the  eK'Uientary 
motion-  oia-^tiluting  the  oscillations.  Now,  while  the  imaginary 
•are  V  advances  a  lilth'  into  the  situation  N,  it  is  obvious 
that,  in  oonseijuence  of  the  action  of  the  forces  which  it 
repri'^  nta,  the  suHace  must  be  elevated  at  N,  where  the  surface 
of  AM  IB  depressed,  and  depressed  in  the  half  of  the  undulation 
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iMOLt  to  O,  wbm  AM  is  elevated,  so  ae  always  to  dhatniih  the 
magnitade  of  the  origiiial  nndqlation»  witiioiit  afiectbg  ili 
velocity,  as  it  would  do  if  the  carve  C  crossed  its  absciss  io  any 
other  points  than  those  which  correspond  to  the  greatest  ordi- 
nates  of  AM.  And  the  rate  of  dimination  will  be  sudit 
that  if  it  contmned  unifonn,  the  wave  AM  would  be  lowered 
at  M  daring  the  time  that  it  passes  over  one-fcnrth  of  its  whole 
breadth  AL,  by  a  quantity  which  is  to  the  greatest  ordinate  of 
C,  the  representative  of  the  resistance,  as  the  semi-circumft*- 
rence  of  a  circle  to  its  diameter  ;  but  since  the  rcbistanee  would 
varv  with  the  height  of  the  wave,  the  actual  diminution  would 
be  expressed  by  a  logarithmic  quantity.  Tlius,  if  the  greatc.-t 
resistance  be  to  the  greatest  propelling  force  as  r  to  1,  the 
fluxion,  or  rather  variation,  of  the  hei^^t  q  will  be  to  that  of  the 

absdsB    as  90'  X  ^  to  90\  and  —  ^  s  ryi,  —  ^  as  rr,  and 

H.  L.  9  s  C  —  rx,  or,  calling  the  primitive  value  of  q  unity, 
q  ss         and  ^  s= 

£.  F.  G.  H. 

LoixiuD,  June,  1811. 
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From  the  Supplwiurt  to  Um  Encfdopcdui  Britannica. 

Wkittkn  is  1823. 


Tn  iBfOBtigatioii  of  the  phenomena  of  the  tides  hM  been 
jintlj  eonndered  it  muting  aome  of  the  greeteet  diffionlties 
that  oeeiir  In  the  varions  departments  oi  natural  philosophy  and 
aitnmoQiy.  It  implies,  iiiat,  a  knowledge  of  the  laws  ^  gravi- 
tatiflB,eoneenied  in  the  determination  of  the  forces  immediately 
aeting  on  the  sea»  and  of  the  penods  and  distanfea  of  the 
eslestisi  bodies,  which  modify  the  magnitudes  and  combinations 
of  these  forces ;  and  seooodly,  of  the  hydraulic  theories  of  the 
resistances  of  fuids,  and  of  the  motions  of  waves  and  undulations 
of  all  kinds,  and  of  the  theoretical  determination  of  the  form 
and  density  of  the  earth,  as  well  as  of  the  geographical  obser- 
fation  of  the  breadth  and  depth  of  the  seas  and  lakes  winch 
occupy  a  part  of  its  snr&oe ;  so  that  the  whole  subject 
affords  abundant  scope  for  the  exercise  of  mathematical  skill, 
ami  still  more  for  the  employment  of  that  invention  and  contri- 
vanct*  which  enables  its  possi':isor  to  supersede  the  necessity  of 
prolix  computet iotis^  wherever  they  can  he  avdided. 

'file  lu.>*tory  of  tlie  the<»ry  of  the  tides  is  ii.ilur.illy  divided 
into  »4'veral  periods  in  which  its  dilFerent  departments  have 
U'en  progressively  cultivated.  Tlie  ancient.^,  fn>ni  tlie  times  of 
l'<*Mdouius  and  Pytheas,  and  the  umderiu-  l)ctore  Newton,  were 
conteiited  with  ohpervinp  the  general  dependence  of  the  ti»les 
on  the  uioon,  as  following  her  transit  at  an  interval  of  alniut 
tAo  hours,  and  their  alternate  iiierea;?*'  and  decrease  not  only 
every  fortnight,  but  also  in  the  lunar  period  of  aiK»ut  eight 
yean;  Uio  sccoimI  step  coosiAted  iu  the  determiuatiou  of  the 
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magnitude  and  direction  of  the  solar  and  lunar  forces,  by  which 
the  general  effects  of  the  tides  were  shown,  in  the  Priucipia^ 
to  be  the  necessary  consequences  of  these  forces :  the  third 
great  point  was  the  demonstration  of  Mailaurin,  that  the  form 
of  an  elliptic  spheroid  affords  an  equilibrium  under  the  action 
of  the  disturbing  forces  coiu  enuMl  ;  while  the  further  contem- 
porary illustrations  of  tlie  subject  by  Euler  and  IWnoulli, 
though  they  afforded  some  useful  details,  involved  no  new 
principle  that  can  be  put  in  competition  with  Maclaurin's  de- 
monstration :  the  fourth  important  step  was  made  by  Laplace, 
who  jic'paratfd  the  consideration  of  the  J'orm^  affording  mere 
equilibrium,  from  that  f)f  the  motion  occasioned  by  the  continual 
change  of  that  form,  while  former  theorists  had  taken  it  for 
granted  that  the  surface  of  the  Ma  very  speedily  assumed  the. 
figure  of  a  fluid  actuated  by  similar  forces,  but  repaainiug 
perfectly  at  rest,  or  assuming  instantly  the  form  in  qaestioo. 
Laplace's  compatation  is  however  limited  to  the  case  of  an 
imaginary  ocean,  of  a  certain  Tariable  depth,  aasomed  for  the 
omiTenience  of  caleulatioo,  rather  than  for  any  other  reason. 
Dr.  Thomas  Young  has  extended  Laplace's  mode  of  considering 
the  phenomena  to  the  more  general  case  of  an  ocean  cohering 
a  part  only  of  the  earth's  surfiuse,  and  more  or  less  irregular  in 
its  fona ;  he  has  also  attempted  to  comprehend  in  his  calcu- 
lations fhe  precise  efiects  of  hydraulic  friction  on  the  times 
and  magnitudes  of  the  tides.*  As  far  as  the  resistance  may  be 
supposed  to  vary  in  the  ample  ratio  of  the  Telocity,  Dr.  Young*s 
theory  Is  sufBdently  complete,  and  explains  several  of  the 
peculiarities  which  are  otherwise  paradoxical  in  their  appear- 
ance;  hut  there  still  remains  a  difficulty  to  be  combated  with 
respect  to  the  effects  of  a  re^istance  proportional  to  the  square 
of  the  velocity,  and  this,  it  is  lioped,  will  be  in  great  meji^^ure 
removed  in  the  present  article,  which,  however,  from  the  space 
that  is  allotted  to  it,  must  be  considered  rather  as  a  supple- 
mentciry  fragment  than  as  a  complete  treatise.  It  will  be 
divided  into  four  sections :  the  first  relating  to  the  contempo- 
raneous progrses  of  the  tides  through  the  d liferent  seas  and 
oceans,  as  collected  from  observation  only ;  the  second,  to  the 

*  Supra,  p.  asi. 
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maf^itiule  of  the  disturbing  forces  tending  to  change  tlie  form 
of  the  surface  of  the  earth  and  sea  ;  the  third  to  the  tlieory  of 
compound  vibrations  with  resistance  ;  and  the  fourth  to  the 
application  of  this  theory  to  the  progress  and  succeaaive  magni- 
tudes of  the  tide8»  as  observable  at  any  one  port 

SbcT.  I. —  Of  the  Profjress  of  CoiUemporan/  Tidcs^  as  inferred 
from  the  timet  of  High  fVaUr  in  different  Forte, 

Hie  least  theoretical  oonstderatioa,  relating  to  the  tides,  is 
that  of  their  progress  through  the  lUflerent  parts  of  the  ooeaa* 
and  of  its  dependent  seas.  The  analysis  of  these  oug|it  to  be 
fery  completely  attainable  from  durect  obsenration,  if  the  time  of 
hi^  water  had  been  accurately  obsenred  at  a  sufficient  number 
of  ports  throughout  the  world ;  and,  on  the  other  hand,  if  the 
earth  were  corered  in  all  parts  inih  a  fluid  of  great  and  nearly 
unifbrm  depth,  the  tides  of  this  fluid  would  be  so  regular,  th^ 
a  very  few  obserratioos  would  be  soflident  to  enable  us  to 
deduce  the  whole  of  the  phenomena  from  theory,  and  to  trace 
the  great  waves,  which  wouhl  follow  the  sun  and  moon  round 
the  glo])e,  so  as  to  make  its  circuit  in  a  day,  without  any 
material  deviation  from  uniformity  of  motion  and  succc-siou. 
Having  collcctfd,  for  tln'  actual  >tate  of  the  sea  and  continents, 
an  abuinlant  store  (if  accurate  observations  of  the  precise  time 
<»f  fiigh  water  with  regard  to  the  sun  and  moon,  for  every  part 
of  the  surface,  and  luivinp  arranged  them  in  a  table  acconling 
to  the  order  of  tlieir  occurrence,  as  expressed  in  the  titui'  of  any 
one  meridian,  we  might  then  suppose  lines  t(»  be  drawn  on  a 
lerreatriul  gloln*,  through  all  the  places  of  oliservation,  in  the 
wirae  onler ;  and  these  lines  would  indicate,  aup|)osing  the 
places  to  be  sufficiently  numerous,  so  jis  to  furnish  a  series  of 
tides  very  nearly  contemporary,  the  directions  of  the  great 
waves,  Xn  which  that  of  the  progress  of  the  tides  in  succession 
Wiui  be  perpendicular.  If,  however,  we  actually  make  sncb 
an  attempt,  wo  AmW  soon  find  how  utterly  inadequate  the 
observations  that  have  been  recorded  are,  fur  the  purpose  of 
tracing  the  forms  of  the  lines  of  contemporary  high  uater  with 
accuracy  or  wiUi  certainty,  although  they  are  abundantly  suffi- 
rient  to  show  the  impossibUity  of  deducing  the  time  of  high 
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water  at-  any  given  place  {ram  the  Newtonian  bypothens,  or 
even  finom  that  of  Laphiee,  without  Mme  direct  obeerfatum.  It 
uiight  at  least  be  suppoeed  very  easy  to  eDunerate  the  enstiog 

observations,  scanty  as  they  may  be,  in  a  correct  order ;  bnt 
there  are  a  number  of  instances  in  which  it  is  wholly  uncertain 
whether  the  time  observed  at  a  irivcn  port  relates  to  the  tide 
of  the  same  morning  in  the  open  ocean,  or  to  that  of  the  pre- 
ceding evening ;  this  inconvenience  may,  however,  in  some 
measure  be  remedied,  hy  inserting  such  places  in  two  ditferent 
parts  of  the  table,  at  the  distance  of  12.^  hours  from  eacli  otlier.* 
The  following  Table  is  the  result  of  the  best  approximation 
that  could  be  obtained  in  this  manner,  the  principal  hour  lines 
having  been  j)artially  traced  on  a  map  of  the  world,  in  order  to 
afford  some  little  direction  to  the  correct  insertiim  of  the 
times  of  high  water  without  the  material  error  of  half  a  day. 
The  tliree  great  natural  diviaoQS  of  the  Atlantic,  the  Pacific, 
and  the  Indian  Oceans,  are  distinguished  into  different  columns, 
and  some  of  the  places,  which  seem  to  form  separate  systems 
of  tides,  are  still  further  subdivided  in  a  similar  manner ;  but 
this  arrangement  may  easily  be  neglected  by  those  who  are 
inclined  to  question  its  pn^riety.  The  principal  authorities 
are  the  *  Requisite  Tables;'  Lalande^s  *  Treatise,'  in  the  fourth 
volume  of  his  *  Astronomy;*  a  manuscript  *  Hydrographical 
Memoir'  by  Mr.  Henry  Foster,  Lieut  ILN.,  of  his  Majesty's 
ship  Conway,  CApt  Basil  Hall ;  and  *  A  Series  of  Observatioos 
made  at  the  Island  of  Ascension  in  1820,'  by  Captain  CampbeU, 
R.N;,  ohligingly  communicated  by  Captun  Hall  to  the  author 
of  this  Article. 


Table  of  rms  Time  of  Hicn  Watfh  at  the  Fuix  and  Chamos  ov 
THs  Moon;  reduced  to  tuf.  Meridian  of  Grkenwich. 


AUutk.  Pkciflc. 

Longitude. 

H.  W.  Or.  T. 

H.  M. 

H.  M. 

S.Georgia   1.26  W.  1.  0 

Cape  of  Good  Hope   1.14  E.  1.30 

St.  HeltiiMi  •  O.as  W.  S.3S 

Ooree  Island.   (Set?  IkIow.) 

Ci\]K-  Corse   0.  7  3.36 

Cauarics.    (Sec  Ik-Iuh.) 

*  Tbib  shouJd  bv  12h.  ISm.   Sw  below,  p.  Sil.—JNole  by  ike  EiUnr. 
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Rio  Janeiro  . 
1.  Martiii  Vas  . 
I.  Ascrnsion  • 
Chrutmas  Soand 


St.  Jago  

8l.IIcl«,&A. 
Qtite  .   .  • 


Easter  I. 
St.  Juiiau't  .  . 
Maradoo,  Moath 
Sf.  John's  Newf. 
(iuadaluu{>e 

!»• 

Tc 
Cipe 

Dermodaa  •  •  • 
MartioiqM  .  .  • 
Onajraqnil 


Callao 


Qnrbce    .    .    •    •    .  • 
Oipa  JU  Uogne .    •    .  • 
Pauami        .  . 

OiMtor  

Tahog^,  Pan.  Aqr 


PttrtobtUo  . 
fS.G«r8ift  . 


Funcbal 
CbarchUl  B.     .  \ 

p.orwai«*irtet; 


Viif. 


New  York 

CMlis  

KankaktMMji 
Vlf«fa  Oft,  Pkt  .  . 
>  vlparaiao  • 
Cape  Cbarlaa  .    •  • 
Oorraldud    .    .  • 
TwiFort     .    .  . 


•    •  • 


RfMt 

|Vjiv<H>iir 

c  'bL  V 


Tkona 


Lonj|itU(l«. 


B.  M. 
2.53 
1.56 
0.57 
4.46 


1.8i 


4. SO 

4.40 
5.S9 

0.  fS 
7.19 
4.SS 
8.i0 
3.30 
4.  7 
5.21 
4.61 
8.1« 
4.14 

4.  6 
6.17 

1.  C 

5.  8 
4.14 
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It  may  be  immediately  Infened  from  tins  talile»  tefc,  Tlial 
the  line  of  oontemporaty  tidei  is  eeldom  in  the  eiaet  directioii 
of  the  meridian,  asit  ii  snppoeed  to  be  muveraallyin  the  theory 
of  Newton  and  of  La|ilaoe ;  except,  perhapd^  the  line  for  the 
21al  boor  in  the  Indian  Ocean,  wldch  appears  to  extend  from 
Soeoton  to  the  Alndnuntes  and  the  Isle  of  Boorboo,  lying 
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nearly  in  the  same  longitude.  Secondly,  That  the  southern 
extremity  of  the  line  adyaaoes  as  it  passes  the  Cape  oi  Good 
Hope«  so  that  it  turns  up  towards  the  Atlantic,  whidi  it  enters 
ohliquely,  so  as  to  arrive,  nearly  at  the  same  moment,  at  the 
Island  of  Ascension,  and  at  the  Island  of  Martin  Vax,  or  of  the 
IVinity.  Hurdly,  After  several  irregularities  about  tiie  Cape 
Verd  Islands,  and  in  the  West  Indies,  the  line  appears  to  nm 
nearly  east  and  west  from  St  Domingo  to  Cape  INanoo,  the 
tides  proceeding  due  northwards ;  and  then,  hvning  still  more 
to  the  right,  the  line  seems  to  run  N.  W.  and  S.  E.,  till  at  last 
the  tide  runs  almost  due  east  up  the  British  Channel,  and 
round  the  North  of  Scotland  into  the  Northern  Ocean,  sending 
off  a  branch  down  tlie  North  Sea  to  meet  the  succeeding  tide 
at  the  mouth  of  the  Thames.  Fourthly,  Toward.s  Cd\}e  Horn 
again  there  is  a  good  deal  of  irregularity ;  the  hour  lines  are 
much  compressed  between  South  Georgia  and  Tierra  del  Fuego, 
perhaps  on  account  of  the  shallower  water  about  the  Falkland 
Islands  and  South  Shetland. 

In  the  fifth  place,  At  the  entrance  of  the  Pacific  Ocean,  the 
tides  seem  to  advance  very  rapidly  to  New  Zealand  and  Easter 
Island ;  but  here  it  appears  to  be  uncertain  whether  the  line  of 
contemporary  tide  should  be  drawn  nearly  N.  and  S.  from  the 
Gallapagos  to  Tierra  del  Fuego,  or  N.  E.  and  S.  W.  from  Easter 
Island  to  New  Zealand ;  or  whether  both  these  partial  directions 
are  correct:  but  on  each  side  of  this  line  there  are  great  irregu- 
larities, and  many  more  ohservations  are  wanting  before  the  plo- 
g^ress  of  the  tide  can  be  traced  with  any  tolerable  aocunqr  among 
the  multitudinous  islands  of  the  Fadfic  Ocean,  where  it  mig^it 
have  been  hoped  tiiatthe  phenomena  would  have  been  observed 
in  thmr  greatest  simpiidl>y,  and  in  tiieir  most  gemune  fbnn. 

Lastiy,  Of  the  Indian  Ocean,  the  northern  parts  eibibit  gr«ai 
irr^;ularitie8»  and  among  the  rest  they  a£brd  the  singolar 
phenomenon  observed  by  Halley  in  the  Flort  of  TonUn,  and 
eq»1aiiied  by  Newton  tetiie  'Frind^ia:'  tfaeaontbm  pans  an 
ody  rBBarkable  fcr  having  the  bomr  fines  of  oootemparary 
tides  considerably  crowded  between  New  Holland  and  the 
Cape  of  Good  Hope,  as  if  the  seas  of  these  parts  wcru  shal- 
lower tlian  elsewhere. 
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These  inferences  respet-ting  the  progress  of  tlic  tides  are  not 
advanced  as  the  n-sult  of  any  particular  theory,  nor  even  as  the 
only  ones  that  might  possibly  be  deduced  from  the  table  :  thus 
the  supposition  that  the  direction  in  which  the  tides  advance 
must  be  perpendicular  to  the  hour  lines  of  contemporary  tid^ 
i«  not  by  any  means  absolutely  without  exception,  since  a  quad- 
nuigular  lake,  with  steep  shores  in  the  direction  of  the  meridian, 
would  have  the  times  of  high  water  the  same  for  every  point  of 
Ito  €M(ern  or  western  halves  rosiiectively,  and  there  could  be 
ttOOorreoay  defined  direction  of  the  hour  lines  in  such  a  case. 
But  if  any  portion  of  the  sea  could  be  considered  as  constituting 
■Dcb  a  lake,  its  properties  would  be  detected  by  a  sufficient 
imaiber  of  obeerrations  of  high  water,  and  the  existing  table 
does  not  ftppew  to  indicate  any  such  cases  that  require  to  be 
otberwise  distingniahed  than  as  partial  irregnhuitii's.  There 
My  also  be  wme  doubt  fwpectitig  the  pmpriety  of  the  a.ldition 
of  IS*  hours  that  has  been  made  to  the  time  of  high  water  m 
the  norUiHsasteni  p«rts  of  the  Atlantic :  but  it  seems  extremely 
improbable  Aat  <he  bS«  tide  should  travel  nortlw^.sterly  into 
the  Enriish  Channel  and  into  the  Northern  Ocean,  and  at  the 
aame  tteie  westeriy  aeiess  the  Atlantic,  as  it  must  be  supiK,se<l 
to  do,  if  it  were  cooridered  as  primsrily  originating  in  the 
MiaMMHDhood  of  the  Bay  of  Biscay;  on  the  otlier  hand,  the 
basing  of  the  great  ware  roniid  the  conti^nte  of  Afhca  and 
Euroi^seems  to  be  rery  like  the  sort  of  refraction  which  takea 
pi  J  on  Ofwy  Aelviog  coast  with  re^  to  tl^  ccnnmon 
lav,^,  which,  whaterer  nay  hare  been  the»  pnmitire  ongin. 
acjuire  always,  as  they  spread,  •fiwrtm  "*7J~^T" 
nearly  parallel  to  that  of  the  coast  which  th^  ■"ifT^H^: 
and  tie  suppc^sitions  which  hare  been  here  adrenocd  resp^ing 

the  MiccoJion  of  the  tides  hi  ^^^^  P"^,?"**^ 

.    *  .  1— s*:—  proceeding  ™»  nartial 


cau.H  .<.,  api^-ar  to  Ik^  by  far  the  «ost  pwhsWe^  um 
imine^liately  inferred  from  the  tahlo»  st  kast  m  Its 

state  of  imperfection. 
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Sect.  11. — Of  the  Disturbing  Forces  that  occasion  t/ie  Tides. 

Snoe  the  phenomena  of  the  tidai»  with  regard  to  their  pro- 
gresB  thnragh  the  diffinrent  oceans  and  aeaa,  as  they  exist  in  the 
actoal  state  of  the  earth's  surftoe,  appear  to  be  too  eonqiUcated 
to  allow  OS  to  hope  to  reduce  them  to  computation  hymeans  of 
any  general  theory^  we  nnisty  in  the  next  place,  confine  our 
attention  to  the  order  in  which  the  sucoesrive  changes  occur  in 
any  single  port,  and  having  determined  the  exact  magnitnde 
of  the  fofces  tiiat  tend  to  change  the  form  of  the  surfiMse  of  the 
ocean  at  diflbrent  periods,  and  having  also  examined  the  nature 
of  the  vibratory  motions,  of  which  the  sea,  or  any  given  portion  of 
it.  would  be  susceptible,  in  the  simplest  cases,  aSbsr  the  cessa- 
tion of  the  disturbing  forces,  we  must  afterwards  endeavour  to 
combine  these  causes  so  as  to  adapt  the  result  to  the  successive 
phenomena,  which  are  observed  at  di^'erent  times  in  any  one 
port. 

Theorem  A*  (*£.'— Nich.  Joum.,  Jul.  1813.)  Tlie  dis- 
turbing force  of  a  distant  attractive  body,  urging  a  particle  of 
a  fluid  in  the  direction  of  the  surface  of  a  sphere,  varies  as  the 
sine  of  twice  the  altitude  of  the  body. 

The  mean  attraction,  exerted  by  the  sun  and  moon  on  all  the 
separate  particles  composing  the  earth,  is  exactly  compensated 
by  the  centrifugal  force  derived  from  the  earth's  annual  revo- 
lution round  the  sun,  and  from  its  monthly  revolution  round 
the  common  centre  of  gravi^  of  the  earth  and  moon :  but  the 
difierence  of  the  attractions,  exerted  at  different  points  of  the 
earth,  must  neceesanly  produce  a  disturbing  force,  depending 
on  the  angnlar  position  of  the  point  with  regard  to  the  sun  or 
mooii»  since  the  centrifugal  force  is  the  same  for  them  all ;  the 
disturbing  force  being  constantly  variable  for  any  one  point,  and 
depending  partly  on  the  difierence  of  the  distance  of  the  pomt 
from  the  mean  distance,  and  partly  on  the  difference  of  the 
direction  of  the  luminary,  from  its  direction  with  respect  to 
the  centre,  or,  in  other  words,  on  its  parallax. 

It  will  he  most  convenient  for  computation  to  consider  both 

*  Supt  a,  f.  121  and  ]>.  278. 
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these  forces,  for  a  sphere  covered  with  a  fluid,  as  referred  to 
the  direction  of  the  circumference  of  the  sphere,  wliich  will  differ 
but  little  fixnn  that  of  the  fluid  ;  and  it  will  apjiear  that  both 
of  them,  when  reduced  to  this  direction,  will  vary  as  the  pro- 
duct of  the  sine  and  cosine  of  the  distance  from  the  diameter 
pointing  to  the  luminary,  that  is  as  half  the  sine  of  twice  the 
altitude :  for  the  diflbrenoe  of  gravitation,  which  depends  on 
the  difference  of  the  distance,  will  always  wy  as  the  sine  of 
the  distance  from  the  bisecting  plane  perpendicular  to  that 
diameter,  and  will  be  reduced  to  the  direction  of  the  surface, 
by  diminishing  it  in  the  ratio  of  the  cosine  to  the  radius :  and 
the  effect  of  the  difference  of  direction  will  be  originally  propor- 
tional to  the  sine  of  the  distance  Irom  the  diameter,  and  will  in 
like  manner  be  expressed,  when  reduced,  by  the  prodnct  of  the 
sine  and  cosine ;  and  eadi  force,  thus  reduced,  will  be  equal, 
where  h  is  greatest,  to  half  of  its  primitiTe  magnitade,  since 
nn.  45*  cos.  45*  «  J.  "  Thus,  the  grantation  towards  tibe  moon 
at  the  earth's  sorftce  is  to  the  gravitation  towards  the  earth  as 
1  to  70  times  the  sqoareof  60^,  or  to  856,817 :  and  the  former 
disturbing  force  is  to  the  whole  of  this  as  8  to  60|  at  the  point 
nearest  the  moon,  and  the  second  as  1  to  60^  at  the  equatorial 
plane,  and  the  sum  of  both,  reduced  to  the  direction  of  the 
drcumlerence^  where  greatest,  as  d  to  181 ;  that  is,  to  the 
whole  force  of  the  earth's  gravitation  as  1  to  10,384,000 ; 
and  in  a  similar  manner  we  find,*that  the  whole  disturbing  force 
of  the  sun  is  to  the  weight  of  the  particles  lis  1  to  25,736,000." 
Or,  if  we  call  the  moon's  horizontal  parallax  p,  and  substitute 

-  for  the  distance,  the  whole  of  the  lunar  disturbing  force  in 

the  direction  of  the  surface  will  be  ^  •  —  =  —//';  or,  if  r  be 
the  moon's  senith  distance  from  any  point  of  the  sur&oe, 
/  =  ^  /!» on.  *  008. 

Theorem  B.*  [F.]  Tlie  inclination  of  the  surface  of  an 
oblong  spheroid,  slightly  elliptical,  to  that  of  the  inscribed 
sphere,  varies  as  the  sine  of  twice  the  distance  from  the  circle 
of  contact ;  and  a  particle  resting  on  any  part  of  it,  without 

•  Supra,  pu  1S1  and  pb  a7S. 
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friction,  may  bo  held  in  ettuilibrium  by  the  attraction  of  a 
distant  body  [situated  in  the  direction  of  the  axis]. 

If  a  sphere  be  inscribed  in  an  oblong  spheroid,  the  elevation 
of  the  spheroid  above  the  sphere  must  obviously  be  proportional, 
when  measured  in  a  direction  parallel  to  the  axis  of  the  spheroid, 
to  the  ordiDate  of  the  sphere,  that  is,  to  tlie  sine  of  the  distance 
from  ito  equator ;  and  when  reduced  to  a  direction  peipcndicular 
to  the  surface  of  the  qiheret  must  be  proportional  to  the 
aqiutre  of  ih&t  sine ;  and  the  tangent  of  the  inclination  to  the 
8ur&ce  of  the  sphere,  which  is  equal  to  the  flujuon  of  the  ele- 
▼atiaii  difided  hy  that  of  the  drcumference,  must  be  expressed 
by  twice  the  eontimial  product  of  the  fline,  the  ooBiiie^  and  the 
elliptioityi  or  rather  the  greater  elevation,  «» the  radius  bong 
considered  as  unity ;  ao  that  the  eleTation  «  will  also  express 
the  tangent  of  the  inoUnation  where  it  is  greatest,  sinee 
2  sin.  45^  oos.  45^  » 1  s  and  the  inclination  wiU  be  everywhere 
as  the  product  of  the  nne  and  cosine. 

U,  therefore,  the  dentty  of  the  elevated  parts  be  considered 
and  their  attraction  be  neglected,  there  will  be 
an  equilibrium,  when  the  elliptidty  is  to  the  radius  as  the  dis- 
turlnng  force  to  the  whole  force  of  gravitation :  for  each  particle 
situated  on  the  surface,  will  be  actuated  by  a  disturbing  force 
tending  towards  the  }ic)le  of  the  spheroid,  precisely  equal  and 
contrary  to  that  })ortion  of  tlie  force  of  gravitation  which  urges 
it  in  the  oi)posite  direction  down  the  inclined  surface.  Hence, 
if  the  density  of  the  sea  were  supposed  inconsiderable  in  com- 
parison with  that  of  the  earth,  the  radius  being  20,839, 000  feet, 
the  greatest  height  of  a  lunar  tide  in  equilibrium  would  iic 
2*0166  feet,  and  that  of  a  solar  tide  '8097  :  that  is,  supposing 
the  moon's  horizontal  parallax  about  57',  and  her  mass  yV  of 
that  of  the  earth. 

Theorem  C*  [G.]  The  disturbing  attraction  of  the  thin 
shell,  contained  between  a  spheroidical  surface  and  it^s  in- 
scribed sphere,  varies  in  the  same  proportion  as  the  inclina- 
tion of  the  surface,  and  is  to  the  relative  force  of  gravity  de- 
pending on  that  inclination,  as  three  times  the  density  of  the 
shell  to  five  times  that  of  the  sphere. 

•  Sapra,  p.  124  and  p,  279. 
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We  may  inagiiie  the  anrfiioe  ci  the  iplm  to  be  dinded  by 
an  infiiiite  number  of  parallel  and  eqnidistani  circles,  beginning 
from  any  point  at  wbbh  a  grafitating  particle  is  ntnated,  and 
we  may  snppoae  all  these  dielet  to  be  divided  by  a  plane  per- 
pendicnlar  to  the  meridian  of  the  point,  and  consequently  bi- 
secting the  equatorial  plane  of  the  spheroid :  it  is  obvious, 
that,  if  the  elevations  on  the  opposite'  sides  of  the  plane  be  equal 
at  the  corresponding  points  of  each  circle,  no  lateral  force  will 
be  produced :  but  when  they  are  unequal,  the  excess  of  the 
elevated  matter  on  one  side  above  that  of  the  other  side  will 
produce  a  disturbing  or  lateral  force.  Now,  the  elevation  be- 
ing everywhere  as  the  square  of  the  distance  r  from  the  equa- 
torial plane,  we  raay  call  it  ex\  and  the  difference,  correspond- 
ing to  any  point  of  that  semicircle  which  is  the  neart^r  to  the 
pole  of  the  spheroid,  will  be  r(.r'*— x"*)  =  e(r'~^x")  {x'—r").  But 
x'-hx"  is  always  twice  the  distance  of  the  centre  of  the  supposed 
circle  from  the  equatorial  plane  ;  and  the  distance  of  this  centre 
from  that  of  the  sphere  will  be  cos.  \{/,  if  4/  be  the  angular  dis- 
tance of  the  circle  from  its  pole ;  and  calling  ^  the  distance  of 
tins  pole  from  the  equatorial  plane  of  the  spheroid,  the  distance 
in  question  will  be  cos.  4'  sin.  ^,  and  x'  +  x"  =  2  cos.  4^  sin.  ^ : 
and  the  difference  x'  —  x"  is  twice  the  actual  sine  of  the  arc  0 
in  the  supposed  circle,  that  is,  twice  the  natural  sine,  reduced 
in  the  ratio  of  unit  to  the  radius  of  this  circle,  which  is  sin.  4^, 
reduced  agun  to  a  direction  peipendicular  to  the  equa- 
torial plane;  whence  —  y'sSsm.  Osin.^'  o«u  pi  and 
^—a^  s  4  sin.  9  an.  4^  cos. 4^  sin.^  coe.  p.  Hence  it  follows* 
thati  in  diflferent  poritioiiB  of  the  gravitating  particle,  the  effeo- 
tife  ele?ation  at  each  pmnt  of  the  suriaoe,  similarly  situated 
with  respect  to  it»  b  as  the  product  of  tiie  sme  and  cosuw 
of  its  angular  distance  p  from  the  equatorial  plane,  the  other 
quantities  concerned  remaining  the  same  in  all  positions.  But 
the  inclination  of  the  surfiioe  of  the  spheroid,  as  well  as  the 
original  disturbing  force,  varies  in  the  same  proportion  of  the 
product  of  the  sine  and  cosine  of  the  distance  p  i  consoquentiy, 
the  sum  of  this  disturbing  attraction  and  the  original  force  wOl 
also  vary  as  the  inclination  of  the  surface,  and  may  be  in  equi- 
librium witli  the  tendency  to  descend  towards  Uie  centi*e,  pro- 
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vidcd  that  the  ellipticity  be  duly  commensurate  to  the  density 

of  the  elevatol  parts. 

Now.  in  order  to  find  tlie  actual  magnitude  of  tlie  disturbing 
attraction  for  a  shell  of  given  density,  we  must  compute  the 
fluent  of  4  e  sin.  M  sin.  ^  cos.  Ni/d^/  sin.  (p  cos.  ^,  reduced  first  ac- 
cording to  the  distance  and  direction  of  each  particle  from  the 
given  gravitating  particle ;  and  we  must  compare  the  fluent  with 

^     the  attractioii  of  the  whole  sphere  at  the  distance  of  the 

nulius  or  unity.  But  for  the  angle  0,  the  portion  of  the  force 
acting  in  the  common  direction  of  sin.  is  to  the  whole  attraction 
at  the  same  distance  as  sin.  0  to  1,  so  that  the  attractive  force 
of  any  point  of  the  semicircle  will  be  Ac  sin.  *0  sin.  4^  cos.  ■vj/  sin.  <p 
cos.  <p,  and  its  fluxion  will  be  as  sin.  *tkio,  of  wliich  the  fluent  is 
4  sin.  0  COS.  fl,  or  when  e  =  180*',  ^tt,  and  sin.  4/  will  ex- 
press the  eflect  of  tlie  disturbing  attraction  of  the  semicircles,  of 
which  sin.  4/ is  the  radius,  reduced  to  tlie  direction  of  the  middle 
point,  of  which  the  distance  is  2  sin.  {  4^  >  the  reduction  for  this 
distance  is  as  its  square  to  1 ;  and  for  the  direction,  as  tlie  dis- 
tance to  sin.      together  making  the  ratio  of  t 

the  ultimate  fluxion  of  the  force  will  be  267  sin.  4^  sin.  9  cos.  ^ 
•     ■  ■    MD.  >^  A      sin.  *^  COS.  ^  . 

■^^  «»-^8S;Tp  .  d.|.  =  2sw  -8--.^;^  sin.  ^  COS.  ^d.J' ; 

but  sin.  4"  =  2  sin.       COS.  J4',  and  tlie  fraction  becomes 

— gj^P^.^^^  cos.  4^  s  cos.       008.  4^  =s  COB.  'J^  (cos.* 

-  sin.  *J4')  =  COS.  'i4'  —  008.  'i4'  +  cos.  *]^4'  =  *  cos.* 
j^4'  —  cos.  *i4'-     Now,  taking  the  fluent  from  4^  =  0  t«» 

4^  =  180%  we  have  2/'  cos.  '^4^ U^Af  =  g  -      and  /' 

4  3     4  4 

COS.  ^^^4^  X  2dl4'  s=  ^:  the  diflerence  being  ^  •  ^s^; 
whence  the  fluent  of  the  force  IsfbondSSw  nn.  ^cos.  9  x  ^  X  ^ , 
calling  the  density  of  the  fluid  ^ ;  or,  where  it  is  greatest, 

sin.  9  COS.  9  being  =  |,  ^  ~ ,  while  the  attraction  of  the  sphere 
itself  is  ^  T,  which  is  to  J  ^  as  1  to      and  since  tlie  elevation 
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t  cgcprMWW  abo  the  wmiiBium  of  tlie  relative  force  of  gravity 
depending  on  the  tangent  of  the  indinatioii  (Theorem  B),  it  is 

obvious  tliat  the  disturbiug  attraction  —  must  be  tu  the  relative 
foroe  e  as  -  to  5. 

n 

CoroUartf  1.  If  a  =  1,  as  in  a  homogeneous  fluid  sphere 
or  epheroidy  the  distoriiing  afttraetion  beoomea  |  <^  and  this 
attraction,  together  with  the  primitivu  forced,  must  express 
the  actual  devatioo  «^  or  ^«  «f* /s  €j  whenee /  =  and 

5 

^^a/>  gi^^g  2  024  and  5  042  for  the  magnitude  of  tlie 
solar  and  lunar  tides,  when  f  =  *8097  and  2  01 66  re^ectively. 
But  this  is  obviously  far  from  the  actual  state  of  the  problem. 
(JaroUary  S.  Supposing  n  =  5*4  (See  JonrtL  B,  /.»  Apr. 

Stf  27  a 

1820(,*  we  have  ^     f  -     *nd  e=  .jif^  -  /;  so  that  the 

height  of  the  primitive  tides  of  an  ocean  of  water,  covering  the 
wliole  surface  of  the  earth,  such  as  it  actually  is,  ought  to 
be  '911  for  the  solar,  and  2*27  for  the  lunar  disturbing  force  : 
that  is,  supposing  the  sea  to  be  without  inertia,  ao  as  to  accom- 
modate itself  at  once  to  the  form  of  eqailibriom.  But,  in  Uie 
actual  state  of  the  irregularities  of  the  seas  and  continents,  it 
is  impossible  to  pay  any  regard  to  this  secondary  force,  since 
the  phenomena  do  not  justiiy  us  in  snpposing  Uie  general  form 
of  the  sur&oeof  the  ocean  suck  as  to  {^ve  rise  to  it 

TtaBORBM  D.t  [H.]  When  the  horiaontal  tnr&oe  of  a 
liquid  is  elevated  or  depressed  a  little  at  a  given  point,  the 
elfect  will  be  propagated  in  the  maimer  of  a  wave^  with  a  velo- 
dty  equal  to  that  of  a  heavy  body  which  has  foUen  throng  a 
qiace  equal  to  half  the  depth  of  the  fluid,  the  form  of  the  wave 
remaining  similar  to  that  of  the  original  elevation  or  depres- 
sion,  nhutr.  Cite.  MkIL  878,  p.  318. 

SekoUwn,  The  demonstnidoii  of  this  theorem  impHes  that 
water  is  incompressible,  and  that  the  pressure  of  each  particle 
placed  on  the  surface  is  instantaneously  communicated  through 
the  whole  depth  of  the  Huid  to  the  bottom.    These  suppositions 

*  Supra,  p.  81.  f  Supra,  p.  279. 
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are  not  indeed  strictly  aeenrate  in  any  ease,  but  tbey  introdnoe 
no  sensible  error  wben  tbe  anrfiuse  of  the  wave  sinilaily  aflbctod 
is  large  in  comparison  with  the  depth  of  the  fluid.  A  modem 
author,*  of  celebrity,  seems  to  have  talkea  it  for  granted,  that 
the  pressure  is  propagated  with  the  same  velocity  downwards 
and  laterally ;  at  least,  if  such  is  not  bis  neaniDg,  he  has  been 
somewhat  unfortunate  in  the  choice  of  bis  expressions ;  but 
there  seems  no  reason  whatever  why  water  diould  communi- 
cate force  more  slowly  when  it  is  perfectly  confined  than  ioe 
would  do  ;  and  the  divergence  of  the  pressure  of  a  certain  por- 
tion of  the  surface  of  water,  elevated  a  little,  for  example, 
above  the  rest,  may  be  compared  to  the  divcn/ence  of  a  soutkJ 
entering  into  a  detached  chamber  by  an  apiu  turo  of  the  same 
size  with  the  given  surface,  which  is  probably  smaU  in  compari- 
son with  its  direct  motion,  but  equally  ropid^  and  in  both  cases 
depending  on  the  modulus  of  the  ehisticity  of  the  medium. 

TiiEouEM  E.  ("I.]  t  A  wave  of  a  symmetrical  fonn,  with  a 
depression  ecjual  find  similar  to  its  elevation,  striking  against  a 
solid  vertical  obstacle,  will  be  reflected,  so  as  to  cause  a  j)art  of 
the  surface,  at  the  distance  of  one  fourth  of  its  whole  breadth, 
to  remain  at  rest ;  and  if  there  be  another  opposite  obstacle  at 
twice  that  distance,  there  may  be  a  perpetual  vibration  between 
the  surfaces,  the  middle  point  having  no  vertical  motion.  iVof. 
Phil.  I.  p.  2cSl),  777. 

Scholium  I.  The  elevation  and  depression  of  a  spheroid, 
compared  with  the  surface  of  the  sphere  of  equal  magnitude, 
exhibit  a  symmetrical  wave  in  the  sense  of  the  proposition:  and 
it  is  not  necessary  that  the  shore  should  be  very  rocky  or  per- 
pendicular, in  order  to  produce  a  strong  reflection ;  for  even 
the  vibration  of  the  water  in  the  bottom  of  a  oonunon  hemi- 
spherical basin  is  considerably  permanent. 

Corollary  2.  The  vibrations  of  the  water  supposed  to  be 
contained  in  a  canal,  following  the  direction  of  the  equator^ 
and  90*  in  length,  would  be  synchronous  with  the  passage  of  a 
wave  XW  in  breadili,  over  any  point  of  a  canal  of  the  same 
depth,  and  surrounding  the  whole  globe. 

SokoUum  S.  It  has  been  usual  to  consider  the  elevation  of 
tbe  tides,  as  identical  with  that  of  an  oblong  spheroid,  mea- 

«  Snina,  p.  142.  f  Sapra,  p.  379. 
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cored  at  its  vertex,  and  therefore  aa  amounting  to  twice  as 
much  as  the  dcpresskm  of  the  same  splicroid  at  the  equator, 
considered  io  relation  to  the  mean  height  belonging  to  a  sphere 
of  the  same  magnitude :  but  tlie  supposition  is  by  no  means 
applicable  to  the  case  of  a  globe  covered  partially  and  irre- 
gularly with  water,  so  that  in  almost  all  cases  of  actual  tides 
the  elcTation  must  be  considered  as  little  if  at  all  greater  than 
the  deprearion,  as  fiur  as  this  cause  only  is  concerned ;  there 
are,  however,  some  other  reasons  to  expect  that  the  elevation 
of  the  great  wave  mi^  often  arrive  at  a  distant  port  in  some- 
what greater  feroe  than  the  depressioD. 

Thborbm  F.*  [K  ]  The  osdllatioDs  of  the  sea  and  of  lakes, 
constituting  the  tides,  are  subject  to  laws  exactly  similar  to 
those  of  pendulums  capable  of  performing  vibrations  in  the 
same  time,  and  suspended  from  points  which  are  suljected 
to  compound  regular  vibrations,  of  which  the  constituent  periods 
arc  completed  in  half  a  lunar  and  half  a  solar  day  [or  in  some 
particular  cases  a  whole  day]. 

Supposing  the  surface  of  the  sea  to  remain  at  rest,  each 
point  of  it  would  become  alternately  elevated  and  depressed,  in 
comparison  with  the  situation  in  which  it  might  remain  in 
equilibrium  ;  its  distance  from  this  situation  varying  according 
to  the  regular  law  of  the  pendulum  (see  Theorem  B) ;  and 
like  all  minute  vibrations,  it  will  be  actuated  by  forces  indi- 
rectly dependent  on,  and  proportional  to,  this  distance  ;  so  that 
it  may  be  compared  to  a  pendulous  body  remaining  at  rest  in 
the  vertical  line,  about  which  its  point  of  suspension  vibrates, 
and  will  cons^uently  follow  the  motion  of  the  temporary  hori- 
xon,  in  the  same  manner  as  the  pendulum  follows  the  vibration 
of  its  point  of  suiqpennoii,  either  with  a  direct  or  a  retrograde 
motion,  according  to  circumstances  which  will  be  hereafter 
explained :  the  operation  of  the  forces  concerned  being  per- 
fecUy  analogous,  whether  we  consider  the  simple  hydrostatic 
pressure  depending  on  the  elevation,  or  the  horizontal  pressure, 
derived  from  the  inclination  of  the  surfiue,  or  the  differential 
force  immediately  producing  elevation  and  depression,  depend- 
ing on  the  variation  of  the  horiaontal  pressure,  and  proportional 
to  the  curvature  of  the  snr&ce.   It  becomes  therefore  neces- 

•  Suma,  p.  280. 
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sary  for  the  theory  of  the  tides,  to  iofeatigate  minutely  the 
laws  of  these  compound  and  compulsoiy  vibrations;  whicfay 
together  with  the  reeiatances  affecting  them,  will  be  the  subject 
of  the  next  section. 


Sbct.  UL— Of  the  EfieU  qfBuidaHe$  in  VthtOii^  MbHtmt^ 
whither  Simple  or  Compcnmd. 

TuEOREM  G.  If  du7  4-  Aii  +        +  Dw^  s  0»  we  have 

+  f  «  +  =     W«  being  «  I. 

SehoHum,   For  the  better  understanding  of  the  mode  of 

investigation  which  will  be  employed  in  these  propositions,  it 
will  be  proper  to  premise  some  remarks  on  the  investigation  of 

fluxional  e(}uation8  by  means  of  multipliers.  A  person,  unac- 
quainted with  the  language  of  niodern  mathematicians,  would 
naturally  understand,  by  a  "  criterion  of  integrabiHty,"  some 
mode  of  distingui:ihing  an  expression  that  would  be  integrated, 
from  one  that  was  untractable  :  while,  in  fact,  this  celebrated 
criterion  relates  only  to  the  accidental  form  in  which  the  ex- 
pression occurs,  and  not  to  its  csik3ntial  nature.   If  we  take,  for 

instance,  the  well-known  case  of  the  fluxion  of  hi  > hk  —  hly, 

we  have  ^  —  ^  «  and  making  tliis  =0,  we  have  also 

ydx^xdy  s  Os  and  this  expression  no  longer  fulfils  the  condi- 
tions of  mtegrability,  until  we  multiply  it  again  by  ^,  and 

restore  it  to  its  perfect  form.  The  direct  investigation  of  such 
a  multiplier  is  generally  attended  by  insuperable  difliculties  ; 
and  the  best  expedient,  in  practical  cases,  is  to  examine  the 
results  of  the  employment  of  such  multipliers,  as  are  most 
likely  to  be  concerned  in  the  problem,  with  indeterminate 
coefficients,  and  to  compare  them  with  the  equations  proposed. 
In  common  caj^es,  the  finding  of  fluents,  when  only  one  variable 
quantity  is  concernod,  requires  little  more  than  the  employment 
of  a  Table  such  as  that  of  Meier  Hirsch,  or  that  which  consti- 
tutes the  Article  Fluents  in  this  Sv^ipkment :*  and  the  demon- 
stration of  the  truth  of  the  solution  is  in  general  furnished  at 


*  This  articlt,  which  ti  litUt  more  Uian  m  abridgnant  of  the  IntcgitHdUtt  of 
Hind^  hai  not  been  itpriattd.— Abf^  bjf  tJkc  Editor, 
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once,  for  each  case,  by  taknig  tbe  finxiop  of  the  qiumtity 
loierted  ia  the  Table  aa  the  fluent:  bat  for  the  separatum  of 
diflbrent  Tariable  qnantitiea,  where  they  are  involved  with  each 

other,  the  employment  of  proper  miiltipUen  la  one  of  the  meet 
eflectual  expedients ;  and  it  is  still  more  essential  to  the  solu- 
tion of  equations  between  fluxions  of  different  orders,  or  their 
coefficients.    Such  equations  require  in  general  to  be  compared 

with  some  multiple  of  the  exponential  quantity  c™*,  which 
affords  fluxions  of  successive  orders,  that  have  simple  relations 
to  each  other,  especially  when  d^  is  considered  as  constant. 
Hie  multiples  of  sin.  and  cos.  Of,  are  always  very  useful  iu 
such  investigations,  and  for  a  similar  reason ;  but  the  solutiona 
that  they  afford  are  commonly  less  coroprehenaiTe  than  tlie 
former;  though  they  are  often  simpler,  and  more  easily 
obtained.  It  is  not,  however,  necessary  that  the  exponent  of 
the  multiplier  should  flow  uniformly,  as  will  appear  from  the 
first  example  of  a  problem,  which  has  been  aolyed  by  Euler  in 
lua  MManki :  the  anbeequent  examples  wiU  poawsa  aomewhat 
more  of  novelty. 

DemmutraHcn,  The  fluxion  €i  ^(w  +  ps+  q)  is  e" (dw  + 
pds  +  {nw-\-npt-^nq)  ds)  -  e'"(dw-f  (/>-f-n^)d!»-|-np*d«-f  ntcd*); 
and  comparing  with  thia  ^  (dip  +  Ad»  +  B&\m  +  Dw^, 
we  have  n  »  A  np  m  Bf  and  P  "  'i  lastly, 
p  ^nq  »A,q^        ^  ^dd^'  consequently  the  fluxion  of 

e^'  (to  H-  ^  «  +  "^J")  ^  equal  to  nothing,  and  tliat  quantity 

is  constant,  or  equal  to  c. 

JEMmqfb,  Let  the  given  equation  be  that  of  a  cydoidal 
pendulum,  moving  with  a  resistance  proportional  to  the  square 

of  the  velodty,  or      -f  ilf  —  1>  ~  =0. 

Scholium  2.  The  sjmce  s  being  supposed  to  begin  at  the 
lowest  point  of  the  curve,  tlie  fluxion  ds  is  negative  during  the 
de8(^nt  on  the  positive  side,  and  the  force  dd^  is  consequently 
negative,  and  equal,  when  there  is  no  resistance,  to  B$f  B 
being  a  positive  coefficient,  equivalent,  in  the  case  of  gravi- 

tatioD,  to  ^  or  y ,  ^  being  the  length  of  the  pendulum,  and  $ 


^  I J  ...  L.y 
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the  descent  of  a  falling  body  in  the  fint  06601x1.  Hm  ooeft- 
cient  —D\s  negative,  l)ecausc  the  rcsistam  acta  hiaC6iitfirj 
direction  to  tliat  of  the  force  Bsy  as  long  as  «  remaiiiB  |KMitife» 
and  coinddeB  with  it  on  the  negatiTe  side.  But  tn  the  letnni 
of  the  pendulum  the  signs  are  chaqge^ ;  so  that  the  equation 
can  only  he  applied  to  a  single  nbration :  anee  the  two  Ibftn 
in  question  oppose  each  other  in  the  same  pcnnts  of  tfie  enrve  in 

which  tliey  before  agreed,  while  the  square  ^  must  always 
remain  positive. 
SoluHon,  If  we  multiply  the  fffea  equation  by  dj^  and 

make  the  square  of  the  velocity,  or  so  s  w  s       we  have 

ds ^  +  Btd*  -D^iUsiO  ss  ^dw'¥  Btds  -  Dwds,  and 
dw+SAdf «-  21>i0d«  8  0 ;  wlucfa,  compared  with  the  theorem, 

gives  us  0  for      2B  for  By  and  —  2i>  for  D;  and  the  solution 

hecomess  V*'"15'-55i5)  =  *'«^"'-2F'+E5S+*»  5 
and  if  ID  =  0  when  t^K,  we  have  ^  X-f       >f  et     s=(^  or, 

putUngj^X  +  j|^= /3, /3  +  c»      =0,  and  c=-^  ; 

By 

being  also  =  ^jjjjy  if  7=  1  -h  '2Dk,  We  may  also  substitute 
<r  for  x-#,  anda*^,  s  -/3e"^*"*\  wUl  hecome  =-/af-*^, 

A  ^     ^    ^         /»«^         ^/l  I  or»x 

Now  =1  -  2Z>cr  +  2D»<r'  -  4  W  +  -  • .  •  ; 

and  (1  +  2Dk)  0'^^'  =  1  +  2X?X-2i><r  -  4i>^  +  2W+ 

g 

2DD 

D  (2Xir  -  <yir»  + 1  I>y^  -  j  +  ...). 

CMSIsryl.  From  this  sohitioD  we  obtain  the  point  aiwhieh 
the  velodty  is  greatest ;  and,  by  reversing  the  equation,  we  may 
also  find  the  extent  of  the  vibration.   For  when  d»  «  0,  we  have 

^«<l8  =  Dwds,  and  Bs  =  DtOy  which  is  the  obvious  eatpremion  of 

ilic  c<^ua]ity  of  the  rcoistaoce  to  the  propelling  force.  Putting 


4X)^  - Z)iV  -  . . . ;  whence  ^  =  ^  (2Z>#  -  (X-a)  + 
Aiyxr  -  22>'a .. .)  =  ^  (UTK^^iir^  -  ...)  = 
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the  gceatml  value  of  lo  =r  x,  and  the  corresponding  value  of 
wehaveits^f  +  '  s  ^    once  sUk, 

;  owweqiienfly  li]r=:SI>(x-f)s:bl(l+2Z>9i),  and 

2D*=2i>X-hl (lH-2I>x),  and  f  =  ^{^I>^^ -|  . .)= 

2)x»  -|^'  +  •••    And  rinoe  «  =  f 'i  we  have  «  =  2^ 

(2Z>x-hl  [1  4-2ZJX]). 
Lemma,  For  the  reversion  of  a  series,  or  of  a  Hnitc  equation, 

if  zsax+&E*4.ex'+..M  we  have  *  =     -  ^i^+^^^i^^ 

Tie  proof  of  fhiB  wellf^noim  fbrmnla  is  the  moat  readily  ob- 
tained by  means  of  a  eeriea  with  indetemunate  ooeffiaent8»8QGh 
aa  «  s  ^  H*  -fi*^  +  •  *  M  wUdi,  by  actual  involtttiony  and  by 
comparison  with  the  proposed  aeriesi  irill  |^ve  the  required 
valCMB  of  the  ooeflfidentSi  as  ezpresBed  in  thb  Lemma. 

Comllarij  2.  When  to  >  o,  we  obtidn  from  its  value,  divided 

by  Bvy  the  equation  2x  =     —  g  Dy<^  +  j  i?"yo*  ~  •  •  • ;  and 

Sx       8  40 

by  reversing  this  series,  we  have  — +  g^Z)x*+5^i3*X'. . . , 
or  9 s  2x  —  +  •  •  • ;  the  difference  of  the  arcs  of  descent 
and  ascent  being  ^  22\*»  and  the  diifereuce  of  two  successive 
wbMtions I  Z)x'.  when  the  NMtaaoe  is  verynnan;  thiadif- 
ierence  being  also  ^  f  i  so  that  the  displacement  of  the  point 

3 

of  greatest  velocity  is  |  of  the  difference  of  the  successive 
vibrations. 

Scholium  2.  If  JiT  be  the  value  of  to  when  Dw  would  be 
equal  to  the  force  of  gravity,  and  DKss.  Blss2ff^  we  have 

Z>  =s  or  JST  being  the  height  from  whidi  a  body  must  fiill 
to  acquire  the  Tdocity  V  since  JST  =  4^11,  s  ^ , 
and2/7s^. 
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Si'holilun  3.  It  is  natural  ti)  iiiwigine  that  wc  might  obtain 
tho  time  from  the  equation  expreseiug  the  velocity  in  terms  of 

the  space,  if  we  merely  ezpanded  the  value  of  ^  into  a  new 

series,  by  means  of  tbe  Newtoniaii  tlieorem :  Imt  the  fluents 
thus  obtained  for  Ae  eipressioii  of  the  time  are  deficient  in  con< 
vergency ;  and  a  similar  difficulty  would  occur  if  we  expressed 
a  in  tenns  of  u?  by  reversing  the  series,  and  divided  its  fluxion 
by  v^"'.  The  ingenuity  of  Euler  hajs,  however,  devised  a  method 
of  avoiding  these  inconveniences,  by  supposing  the  time  to  l)egin 
at  tlie  point  where  the  velocity  is  a  maximum  ;  and  it  will  be 
necessary,  in  this  investigation,  to  follow  his  steps,  with  some 
slight  variations. 

CoroUanj  3.  In  order  to  find  the  time  of  vibration,  we  take 
J  —  I  =  T,  and  X  —     =  z,  then  istt  +  j,  fl-  =  X  —  «  —  t, 

^=-i5B-5^  +  5^'  •     ;  but  we  have  seen 

Uiattf    (f-x)=:-,  and      becomes  -  e 

-D^-  sm(^^^  +  +  h^^  +  •••)  = 

and  4s=t*+tl>>'+7-2^  +  *...   In  order  to  reverse  this 

series,  we  must  put  ^=  jf*,  and  r  ss  Ay  +         ^  +  ...^ 

and  by  substituting  tbe  powers  of  this  series  for  thoee  of  t  in 
the  value  of  ^  =     =     +  ft^  +  Qt*  +. . . ,  we  find  a  =  I, 

B=  -  ip,  c  =  ^p*  -  4q       and  rsry_^  J9/  +  Jz?»y-.... 

Hence  drzdy  |  i>ydy+^i^ydy  -  ... ;  and  this  fluxion, 
divided  by  the  velocity  v  ^  V(k  —  z),  will  be  the  fluation  of 

the  time;  or,  since  d ^  =         and  d^  =  ^  =:  igjg^ , 
1  D     dx  -D*  xiz 

and  the  fluent  becomes  t  s=  — ^  arc  v  sin.     -  V(« 
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6i^(4**~*'«"-7  -  -v^L*^-^])  .  the  value  of  whicli, 
token  from  z=.0  to        is         -  |§     +  ^(^x.) .... 

If  we  now  make  r  negative,  fiv  the  aaoent  of  the  pendolnm, 
thecoeffidentBP.B,...,  B,n,...,  will  change  their  rigns,  and 

Ihe  Talne  of  *  wUl  be  5^  +  g      +  ^  X.  +  . . . ,  the 

ram  of  bodi  bang       +  -^^j^  +    . ,  which  is  the  time  of 

a  complete  Tibralion,  and  the  diflerenoe  ^  V«  + ....  The 

eflect  of  the  reastanoe  on  the  whole  time  bvolvcs,  therefore, 
only  the  second  and  the  higher  powers  of  the  coefficient  of 
the  resistance  2> ;  and  it  also  disappears  with  the  arc,  as  x, 
the  square  of  the  greatest  velocity,  becomes  inconsiderable  with 

respect  to  the  velocity  itself,  and  to  the  time-^. 
Thborem  II.  If  ^  +  -4  ^  +  5*  =  0,  d/  being  constant, 


we  have  0"^  (d«  +  aid<> »  c ;  mbeingsil^  ±  ^{\A^^B)^ 

and  a  »  M  +  >f{\A*  -  B). 

Demonstration.   The  fluxion  of  c*"^  (d*  +  asdt)  is      (d'«  4. 

ad«d<  +  (iiid«  +  am«l/)d/)  =  (d^*  +  (a  +  m)  djd<  +  am»^) ; 
and,  comparing  this  fluxion  with  the  proposed  equation,  we 
have,  for  the  coeflkients,  a 4-  m  =  ^,  and  am^Bi  whence 

JEmi^U.  Let  the  equation  proposed  be  that  of  a  qrdoida] 
pendnlmn,  vibrating  with  a  resistance  proportional  to  the 

velocity ;  that  is,^  +  ^^+^  =  0. 

SehoHuM  1.   The  renstance  is  here  adequately  expressed, 

da 

in  all  cases,  by  the  term  ^  ^ ,  so  that  the  equation  is  perma- 
nently applicable  to  the  successive  vibrations.  Thus,  in  the 
second  descent,  on  the  negative  side  of  the  vertical  line,  Bm 
being  negative,  and  — j  beooromg  nearer  to  0,  the  fluxion  dt  is 
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ponlive,  and  A'^  Js  of  a  contrary  character  to  B$,  at  it  ought 
tohe. 

SohtiaiL  Sinoe  mst^A  ±  ^H^P  -  B),  and  a  as  )^  7 
^(^^  -  JB)»  it  k  ohviom  tfiat  the  two  radical  quantities  irill 
be  either  possiUe  or  imaginary,  aooordingly  as  iA*  is  greater 
or  le»  than  B. 

Ckuei.  If  A*  b  greater  than        the  reristanoe  being 

very  comiderable,  the  fiohition  beoomea       ~  "^^^ 
4-  [M  +         -  ^]  5)  =  c ;  and  the  velodty  »  «  -  ^  =s 

(M  -  V[i^"  -  B])»  -  €»-*^-         --^^  or  (4^  + 

V[i^  ^  5]),  -  and  if  the  Teloci^ 

be  supposed  to  vanish  when  «  =  X,  and  ^  =  0,  we  have 
0  =  hAy-  -  -  B)\  -  c  or  ^A\  +  -  J5)x  -  c  . 

Corollary  1.  Ilcncc  it  appears  that  such  a  pendulum  would 
require  an  iiifniitc  time  to  descend  to  the  lowest  pouit,  since  the 
velocity  cannot  have  a  finite  value  when  s  vanisheSi  the  expo- 
nential quantity  never  becoming  negative. 

Scholium  2.   The  coefficient  B  may  also  be  written,  for  an 

OA 

actual  pendnlmn,  aii  meaanred-  in  Eng^  feet,  y,  or  if 

we  call  the  descent  of  a  falling  body  in  the  first  second, 
which  is,  however,  denoted,  in  the  works  of  some  authors, 

iff*  ^  ®^      iff*  ^  *9  make  ^  +  ^  «  s  0,  when 

#=/,  the  force  becomes  such  that  ~d'*  =  32d/*,  and  —5  *  32, 

which  is  the  true  velocity  generated  by  such  a  force  in  a  second 
of  time.  Supposing  A  to  be  the  velocity  with  which  the  re- 
astance  would  become  equal  to  the  weight,  we  must  have, 

for  -4 ^ ,  ^  ^9  in  order  that  the  force  represented  by  A  may 

become  equal  to  that  of  gravity,  and  A  ss^x  and  if  A  be 
the  height  from  which  a  body  must  fall  to  gain  the  velocity  A, 
ance  — f*    Hence  it  follows,  that  when 

A*  =  AB,  which  is  the  condition  of  the  possibility  of  alternate 
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fibratioiii,  1  =  7)       A  =  ^  /,  the  remtanoe  beoomtng  equal 

to  tlie  weight  when  the  Inxly  h&&  fallim  freely  through  one 
eighth  of  the  length  of  tlie  pendulum. 

Case  ii.  Supposing  now  the  ressibUince  to  be  more  mode- 
rate, and        to  be  less  than  B,  and  making  B  -       =  C*, 

we  shall  have  -  jB)  -  V(-  C«)  »  V^C;  the 

solution  uf  the  e'luatiou,  ^+  -'^  ^  -f  i?*  =  0,  will  then  be 

d  («*^*         '[ai  +  i      +  =  0;  whence,  hy  Uiking 

the  two  different  values  in  succeseion,  and  adding  together 

their  halves,  we  olitiun  d  (e*^^  [''^^'^^'^"^ds  +  iAs)  ^ 

Now  the  imagiiiaij  ezponeotial  quantities,  thus  combined,  aie 
tbi>  well-known  expressions  for  the  sine  and  eoaine  of  the  are  (k 
(£km.  lUustr.  §  adtt);  and  the  last  eqaMion  may  be  written 

thus,  COS.  a  ^  +  ^  J*)  -f  sin.  a  Cs  =  cc"*^'  ;  whence 
•  — C,-  — .  1U*  tant,  if  (  wen 

made  to  K'gin  wlu-n  r  =  0,  would  only  afford  us  3uch  cx- 
pre.ssioibi  as  have  hitherto  hccii  found  intractable  ;  but 
nothing  obliges  us  to  limit  the  problem  to  thi«  condition, 
ami  it  is  equally  allowable  to  nwike  the  time  /  l)egin  when 
V  =  .^.1*,  the  corregj Minding  value  of  s  lieing  calleti  c,  then 
J. If  ^  F  -        —  c  ;  couik'tjuently  c  =  0.     The  equation 

will  then  become  7  H- dl  4-         «  0 ;  whence 


bU-hlco6,0  =  c'-i^  =  hl and  -i^o/-*-**,  or 
tseos.  Ot  and  when  <  ss  0,  i  » t^'ssf ;  consequently 

;.  =  co„.a.e"*^=cos.C/{i  -  5^/'-i^V+...). 
But, since rd/-^  -di-.#{^~~p  .dz  +  i  Jd/),  it  follows  that  t- 
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mint  Tanish  wheneTer^^  or  when  tan  Or-i-=^, 

tiiat  is,  in  the  first  instance,  very  nearly  when  Ct  —  and 

nearly;  so  thai,  calling  the  primitive  extent  of  the  are  of 
vibrati<ni  «  -  X,  we  have  j  -  cos.  Q  (l  +  :;^) ;  coe.  a  being 

•!«>.  b  this  ea«,  -  V  (l  -        =  1  -       ,  and -  1  +  5^ , 

1"8CC+Xi"  sIbTIX"  *  ~  8ii-AA'  «»»«P«»mgto 

the  versed  sine  of  the  time  jj^,  or  to  the  arc  in  the  circle 
represented  by  O, 

CoToUanf  8.  It  follows  that  both  v  and  •  must  vanish  con- 
tinually at  equal  successive  intervals,  whenever  tan  =  — 4 » 
and  when  cos  Oe»0,  respectively;  the  descent,  to  the  lowest 
point,  will  therefore  occupy  the  time  corresponding  to  -  + 

and  the  subsequent  ascent  to  ^  ^  the  extent  of  the  vibn^- 
tions  being  always  proportional  to  e'~^^. 

CoroUary  3.  The  greatest  veloci^  must  take  pkce  at  the 
pomt  where  -4  ^  +  A  -  0,  and       tan  Of  +      -  ^,  or 

andcot  a- if  we  neglects, 
cot     ""^^     cos.  C5f  —  - ,  very  nearly. 

CkroUary  4.  The  diminution  of  the  successive  vibmtions  is 
expressed  by  the  multiplier  e^*^,  which,  when  Or  -  2w,  the 
whole  circumference,  is  1  -  ^  t,  and  ^  «x,  or  ^  is  the 
diminution  of  the  value  of  s  when  the  pendulum  returns  to 
the  place  from  which  it  first  set  out,  tliat  is,  the  difoeooe 
between  the  lengths  of  two  vibrations,  each  corresponding  to 


«emicircumferenoe^  and  tiiis  diflerance  »  *»  ^,  or  x. 
tile  di^laoement  of  the  point  of  greatest  velocity,  which 
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measures  the  greatest  resistance,  as  to  I,  or  as  314 IG  to  I. 
We  have  seen  that,  for  a  resistance  varying  as  the  stjuarc  of 
the  velocity,  this  proportion  wixs  as  8  to  3,  or  as  2- 06  7  to  1. 

Corollary  5.  If  the  pendulum  be  supposed  to  vibrate  in  a 
second,  the  unity  of  time,  the  diminution  of  the  arc  2x  in  each 
vibration  will  he  j^A  x  2x,  and  the  successive  lengths  will 

wj  as  e'^^  2x,  e"'^  Sx,  and  aa  Ibrtfa :  and  after  the  nomber 
N  of  Yibratioiiay  the  eitenl  of  the  are  will  be  reduced  from 

to  tf"**^"*  2k  i  so  that  if  we  make  e'^^'^     M,  we  have 

hlJf -  -  iNA,  ami  ^  -  ^hl  j^.  Thus*  if  in  an  hour  the 

vibrations  were  reduced  to  ^  of  their  extent,  which  is  rather 
more  than  appears  to  ha?e  happened  in  any  of  Gsptam  Kater^s 

experiments,  we  should  have  N  =  3600,  and  Jtf »  g ,  whence 

^»Y^x*4054651->-00CS2526»  and  A*- -000 000  050  75 ; 
and  since  ^  -  y-  9-81»  C  -  J{B  -  i^*)-  VBV(l  - 

VB^l  —^)""V^(l  ""^4)*        fraction  being  only 

—  .00000000065 ;  or  abont  one  second  in  16  millions;  that 
IS  in  about  50  years. 

Scholium  3.  Although  the  isochronism  of  a  pendulum,  with 
a  resistance  proportional  to  the  velocity,  was  demonstrated  by 
Newton,  yet  Euler  appears  to  have  failed  in  his  attempts  to 
carry  the  theory  of  such  vibrations  to  perfection  ;  for  he  observes 
(Mechan.  II.  p.  312),  Etsi  ex  his  appareat^  tempora  tarn  ascen- 
suum  qttam  descensuum  inter  se  esse  (equalia^  tamcn  detcrminari 
non  potest^  quantum  sit  tenipits  sive  descensuum  sivc  ascensuum  : 
neque  etiam  frmpora  descensuum  et  ascensuum  inter  se  possunt 
camparari.   JSquaUo  enim  ratianem  inter  s  0^  u  definiens  iia 

abilem  nan  jwssit  exprimi. 

Scholium  4.  In  confirmation  of  the  solution  that  has  been 
here  proposed,  it  may  not  be  superfluous  to  show  the  truth  of 

tiie  result  in  a  diffisrent  manner.   Taking  *  -»      cos.  Of, 
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wo  have  (m  000.  d  —  C  an.  Ct\  and       —  wr** 

(in*  COS.      —  Cm  sin       —  C»i  sin.  Ct  —        cos.  Cl)  ; 

whence  ^  4.  ^  |*  +  J7«- (m'cas.Cr- SCbtan.  O - 

COS.  Of  +  Am  COS.  O  —  ^IC  sin.  Ct  +  D  cos.  O)  =  0,  and 
(m*  -  C«  +  yim  4-  I?)  (o-  —  (2Cm  +  y/(7)  sin.  CV  0  : 
an  equation  wliich  is  obviously  true  when  the  coefficients  of 
both  its  terms  vanish,  and  ^ICm  —  AC^  or  m^^^i;  an<l 
again  C  =  Am     B  =        ~-  ^A^  -h  B  ~  B  -  {A^ 

The  former  mode  of  investigation  is  more  general,  and  more 
strictly  analytical ;  but  this  latter  is  of  readier  application  in 
more  complicated  eases,  and  it  will  hereafter  be  further 
porsued.. 

Lemma,  If  a  moveable  body  be  actuated  continually  I)y  a 
ftnrce  equal  to  that  whicfa  'acts  on  a  given  peodulum,  the  body 
being  in  a  state  of  rest  when  the  pendulum  is  at  the  middle  of 
its  vibration,  die  >paoe  described  in  the  time  of  a  Tibration  will 
be  to  the  length  <^  the  pendulum  as  the  ctrcumierenoe  of  a 
circle  is  to  its  diameter.  For  the  force  bang  reinf^sented  by  cos. 
Gtyor  cos.  jr,  for  the  pendulum,  it  win  become  sb.^  with  regard 
to  the  beginning  of  the  supposed  motion,  and  the  Telocity, 
instead  of  sin.  x,  becomes  —  cos.  x,  or  1  —  cos.  x ;  so  that  the 
space,  instead  of  1  —  cos.  x,  is  x  —  sin.  x,  which,  at  the  end  of 

the  semivibration,  is     =  ^1  instead  of  1  — cos.  j:=  1,  the  space 

described  by  the  simple  penduhm,  which  is  equal  to  its 
length. 

SekoUMM  fi.  There  is  a  paradox  in  the  relations  of  the 
diainntion  of  the  ribratioD  to  the  distance  measming  the 
greatest  rerislanoe,  whidi  it  will  be  worth  while  to  consider,  in 
order  to  guard  ourselves  against  the  too  hasty  adoption  of  sobm 
methods  of  approximation  which  appear  at  (Lnt  aght  unexcep- 
tionable. The  pendulum,  if  it  set  out  from  a  state  of  rest  at 
the  point  of  greatest  renstance,  would  perform  a  vibration  to 

the  extent  of  double  the  distance  of  that  point,  or  2  the 

initial  force  being  measured  by  that  distaiiiia>  Nciw,  when  the 
renstaooe  is  very  small,  its  magnitude  may  be  obtained  without 
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Benable  error  from  the  yekidty  of  the  pendnlnm  Tibrating 
withoot  renstanoe  at  the  ooirespanding  part  of  the  arc ;  and  tfae 
Yelodty  may  be  supposed  to  vary  ae  ^  Ot,  and  the  reriatanoe, 
in  the  case  of  this  proposition,  as  nn.  d  or  an.  x  also.  Hence 

it  may  be  inferred,  by  means  of  the  Lemma,  that  the  whole 

diminution  of  the  space  will  be  to        as  v  to  1,  or  that  it  will 

be  equal  to      wX,  which  has  already  been  finmd  to  be  the 

actual  difference  of  two  successive  semi  vibrations.  Tlic  accuracy 
of  this  result,  however,  must  depend  on  the  mutual  compensa- 
tion of  its  errors;  for  the  approximation  sujiposes  that,  if  the 
resistance  vanished  at  the  lowest  jioint,  the  subsequent  retarda- 
tion would  be  such  as  to  diminish  the  space  by  the  effect  of  the 
diminution  of  the  velocity  acting  uniformly  through  the  re- 
mainder of  the  vibration,  while  in  fauci  the  diminution  of  the 
space  from  this  cause  would  be  simply  equal  to  a  part  of  the 
are  proportional  to  the  diminution  of  the  velocity ;  since  the  aro 
of  ascent  is  simply  as  the  velocity  at  the  lowest  point.  Hence 
it  is  obvious,  that  the  efieets  of  the  resistance  are  too  miic& 
complicated  with  the  progress  of  the  vibration  to  allow  us  to 
caleolate  them  separately;  and, accordingly; when  the  resist- 
anoe  is  as  the  square  of  the  velocity,  or  as  sui  the  diminution 
of  the  vdocity  is  expressed  by  ^jT—i  sin  «  cos  «^  and  that  of  the 
space  by  iai*— i  sin.  'x,  wbidi,  at  the  end  of  a  vibratioUf  be- 
comes mstcAd  of  Wf  that  is,  smoe  the  distance  of  the  point 
of  greatest  velocity  is  here  stsDx;  |«*i)x*e^-467  Dx*,  while 
the  more  accurate  mode  of  computation  has  shown  that  the 
true  diminution  of  the  space  b  2'667  DkK  (Theorem  6.)  If 
we  chose  to  pursue  the  mode  of  approximation  hero  suggested, 
with  accuracy,  it  would  be  necessary  to  consider  the  resistance 
as  a  periodical  force  acting  on  a  pendulum  capable  of  a  syn- 
chronous vibration,  as  hereafter  in  Theorem  K,  Scbol.  1. 

Theorem  J.  If        B»  +  M ein.  Ft  ^  0,  we  may  satisfy 

the  equation  by  taking  s  =  sin.  {VB .  t)  +  ^J^^  sin.  Ft, 
Demonstration.   The  value  of  s  here  asngned  gives  us 

^  «=      cos.  VBU  +  -^^f  — ^  sin.  ^B*t  — 
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sin.  ^  —  B  sin.  —  pfS^  sua.  /It  —  ^^"^^^  sin.  />  — 
—  iVf  sin.  jRf. 

CaroUan/  1.  I(  in  order  to  generalise  this  soIutionyWe  make 
«  sa  ain.  ^Bt+$  cos.  VBt'hv  an-  ^H-i  oos.  i^,  we  may  take 
any  quantities  at  pleasure  for  a  and  fi»  according  to  tlie  eonditiooa 
of  the  particular  eeae  to  be  investigated;  but  t  must  be  ^o;  that 
is,  the  moti<m  will  always  be  compounded  of  two  Tibratkmsi  the 
one  dependent  on  the  length  of  the  pendulum,  or  on  the  time 
required  for  the  free  Tibratioo,  indicated  by  ^Bt,  the  other 
syndironouB  with  Ft,  the  period  of  the  force  denoted  by  JU ; 
.the  latter  only  being  limited  to  the  condition  of  begmning  and 
ending  with  die  periodical  force. 

CoroOanf  S.  In  the  same  manner  it  may  be  shown  thai  the 
addition  of  any  number  of  separate  periodical  forces,  indicated 
by  the  terms  M'  sin.  F't^  M"  sin.  F"t,  .  .  ^  will  add  to  the 

solution  the  quantities  -^rgrr^  an.  F'i,  an-  F't^  and 

so  fortii. 

Exampk  1.  Supposing  a  pendulum  to  be  suspended  en  a 
▼ibrating  centre,  and  to  pass  the  vertical  line  at  the  same 
moment  with  the  centre,  we  may  make  «  and  $  »  0^  and 

i  s  pp^£  **"^y  >        vibration  being  either  direct  or 

reversed  accordingly  as  ^  is  lem  or  greater  than  Vi^t  or 

than  V  J-,  whidi  determines  the  spontaneous  vibration  of  the 

pendulum. 

Example  2.   But  if  the  Kill  of  the  pt^ndulum  be  supposed  to 

b^n  its  motion  at  the  moment  that  the  centre  of  suspension  passes 

M 

the  vertical  line,  we  must  make  «  e  Tsm/lr  —  cos  VBr); 

and  the  subsequent  motion  of  the  pendulum  will  then  l>e 
rt?presented  hy  the  sum  of  the  sines  of  two  unequal  ares  in 
the  same  circle  ;  and  if  these  arcs  are  com nuMijju rate  with  t'a<  li 
other,  the  vihration  will  ultimately  ac(juire  a  double  extent, 
and  nearly  disapjRMr,  in  a  et»ntinued  .suv'ces>i<»n  of  pericnis,  pro- 
vide<l  tiiat  no  resistance  interfere.    Aud  the  consequences  of 
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any  other  initial  conditions  may  [ye  investigated  in  a  manner 
nearly  amilar :  thus,  if  the  time  of  free  vibration,  under  these 
drcumstances,  were  4  of  the  periodical  time,  the  free  vibration, 
in  which  the  motion  most  be  Buppoeed  initially  retrograde, 
in  order  to  repreoent  a  state  of  rest  by  its  oomlnnation  with  the 
fixed  vibration,  would  have  arrived  at  its  greatest  excursion  for- 
wards, after  three  semivibrations,  at  the  same  moment  with  the 
fixed  vibration*  and  after  three  complete  vibrations  more  would 
be  at  its  greatest  distance  in  the  opposite  direction,  so  as 
to  increase  every  subsequent  vibration  equally  on  each  side, 
and  permanently  to  combine  the  whole  extent  of  the  separate 
arcs  of  vibration.  But  in  this  and  in  every  otiier  similar  vibra- 
tion, beginning  from  a  state  of  rest  in  the  vertical  line—  that  is, 
at  tiie  point  where  the  periodical  force  is  evanescent  —the  effect 
of  the  free  or  subordinate  vibration  with  respect  to  tiie  place  of 
the  body  will  obviously  disappear  whenever  an  entire  number  of 
semivibrations  have  been  performed. 

Corollary  3.  The  paradox  stated  in  the  fourth  scholium  on 
the  last  theorem  may  he  illustrated  by  means  of  this  propo^i- 
tion,  and  will  serve  in  its  turn  to  justify  tlie  mode  of  compu- 
tation here  employed  in  a  remarkable  manner.  It  has  been 
ol>serve(l,  in  NiclioLson's  »/o?/r//fz/  for  July  1813,*  that  the  mode 
of  investigating  the  elFeets  of  variable  forces,  by  resolving  them 
into  parts  represented  by  the  sines  of  multiple  arcs,  and  consi- 
dering the  vibrations  derived  from  each  term  as  independent  in 
their  progress,  but  united  in  their  effects,  may  be  applied  to 
the  problem  of  a  pendulum  vibrating  with  a  resistance  pro- 
portional to  the  square  of  the  velocity  ;  ami  that  for  this 
purpose  the  S(|uare  of  the  sine  may  be  represented  by  the  series 
8in«x  =  .8484  sin  x-.169fi  sin  3x-.0244  sin  5.r-.00813  sin 
7x  — .0029  sin  9^:  — .0013  sin  Wx  —  .  .  .  .  Now,  if  we  employ 
this  series  for  resolving  the  resistance  supposed  in  Theorem  G 
into  a  number  of  independent  forces,  the  greatest  resistance 

being  measured    ^^^>      shall  have  .8484      X  for  the  part 

supposed  to  be  simply  proportional  to  the  velocity,  whence, 

firom  Theorem  H,  we  have  .8484  w      x  for  the  corresponding 

•  Supra,  |i.  JTU. 
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dimioution  of  the  yibratioti ;  that  is,  2-6653      X.   Bat  it  has 

been  obeerved,  in  the  preceding  corollary,  that  the  jdacc  of  the 
pendulum  will  not  be  at  all  alieeted  by  any  subordinate  vibra- 
tion after  any  entire  number  of  complete  semivihrations ;  and 
the  slight  effect  of  the  velocity  left  in  consequence  of  these 
8ubordinatc  vibrations  may  here  be  safely  neglected,  no  that 

2.6653  -jg  X  may  be  conaidered  as  the  whole  efiect  of  the 

resistance  with  respect  to  the  space  described,  which  differs 
only  by  of  the  whole  from  2.666  ^  X,  the  result  of  the 
more  dhreet  computation  of  Theorem  G. 

Scholium.    An  experimental  illustration  of  the  accuracy  of 

the  theorem  may  l)e  found  in  the  sympathetic  vibrations  of 
clocks,  and  in  that  of  the  inverted  pendulum,  invented  by  Mr. 
Hardy  as  a  test  of  the  steadiness  of  a  support ;  for  since  the 
extent  of  the  regular  periodical  vibration  is  measured  by 

_^      it  is  evident  that,  however  small  the  quantity  of  M 

may  be,  it  will  become  very  considerable  when  divided  by 
FF — ^,  as  F  and  iJB  approach  to  each  odier ;  and  aoooid* 

ingly  it  is  observed,  that  when  the  inverted  pendulum  is  well 

adjusted  to  the  rate  of  a  clock,  there  is  no  pillar  so  steady  as 
not  to  communicate  to  it  a  very  perceptible  motion  by  its  regu- 
lar, though  extremely  minute,  and  otherwise  imperceptible 

change  of  place. 

TuuoREH  K.  In  order  to  determine  the  effect  of  a  jK'riodical 
force,  with  a  resistance  proportional  to  the  velocity,  the  equation, 

+  .1  l  +  a  +  Jf  ma-O,  may  beiatu6ed  by  taking 

«  =  ««inGK  +  ^cog<a,  •  being  =  joG^SffAAGo"' 
AOM 

'"•^  ^    iGG^B^+AAGO »  *  also  =  V      +  ^)  sin 

(Gt+arctan^  =  ^^^GG^^'+AAGG,  ^"^  {^^^'^^^Z^Y 
Since  «  «  x  sin     + /3  cos  G^/,  ~  »  aC?  coaGi-fiO  sin  Gi, 
and  ^  ^  —       and  ^       cos      »  —  G^s ;  consequently 
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the  equation  becomes  (  A'  —  (P)  (a  sin  Gt      coy  Gt)-\-  aAG 

and  (B-(y)fi^aAG^Oi  whence  ^  =  77^^;  alao  |8  « 

comequently  «  =        ■  B)i  +  ^«<y>        ^  =  (GG- 

And  since,  in  general,  if  &  =  tan  an  x+b  coe  V(l+^)* 
an («+ b) ;  sin  («+ b)  being  ■mnxcosB  +  nnB  cobx» 
cos  B  (rin  4r  +  tan  B  cos  jr),  and  therefore  sinjr-htanBcosjrs 

""^"^'^  =  sin  (jr  -f  b)  sec  b  =  sin  (x  +  b)  V(1  +  A*) :  it  follows 
that  «  sin      +  /3cos  G^»«8in(6^  + wctao;^  v(l  +^) ; 


CoToUary,  If  we  put  ilf  cos  Gt  instead  of  M  an  Gi,  we  shall 
have#  =  «'  8in  Gf/+^coB<?li  a'  bebg  =  ^  =  (^gg^b^^A'G') 
^     -  -  «    (Gg/^v'^^^gg  ^;  and  4-  g'^ «in 

+ arc  tan  ^)  =  V     +  /S«)  sin  ( C?/  +  arc  tan  ^^§^  • 

jSbAoA'wai  1.  Supposing  B  to  approach  very  near  to  G'f  a 
case  very  likely  to  occur  in  nature  because  the  effects  which 
are  produced,  whm  it  b  found,  will  predominate  over  others, 
on  account  of  the  minuteness  of  the  diTisor ;  we  may  neglect 
the  part  of  the  denominator  {G* — B)',  in  comparison  with 

J^G^f  and  the  coefficient  determining  t  will  then  become  , 

the  extent  of  the  vibrations  being  inversely  as  A  the  coeflScient 
of  the  renstance ;  and,  indeed,  when  the  whole  force  of  the 
periodical  vibration  is  expended  in  overcoming  a  resistance 
proportional  to  the  velocity,  it  may  naturally  be  imagined  that 
the  velocity  should  be  inversely  as  the  resistance.  It 
follows  also  from  the  proposition,  that  in  this  case  the  arc 

tan  ffzr^Tfj  approaching  to  a  quadrant,  the  greatest  excursions 

of  the  periodical  motion  and  of  the  free  vibration  will  differ 

Y  J! 
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m  arly  one  fourth  of  the  time  of  a  complete  vibration  from 
eacli  other. 

ScJiolium  2.  Since  «  is  a  line,  and  B  its  nuuici  ical  coeffi- 
cient, making  it  represent  a  force,  and  since  sin  Gt  is  j)roperly 
a  number  also,  the  coefficient  both  here  and  in  Theorem  J, 
must  be  supposed  to  include  another  linear  coefficient,  as  /ut, 
which  converts  the  sine  into  a  line,  to  be  added  to  the  dis- 
tance from  the  middle  point  :  that  is,  M  must  be  eonsidertnl  as 
represeuting  ^/x,  in  which  /a  is  the  true  extent  of  the  periodical 

change  of  the  centre  of  suspension,  and  B  s      as  in  other 

cases :  so  that  Jfis=yj»  =  d2p  and    =     s  ^^^l' 

Corollary.  In  order  to  obtain  a  more  general  solution  of 
the  problem,  we  may  combine  the  ])erlo(lical  motion  thus  deter- 
mined with  the  free  vibrations,  as  computed  in  Theorem  II, 
the  different  motions,  as  well  jia  the  resistances,  being  totally 
independent  of  each  other  ;  but  the  most  interesting  cases  are 
those  which  arc  simply  periodical,  the  free  vibration  gradually 

diminishing,  with  the  multiplier  and  ultimately  dis- 

appearing. 

Thbobbh  L.  If  there  are  several  periodical  forces,  the 
equation  +  A  ^  +  +  ilfsin  Gi  +  iV^an  J5V  +  . .  ^0, 
may  be  satislied  by  taking  «  =  »  sin  Cr/  -{-  |S  cos  67  +  %'  sin 
Ft+e^cx^Ft^- . , .  «  -Bs^T:^i^ ((?£-arc  tan  jf^) 

+  V([^-^J-+^'^)  »n      -  are  tan  r^j^)  +  .... 

For,  the  equations  expressing  the  space  described  being  sim- 
ply linear,  the  different  motions  and  resistances  are  added  or 
subtracted  without  any  alteration  of  the  respective  relations  and 
effects. 

Sc/iulium  A  tree  vibration  may  also  be  combined  with  this 
compound  periodical  vibration,  liy  means  of  Theorem  li ;  but 
it  will  gradually  disappear  by  the  efiect  of  the  resistance. 

Lemma.  For  the  addition  of  tlie  arcs  a  and  A,  beginning  with 
the  well  known  cijuation  sin  {ii  ±b)  ~  sin  a  cos  b  ±  sin  h  cos  a, 
we  have,  by  aihlition,  sin  (a+&;  4-  m\  {a  —b)  =  2  nn  a  cos  and 
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tin  acoB&si  8iii(aH-&)+4  an(o-^):  then  if  6^6+90^ 
008  6  B  sin  e.  whence  sin  a  sin  e  «  ^  sin  (a  +  «  ^  90°)  +  ^  an 
(ii-.c+90<*):  bnt8inC«+90^)scoed;andsin(jr-90^a  -oosjr; 
consequently  sm  a8incBioo6(a-e)  —  iooe  (a+e) ;  again, 
if  c  s  a— 90°,  cos  e  s  sin  a,  and  co0ccofl&s^8in(a  +  ft)  + 
4  sin  (a-*)  =  i  sin(c  +  90o  +  6)  +  ian  (^  +  90°  -b)  = 
4  cos  (c  +  ft)  +  cos  (c  —  ft).  Also,  since  coe  a  cos  ft  s 
^  008  (a  +  ft)  +  I  cos  (a  — ft),  and  sin  a  ein  ft  »  |  cos  (a~ft)  — 

1  cos  (a+b\  we  have,  by  subtraction,  ooe  (a  +  ft)  «  cos  a 
Goe  ft  —  sin  a  sin  ft,  and,  by  addition,  cos  (a«-ft)  sooe  a  eoa  ft  + 
sin  a  an  ft. 

CcroUanj.    If  a  +  ft  =  c  and  a  —  ft  =  </,  cos  c  4-  co«  = 

2  cos  -J-  cos  -J— ;  and  coa  tf  —  cosc»8an  -j-  an  -j-  ; 

also  sina  +  8inftB2sin        cos  ^— ;  and  sin  a  —  an  ft  » 

sm  a  -f  Sin  (—  ft)  =  2  sin  -y  cos  -j- . 

Theorem  M.  The  equation,  ^  +  ^  ^  +  5«  +    sin  i^f  sin 
s  0  may  be  solved  by  taking  «  »  «  sin  ([i^-  (?]<+/»)- 

^  sin  +       «  being  ^Qj^p^Gy^-By+A\F^ » 

y=arctan— . 

For  since  sin  i^/  sin  cos  {F''G)t  -  ^  cos  Cr)/, 

the  equation  becomes  ^  +  ^^  +  -B«-i'^oos  (F+  60'  + 

\  R  cos  (i^  —  G)t  -  0 ;  wlience  we  obtain  the  solution  by 
comparison  with  Theorem  K  and  its  corollary. 

Sect.  IV. — Astronomical  Determination  of  the  Periodical 
Forces  which  Act  on  the  Sea  or  ma  Lake. 

In  order  to  compfute,  by  means  of  the  theory  which  has  been 
laid  down  in  the  two  preceding  sections,  the  primitiye  tides  of 
any  sea  or  any  portion  of  the  ocean,  we  must  compare  its  spon* 
taneoos  oscillations  with  those  of  a  narrow  prismatic  canal. 
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situated  in  a  given  direction  witli  respect  to  the  meridian,  which 
in  general  must  be  that  of  the  greatest  leugtli  of  tlie  sea  in  (jues- 
tion,  neglecting  altogether  the  actual  breadth  of  the  sea,  which, 
if  considerable,  may  require  to  have  its  own  distinct  vibrations 
compounded  with  those  of  the  length,  each  being:  first  com- 
puted independently  of  the  other.  Now,  supposing  the  time 
required  for  the  principal  spontaneous  oscillation  of  the  sea  or 
lake  to  be  known,  we  must  find  the  length  of  the  synchronous 

peDduli]m,and  taking  B  a  ^  «  ^,  we  must  next  find  a  series 

for  expressing  the  force  in  terms  of  tiie  sine,  or  cosiues  of  mul- 
tiple ares,  increasing  luiiformly  with  the  time. 

Now  the  force  is  measured,  for  the  direction  of  the  meridian 
of  the  sj)ln'roid  of  equiHbriuu),  by  sin  z  cos  z,  (Theorem  A),  z 
being  either  the  zenith  distance  or  the  altitude:  and  it  is  ob- 
vious that,  when  the  canal  is  situated  <.bliquely  with  respect 
to  the  meridian  of  the  spheroid,  the  inclination  of  the  surface, 
and  with  it  the  force,  will  be  diminished  as  the  secant  of  the 
obliquity  increases,  or  as  the  cosine  of  the  obrupiity  diminishes  ; 
so  that  the  force  will  vary  as  .<in  cos  A/L  sin  Az.  if  the  canal 
be  in  an  easterly  and  westerly  direction  ;  or  if  it  deviate  from 
lliat  direction  in  a  given  angle,  as  sin  cos  Alt.  sin  (  Az.  -{-Dev.): 
and  it  is  obvious  that  this  force  will  vanish  both  when  the  lumi- 
nary is  in  till' horizon,  and  when  it  is  in  the  vertical  circle,  j>er- 
pcndicular  to  tlie  direction  of  the  canal ;  that  is,  if  we  consider 
the  force  as  acting  horizontally  on  a  particle  at  the  middle  of 
the  length  of  the  given  canal ;  and  the  same  force  may  be 
considered  as  acting  vertically,  with  a  proj>er  reduction  of  its 
magnitude,  at  the  end  of  the  canal ;  for  the  horizontal  oscilla- 
tions at  the  middle  must  obriously  follow  the  same  laws  as  the 
vertical  motions  at  the  end. 

The  case,  however,  of  a  canal  running  east  and  west,  admits 
a  very  remarkable  simplification  ;  and  since  it  approaches 
nearly  to  that  of  an  open  ocean,  which  has  been  most  commonly 
considered,  it  will  be  amply  suflkient  for  the  illustration  of  the 

present  theory.   For,  m  general,  sin  Az.  —  » 

and  the  expression,  sin  Alt.  cos  Alt.  sin  Az.y  becomes  in  this  case 
sin  Alt.  cos  JJeci.  sin  Uor,  <      But  sin  Alt.  =  sin  (Lat.) 
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sill  Decl.  -f  cos  (Lat.)  cos  JJccf.  cos  ^or.  <,  where  (Lat.) 
is  the  latitude  of  the  place,  and  calling  sin  (Lat.)  for  the  given 
canal,  l,  and  cos  {Lat.)y  l',  the  force  becomes  l  .sin  Dccl.  cos 
Deri,  gin  //cjr.  <  +  l'  COS  *  Deri,  sin  //or  <  cos  Jlor.  < . 
Now,  sin  7>c/.  =  cos  Obi.  Eel.  sin  Za/. -}-sin  06/.  AW.  cos. 
exuLotiff-,  where  Lat.  is  the  latitude  of  the  luminary;  and  since 

3  6 

oos^sl^iain'^+gfiin^^       sin  *9  4-  •  • .  i  the  true  value 

of  cos  DecL  might  be  expressed,  if  required,  by  means  of  tbis 
series,  and  its  three  first  terms  woold  in  general  be  suffident  for 
the  computation. 

Bnt  it  will  be  more  oonTenient  to  suppose  the  sun  and  moon 

to  move  in  the  ecliptic,  and  the  ecliptic  to  be  at  the  same 

time  bo  little  inclined  to  the  equator,  that  the  longitude  may 

be  sul)-tituted  for  the  right  ascension  ;  a  substitution  which 
will  cause  but  little  alteration  in  tlio  coniinon  phenomena 
of  the  tides.  Then  if  the  sun's  longitude  be  0,  and  the 
moon's  D  ,  the  horary  angles  t  and  t\  and  the  sine  of  tne 
ublit^uity  of  the  ecliptic  o- ;  we  shall  have  sin  Decl.  =  w  sin  0,  or 

0  on  >  ;  and  cos  DecL  =  1  —  sin'  Bed.  +|  an*  DecL  » 1— 

1  a' sin^  0  +  5      si"*  0--«»  and  sin  Decl.  cos  Decl.  - 

«  sin  ©  - i  cB»  sin*  0  +  -  cb*  nn*  ©. . also  cos*  Ded,  «  1  - 

a*  sin*  0  ;  whence  the  sun's  force  becomes  l  sin  t  (w  sin  0  — 


(1  _^  +  i  or*  COS  2  0)  =  L  sin  t  (o-'sin  ©-fa?"  sin  3  0  +  ^/"' 
sin  5  0)  +  (4  L  -  i  iJ  w^)  sin  2  <  +  i  a'sin  2  /  cos  2  0; 
«'  being  =  <f  -  |  a?»  +        . . .  ;  or  about  .3645 :  op"  = 


a^^.im.  Butsin*Bin0-lcoi(#-©)-4oo8(#  +  0), 
and  sin  2  #  cos  2  ©  «  i  sin  2  (f  +  0)  +  4  tin  2  (#  -  0). 

Hence  the  sun's  force  becomes  ^'  (  l  a '     cos     -  0;  -  i  cos 


»  ar»-^«*.. .  =  .0073,  and  « 

8  1S8 
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{t  +  ©)]  +  L  a"  [\  cos      -  3  0)  -  i  cos  (<  +  3  ©)]  + 

Lflp'"  [J  COB  («-5©)  -ico8  (<  +  50)]  4-^(1 

on  2  *  +  7      [i  sin  2  (/  f  0)  +  i  rin  2     -  ©)])  :  and 

that  of  the  moon  may  be  exi)ressc'l  in  the  same  manner,  by 
suhstitiiting  J/,  t'  and  }) ,  for  >S',  /,  and  0. 

Tlie  effect  of  that  part  of  tlic  hydraulic  resistance,  which  is 
proportional  to  the  square  of  the  \  clocity,  must  be  expressed  by 
an  approximation  deduced  from  the  periodical  character  of  the 
force,  as  depending  on  that  of  the  primitive  forces  concerned  ; 
taking,  however,  the  precaution  to  use  such  expre^fsions  only,  as 
will  always  represent  thig  resistance  in  its  proper  character  as  a 
retarding  force :  for  if  we  simply  found  for  it  an  equivalent 
ezprenon,  denoting  accurately  the  square  of  the  velocity,  ' 
this  square,  being  always  positive,  would  imply  a  force  acting 
alwaya  in  the  same  diractiun.  Now,  we  have  already  seen 
(Theorem  J.  Cor.  3),*  that  sinF  x  may  be  considered,  with 
respect  to  its  principal  effisct,  as  equivalent  to  .8484  sin  xi 
and,  if  we  neglect,  in  the  determination  of  the  resistance,  the 
effiBct  of  the  smaller  forces,  and  compute  only  that  of  the  prin- 
cipal terms  I  l' sin  2f,  and  ^l'  sinSi',  we  may  call  the  velocities 
depending  on  these  forces  ^  cos  (Sf-I-O  and  M'  coe(2l'+mO : 
S  and  M*  representing  not  exactly  the  proportion  of  tiie 
primi^Te  forces  of  the  sun  and  moon,  but  that  of  the  tides 
depending  on  their  combination  with  the  conditions  of  the  given 
sea  or  lake.  The  resistance  wiU  then  be  as  the  square  of 
^ [coe(2«  +  #';  +  cos  (a**  +  m')]  +  ( J»r  -  S*) «»  (2^  +  m*) : 
and  when  least,  it  will  be  D  (AT'  —  5')*  and  when  greatest, 
D  (Af '  +  S'f,  the  ^fferance  being  ADM'S^ ;  so  that  the 
difference  may  be  sufficiently  represented  by  4  DM' 8' 
[cos  (2*  +  #')  +  COB  (2f  +  to')]  X  .8484,  or  rather  x  (.8484/, 

because  the  value  of  cos  /  +  cos  t'  =  2  cos         cos  » 

which  is  to  be  squared,  requires  the  reduction  from  1  to  .8484 
for  each  of  its  factors ;  and  in  this  manner  we  obtain  a  perfect 
representation  of  the  period  and  quality  of  the  resistance,  and 
a  very  near  approximation  to  its  magnitude. 
It  will,  however,  be  still  more  accurate  to  conader  the  resist- 

*  Snpn,  p.  321. 
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ance  thus  determined  as  comprehended  in  tlie  value  of  the 
coefficient  snl)stituting  for  it,  in  the  case  of  the  solar  tide, 
A  ^  A  -h  /)M\  and  for  the  moon  A"  =  A  +  2.88  DS'  + 
.8484  D  {M'  -  S') ;  this  latter  part  expressing  that  portion  of 
the  resistance  D  which  ohscrves  the  period  of  the  lunar  tide^ 
and  which  may  therefore  be  connderod  as  added  to  the  resist- 
ance A  for  that  tide  only. 

Henoe,  oollectiiig  all  the  forces  oonoemed  into  a  single  equa- 
tion,  the  expression  will  become  ^  4-  A''"  ^  +  J3*  + 

S  (L«'[ico8(f-0)-ioos(*+©)  +  i.«"[4cos(#-80)- 

i  COS  {t+  3  0)]  +0?'"  [i  COS  (^-5  0)  -  ^  cos(/  +  5  0)]  + 

^ (1        an  2*+    aH»  [J  sin  2(<+©)+4  sin 2  (<-©)])  + 

M  (l  ce'  [i  cos  -  J)  ~  i  cos  +  }))]  4-  L  w" 
U  cos  (<  -  3  )  )  -  4  cos  C**  +  3  J  )]  +  L  a' "  U  cos  (<' -  6  >  )  • 

iooe(*'  +  5  3))]  +^'  (l-a'«)8in2«'+^'a'*[Mm2(f'+}))  + 

i  sin  2     —      ^  «  0 ;  and  from  each  of  these  terms 

the  value  of  the  corresponding  pair  of  terms  in  the  value 
of  »  may  be  obtsined  independently,  by  comparison  with  the 
Jf  sin  6^  or      cos       of  Theorem  K,  wMcb  gives  us 

(QO- J)tin  Ol+itO  CM  Gt  ,  AO^  Ot-^(B^  GG)  cm  Ot 

iGG~E)*'hAAGO       ^*  ^  {GGSy^-^AAGG 

respectively. 

But  without  entering  minutely  into  the  efibcts  of  all  the  tenns 
of  the  equation  of  the  forces,  it  may  be  observed  in  general 
that  their  results,  with  regard  to  the  space  described,  will  not 
differ  much  from  the  proportion  of  the  forces,  except  when  their 
periods  approach  nearly  to  that  of  the  spontaneous  osdllation, 
represented  by  B,  Thus  since  ^  cos  0)~  ^  cos  (^  +  0)  is 
the  representative  of  sm  t  sin  0,  and  since  these  terms  will 
aiSbrd  results  in  the  fbrm  i  «  cob  -  0)  +  4  ^  sin  -  0), 
and  of  i  «'  cos  (^+  0)  +      sin  (/  +  0) ;  and  if  we  neglected 

the  slight  difierence  of  a  and     which  ia  that  of  ^1  —     '  » 
and  (l  +  f)'~^>7  h«ng  555^55^  only,  we  should  have 
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i  o[cos(/-«)-ob8(/4-0)]  +*/S[8in  (^-0)-«n(f  +  0)s= 
«  sin  <  Bin  O  +  /3  cos  f  sin  O  =  sin  0  (a  an  f  +  iS  ooe  I) ; 
which  is  the  same  as  if  we  considered  the  efiect  of  the  force 
an  t  s^Murately,  and  afterwards  reduced  it  in  tiie  proportbn 
of  sin  0.  Hence  it  is  ob?ions  that  for  all  nxHlifioations  of  the 
forces  greatly  exceeding  in  their  periods  the  period  of  sponta- 
neous ost'illation,  the  effects  may  be  computed  as  if  the  forces 
were  exempt  from  those  modifications,  and  then  supposed  to 

varied  in  the  same  jn'oportion  as  the  forces ;  but  we  cannot 
be  quite  certain  of  the  magnitude  of  the  error  tluis  intro- 
duced, unless  we  know  the  exact  value  of  B,  which  determines 
the  time  of  s})OMtaneous  oscillation. 

Considering,  therefore,  in  this  simple  point  of  view,  tlie  correct 
expression  of  the  force  l  sin  Decl.  cos  Decl.  sin  Hor.  <-f  i-'  cos  ^ 
Decl.  pin  Hor.<C.  cos  Hor.  <,  or  sin  2  Decl.  sin  llor.  <4- 
4i/cos'  Decl.  sin  2  Hor.  < :  we  may  observe  that  the  phenomena 
for  each  luminary  will  be  arranged  in  two  principal  divisions ; 
the  most  considerable  being  represented  by  ^l'  cos  ^  DecL  an  2 
Nor.  and  giving  a  tide  every  twelve  hours,  which  varies  in 
magnitude  as  the  sqnare  of  the  cosine  of  the  declination  varies, 
increaung  and  diminishing  twice  a  year,  being  also  proportional 
to  the  ooeine  of  the  latitude  of  the  place,  and  disappeariDg  for  a 
sea  situated  at  the  pole :  the  second  part  is  a  dinmal  tide,  pro- 
portional to  the  sine  of  the  latitude  of  the  given  canal,  being 
greatest  when  the  luminary  is  furthest  from  the  equinox,  and 
vanishing  when  its  declination  vanishes. 

From  these  general  principles,  an  attentive  student  may 
easily  trace  ibr  himself  tiie  agreement  of  the  theory  here  ex- 
plained widi  the  various  modifications  of  the  tides  as  they  are 
actually  observed,  and  as  they  are  recorded  by  Lalande  and 
Laplace,  and  as  they  are  enumerated  in  the  Article  Tides  of 
the  late  editions  of  tiiis  'Encyclopaedia.'  It  remains,  however, 
ftr  us  to  inquire  more  particidarly  into  the  cause  of  the  hitherto 
unintelligible  fact,  that  the  maximum  of  the  spring  tides  in  the 
most  exposed  situations  is  at  least  half  a  day,  if  not  a  whole 
day,  later  than  the  maximum  of  the  moving  forces 

Now  it  is  easy  to  perceive  that  since  the  resi>tauce  observing 
the  lunar  period  is  more  considerable  than  that  which  affects 
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the  solar  tide,  the  lunar  title  will  be  more  retarded  or  accele- 
rated than  the  solar;  retarded  when  the  oflcUlation  b  direct,  or 
when  G^—  B\9  poeidve,  and  accelerated  when  it  is  inverted,  or 
wbeo  that  quantity  is  negative :  and  that  in  order  to  obtain  the 
perfe<'t  coincidence  of  the  respective  high  waters,  the  moon 
must  be  further  from  the  meridian  of  the  place  than  the  sun ; 
•0  that  the  greatest  direct  tides  ought  to  happen  a  little  before 
the  syzygics,  and  the  greatest  inverted  tidee  a  little  after :  and 
from  this  consideration,  as  well  as  from  some  others,  it  seems 
probable  that  the  primitive  tides,  which  affect  most  of  oar  har- 
bours, are  rather  inverted  than  direct 

If  we  wish  to  apfdy  this  theory  with  prodsion  to  the  actual 
state  of  the  solar  and  lunar  motions,  we  must  detennine  the 
value  of  the  coefficients,  from  the  tables  of  those  luminaries : 
and  first,  making  the  unit  of  time  a  whole  solar  day,  in  which 
the  horary  angle  t  extends  from  €P  to  360%  the  sun's  mean 

longitude       will  be     ,^        added  to  the  longitude  at  the 

given  epoch,  and  the  moon's  approximate  horary  angle  t'  will  be 
fouud  from  the  variation,  or  the  moon's  ago  in  space. 

Now,  in  Rtirckhardt's  *  Table?,'  p.  87,  we  find  the  variation 
for  tlie  midnigiit  ending  1823,  by  adding  the  constant  (|uantity 
\y  to  the  eiMK'h  for  1824.  and  (11-.  14°  44'.  44")  4- = 
1K23 .44'.  14',  or-(r,  J.V.  |6'),acconlingtothetimeofrariB: 
the  movement  for  twelve  hours  is  G"*.  5'.  43* ;  consequently,  at 
noon,  or  1821  Jan.  1.  Oh,  astronomical  time  at  Paris,  the 
variatioo  is  —  (9'.  33"),  oorreqpooding  to  the  movement  of 

1 8*.  49*.  in  mean  time,  and  the  mean  conjunction  will  take  place 

at  I^"*.  I'j'.  Parisian  time,  wlii<  h  may  be  more  eonipendi<msIy 
exprr->rd  by  ralHiii;  it  the  truf  mean  noon,  in  the  time  of  the 
i?*land  of  (»n«Tiise)'  or  of  I)urcb(>tcr  :  and  the  niovt  iiu'nt  in  24 
hours  being  W  11'  20  5  =12.19,  we  shall  have  /  -30<P 

-  U.W  «  347.«1»  when  /-SW,  or  I'-  ii^l«.96614#; 

and  the  mrnrn'^  horary  angle,  conndered  in  velatioo  to  the  dr^ 

cumfrreni'i'  Jis  imity,  will  always  Ihj  .96614/,  if  /  be  the 
numlK  T  ut'da|9  elapsed,  from  the  noon  of  the  Ut  Jau.  1814  at 
(iucrn^ey. 
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The  8un*s  mean  longitude  for  the  same  epoch  is  ('279°.  35'. 
23.  r)=. 77666,  his  loDgitnde  for  any  other  time  will  therefore 
be.77666+.OO27d8^=0,  and  that  of  the  moon,  >  M.TTeee 
+.03386^. 

We  may  compute,  with  suiEcieDt  accuracy,  the  eflect  of  the 
modifications  produced  by  the  change  of  the  moon's  diatance^  or 
the  inequality  of  her  motion  in  her  orbit,  or  of  the  periodical 
change  of  the  inclination  of  her  orbit  to  the  equator,  whicb  takes 
place  from  the  revolntion  of  the  nodes,  by  simply  considering  the 
changes  which  will  be  produced  in  the  forces  concerned  by  these 
inequalities,  and  supposing  the  e^cts  simply  proportiooal  to 
their  causes.  If,  howoTer,  it  were  desired  to  determine  these 
modifications  with  still  greater  precision,  we  might  deduce 
approximate  formulas  for  expressing  them  from  the  elements 
employed  in  the  Tables. 

The  epoch  of  the  moon's  mean  anomaly  for  1§24  is  (4*.  29^. 

25'.  28.3')+2'=15P. 25'.23.3";  thenKm!mentfi)rl2^18*  4^*. 
is  {6*  31'.  57')  +  (9'.  47.9")  +  27* -6'.  42'.  12%  which  gives 
lbS\  T.  35'  for  the  mean  anomaly  at  noon  in  the  island 

of  Guernsey.  TTie  daily  movement  being  13°  3.9*=  13.065° 
the  mean  anomaly  will  always  be  158  l^iT'^H-  13.0fi5°^  reckon- 
ing t  from  the  supposed  ejK)eh  or  day.  The  princijMil  part  of 
the  central  equation  will  then  bo,  according  to  Burckhanlt, 
22692.4"  sin  An  ,  or  (6°.  18.2')  ;?in  ( 1 5.Hl°  + 13.065°/),  and  it.^ 
.-ine  will  be  very  nearly. 11  sin  (  1 3.065'^^+ 1 58.1 2f),  which 
will  rejiresent  the  principal  inequality  of  the  longitude  and  of 
the  variation,  so  that  the  variation,  iiij^tead  of  12.19V,  will 
become  1 2. 1 9'/-f-6  3^  sin  (13.065°^+ 158. 127  ),  and  this  -ub- 
tractetl  from  360  /,  leaves  .347.81"/ -  6.3°  sin  (13.065  /  + 
158  127°),  the  sine  of  which  is  nearly  sin  347.81°/  -  cos 
347.81'/  .11  sin  (13.065/-l-i  r)8.12r). 

The  equatorial  parallax  is  nearly  57' -f- 187"  cos  An.,  or 
57'  -f  3.1'  cos  (13.065"/  +158.127  ) ;  and  the  disturbing  force, 
which  varies  as  the  cube  of  the  parallax,  or  of  57'  [1  +  .0544 
cos  (13.065'/ +  158.127*')]  may  be  expressed,  with  sniBcieot 
accuracy,  hy  1  +  .ld32  cos  (13.065''/  +  158  127"}. 

The  supplement  of  the  node  for  1824  is  (2.10^6)  +2'  » 


Digitized  by  Google 


No.  LV.  TIDES.  333 

70*  58',  to  whidi  we  must  add  (3M0.6')  t  for  the  time  elapsed : 
and  the  longitude  }  will  be  279*.  d5'  23.1"  +  (13^  lO*.  35")  L 
Although  the  mine  of  the  ooefl^eat  B  is  not  directly  dis- 
coverable, we  may  still  obtain  a  tolerable  estimate  of  its  mag- 
nitude in  partieular  cases,  by  inquiring  into  the  consequences 
of  assigning  to  it  several  different  values,  e<{ual,  for  example, 
to  the  coefficient  of  the  solar  or  lunar  tide,  or  greater  or  less 
than  cither ;  while  we  assume  also,  for  the  coefficient  of  the 
resistance  A,  a  great  and  a  smaller  value,  for  instance,  ^  and 
iV*  supposing  1)  to  be  iiiconsiderahlc.  We  then  find,  from  the 
expression  V  («'  4-  =  V  (a^  +  ^)  Bia  (Tiicorem  J, 

ScboL  2)  =  ^^^oo^B^^AAOGi'  ^  tJie  solar  tide,  C?  being 

1,  if  ^  =  kj,  ^)3442^  I  ,  or   4  ; 

/A;      -.980,    -7.550,   10,  1.3324, 
-^•^li;     -.832,    -2.742,     3,  1.3252; 

and  for  the  lunar,  G  being  .96614,  and 

/tV;     -1.122,    10  ,  8.197,  1.3036, 
^'W;     -  .913  ,     3  ,  2.942,  1.2968, 
respectively. 

Hence  it  appears  that  the  resistanoe  tends  greatly  to  diminish 
the  variation  in  the  magnitude  of  the  tides,  dependent  on  their 
near  approach  to  the  period  of  spontaneous  oscillation,  and  die 
more  as  the  resistanoe  is  the  more  considerable :  and  suppo6iii|^ 
with  Laplace,  that  in  the  port  of  Brest,  or  elsewhere,  die  cm- 
parative  magnitude  of  the  tides  b  altered  from  the  proportion 
of  5  to  2,  which  b  that  of  the  forces,  to  the  proportion  of 
3  to'l ;  the  multipliers  of  the  solar  and  lunar  'tides  being 

9GBB 

to  each  other  as  5  to  6,  we  have  the  equation  (|,^g^^  = 

25  B  B 

; — ;7-.  .       whence  we  find  that  B  must  be  either  .li380  or 

(h  —  //)'  -f  A* 

.6328;  and  the  former  value  making  the  lunar  tide  only  in- 
Yerse,  we  must  suppose  tlie  latter  nearer  the  truth ;  and  the 
magnitude  of  the  tides  will  become  1.663  and  1 .998 :  and  it 
aj^iears  from  the  same  equations,  that  n  remaining  =  .93442, 
A  cannot  be  greater  than  .632  ;  and  B  would  then  be  .78540 : 
and  if     «  0,  the  values  of  B  would  be  .9617  or  .6091.  It 
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seems  probaliK',  however,  tliat  the  primitive  ti<le.s  inu>t  ho  in  a 
somewhat  greater  ratio  than  this  of  2  to  1  and  5  to  3,  when 
compared  with  the  oscillations  of  the  spheroid  of  equilibrium ; 
and  if  we  suj)posed  B  =  .9  and  A  still  =  i\„  w  e  should  have 
7.071  aud  y.756  for  their  magnitude.  Now  if  li  =  6328,  tlu^  tau- 

gents  of  the  aDgalar  measores  of  the  displacement,  -  =  aa-B  j 

\  96614  A 

becomes         and  ^gjjgj  respectively,  giving  ns  69"  50'  and 

72*  40'  for  the  angles  themselves  *.  and  if  B  « .9,  these  angles  be- 
come 45*  and  70*  24'  respectively ;  the  difference  in  the  former 
case  2*  50*,  and  in  the  latter  25*  24'»  which  corresponds  to  a 
motion  of  more  than  twen^-four  honra  of  the  moon  ip  her 
orlnt. 

It  appears  then  that,  for  thU  Mimph  reeuon  anfy^  if  the  sup- 
posed data  were  correct,  the  highest  spring  tides  oo^it  to  be 
A  HAT  LATBB  than  the  conjunction  and  opposition  of  the  lumi- 
naries ;  so  that  this  consideration  requires  to  be  comlnned  with 
that  of  the  eBect  of  a  resistance  proportional  to  the  square  of  the 
velocity,  which  has  already  been  shown  to  afibrd  a  more  general 
explanation  of  the  same  phenomenon.   Tliere  is  indeed  fittlo 
doubt,  that  if  we  were  provided  with  a  sufficiently  correct  series 
of  minutely  accurate  observations  on  the  tides,  made  not  merely 
with  a  idew  to  the  times  of  low  and  high  water  only,  but  rather 
to  the  heights  at  the  intermediate  times,  we  might  form,  by 
degrees,  with  the  assistance  of  the  theory  contained  in  this  article 
only,  almost  as  perfect  a  set  of  tables  for  the  motions  of  the  ocean, 
as  we  have  already  obtained  for  those  of  the  celestial  bodies, 
which  arc  the  more  immediate  objects  of  the  attention  of  'the 
practical  astronomer.    Tliere  is  some  reason  to  hoj)e,  tiiat  a 
system  of  such  observations  will  speedily  he  set  on  foot,  hy  a 
public  authority  :   and  it  will  be  necessary,  in  pursuing  the 
calculation,  on  the  other  iiand,  to  extend  tlie  formula  for  the 
forces  to  the  case  of  a  sea,  performing  its  princijKd  o.-cillations 
in  a  direction  oblique  to  the  meridian,  as  stated  in  the  begin- 
ning of  this  section. 

For  such  a  sea,  the  calculations  would  be  Mimcwliat  compli 
cated,  except  in  the  ciise  of  its  being  situated  at  or  near  tlic 
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equator :  we  should  then  ohtain,  by  proper  reduction,  for  the 
▼olume  of  the  force,  putting  d  the  sine  of  the  duration,  or  of 
the  angle  formed  by  the  length  of  the  canal  with  the  equator, 
and  d'  its  ooane,  line  expresrion  d  sin  cos  IkeL  cos  Har.  <  + 
D'  cos'  DeeL  sin  cos  Hor.  < :  and  the  order  of  the  phenomena 
would  be  less  affected  by  the  alteration  of  the  situation  of  the 
canal  than  could  easUy  have  been  supposed,  without  entering 
into  the  oomputotion.  This  expreanon,  when  d  =  o,  becomes, 
as  it  ought  to  do,  identical  with  the  former,  making  l  -  o. 
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EXTKACTS  RELATING  TO 

THE  THEOEY  01?  THE  TIDES/ 

From  BnuMl«'s  Qiuuterly  Jounwl  of  Science  for  1824^  rol.  xvii.  p.  295. 


Of  tlic  objections  which  have  been  advanced  by  some  authors 
against  the  establi.-hed  theory  of  the  tide?:,  the  most  material 
seems  to  be,  that  according  to  the  Newtonian  opinion,  the  moon 
must  be  sn{)posed  to  rej)el  the  waters  on  the  remoter  side  of 
tlie  earth,  instead  of  attracting  them.  The  next  is,  that  the 
lunar  action  must  be  sufficient  to  overcome  the  forces  of 
gravity  and  cohesion.  The  third,  that  the  time  of  high  wat^r 
is  frequently  three,  and  sometimes  six  hours  later,  than  that  of 
the  moon's  ])assagc  over  the  meridian. 

"  The  (lifiiculty  in  conceiving  the  apparent  repulsion  of  the 
waters  on  the  remoter  side  of  the  earth,  which  verv  naturally 
occurs  to  one  who  is  but  little  conversant  with  the  subject, 
appears  to  depend  on  a  want  of  sufficient  attention  to  the  man- 
ner in  which  the  mean  solar  and  lunar  attractions  are  counter- 
balanoed.  We  are  unconsciously  disposed  to  consider  the  earth, 
especially  in  oompariflOD  with  the  mooOt  as  a  body  perfectly  at 
rest,  or  at  most  as  an  immenae  sphere  poised  on  its  axis,  or 
having  some  secret  support  connected  with  its  centre.  And  it 
is  true,  that  if  the  earth  were  suspended  as  an  apple  hangs  on 

•  The  portions  of  thpse  extracts  which  are  marked  bj  inverted  commas  are  taken 
from  a  reriew,  by  the  author,  of  a  '  New  Theory  of  the  Tides,'  by  Kosa  CuthWrt, 
In  the  Qaaiterly  Review  for  October,  1811,  a  work  not  otherwise  entitled  to  notice 
tliaii  as  expreHsing  with  iolenible  frcddon  of  langui^  the  popular  ohjectioni  to  tli« 
i  C(oive<l  theuiy  of  the  tiilt  !^.  Thi-^  rcvli  w  gnve  not  merely  an  answer  to  tln'se  ami 
aimilar  objections,  but  likewue  an  exposition  of  Uie  additions  which  the  theory  bad 
TMeiT«d  froin  the  weearchea  of  L^bioe  and  Dr.  YotniK  at  tlie  period  aft  wkkii  it  was 
written,  nn<I  whirh  were  siitisequently  pnttlished  in  Nicholwn'a  Joomal  for  1813, 
fimniLg  No.  LIV.  of  tins  volume. — Aote  6y  the  Editor. 
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R  8talk,  or  a  terrestrial  globe  on  the  pins  which  connect  it  with 
the  bnuen  meridian,  the  attractive  force  of  a  distant  body  would 
lieoeesarily  tend  to  collect  a  fluid  surrounding  it,  about  tiie  part 
nearest  to  the  disturbing  body.  But  in  fact  the  force  counter- 
acting the  solar  and  lunar  attraction  is  by  no  means  to  be  con- 
founded with  the  operation  of  a  support  of  any  kind,  attached 
to  the  aolid  parts  of  the  sphere  akoe ;  for  Uie  foree  actually 
4sanoerned  m  this  case  is  equally  eflioacious  with  respect  to  the 
fluid  parts ;  and,  actmg  eiactly  alike  on  every  par^e  of  the 
earth  and  sea,  it  precisely  connterbalanoes  die  mean  force  of 
attraction,  and  leaves  only  the  diflerance  of  the  attractive  powers, 
which  are  diflerent  for  the  diilerent  parts  of  the  earth  and  sea, 
to  exhibit  its  efleets  in  disturbing  the  relative  situations  of  those 
parts.  Tins  counterbalancing  power  is  well  known  under  the 
name  of  tfie  oentrifogal  force,  bang  derived  from  die  velocity 
of  the  esTth,  either  in  its  annual  revolution  round  the  sun,  or, 
in  the  case  of  the  moon,  from  its  velocity  in  revolving  round  the 
common  centre  of  inertia  of  tiie  earth  and  moon.  Since  die 
earth  actually  falls  at  every  instant  as  much  within  the  tangent 
of  its  annual  orbit,  or  the  temporary  line  of  direction  of  its 
motion,  as  it  would  dejjcend  towards  the  sun  in  an  equal  time, 
if  it  were  otherwise  at  rest,  this  cliange  of  relation  of  the  revolv- 
ing body,  which  prevents  its  actual  approach  to  the  centre  of 
attraction,  and  counteracts  the  force  of  gravitation,  is,  not  ira- 
pro])erly.  considered  as  constituting  a  distinct  force,  and  is 
cliaracterized  by  the  term  centrifugal.  I^fore  the  introduction 
of  the  Newtonian  theory,  an  attempt  wiis  made  by  the  cele- 
brated Dr.  Wallis,  to  deduce  the  tides  from  a  difference  of  the 
centrifugal  forces  atFet^ting  tiie  opposite  parts  of  the  earth  and 
sea,  in  revolving  round  the  sun,  and  round  the  common  centre 
of  gravity  of  the  earth  and  moon  ;  and  Mr.  Ferguson,  in  later 
times,  has  endeavoured  to  explain  an  opinion  of  a  similar 
nature,  by  means  of  tlic  whirling  table  ;  but  the  apparatus  of 
Ferguson  was  so  constructed,  as  to  produce  a  greater  velocity 
of  rotation  in  the  remoter  than  in  the  nearer  parts  of  the  revolv- 
ing system  of  bodies,  which  is  a  difference  that  docs  not  eNi^t 
in  the  case  to  be  investigated  ;  for  the  vclfH  ity  of  the  different 
parts  of  the  earth  and  sea,  with  respect  to  their  common  annual 
VOL.  n.  z 
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revolution  roand  tbe  sun,  is  precaiely  tbe  aaniB,  the  dinnial 
rotation  being  altogetiier  independent  of  this  revolution,  and 
poducing  modifioations  of  foroe,  wliieh  have  their  separate 
compensations,  as  distinctly  indeed  as  the  monthly  revolutiaii  of 
the  moon,  which  does  not  aflect  the  velocity  of  its  mesn  annual 
revolution  round  the  sun.  together  with  the  earth. 

It  is  therefore  so  fiur  from  being  true,  that  the  inequality 
of  the  centrifugal  force,  at  difoent  parts,  gives  rise  to  any  part 
of  the  phenomena  ai  the  tides,  that,  on  tiie  oontrary,  the  perfect 
uniformity  of  tins  force  is  the  basis  of  the  determination  of  the 
powers  immediately  concenied  in  these  phenomena.  Tbe  At- 
lantic and  the  Pacific  oceans  are  subjected  to  a  centrifugal 
force  precisely  equal  to  that  which  affects  the  solid  parts  of  the 
earth  ;  but  when  the  luminary  is  over  the  Atlantic,  its  attrac- 
tion for  that  ocean  is  greater  than  for  the  central  part,  and 
consequently  greater  than  the  centrifugal  force,  so  that  this 
differential  attraction  tends  to  elevate  the  Atlantic ;  at  the 
same  time  that  its  attraction  for  the  Pacific  Ocean  is  less 
than  the  mean  attraction,  and  less  than  the  centrifugal  force, 
which  therefore  prevails  over  the  attraction,  and  the  differen- 
tial force  tends  to  raise  the  Pacific  Ocean  almost  as  much  as  it 
tends  to  raise  the  Atlantic  in  the  opposite  direction. 

"  There  is  also  an  additional  force,  derived  from  the  ob- 
liquity of  the  action  of  the  luminary  on  the  parts  of  the  earth 
not  immediately  below  it,  which  tends  to  compress  the  lateral 
parts,  and  to  increase  the  elevation  at  tiie  ends  of  the  diameter 
pointing  to  the  luminary. 

^  The  readiest  way  of  calculating  the  operation  of  all  these 
forces  is,  to  reduce  them  to  a  horizontal  direction,  and  to  deter- 
mine what  inclination  of  each  part  of  the  surface  of  the  sea, 
ccQflidered  as  an  inclined  plane,  will  cause  such  a  tendency,  in 
a  particle  situated  on  it,  to  move  in  a  contrary  direction,  as 
precisely  to  counterbalanee,  not  only  these  forces,  but  also  the 
new  disturbing  force,  derived  from  the  attraction  of  the  parts 
thus  elevated ;  and  it  may  easily  be  shown,  that  all  these  con- 
ditions will  be  fulfilled,  if  we  attribute  to  the  surfiioeof  tiie  sea 
the  form  of  an  oblong  elliptie  spheroid,  diflbring  but  little  from 
a  sphere.** 


Digitiztxi  by  Google 


I 


No.  LVI. 


THEORY  OF  THE  TIDES. 


339 


Now.  "  we  have  only  to  recollect,  with  res|>ect  to  the  first 
object'nm  "  already  mentioned,  "  that  we  are  by  no  means  re- 
(juireil  to  imagine  that  the  moon  repels  the  remoter  partji  of  the 
earth  and  sea ;  but  merely  to  undersUind,  that  these  parts  are 
left  a  little  behind,  while  the  central  parts  fall  more  within  the 
tangent  towards  the  moon,  and  the  nearer  parts  still  more  than 
the  central  parts :  nor  ia  this  a  fact  of  which  our  belief  must 
rest  on  any  observed  phenomena  of  the  tides,  since  it  is  com- 
pletely demonstrable  from  the  general  laws  of  gravitatioa  and 
of  central  Ibraes ;  so  that  if  no  tucfa  tides  were  under  any  cir- 
emnstanceg  obaenrable,  their  nooHMrirtftnoe  would  afford  an 
unanswerable  argament  against  the  universality  and  accuracy 
of  these  laws,  as  they  are  inferred  from  other  phenomeiia. 

**  The  second  objection  is  already  answered  in  the  statement 
of  the  mode  of  operalum  of  the  disturbing  force.  The  action 
of  this  force  is  only  supposed  to  be  sufficient  to  retain  a  particle 
of  water  in  equUibrinm  on  a  inr&oe  of  which  the  inclination  to 
the  horison  is  scarcely  perceptible,  or  lo  cause  the  whole  grmri- 
tationof  a  column  four  thousand  miles  in  height,  immediately 
under  the  luminary,  to  be  equal  only  to  the  grantalion  of  a 
oolumnshorter  by  a  few  inches  or  feet»  in  another  part  of  the 
spheroid.  The  oljectors  have  ooofbunded  this  very  sliglit 
modification  of  the  force  of  gravitation,  with  its  complete  anni- 
hilation by  a  greater  force :  and  with  respect  to  the  force  of 
oobeskn,  it  is  so  little  oonoemed  in  oounteraoting  any  elevation 
of  this  kind,  thai  to  attempt  to  cslculate  the  magnitude  of  any 
lestBtance  derived  from  it  would  be  perfectly  ridiculous. 

The  third  objection  is  only  so  for  more  valid,  ss  it  is 
opposed  to  the  imperfect  and  superfidai  notions,"  which  some 
authors  have  entertained,  "  of  the  supposed  operation  of  llie 
forces  concerned  :  "  as  if  the  sea  could  instantly  accommodate 
itself  to  the  temporary  form  which  would  afford  an  equilibrium. 
In  fact,  however,  it  is  just  a*  likely  to  happen,  in  the  open 
ocean,  that  the  transit  of  the  luminary  may  coincide  with  the 
time  of  low  water  as  with  that  of  high  water  ;  and  in  more 
limited  seas  and  lakes,  there  is  no  hour  in  the  twenty-four  at 
which  high  water  may  not  naturally  be  expected  to  take  place,  * 
according  tu  the  different  breadth  and  depth  of  tiie  waters  con- 
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oerned;  while  under  other  drerniMtanflen,  it  may  happen  to  he 
high  water  only  once  a  day,  or  once  a  fertnight,  or  there  may 
be  no  tide  at  all,  without  any  deviation  from  the  strictest  regu- 
larity in  the  operation  of  the  causes  concerned.  Since  the  sub- 
ject has  hitherto  been  considered  as  extremely  intricate,  and  has 
not  indeed  yet  been  free<l  from  all  its  embarrjissments,  we  j^hall 
here  endeavour  to  explain  the  principles  on  which  the  investi- 
gation lias  been  conducted. 

"  The  attempts  that  were  made  by  Newton,  to  compute  the 
effects  of  the  solar  and  lunar  attraction  on  the  sea,  went  no 
further  than  to  the  determination  of  the  magnitude  of  the  ele- 
vation which  would  at  any  given  time  afford  a  temporary  equi- 
librium :  and  even  Maclaurin  was  satisfied  with  having  ascer- 
tained the  precise  nature  of  the  form  which  the  waters  must 
asBume  in  such  a  case.  But  it  is  obvious  that  these  determi- 
nations are  by  no  means  sufficient  for  ascertaining  the  motions 
which  arise  from  the  change  of  relatiTe  situation  induced  by  the 
eartii*8  rotation,  since  the  form,  thus  ascertained,  only  aifords 
us  a  measure  of  the  force  by  which  the  waters  are  urged,  when 
they  do  not  accord  with  it,  and  by  no  means  enables  us  to  say, 
without  further  calculation,  how  nearly  they  will  at  any  time 
approach  to  it  In  fact,  the  change  of  the  conditions  of  equili- 
Mom  determines  only  the  magnitude  of  this  foree^  sudi  as  it 
would  be  if  the  sea  remained  at  rest,  while  it  is  in  reality  ma- 
terially modified,  at  any  g^Ten  time,  by  the  eflect  of  the  motions 
which  have  previously  taken  place:  and  supposmg  its  true 
magnitude  to  be  ascertained,  its  immediate  operation  will  at  all 
times  be  eomplicated  with  the  conditions  under  winch  an  im- 
pulse of  any  kind  is  capable  of  being  oommunicatod  to  the 
nd|^honring  parts  of  the  sea,  which  depend  on  the  dqith  of  the 
sea,  as  well  as  on  the  form  of  the  earth. 

"Mr.  Laplace  has  undertaken  the  inyestigation  of  the  theory 
of  the  tides,  with  all  these  ad^tional  complications ;  and  be 
eoDsiders  it  as  constituting  without  exception  the  most  diflicult 
department  of  the  whole  science  of  astronomy ;  and  yet  tins 
consummate  mathematician  has  omitted  to  include  in  his  calcu- 
lation the  effects  to  be  attributed  to  resistances  of  various  kinds, 
and  to  the  irregularities  of  the  form  of  tlie  sea,  w  lncii  appear 
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tu  u&  to  constitute  by  far  the  more  material  difficultiea  in  the 
inquiry.  The  general  prc)l)han,  relating  to  the  oscillation  of 
a  fluid  completely  covering  a  sphere,  and  moving  with  little  or 
no  resistance,  which  Mr.  Laplace  has  solved  by  a  very  intricate 
analysis,  is  capable  of  being  exhibited  in  a  much  less  embar- 
rassed, and,  we  apprehend,  even  in  a  more  accurate  manner,  by 
a  mode  of  investigation,  which  is  equally  applicable  to  the  tides 
of  narrow  seas  and  of  lakes,  and  which  may  easily  be  made  to 
affiDitl  a  correct  determination  of  the  effects  of  resistance,  as 
well  as  a  ready  mode  of  discovering  the  laws  of  motioDB 
governed  by  periodical  forces  of  any  kind ;  at  least  so  far  at 
these  forces  are  capable  of  being  represented  by  any  combina* 
tions  of  the  aines  of  arcs,  which  iocreaae  unifomily  with  the 
time. 

Tlie  evential  chaiaeter  of  this  method  oonaiBtB  in  oom- 
paring  the  body  actuated  by  the  given  force  to  a  pendiiliun»  of 
which  the  point  of  eiupenaion  is  caused  to  vibrate  regularly  to 
a  certain  small  extent:  the  length  of  the  pendulum  being  sup- 
posed to  be  sudi  as  to  aflbrd  vibrations  of  equal  frequency  with 
the  spontaneous  vibrations  of  the  moveable  body,  and  the  point 
of  suspension  to  be  carried  by  a  rod  of  sudi  a  length  as  toafford 
vibrations  of  equal  frequency  with  the  periodical  alternations  of 
the  Ibroe.  It  is  then  shown  that  such  a  pendulum  may  peHbrai 
regular  vibrations,  contemporary  with  the  alternations  of  the 
periodical  force,  and  inversely  proportional  in  their  extent  to 
the  difference  between  the  length  of  the  two  rods :  and  that, 
whatever  may  have  been  the  initial  ^tate  of  the  pendulum,  the 
motion  thus  determined  may  be  considered  ai>  affording  a  mean 
place,  about  which  it  will  at  first  perform  simple  and  regular 
oscillations ;  but  that  a  very  small  resistance  will  ultimately 
cause  these  to  disappear : "  so  that  tlie  particular  solution  of 
the  problem,  which  indicates  a  series  of  vibrations  iis  they  mai/ 
be  performed,  is  thus  rendered  general ;  since  every  other  ini- 
tial state  of  the  vibrations  mutt  ultimately  terminate  in  this 
series. 

"  Now  the  sea,  or  any  of  its  portions,  may  be  considered  as 
bodies  susceptible  of  spontaneous  vibrations,  precisely  similar 
to  the  smaU  vibrations  of  a  pendulum ;  and  the  semidiurnal 
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variaAioii  of  the  form  winch  wimldaflbrd  an  eqmlibriuni,  in  con- 
sequence of  the  solar  and  lunar  attractions,  is  perfectly  analo- 
gous to  the  regular  vibration  attributed  to  the  point  of  suspen- 
sion of  tht3  pendulum.  The  frequency  of  the  simple  oscillations 
•  of  the  sea,  or  of  any  of  its  part^,  supposing  their  depth  and  extent 
known,"  and  their  form  sufficiently  simple,  "  may  easily  be 
deduced  from  the  important  theorem  of  Lagrange,  by  which 
the  velocity  of  a  wave  of  any  kind,"  when  sufficiently  broad, 
**  is  shown  to  ht^  equal  to  the  velocity  of  a  heavy  body,  which 
has  fallen  through  half  the  height  of  the  fluid  concerned  :  but 
in  the  case  of  a  tide  extending  to  any  considerable  portion  of  the 
surface  of  the  globe,  this  velocity  must  be  somewhat  modified 
according  to  the  comparative  density  of  the  central  and  the 
superficial  parts. 

The  most  remarkable  cooaequence  of  this  analogy  is  the  law, 
that  if  the  simple  oBciUations,  of  which  the  moving  body  is  sua- 
ceptible,  be  more  frequent  than  the  period  of  the  recurring 
force,  the  pendulum  will  follow  its  point  of  suspension  with  a 
direct  motion  ;  but  if  the  spontaneons  vibrations  be  the  slower, 
the  motions  will  be  inverted  with  respect  to  each  other :  and 
with  regard  to  the  tides,  we  may  infer  from  this  mode  of  cal- 
culation, that  supposing  the  earth  to  be  between  five  and  six 
times  as  dense  as  the  sea,  the  oscillations  of  an  open  ocean 
can  only  be  direct,  if  its  depth  in  the  neighbourhood  of  the 
equator  be  greater  than  fifteen  or  sixteen  miles ;  and  that  if 
the  depth  be  smaller  than  this,  the  tides  must  be  inverted,  the 
time  of  low  water  oonesponding,  in  this  case,  to  the  transit  of 
the  luminary  over  the  meridian. 

'*  This  distinction  has  not  been  explicitly  made  by  Mr.  La- 
place, although  he  has  calculated,  that  for  a  certain  depth,  of  a 
few  miles  only,  the  tides  of  the  open  ocean  must  be  inverted, 
and  that  for  greater  depths  they  will  be  direct:  but  the  intri-  i 
cacy  of  his  formulae  seems  to  render  their  use  laborious,  and 
perhaps  liable  to  some  inaccuracy ;  and  in  the  application  of 
his  theory,  he  seems  to  have  lost  sight  even  of  the  possibility  of 
an  inverted  tide.  In  narrower  seas,  which  Mr.  Laplace  has 
not  considered,  a  smaller  depth  will  constitute  the  limit  between 
these  two  species  uf  tides ;  and  in  cither  case  the  approach  of  the 
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deptli  to  this  limit  will  be  favourable  to  the  magnitude  of  the 
Ude."  It  may  also  be  remarked,  that  if  the  depth  of  the  sea 
became  gradually  smaller  in  receding  from  the  equator,  till  it 
vanished  at  the  poles,  its  surface,  as  well  as  that  of  the  earth, 
having  the  form  of  an  oblate  spheroid,  the  time  required  for  a 
wave  to  travel  round  it  would  be  equal  in  all  latitudes,  and  the 
tides  would  be  of  the  fame  species  in  every  part :  while  the 
tides  of  the  atmosphere,  on  the  other  hand,  independently  of 
the  resiatanoe,  would  be  indirect  at  the  equator,  and  direct  near 
the  poles. 

However  the  primitive  oscillation  may  be  constituted,  it 
is  easy  to  understand,  that  it  will  be  propagated  througli  a 
limited  channel,  connected  with  the  maui  ocean,  in  a  longer  or 
shorter  time,  according  to  the  leiigth  and  depth  of  the  chan« 
nel ;  and  that  if  the  channel  be  open  at  both  ends,  the  tide  will 
arri?e  al  any  part  within  it  by  two  diflforent  paths ;  and  the 
efiects  of  two  snccessiTe  tides  may  in  this  manner  be  so  com- 
bbed  as  to  alter  fery  materially  the  usual  course  of  the  phe- 
nomena :  for  instance,  if  there  were  about *sis  hours'  difference 
in  the  times  occupied  in  the  passage  of  the  two  tides  o?er  their 
lespectiTe  paths,  the  tune  of  the  high  water  belonging  to  one 
tide  would  coincide  with  that  of  the  low  water  belonging  to  the 
other,  and  the  whole  wiatioii  of  the  height  mi^t  in  thb  man- 
ner be  destroyed,  as  Newton  has  long  ago  observed  with 
respect  to  theportof  Batsha :  and  it  maybe  either  for  a  nmilar 
reason,  or  from  some  other  local  peculiarify  of  situation,  that  no 
considerable  tides  are  observed  in  the  West  Indies ;  if  indeed  it 
is  true,  tliat  the  tides  are  so  much  smaller  there  than  might  be 
expeirtiMl  from  calculation ;  for  in  fact  the  original  tides  of  an 
0]H'U  sea,  not  exceeding  a  mile  or  two  in  depth,  would  amount 
to  a  few  inehe!<  only,  even  without  allowing  for  the  effects  of 
resistaiiei'.  In  the  middle  of  a  lake,  or  of  a  narrow  sea,  there 
can  1h'  littlr  or  no  primitive  elevation  or  depression;  and  the 
time  of  liiLrh  water  on  its  shores  nju.>t  always  \ye  about  six 
houTfi  bt  tore  or  aft«'r  the  {Nissage  of  the  luminary  over  the 
middle  ;  »o  that  fnun  this  source  we  may  derive  an  infinite 
diversity  in  the  tiiua»  at  which  thebe  vicissitudeii  occur  in 
diiercut  partd. 
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**  The  effccta  of  resistances  of  various  kinds,  in  modifying 
tilt'  time  of  high  water,  c.iiniot  easily  he  determined  in  a  tlireet 
and  |>ositive  manner  from  immediate  observation.  Mr.  I^place 
appears  to  be  of  opinion  that  these  resistances  are  wholly  in- 
considerable ;  but  if  any  dependence  can  be  placed  on  the 
calculations  of  Dubuat,  we  ought  to  cxpc'!t  a  very  different 
result,  since,  according  to  Dubuat's  formula,  the  rcsistancei  io 
the  case  of  a  tide  of  any  moderate  magnitude,  must  far  exceed 
the  moving  power.  From  this  result,  however,  nothing  can  be 
concluded  with  certainty,  except  that  the  formula  is  extremely 
defective  with  respect  to  great  deptlis  and  slow  motions;  yet 
we  may  infer  from  it,  as  a  probable  conjeetoie,  that  the  reast- 
anoe  must  be  great  enough  to  produce  some  perceptihle  efieds^ 
and  even  that  it  must  be  greater  than  would  be  expected  from 
another  mode  of  calculation  founded  on  the  same  experiments, 
{Phil.  Traat  1808  ;*  Supple  Ene.  Br.,  Art  Htobadliob,)  which 
would  give  the  proportion  of  the  greatest  reristance  to  the 
greatest  moving  force  only  as  |  of  the  height  of  the  tide,  in- 
creased by  about  teii  foot,  to  the  whole  depdi  of  the  ocean  con- 
cerned, at  least  on  the  suppontion  of  a  uniform  dsp^  and  a 
smooth  bottom,  which  indeed  must  be  fiur  fnm  the  truth ;  amce 
the  inequalities  of  the  bottom  of  the  sea  must  tend  very  greatly 
to  increase  the  resistance,  especially  that  part  of  it  which  varies 
as  the  square  of  the  velodty. 

Now  it  has  been  demonstrated  (Ni^,  Jaum.;^  lUustr.  CkL 
Meeh.;  SnjtpL  K  Br.,  Art  Tides)  ^  that  aresistanoe  simply  pro- 
portional to  the  velocity,  would  not  disturb  the  perfect  regu- 
larity of  the  oscillations  concerned,  and  that  it  would  only 
retard  them  when  direct,  and  accelerate  diem  when  inverted, 
by  the  time  corresponding  "  to  a  certain  arc,  of  which  the  tan- 
gent is  to  the  radius,  as  the  velocity  due  to  half  the  lengtli  of 
the  pendulum  synchronous  with  the  periodical  force  is  to  the 
velocity  at  which  the  resistance  becomes  equal  to  the  force  of 
gravity,  and  €^s  the  length  of  the  pendulum  synchronous  with 
the  spontiuieous  oscillation  to  the  difference  of  the  lengths  of 
these  two  pendulums  t'oiijolntly.  "  Nor  will  the  displacement 
proiluccd  by  an  eciiial  mean  I'csistance,  varying  as  the  s<iuare  of 
•  tupia,  No.  XXiV.,  VoL  l.»  V-  -tSi.         f  i^upra,  p.  2(i6.         X  p.  3i42. 
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the  velocity,  be  materially  different ;  the  body  or  surface  merely 
oscillating  a  little  about  its  mean  place,  in  consequeDce  of  the 
different  distribution  of  the  resistance. 

**  Here,  then,  wc^  have  another  source  of  very  great  diversities 
in  the  times  of  the  tides,  according  to  the  dimensions  of  the  seas 
concerned,  even  in  those  parts  in  which  the  tides  may  be  sup- 
posed to  be  rather  original  than  derivative,  not  excepting  the 
most  widely  extended  oceans.  There  are,  however,  other  consi- 
derations, which  limit,  in  some  measure,  the  probable  magnitude 
of  a  resistance,  varying  either  accurately  or  very  nearly  in  pro- 
portion to  the  square  of  the  velocily ;  and  the  chief  of  these  is  the 
time  of  high  water  at  the  spring  and  neap  tides,  which  must  be 
▼ery  diflenmUy  aficted  by  such  a  resistanoey  since  it  must 
necessarily  cause  a  much  greater  acceleration  or  retardation  of 
the  spring  tides  than  of  the  neap  tides.  Hitherto  it  has  only 
been  observed  that,  in  partieular  ports,  the  greatest  tides  hate 
happened  the  earliest;  but  no  aoeurate  oomparisons  of  tiie  times 
of  faig^  and  low  water  bare  been  made  in  a  sufficient  rariely  of 
cireomstanoes  to  aniliorise  our  ibrming  any  general  condnsion 
of  tiiis  kind.  It  might  indeed  be  sopposed,  that  tiiis  diversity 
of  the  relative  time  of  high  water  might  be  modified  and  con- 
cealed by  adiflerenoe  of  velocity  in  the  progress  of  the  diilerent 
tides  fimn  their  souroe  b  the  ooean  to  the  pUuses  of  observation, 
according  to  tbe  difeent  degrees  of  renstance  opposed  to 
them :  but,  if  we  can  depend  on  a  mode  of  calcnlatiop  which  has 
occurred  to  us,  the  velodty  with  which  a  wave  or  tide  is  propa- 
gated, is  not  materially  affected  by  a  resistance  of  any  kind,  ' 
its  magnitude  only  being  gradually  reduced,  and  even  its  form 
remaining  little  altered  by  this  cause,  when  the  resistance  is 
nearly  proportional  to  the  velocity  ; "  although,  as  the  fonu  of 
a  wave  is  evidently  altered  in  approaching  the  shore,  its  summit 
advancing  more  rapidly  than  its  basis,  till  it  falls  over  and 
the  wave  breaks,  so  a  tide  remote  from  the  ocean  is  generally 
observed  to  rise  somewhat  more  rapidly  than  it  falls. 

"  Another  limitation  of  the  mapmitude  of  a  resistance,  varying 
as  the  s(juare  of  the  velocity,  is  the  iiioditication  of  the  apparent 
proportion  of  the  solar  to  the  lunar  force,  which  must  arise  from 
lU   In  assuming  that  the  comparative  magnitudes  of  the  tides 
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in  the  open  sea  mii'st  be  precisely  the  same  with  those  of  the 
disturbing  forces  which  occasion  them,  astroDomers  have  hitherto 
neglected  two  Tery  material  circinngtances ;  ooe,  the  eftct  that 
a  greater  approach  of  the  frcqnency  of  the  ymtaneona  oeeUlar 
tioDfl,  to  theaolar  or  lunar  poiod,  muBlhafe  in  angmenting  the 
rtepeetife  tide ;  ihe  other,  the  greater  dinrinntiop  of  the  apriqg 
than  of  the  neap  tides  hy  the  operation  of  a  reaatanee  propor- 
tknal  to  the  square  of  the  Tdodly,  which  gires  to  the  Inner 
tide  a  greater  apparent  preponderanoe.  Mr.  Laplace  is  oUiged 
to  hafe  reconrae  to  some  imaginary  peenliaritiei  in  tlie  local 
situation  of  the  port  of  Brest,  in  order  to  explain  the  eiiatenoe 
of  lunar  and  solar  tides  in  the  proportion  of  Uiree  lo  one,  while 
the  other  phenomena,  depending  on  the  moon's  attraction,  make 
it  improbable  that  the  lunar  force  can  be  to  the  solar  in  a 
much  greater  ratio  than  that  of  five  to  two.  But,  iu  fact,  the 
proportions  of  the  tides  in  other  ports,  very  differently  situated, 
for  instance  at  St.  Helena,  are  nearly  the  same  with  those 
which  have  been  observed  at  Brest ;  and  it  is  demonstrable, 
that  such  a  diminution  of  the  apparent  solar  force  must  neces- 
sarily be  the  consequence  of  the  operation  of  any  resistance, 
proportional  to  the  square  of  the  velocity  ;  besides  Ix'ing  in  part 
dependent,  according  to  the  most  probable  suppositions,  upon 
the  actual  depth  of  the  sea,  as  being  more  &ToaFaUe  to  the 
exhibition  of  a  lunar  than  a  solar  tide. 

There  remmns  to  be  explained  the  interral  which  elaptea 
between  the  time  of  new  or  full  moon,  and  the  occurrence  of 
the  highest  tides,  amounting  at  Brest  to  about  a  day  and  a  half, 
and  at  London  Bridge  probably  to  two  days.  The  most  simple 
iuppositioo  respecting  this  interval,  is  that  which  Mr.  Laplace 
has  adopted ;  aa  the  retardation  is  greater  at  London  Bridge 
than  al  BMst,  so  it  may  be  imagined  thai  there  are  other 
places,  still  more  exposed  than  Brest  to  the  great  oceans,  at 
which  it  will  altogether  disappear.  We  cannot»  howeter,  die* 
cofer  anything  like  a  progreasiTe  succession  of  this  kind  in  the 
tides  which  are  obserred  at  diilbrent  parts  of  tiie  contincat ;  nor 
would  so  great  a  time  as  a  day  and  a  half  be  required  for  the 
passage  of  a  tide  over  more  than  half  the  drcumlerence  of  the 
globe,  upon  auy  probable  estimate  of  the  depth  of  the  aea.*' 
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The  full  developnent  of  tiie  maimer,  in  which  the  renatamse 
may  be  supposed  io  eanae  thii  felardatioD,  wOl  be  firand  in  the 
flopptement  to  the  Encyclopaedia. 

•*  We  have  assigned  abundant  reasons  for  the  diversity  which 
occurs  in  the  time  of  high  water  at  any  given  period  of  the 
moon*8  revolution  in  places  differently  situated ;  and  this  time 
being  once  ascertained  for  any  one  tide,  we  may  easily  infer  by 
calculation  the  time  at  which  every  other  tide  will  occur ;  and 
we  shall  find  in  this  sequence  the  most  perfect  coincidence  be- 
tween theory  and  observation.  Thus,  if  the  high  water  of  the 
spring  tides,  derived  froui  the  coincidence  of  the  solar  and  lunar 
high  waters,  soon  after  the  new  or  full  moon,  happened  at  any 
})ort  precisely  at  noon,  the  next  time  of  the  high  water  belong- 
ing to  the  solar  tide  would  of  course  be  at  midnight,  and  that 
of  the  lunar  high  water  twenty-five  minutes  later  ;  and  the  true 
time  of  high  water  will  divide  this  interval  nearly  in  proportion 
to  the  apparent  forces,  and  will  occur  about  eighteen  minutes 
after  midnight/'  [the  interval  being  12'*  IS™,  and  not  12^'',  as 
it  has  been  hastily  assumed  for  the  table  of  the  Supplement :] 
**  and  the  next  day  it  will  be  high  water  aboat  tbirty-eiz 
minutes  after  twelve.  This  retardation  will  increase  from  day 
to  day,  since  its  moan  daily  value  is  about  fifty  mnraftes ;  and 
at  the  neap  tides  following  the  moon's  quadratures,  it  will  be-  • 
come  about  twice  as  great  asatthe  syzygiesy  its  difeent  values^ 
in  these  cases,  being  nearly  proportional  to  the  magnitude  of 
the  spring  and  neap  tides ;  so  that  Bernoulli  has  considered 
them  as  afeding  the  meet  ccvrect  estimate  of  the  comparative 
magnitude  of  the  solar  and  lunarlbrces;  ahhoai^  they  are  pro-  - 
haUy  less  capable  of  being  accurately  determined  by  direct 
obsvvation  than  the  different  elevations  and  depresnons.  We 
osn  scarcely  imagine  it  possible  that  any  individual,  aoquamted 
with  these  nmple  &cts  alone,  to  lay  notiung  of  many  others, 
equally  well  establisbedt  could  for  a  moment  entertain  the 
slightest  doubt  of  the  real  and  immediate  dependence  of  the 
tides  on  a  combination  of  the  solar  and  lunar  attractions."  ^ 

"  In  the  diurnal  and  annual  variations  of  the  height  of  the 
tides  there  is  no  peculiar  difficulty.  The  declinations  and  dis- 
tances of  the  luminaries  modify  their  forces  in  a  manner  which 
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IB  easily  determined  ;  and  the  periods  of  these  changes  benig 
much  greater  than  the  times  of  spontaneous  oscillation  in  aoy 
of  the  seas  concerned,  the  effects  directly  follow  their  causes, 
almost  m  the  simple  proportion  of  the  intensity  of  the  foroes 
concerned.  Mr.  Lapkoe  has  calculated,  that  in  an  ocean  of 
equable  depth,  the  difference  between  the  hdghta  of  the  morn- 
ing and  evening  tides,  dqiending  on  the  dedinatioo  of  the 
luminary,  must  wholly  disappear ;  but  we  cannot  help  snspect- 
ing  that  there  must  be  an  imperfection  in  some  of  the  many 
steps  of  his  iuTestigation.  The  depth  would  be  equable  if  the 
whole  sphere  were  fluid ;  and  it  will  not  be  denied  that  in  this 
case  there  would  be  no  diflerenoe  in  the  morning  and  eiening 
tides,  very  nearly  coinciding  with  that  of  the  primitiTe  varia- 
tions of  the  figure  aflbrding  an  equifibrium:  nor  can  we 
discover  any  imperfection  in  the  method,  which  Mr.  Laplace 
himself  has  sometimes  adopted,  of  oonndering'the  diilbenoe 
of  the  two  tides  as  a  separate  diurnal  tide,  and  determining 
its  magnitude  precisely  in  the  same  manner  as  if  it  existed 
alone." 

"  When  a  regular  tide  moves  continually  forwards  in  an 
open  ocean,  the  progressive  motion  of  the  fluid  is  the  greatest, 
or  in  other  words,  the  flood  is  the  strongest,  where  the  elevation 

is  greatest,  and  tlie  motion  is  retrograde,  constituting  the  ebb, 
wherever  there  is  a  depression.  In  a  river,  the  etFect  of  a 
stream  would  only  so  far  modify  the  velocity,  a»  to  make  it 
proportional  to  the  elevation  above  or  the  depression  below  a 
different  level ;  but  if  a  river  or  channel  of  any  kind  terminated 
abruptly,  so  as  to  cause  a  reflection,  the  progressive  velocity 
would  commence  from  the  time  of  low  water,  and  continue  till 
that  of  high  water  only,  or  even  be  counteracted  by  the  motion 
of  the  current,  so  as  to  cease  still  earlier,  and  to  commence 
later.  The  rivers,  in  which  our  tides  are  commonly  observed, 
seem  to  hold  a  middle  place  between  these  two  cases  :  at  Lam- 
beth, for  instance,  the  flow  of  the  tide  is  continued,  not  during 
the  whole  time  that  the  water  remains  elevated  above  a  certain 
level,  but  about  three  quarters  of  an  hour  after  the  time  of  high 
water,  at  which  it  would  cease  near  the  end  of  a  channel  ter- 
minating abruptly.   And  it  is  probable  that  by  similar  con- 
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sidcratim  the  course  of  the  ebb  and  flood  tides  might  be  ex- 
plained in  many  ottier  coaes.*' 

If  we  apply  the  same  mode  of  calculation  to  the  tides  of 
the  atmosphere,  they  will  appear  to  be  sabject  to  some  very 
singular  modifications.  At  the  poles  they  must  be  very  small ; 
at  the  equator  moderate ;  but  at  the  latitude  of  about  42"*,  where 
the  rotatory  Telocity  of  the  earth's  surfiuse  is  equal  to  the  Telocity 
with  wludi  any  unpressioa  is  transmitted  by  tlie  atmoqihere^  or 
at  about  40*  of  the  lunar  tide,  the  hmght  of  the  oscillatioos  will 
only  be  limited  by  the  resistances,  the  greatest  deration  occur- 
ring about  three  hcun  after  the  transit  of  the  luminary;  nearer 
the  pole  they  wiU  occur  earlier  than  this,  and  nearer  the  equa- 
tor a  little  later."  PosaUy,  indeed,  the  Bli|^  obliquity  in  the 
direction  of  the  high  water  mig^t  have  some  little  tendency  to 
equalise  the  height  of  the  tides  of  difaent  parts  of  the  atmos- 
phere :  *^  it  seems*  however,  to  be  a  mistake  to  suppose,  that 
tbe  eflbcbi  of  the  atmoBphericaPtides  must  be  more  perceptible 
near  the  equator  than  in  temperate  climates;  and  the  Taria- 
tions  of  the  barometer  which  ha.re  been  obserred  between  the 
tropics,  are  manifestly  independent  of  the  lunar  attraction, 
occurring  regularly  at  certain  hours  of  the  day  or  night ;  as 
indeed  the  tides  of  the  ocean  might  have  been  expected  to  occiu*, 
if  they  had  really  been  derived  from  the'*  meteorological  causes 
to  which  some  authors  have  "  chosen  to  attribute  them.** 

Of  the  article  Tides  in  the  Supplement,  the  first  section 
relates  to  the  "  Progress  of  contemporary  tides  as  inferred  from 
tlie  times  of  high  water  in  different  ports. '*  The  author's 
conclusions  from  a  tabular  comparison  of  observations  are 
these : — * 

"  First,  that  the  line  of  contemporary  tides  is  seldom  in  the 
exact  direction  of  the  meridian,  as  it  is  supposed  to  be  univer- 
sally in  the  theory  of  Newton  and  of  Laplace ;  except,  per- 
haps, the  line  of  the  twenty-first  hour  [of  Greenwich  time]  in 
the  Indian  Ocean,  which  appears  to  extend  from  Socotora  to 
the  Almirantes,  and  the  Isle  of  Bourbon,  lying  nearly  in  the 
same  longitude. 

Secondly,  that  the  southem  extremity  of  the  Ime  advances 

^  Snpn,  p.  9S7. 
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as  it  paaaee  the  Cape  of  Good  Hope^  so  that  it  tuniB  up  to- 
waida  the  Ailaiitic»  which  it  enters  oUiquely,  so  as  to  amve» 
nearly  at  the  same  moment,  at  the  Ddand  of  AsoensioDy  and  at 
the  Island  of  Martin  Vas,  or  of  the  TVinity. 

"  Thirdly,  after  se?ml  irreguUritieB  abont  the  Gape  Verd 
Islands,  and  in  the  West  Indies,  the  line  appears  to  run  nearly 
east  and  west  from  St.  Domingo  to  Cape  Blanco,  the  tides  pro- 
ceeding due  northwards ;  and  then,  turning  still  more  to  the 
right,  the  line  seems  to  become  N.W.  and  S.E.  till  at  last  the 
tide  runs  almost  due  cast  up  the  British  Channel,  ^ while 
another  part  of  it  pas^jes]  round  the  north  of  Scotland  into  the 
Northern  Ocean,  sending  otf  a  branch  down  the  North  Sea  to 
meet  the  succeeding  tide  at  the  mouth  of  the  Thames. 

*'  Fourthly,  towards  Cape  Horn  again  there  is  a  good  deal 
of  irregularity  ;  the  hour  lines  arc  much  compressed  between 
South  Georgia  and  Tierra  del  Fuego,  perhaps  on  account  of  the 
shallower  water  about  the  Falkland  Islands  and  South  Shetland. 

"  In  the  fifth  plaoe^  at  the  entrance  of  the  PaciHc  Ocean, 
the  tides  seem  to  advance  very  rapidly  to  New  Zealand  and 
Easter  Island ;  but  here  it  appears  to  be  uncertain  whether  the 
line  of  contemporary  tides  should  be  drawn  nearly  north 
and  south  from  the  Gallapagos  to  Tierra  del  Fn^^  or  N.E. 
and  S.W.  firom  Easter  Island  to  New  Zealand ;  or  whether 
both  these  partial  directions  are  oorrect :  but  on  each  side  of 
this  line  there  are  great  irregularities,  and  many  more  observa- 
tions are  wanting  before  the  progress  of  the  tide  can  be  traoed» 
with  any  tolerable  accuracy,  among  the  multitudinous  islands 
of  the  Pacific  Ocean,  where  it  might  have  been  hoped  that  the 
phenomena  would  have  been  observed  in  theur  greatest  simpli- 
city, and  in  their  most  genuine  form. 

*'  Lastly,  of  the  Indian  Ocean  the  northern  parts  exhilHt 
great  irregularities,  and  among  the  rest  they  afod  the  am- 
gular  phenomenon  observed  by  Halley  in  the  port  of  Tonkm, 
and  explained  by  Newton  in  the  Prinei^ :  the  southern  parts 
are  only  remarkable  for  having  the  hour  lines  of  contemporary 
tides  considerably  crowded  between  New  Holland  and  the  Cape 
of  Good  Hope,  as  if  the  seas  of  those  parts  were  shallower  than 
elsewhere.*' 
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The  second  section  relates  to  the  "  distiurbing  forces  that 
occasion  the  tides/*  and  presents  nothing  that  is  not  readily 
demonstrable,  and  indeed  universally  admitted,  except,  per- 
haps, the  magnitude  of  the  primitive  elevation,  produced  by 
the  Innar  and  solar  forces,  wlueh  is  made  two  feet  and  ten 
niches  respectively,  or  at  the  very  utmost  2^  feet  and 
eleven  inches,  fer  the  aetoal  density  of  the  earth  and  sea, 
instead  of  the  much  greater  height  commonly  assigned  to  it, 
on  the  very  erroneoos  suppositimi  of  a  homogeneous  sphere  of 
water. 

The  third  section  investigates  the  efibcts  of  resistance  in 
vibratory  motions,  whether  ample  or  compound,'*  and  reduces 
into  a  somewhat  more  technical  or  fashionable  ferm  the  propo- 
sitiooi  which  the  author  had  before  deduced  from  a  geome- 
trical mode  of  representation,  but  with  considerable  extensions 
and  improvements  :  and  as  a  corollary  tending  to  illustrate  the 
accuracy  of  his  formulae,  he  has  applied  them  to  the  problem  of 
a  pendulum  moving  with  a  resistance  proportional  to  the  velo- 
city, which  had  been  left  incomplete  by  Euler.  He  has  shown 
that  the  resistance,  in  Captain  Kater's  experiments,  could  only 
have  caused  an  error  of  a  second  in  about  fifty  years :  a  quan- 
tity certainly  altogether  insignificant,  but  which  could  not  with 
propriety  be  wholly  neglected,  while  it  was  known  that  its  mag- 
nitude was  determinable,  and  while  its  insignificance  remained 
undemonstrated. 

He  then  proceeds  to  compute  the  effect  of  periodical  forces 
with  or  without  resistance,  and  shows  that  the  eflfects  of  such 
forces  on  a  pendulous  or  vibratory  body  are  always  most  con- 
siderable when  the  period  of  the  force  approaches  very  near  to 
that  of  the  vibration  :  a  proposition  which  is  illustrated  by  the 
sympathetic  vibrations  of  the  pendulums  of  clocks,  and  in  the 
motion  of  the  inverted  pendulum  invented  by  Mr.  Hardy,  as  a 
test  of  the  steadiness  of  a  support,  which  shows,  when  it  is  well 
adjusted  to  the  rate  of  a  clock,  that  no  pillar  can  be  so  steady 
as  not  to  communicate  to  it  a  very  perceptible  motion  by  its 
regular,  thougli  extremely  minute,  and  otherwise  insensible 
duuQge  of  place. 

Hie  theorem  most  immediately  applicable  to  the  case  of  the 
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tides  18  tlii8,(K*):"  the  eqiiatioD,^  +  ^^  +  P#  +  Jf  sin. 
•  <»=  0,  may  be  satisfied  by  taking  ,  =  :j^g -•^•^AAOO 
sin.  (fiH—m  tan  ^§3%^^  •  which  is  also  extended  by  a  subsi- 
diary approximation  to  the  case  of  a  renstanoe  varying  as  the 
square  of  the  velocity. 

In  tiie  fourth  section  t  of  tiie  article  we  find  the  ^^Astronomical 
detennination  of  the  periodical  forces  which  act  on  the  sea  or  on 
a  lake,"  affording  the  equations  which,  by  means  of  Theorem  K, 
oonld  give  at  once  the  height  of  the  tides  in  any  port,  if  the 
ooeffidents  were  sufficiently  determined,  and  even  without  this 
determination  affording  some  iutereating  conclusions  from  facta 
that  are  already  well  known. 

For  a  canal  or  a  sea  lying  in  an  easterly  and  westerly  direc- 
tion, the  periodical  force  is  shown  to  vary  as  sin  A/t.  cos  Ait.  sin 
Az.y  and  for  a  canal  deviating  from  that  direction  in  a  given 
angle,  as  sin  Alt  cos  Alt.  sin  (Az.-\-  Dev.).  And  in  the  two  cases 
of  a  canal  running  east  and  west  in  any  latitude,  and  of  a  canal 
situated  obliquely  at  or  near  the  efjuator,  the  force  becomes, 
still  more  simply,  first  l  sin  DecL  cos  DccL  sin  Ilor.  L  +  1/  cos* 
Decl.  sin  Hor.  Z  cos  Hor.  Z,  L  being  the  sine  of  the  latitude, 
and  1/  it.^  cosine  ;  and  secondly,  if  D  be  the  sine  of  the  deviation, 
or  of  the  angle  formed  by  the  length  of  the  canal  with  the 
equator,  and  d'  its  cosine,  d  sin  Decl.  cos  DecL  cos  Hor*  I  4- 
d'  cos*  Decl  sin  Hot.  L  cos  Hor.  l  • 

A  sories  is  then  found  for  representing  the  declination  by 
means  of  arcs  increasing  uniformly  with  the  time ;  but  it  is 
observed  that  for  the  purposes  of  calculation  it  is  sufficient  to 
suppose  the  sun  and  moon  to  move  uniformly  in  the  ecliptic,  or 
even  to  have  uniform  motions  in  right  ascension ;  whence  we 
obtain  for  the  suirs  force,  on  a  canal  running  east  and  west, 
putting  0?  for  the  sine  of  the  obliquity  of  the  ecliptic,  for  the 
sun's  longitude,  aAd  t  for  the  horary  angle,  oc'  [1^  cos  — 
O).ioos(<+  0)]+i*«''  [^(e-30)-ioos(<  +  30)l 

+  L  ce'"  [*  cos  (*-5  ©)  -  i  cos  +  5  0)1  +  ^  ( -  i  a?') 
mn  2  <  +  J  0?'  [i  on  2  (<  +  O)  +  i  sin  2    -  0)] :  a?',  w% 

•  Sti|M«,  p.  32S.  t  Sopn,  p.  333. 
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and  oT^  being  oodBdeDtt  derived  from  cr,  and  equal  retpeo- 
tively  to  about  .3645,  .0078,  and  .00002,  and  =.1585.  From 
each  of  the  tenna,  expressing  the  ibroes,  the  ndne  of  the  oorre- 
tpoodiiig  portkm  of  Uie  space  described  may  be  obtained  by 
means  of  the  general  Theorem  SI,  snbatitating,  in  the  case  of 
the  8(dar  tide,  for  the  coefficient  of  Ihe  simple  resistance  the 
value  s  ^  4-  2.88  DH\  in  which  D  is  the  coefficient  of  the 
resistance  varying  as  the  square  of  the  vdodty,  and  Bfi  tiie 
supposed  actual  extent  of  the  lunar  tide ;  and  for  the  lunar  tide 
A"  z^A  -k-  2.88  DS'  +  .8484  D  (Ai'-^O- 

But  without  calculating  tlie  precise  amount  of  all  the  coeffi- 
cients, the  author  proceeds  to  deiuunstrate  in  general,  that 
"  the  results,  with  regard  to  the  i<j)ace  described,  will  not  differ 
much  from  the  proportion  of  the  forces,  except  when  their 
pcriotla  approach  nearly  to  that  of  the  spontaneous  oscillation, 
represented  hy  2?."  And  "  considering  in  this  simple  point  of 
view  the  correct  exj)re.ssion  of  the  force? ;  we  may  observe  that 
the  phenomena^  for  each  luminary,  will  be  arranpod  in  two 
principal  divisions,  the  most  considerable  being  rejjresented  by 
\  (l',  d')  cos*  DecL  sin  2  llor.  /  ,  antl  giving  a  tide  every  twelve 
hours,  which  varies  in  magnitude  as  the  s<|uare  of  the  cosine  of 
the  declination  varies,  increasing  and  diminishing  twice  a  year, 
being  also  })roportional  to  the  c^iine  of  the  latitude  of  the  place 
or  of  the  inclination  of  the  canal  to  the  equator,  and  disappear- 
ing for  a  sea  situated  at  the  pole  :  the  second  part  is  a  diurnal 
tide  proportional  to  the  sine  of  the  latitude  or  of  tlie  inclinatioii, 
being  greatest  when  the  luminary  is  furthest  from  the  equinox, 
and  vanishing  when  its  decUnatioo  vanishes." 

He  next  proceeds  to  inquire  more  particularly  into  the 
cause  of  the  hitlierto  unintelligible  fact,  Uiat  the  maximum  of 
the  spring  tides  in  the  most  exposed  situations,  is  at  least  half 
a  day,  if  not  a  whole  day,  later  than  the  maximum  of  the  mor- 
ing  fcwes. 

^  Now  it  is  eai^to  peraeivathat»  sinoa  tbo  nwsfinwi  observ- 
ing the  lunar  period  is  more  considerable  tium  that  which  affiscta 
the  solar  tide,  the  lunar  tide  will  be  more  retarded  or  acoele» 
rated  than  the  solar;  retaided  when  the  oscillation  is  direct, 
or  wImb  6^  -  B  is  [negalife,]  ami  aeedecatad  when  it  ia  in- 
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▼erted,  or  when  tliat  qtuatity  is  [positive] ;  and  libat,  in  order  to 
obtain  the  perfect  coincidence  of  the  respective  high  waters,  the 
moon  must  be  further  from  the  meridian  of  the  place  than  the 
stin  ;  so  that  the  greatest  direct  tides  ought  to  happen  a  little 
before  the  syzygies,  and  the  greatest  inverted  tides  a  little 
after ;  and  from  tliis  consideration,  as  well  as  from  some  others, 
it  sreeras  probable  that  the  primitive  tides,  which  affect  most  of 
our  harbours,  arc  rather  invertiMl  than  direct.** 

As  a  convenient  epoch  for  dating  the  beginning  of  a  series 
of  tides,  it  is  observed  that  the  mean  conjunction,  at  the  begin- 
ning of  1824,  happens  exactly  at  mean  noon  of  Jan.  1,  in  the 
time  of  the  island  of  Guernsey  or  of  Dorchester,  and  at  18'^  49" 
Parisian  mean  time. 

It  is  further  obsenred  respecting  the  effects  of  resistance, 
that  this  cause  "  tends  greatly  to  diminish  the  TariatioD  in  the 
magnitude  of  thetidesy  dependent  on  their  near  approach  to  the 
period  of  spontaneous  oscillation,  and  the  more  as  the  resistance 
is  the  more  conaderable :  and  supposing,  with  Laplace,  tiiat  in 
the  port  of  Brest,  or  elsewhere,  the  oomparatife  magnitude  of 
the  tides  is  altered  from  the  proportion  of  5  to  2,  which  is  that 
of  the  forces,  to  the  proportion  of  8  to  1 ;  the  multipliers  of  the 
solar  and  lunar  tides  being  to  each  other  as  5  to  6,..  •  we  find  that 
B  must  be  either  .9380  or  .6328,  and  the  former  value  making 
the  lunar  tide  only  inrerse,  we  must  suppose  the  latter  nearer 
the  truth ;  and  the  magnitude  of  the  tides  ^1  become  1.663 
and  1.998,  and « .  A  cannot  be  greater  than  .632.  It  seems 
probable,  however,  that  the  primitive  tides  must  be  in  a  some- 
what greater  ratio  than  this  of  2  to  1 ,  and  5  to  3,  when  com- 
pared with  the  oscillations  of  the  spheroid  of  equilibrium  ;  and 

if  we  suppose  B  s  .9,  and  A  still  -      we  should  have  [6.364] 

and  8.78]  for  their  magnitude  ; "  so  that  the  actual  elerataone 
would  be  about  6  and  19  feet  respectively. 

"  Now ...  the  tangents  of  the  angular  measures  of  the  displace- 
ment, ^^l^g'  g»v«  us  69»  50'  iaii  72»  40'  for  the  angles  them- 
selves, when  B  -  .6328  :  and  i(  B  =  .9,  these  angles  become 
45»  and  70^  24'  respectively  ;  the  difference  in  the  latter  case. 
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25*  24',  corresponding  to  a  motioD  of  more  than  24  hours  of  the 
moon  in  her  orbit. 

It  appears  then  that,  /ar  (his  simple  reason  only,  if  the 
rajqioted  data  were  correct,  the  highest  spring  tides  ought  to  be 
A  DAT  LATBR  than  the  conjunction  and  opposition  of  the  lumi- 
naries ;  so  that  this  consideration  obviously  requires  to  be  com- 
bined with  that  of  the  effect  of  a  resistance  proportional  to 
the  square  of  the  relocityy  which  has  abeady  been  shown  to 
a£ford  a  more  general  explanation  of  the  same  phenomenon." 

It  may  easfly  be  admitted  that  this  theory  may  require  much 
ftuilier  illustnttton,  and  perhaps  discussion,  before  it  can  be 
rendered  very  popuLuTy  or  intelligible  in  all  its  bearings ;  but  in 
point  of  mathematical  evidence,  it  may  not  be  superfluous  to 
insert  here  the  reduction  of  the  expression  of  the  force  acting 
on  an  oblique  canal  into  the  simple  form  wliiefa  the  author  has 
ad(^ted,  without  a  demonstration,  at  the  end  of  his  paper. 

I^noe  the  force /  =  sin  AU,  cos  AU.  sin  {Az.  -f  Dev.)  s=:  wtiAU. 
cos (d' sin  Az.  +  d  cos^z.)  ;  and  sin^/if.  =  L  sin  DecL  + 

l'  000  Ded.  emMor,  L  ;  also  sin  Az,  =  » 

have  COS  AH,  wai  Az.  ^  m  Ded,  sin  Mtr,  and  ocm^  AU, 
mxf  Az,  s  ou?  DeO,  mif  Hot.  L  saxtf  AU,  {\  ^  ma^  Az,) 
waieoif  AU,eai^  Az,  st  eo^AU,  -  eiMf  ZMrnn?  Ear,  l  s 
1  —  sinP  AU,  —  eoi^  Use/,  sin*  Hut,  l  >  wbenoe  oce  AH,  cos 

Az,  ^  \  ^  \  {iai^  AU,  Ded.  sin*  Zfor.  /.)  +  i  (sin* 

AU.  +  eaif  Ded.  M  Bar,  Z)P  -  A...;  and  Anally, 

/=  (l  sin  Ded.  + 1/  cos  Ded.  cos  ifor.    )  (»'  oos  Ded.  sin 

Hor.  L  +  D  [1  -  i  (sin*  AU.  4-  coiP  Dtd.  sin*  Hoir,  Z.  )  + 
|...]);  which  may  readily  be  more  completely  developed  if 
required. 

But  for  a  lake  obliquely  situated  at  the  equator,  when  l  =  0, 
and  l'  —  1,  the  expression  becomes  sin  Alt.  =  cos  Decl.  cos 
Hor.  L ,  and  cos*  Alt.  cos*  Az.  =  1  -  cos*  Decl.  cos*  Ilor.  L 
—  cos*  Decl  sin*  Hor.  =  1  —  cos*  Decl.  =  sin  Decl.^  and 
cos  Alt.  cos  Az.  =  sin  Dcch  ;  whence 

/=C06  Decl.  cos  Hor.  z  (d'  cos  Decl.  sin  Hor.  Z.  4-  D  sin  Decl.) 
^d' ooi?  Ded  sm  cos  Hor.  Z.+D  sin  cos  Decl.  cos  flor.  L ,  wliich 
is  the  equation  given  at  the  end  of  the  Article,  agreeing  with 

2  A  2 
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the  equation  of  the  form  for  a  canal  running  cast  and  west,  in 
having  for  each  luminary  a  semidiurnal  tide  which  is  greatest 
when  the  declination  vanishes,  and  a  diunial  tide  increasing,  on 
the  contrary,  as  the  sine  of  twice  the  declination  increases.  The 
two  formula?  give  the  same  result  for  a  canal  coinciding  with  a 
part  of  the  equator,  and  they  appear  in  other  cases  to  represent 
the  force  for  every  part  of  the  same  ol)h(iue  great  circle,  the 
deviation  at  the  equator  heing  equal  to  the  latitude  when  it 
becomes  perpendicular  to  the  moridinn. 

Laplace^  aaaated  hy  the  inde&tigable  Bouvard,  has  lately 
pahUflfaed  a  very  valuable  contmiiatien  of  his  Besearohes  on  the 
TidefliasaXmthBookofhisilfifeaiMTW  CM^,  Fehr.  1SS4. 
He  has  computed  the  results  of  aboot  6000  observatioos  made 
at  Brest  sinoe  the  year  1806»  and  has  Ibvind  them  to  oon6rm  in 
geoeral  HiOBe  wludi  he  had  obtained  from  the  more  annent  ob- 
servations. There  are  also  Bome  new  deductions,  which  may 
be  made  subservient  to  the  further  illustration  of  the  principles 
laid  down  in  the  Supplement  of  the  Encyclopaedia. 

**  I  have  considered,"  says  Mr.  I^aplace,  (1^.  160,)  "  the  tide 
of  which  the  period  is  about  a  day.  By  com{)aring  the  differ- 
ences of  two  high  and  two  low  waters,  following  each  other  in 
a  great  number  of  solstitial  syzygies,  I  have  determined  the 
magnitude  of  tliis  tide,  and  the  time  of  its  maximum,  for  the 
port  of  Brest  I  have  found  its  height  very  nearly  one-fifth  of 
a  metre,  and  one-tenth  of  a  day  for  the  time  that  it  precedes 
the  time  of  the  mazimnm  of  the  semidiurnal  tide.  Though  its 
magnitude  is  not  one  thirtieth  of  that  of  the  semidiurnal  tide, 
yet  the  generating  foroes  of  both  these  tides  are  nearly  equal, 
which  ahows  how  diiibrently  their  magnitude  is  aiiected  by  aoct- 
dental  or  extraneous  cirenmstanoes.  This  will  appear  the  lem 
surprising,  when  we  consider  that  if  the  surface  of  the  earth 
were  regular  and  entirely  covered  by  the  sea,  ths  duimal  Hd$ 
wmdd  di$appBar^  proviM  thai  CAs  i^pC/b  wtn  umfbrm  tkrav^ 
out**  In  fact,  the  observed  heights  of  the  diurnal  and  semi- 
diurnal titles  are  .SlSi",  and  5  0"  respectively,  (P.  227 :)  and 
the  time  that  the  diurnal  tide  precedes  the  maximum  of  the 
evening  semidiurnal  tide  is  .095''  (P.  220).  It  is  not  quite 
dear  that  the  words  might  not  relate  to  the  maximum  result- 
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ing  from  the  moet  perfect  combination  of  tlie  solar  and  lunar 
diuroal  tides;  but  we  may  suppose,  for  the  sake  of  the 
calcolatioa,  that  the  high  water  of  the  joint  diurnal  tide  gene- 
rally happens  a  little  more  than  two  hours  earlier  than  tliat  of 
the  semidiurnal  tide. 

Now  supposing,  for  the  determination  of  the  multiplier, 

^[(GO-  B)*  +  AAGG]  ^®  Mwune  the  mean  valueof  G,  for  the 

joint  semidiurnal  tide,  about  .98,  and  for  the  diurnal  .49,  B 
being  about  .9,  and  A  =  .1,  tlie  formula  becomes  =  7.83,  or 
\f  A  =  .2,  4.4  for  the  semidiurnal,  and  1.327  or  1.234  respec- 

tiYely  for  the  diurnal,  and  ^  or     must  be  such  that  i>  sin 

2  Ded.  X  1.327  may  be  to  d'  x  7.83  as  .2134  to  5.6,  or  as  1 
to  26.25  ;  but  sin  2  DecL  =  sin  46  55'.5  =  .73045,  affd  we 
have  D  X  .9691  :  d'  x  7.83  =  1  :  2G  25     d  :  d'  x  8.07  and 

D  :     =  1 :        =  3.25  r=  cot  17°  6^  which  must  be  the 

obliquity  of  the  canal  to  the  equator  if  ^  s  .1,  or  if  .4  ^ 
10^  30' :  either  of  whidi  may  possibly  be  near  the  truth,  though 
the  obliquity  of  the  main  channel  of  the  Atlantic  to  the  equator 
is  probably  greater.    With  respect  to  the  times  of  high  water, 

the  tangents  ^  =  oo^B  ^^^^  i£As:,2,  at  72'  59'  and  at 

^  27'  respectively ;  the  fomer  expressing  the  acceleration  of 
the  inverted  semidiurnal  tide,  and  the  latter  the  retardation  of 
the  direct  diurnal  tide,  by  the  eflfoct  of  friction,  the  sum  of  the 
former  and  twice  the  latter  is  39^  53',  or  very  nearly  a  rig^ 
angle ;  so  that  the  interval,  thus  computed,  instead  of  one  tenth 
of  a  day  should  be  a  little  more  than  an  eighth.  It  would, 
however,  be  nece^6ary  to  compare  the  height  of  the  water  at 
different  intervals  before  and  after  high  water,  in  order  to  obtain 
the  progressive  magnitude  of  the  diurnal  tide  with  sufficient 
accuraey  to  allow  us  to  place  any  reliance  on  the  result  of  this 
computation. 

With  respect  to  tbe  disappearance  of  the  diurnal  tide  in  an 
ocean  of  equable  depth,  no  doubt  the  deptli  Jfiust  be  equable  in 
order  that  it  may  disappear,  but  it  nuist  also  be  evanescent.  In 
fact/  it  is  not  couoeivable  in  what  other  manner  the  equability 
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of  depth  can  poanbly  produoe  muh  an  effect ;  for  there  is  no 
natoral  nor  aaaignable  reUtton  between  the  period  of  revolntion 
and  that  of  diurnal  tide ;  the  eilecta  are  just  the  same  as  if  the 
earth  were  at  rest,  and  the  attracting  body  moved  roond  in  a 
day,  or  in  two  days ;  and  it  is  impossible  to  admit  the  accuracy 
of  any  refined  method  of  investigation,  from  winch  Mr.  Laplace 
has  obtained  a  result  so  dearly  contradictory  to  the  first  prin- 
ciples of  mechanics. 
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VALUE  UJ?  LIVES, 

WITH  THB  MODI  OF  FIVDDIO  TUB  COHKECT  VALUB  OP  AMY  NUMBKH  OK 

JOINT  LIVB8. 

From  the  PhilowiphJctl  Ifagazim  for  1816,  vol.  xlvit.  jf,  U 


In  maldog  calculations  from  the  registers  of  the  duration  of 
livesy  it  has  not  been  usual  to  attempt  to  refiresent  the  results 
of  a  whole  table  by  a  angle  formula,  although  such  a  simplifi- 
cation would  aflbrd  great  advantages  in  the  solution  of  a  variety 
of  problems.  As  an  instance  this  mode  of  treating  the  sub- 
ject, we  may  take  the  bills  of  mortality  for  the  year  now 
elapsed,  and  by  reducing  the  numbers  into  the  form  of  a  dia- 
gram, and  observing  the  different  flexures  of  the  curve  resulting 
from  thtm,  we  may  ascertain  the  nature  of  the  terms  proper  to 
constitute  the  required  expression ;  and  calling  tlie  age  the 

annual  deaths  will  ^pear  to  be  j  •         +  *00040l4r  — 

*0000042j^,  without  any  veiy  material  error  :*  at  least  with 
incomparably  greater  accuracy  than  is  obtained  by  the  rough 
approsimation  of  supposing  an  equal  annual  mortality  in  a 
given  number  of  persons  as  long  as  any  of  them  remains  alive ; 

and  much  more  nearly  than  the  registers  of  a  metropolis  agree 
with  those  which  have  been  kept  in  ihe  country.    It  would  be 

•  It  will  b€  fouii  l  that  nearly  all  Dr.  Young's  investigations  on  the  value  of  lives 
^  and  anauitUM  are  based  upon  etnmhoal  foimuiiie,  coa«tract«d  to  represent  the  results 
'  of  obeerratknis  embodied  in  tables  and  calcnlatioas,  and  adapted  to  correct  Ac 
irriv'"l''rif ies  of  such  tables,  which  ileft-ctivc  observations  may  have  occasioned; 
a  proceM  in  some  respects  equivaleut  to  drawiug  a  curve  line  through  or  near  a  series 
of  pointa,  so  aa  to  aroid  abrapt  chai^  and  to  preierre  the  continuity  whidi  oraallj 
chara(  tcrisos  the  oiwration  of  nalunl  causes.  A  fomiuia  of  a  much  more  compli- 
cated a«d,  we  mav  add  likewise,  oi'  a  much  less  legilimate  description  tor  eipression 
Um  decrement  of  banaB  ISiu  la  rivtii  is  tha  artida  wbidi  Ibllowi^  N«.  LY III.— iM* 
if  ttfiMior. 
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▼ery  easy  to  conect  tbe  expreenon  from  the  «?erage  of  the 

registers  of  a  number  of  years  ;  and  the  formahi  might  also  he 

aJapted  with  little  difficulty  to  the  mortality  obsenred  in  any 

other  situation. 

In  order  to  find  the  number  of  persons  who  have  died  during 
any  given  jM)rtion  of  the  period  of  the  longest  human  life,  we 
must  combine  the  expreasiou  for  the  mortality  with  the  fluxioa 

of  the  age ;  the  fluent,     are  tang,  x  H-  *000800&i*  - 

*0000014s'y  will  indieate  the  aggregate  amount  of  deaths  at 

the  given  age.  It  has  sometimes  been  thought  sufficiently 
accurate  to  estinuite  the  value  of  a  life  by  the  period  at  which 
half  the  persons  who  liavo  attained  the  given  age  are  likely  to 
remain  alive :  this  atfords  a  true  criterion  of  the  greatest 
probability  of  the  duration  of  one  life,  but  not  of  the  correct 
mean  value  of  a  number  of  lives;  since  this  value  can  only  be 
found  by  dividing  the  aggregate  duration  of  all  the  lives  in 
question  by  their  number :  now  this  aggregate  duration  is 
Teprasented  by  the  area  of  the  curve  having  the  ag^  and  the 
nnmhers  IiYing^  for  its  ordinates  and  absdsses;  and  this 

area  u  obtained  from  the  fluent  x  arc  tang,  jr  +  ^  bl 

(1  +  z«)  -  •00<X)66832^  +  •0OO(XX)35x\  Hence  we  may 
calculate  the  mean  value  of  life  in  London,  as  shown  in  the 
following  table.  At  birth,  the  most  probable  duration  is  about 
27  years;  tbe  mean  ?alue  more  than  30. 


AOB. 

Deaths. 

Mbam  VAun. 

fl  ALi.r.T. 

48— |x. 

Calculated. 

(Uuwuio.) 

0 

000 

•0000 

80  29 

43 

1 

•1954 

36*53 

83-5 

42« 

5 

385 

•3480 

40-80 

41-2 

404 

10 

409 

•8864 

38-21 

40*4 

38 

20 

444 

*4492 

31*80 

34*2 

33 

80 

517 

•5269 

26*60 

27'9 

28 

40 

610 

•6177 

21-46 

22*3 

23 

50 

717 

•7140 

16-96 

17*2 

18 

60 

813 

•8080 

12-90 

12-4 

13 

70 

896 

•8914 

909 

7-6 

8 

80 

959 

•9559 

517 

4*5 

3 

90 

994 

•<)93.3 

1*64 

95 

•9993 

• 

100 

999*9 
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The  advantage  of  this  method  of  calculation  is  strongly 
exemplified  in  the  determination  of  the  value  of  the  joint 
continuance  of  two  or  more  lives,  which  may  he  obtained  by 
means  of  the  quadrature  of  a  curve  having  its  ordinates  in  the 
joint  ratio  of  the  survivors  at  the  time  expressed  by  the  absciss ; 
the  corrected  area  being  divided  by  the  product  of  the  numbers 
of  survivors  at  its  commencement,  which  obviously  expresses 
the  number  of  all  the  possible  combinations  of  their  lives,  as  the 
area  does  the  aggregate  duration  of  those  combinations. 

For  this  purpose  it  will  be  convenient  to  represent  the  number 
of  deaths  by  the  formula -dd+*0(X)2«*-'00000137x",  which  will 
be  sufficiently  accurate  for  any  age  exceeding  10  years ;  and  if 
we  make  aB-62, 6»'0002,  and  es'000001d7«  and  call  the  two 
ages  X  and  x  +  «» the  product  of  the  numbers  of  suninors  will 
be  <l  +  «p +/<*  +  +  Aj^ -f  ta^  +  where  if  e  afciP -|. 
oenFy  0  «  daenP  -  2a0fi»/*  &V  ~ 2aft  +  doen  -  ba^^g  »  SMi 

and  A  =     ;  and  the  area  of  the  curve  will  be  dl^i;  +    ex"  + 

+        +  I  ^  +  \^  +  f^>  ^^<^  iBust  be  fmnid 

for  the  given  age,  and  for  x  n  =  98  or  100,  and  tlie  difference, 
divided  by  the  product,  will  show  the  value  of  the  joint  lives. 

But  in  pursuing  the  calculation  for  a  greater  number  of 
lives,  it  Would  be  necessary  to  assume  a  still  simpler  expression 

for  the  number  of  deaths,  such  as  mar,  m  being  ^,  or  from 

to  ^  according  to  circumstances,  retaining  the  more  accurate 

exprcBsioD  for  the  elder  lives ;  and  taking  for  the  age  of  the 
jrounger  x— /»,  and  for  the  number  of  the  survivors  1— inx+m/?, 
which  may  be  called  q^mxx  and  the  former  product  mi|^t 
be  multipUed  by  this  for  the  case  of  three  lives,  and  the  area 
found  as  before.  Indeed  this  ezpreanon  may  be  employed  for 
the  younger  of  two  Uvea  without  mAterial  inaocuracy,  the 
product  becoBttng  aq  >  amx  —  ^x*  +(09  +  ^)  ^  —  ema!*, 

and  the  area  aqx  —  ^  amj?  —  |  bqx*  +  ^  icq  +  bm)  J**  —  g  cmx* ; 

whence,  for  example,  when  the  ages  are  10  and  20,  supposing 
m  =  012,  we  obtain  the  mean  joint  value  22*9 :  nor  would  the 
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result  in  this  case  be  materially  different  if  we  employed  the 

same  simple  estimate  of  the  mortality  with  respeet  to  both  lives, 
though  it  would  vary  more  at  other  ages.  We  may,  however, 
safely  make  the  value  of  m  =  'Ol^  between  the  ages  of  20  and 
60  in  London,  even  for  the  case  of  three  joint  lives,  the  number 
of  survivors  being  called  1  —  rnx,  l-\-mp  —  mx^  or  ly  — //lt,  and  1-}- 
mr—mXy  or  s  — wlc,  respectively  ;  p  and  r  being  the  differences 
between  the  eldest  and  the  two  younger  lives :  the  product  of 
these  will  he  qs  ~  m  (g  -k-  ^  +  qt)  x     m*  {I  +  q     s)  x* 

m*  jr*,  and  the  area  qsx     ~m  (s  -hq     qs)  x*  -^^m*  {I  + 

9  4-  «)  2*  —  ^  n^x\  which  must  be  found  for  nu;  s  1,  and  for 

the  given  ag^  and  the  diiiiRrenoe  diTided  hj  the  product 

When  two  lives  are  equal,  the  mean  value  of  their  joint 
contiouanoe,  thus  approximated,  becomes  exactly  two-thirds  of 
that  of  a  smgle  life ;  of  three,  two-fourths  or  a  half;  of  four, 
two-fifths ;  of  five,  two-oxths,  and  so  forth :  whence  also  we 

4 

obtain  for  the  value  of  the  longest  of  two  lives,  3  of  that  of  a 

ungle  life,  and  fiv  the  longest  of  tinree-^  ;  and  we  may  continue 

the  series  at  pleasure  by  adding  at  each  step  2  to  the  nume- 
rator and  1  to  the  denominator. 

According  to  the  usual  method  of  estimating  the  value  of 
three  joint  lives  from  that  of  two  lives,  one  of  which  is  of  equal 
value  with  two  of  the  three  taken  together,  the  result,  in  the 

case  of  equal  lives,  is  about  ^  of  the  value  of  a  single  life, 

instead  of  half ;  that  is,  almost  4  per  cent,  too  much,  an  error 
by  no  means  to  be  neglected  in  practice.  It  will  be  easy  to 
obtain  a  more  correct  approximation,  from  the  principles  here 
explained,  employing  any  tables  of  the  value  of  lives  that  may 
be  preferred.    Let  m  be  found  for  the  eldest  life,  by  making 

^  equal  to  twice  its  value,  increased  by  the  age :  and  let  t  and 

u  be  found  in  the  same  manner  for  the  other  two  lives,  bo  that 

the  numbers  of  survivors  may  be  denoted  by  1  —  rnxy  q  —  tx, 
and  s  —  lur,  q  being  1  +  tiiy  and  s  =  \  -f  wr :  the  area  will  then 

be      —  j-  (qmn  +  ^  +  j<)  jT  +  7      +  oma  +  tmt)  x*  — 
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^mliM')  X,  which  must  be  taken  for  the  gt?en  age  of  the 

eldest  life  and  for  mx  «  1,  and  the  diflerence  dijided  by  the 
product  of  the  lurriTorB  will  gi?e  the  Talne  of  the  three  joint 
lives,  with  srach  greater  aoeoracy  than  it  can  be  detennined  in 
the  manner  directed  in  the  Legacy  Duty  Act. 

Hus  remaik  is,  however,  only  strietty  correct,  with  regard  to 
the  precise  amonnt  of  the  error  in  question,  when  the  age  is  so 
great,  that  the  different  effects  of  the  operation  of  interest  on 
the  relative  pecuniary  values  of  the  lives  may  be  disregarded. 
It  is  obvious  that  the  preceding  calculations  are  wholly  inde- 
pendent of  this  consideration,  giving  us  only  a  theoretical  mean 
value,  from  which  it  is  not  possible  to  deduce  immediately  a 
practical  value,  without  further  reference  to  the  comparative 
numbers  of  the  siurivors  at  different  ages,  in  order  to  estimate 
the  various  operation  of  interest,  and  particularly  of  compound 
interest.  But  the  same  mode  of  computation  may  readily  be 
extended,  so  as  to  comprehend  the  eflect  of  interest  also,  by 
supposing  the  ordinates,  expresang  the  number  of  survivors,  to 
be  reduced  in  the  proportion  of  the  present  value  of  a  given 
sum  payaUe  at  the  corresponding  tune :  that  is,  hy  multiplying 
the  ezpresBums  denoting  them  by  V*;  vbehig  the  present  vidua 
of  a  umt  payable  at  the  end  of  a  year. 

But  tlie  expresBon  contaimng  the  droular  are  becomes  in- 
tractable, even  when  applied  to  the  termination  of  the  present 
▼alue  of  a  ringle  life :  we  may  tfaerefefe  take,  instead  of  the 

primary  expression  some  members  of  the  equivalent 

series    — ;^       •  •  •>  and  make  the  fluxion i z       - of 

which  the  inent  i*  ^  —  4^  +  1^  >  i^mI  this,  if  we  put  C  s 

•405,  will  be  sufficiently  accurate  even  in  infancy.  We  shall 
then  have,  for  the  number  of  survivors  at  the  age  x,  '595  -4- 


~  -       -  -QOOmb^  -  -OOOOOlis*;  which  multiplied  by 

e«4  ^1  givo  ^  fluxion  of  the  area. 
Tlie  fluent  may  be  found  by  means  of  the  following  theorems 

of  EiUer's  CaladuM  htUffreUU  (§  228,  225,  224) ;  Ctl  » 
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J^^i  =  ^  _  ^  +  j^);  aud  J.-'.'  X  . 

CL  -  1^  +  is?  -  When  X  is  large,  the 

aeries  conrerges  somewhat  slowly :  bat  its  utility  is  diie6y 
oonfined  to  die  eariier  ages;  and  the  ultimate  valne»  being 
oooe  only  oompoted,  Ibr  «  100,  will  serve  ibr  the  eonrectioo 
in  all  olte  oases  i  hat  after  the  age  of  10,  the  fiimnila  a  — 
dx*  +  €3^9  already  mentioned,  will  be  more  eon?enieot.  Hie 
fluent,  when  corrected,  by  subtracting  it  from  its  ultimate 
value,  must  be  divided  by  the  number  of  survivors,  and  multi- 
plied by  ^  since  it  would  otherwise  express  the  value  of  the 

continued  payment  at  the  time  of  birth,  in^^tead  of  the  actual 
present  value. 

The  same  solution  may  be  applied  to  the  expressions  for  the 
value  of  joint  lives,  multiplying  always  the  product  of  the  survi- 
vors hyv*d^i  the  fluents  being  all  comprehended  in  the  general 

—  +  • .       For  the  jwnt  present  value  of 

three  or  more  lives,  the  quantities  m,  and  u,  may  be  deter- 
mined from  the  theoretical  mean  values  of  each,  or  othcn^ 
and  the  present  value,  thus  approximated,  will  diflfer  much  le<s 
from  the  truth  than  the  theoretical  mean  values  would  do,  if 
origiiially  Ibund  in  a  similar  manner.  The  usual  deduction 
must  be  made  for  periodical  payments,  whether  ammal  or 
quarterly :  and  a  slight  ooirectioD  may  sometimes  be  required, 
on  account  of  the  difoent  eflbcts  of  annual  and  continual 
interest ;  but  both  these  points  are  very  easily  arranged :  com- 
monly, indeed,  the  subtraction  of  half  a  payment  from  the 
prswnt  value,  tfaoi  computed,  will  give  us  the  corrected  value 
with  considerable  accuracy* 
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The  great  labour  required  for 
such  calculatioiifl^  according  to  the 
usual  methods,  renders  tt  very 
difficult  to  adapt  the  tables  of  an- 
nuities to  ererj  possible  Tariation 
of  ihe  value  of  1^ ;  the  improved 
habits  of  sociely,  and  probably 
also  the  advancement  of  the  me- 
dical sdenoes,  and  especially  the 
introduction  of  vaccination,  seem 
to  have  efifected  by  degrees  a  very 
material  change  in  the  mortality  of 
this  metropolis ;  and  it  appears 
that  the  magnitude  of  such  a 
change,  and  its  operation,  in  its 
various  moditications,  may  in  many 
cases  be  much  more  conveniently 
appreciated  by  this  mode  of  finding 
a  continuous  law  for  the  decre- 
ments of  life,  than  by  the  inspec- 
tion of  tables,  and  the  numberless 
combinations  of  thmr  elements. 


Mortality     London  1815. 
ScRVivoBS  1956U.  Age. 
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HUMAN  LIFK 

In  k  Lrtbb  addrmbbd  to  Sm  Kvwamd  Htme  Ea«t,  Bavt.,  M.P. 
fnm  Iht  Pliilosopluaa  TiaaMctiou  for  1826. 
Read  Ann.  19, 1826. 


Mr  DBAB  Sib, 

Thb  investigation  of  the  laws  by  whidi  the  general 
mortality  of  the  human  spedes  appean  to  be  govenied,  is  of 
equal  importanoe  to  the  statesman,  the  physician,  the  natnial 
philoeopher,  and  the  mathematician;  and  as  you  have  had 
oocasioo  to  pay  particular  attention  to  the  subject,  I  trust  that 
it  will  not  be  disagreeable  to  you  to  receive  the  results  of  an 
inquiry,  into  which  I  have  entered,  for  the  purpose  of  appre- 
ciating, if  not  of  reconciling,  the  many  discordant  opinions 
that  have  been  advanced,  respecting  the  comparative  mortality 
of  mankind,  at  different  times,  and  under  different  circum- 
stances. 

Of  late  years  there  is  little  doubt  that,  whether  from  the 
protective  effects  of  vaccination  in  infancy,  or  from  the  increase 
of  the  comforts  of  the  poorer,  and  of  the  temperance  of 
the  more  affluent  classes  of  society,  or  in  some  measure  also 
from  the  simplification  of  the  practice  of  physic  and  surgery, 
there  is  a  decided  increase  in  the  mean  duration  of  life  in 
many  parts  of  Europe :  but  it  is  also  extremely  probable  that 
this  improvement  has  been  greatly  exaggerated;  partly  on 
account  of  the  limited  description  of  the  persons  on  whom  the 
observatioiis  have  been  made,  and  partly  from  an  eironeous 
opinioQ  respecting  the  profits  of  oertun  establishments,  which 
have  been  attributed  to  the  employment  of  too  low  an  estimate 
of  mortality,  while  they  have,  in  fact,  been  principally  derived 
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from  \he  high  rate  of  interest  which  the  state  of  public  credit 

has  fitforded. 

A  very  laborious  and  well  informed  actuary  has  lately 
asserted,  before  a  Committee  of  the  House  of  Commons,  that 
"  the  duration  of  exbtenoe  now,  compared  with  what  it  was  a 
hundred  years  ago,  is  as  four  to  three  in  roimd  numbaa.*' 
(Pari.  Rep.,  N.  522,  p.  44.)*  It  does  indeed  happen  that  this 
particular  result  may  in  one  sense  be  very  oonreetly  deduced 
from  the  immediate  comparison  of  the  aminal  mortality  of  a 
certain  number  of  persons  of  the  same  description,  Uiat  is, 
annuitant^  at  the  periods  in  question;  nor  is  it  possible  to 
deny  that  some  importance  must  be  attadied  to  the  remark : 
but  the  mortslity  of  the  same  class  of  persons  in  France,  ai  the 
earlier  period,  was  no  greater,  according  to  M.  Depardeuz's 
estimate  of  tlidr  longevity,  than  in  England  at  the  later,  while 
the  genera]  mortality  in  France  has  never  been  materially  less 
than  in  England,  and  appears  at  present  to  be  even  ^piewhat 
greater  :  and  it  can  only  be  conjectured,  that  the  annuitants  of 
the  tontine  of  King  William  were  in  general  most  injudiciously 
selected,  while  those  who  were  the  subjects  of  M.  Deparcieux's 
observations,  like  the  annuitfints  of  the  modem  tontines,  were 
chosen  with  more  care,  or  with  greater  success.  Mr.  Finlai- 
son's  tables,  therefore,  though  tliey  may  be  extremely  just  and 
valuable  for  the  purpose  of  setting  a  price  upon  annuities  to  be 
granted  on  the  lives  of  the  proposers,  cannot,  with  any  pru- 
dence, be  adopted  where  the  parties  concerned  have  an  interest 
in  offering  the  worst  lives  that  they  can  find ;  notwithstanding 
any  partial  security  that  might  be  afforded  by  the  exercise  of 
medical  skill  in  their  rejection  :  and  if  it  is  true,  that  some  of 
the  tontines  were  principally  filled  by  lot  (Rep.  p.  16),  with 
the  children  of  country  clergymen  and  magistFates,  it  must  still 
be  supposed  that  the  families  of  sncfa  persons  may  have  been 
more  healthy  than  the  average  of  the  population  of  London 
and  the  country  taken  together. 

For  the  comparison  of  the  general  diaractera  of  ^fibrent 
tables  of  mortality,  the  simplest  and  most  obvious  criterion  is 
perhaps  the  number  of  indiriduals  out  of  which  one  dies 

•  Mr.  FinluBOD,  of  the  Katioiwl  D«bi  Office.— Ab(«  by  th9  Editor, 
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annually,  which  is  also  the  niiml)€r  of  years  expressing  the 
expectation  of  life  at  the  time  of  birth.  But  this  test  is  liahle 
to  material  objections  with  regard  to  the  most  usual  appli- 
cation of  the  table,  which  depends  more  on  the  comparative 
expectations  at  later  periods  than  in  early  infancy.  For 
example  ;  the  Northampton  table  affords  results,  throughout 
the  whole  of  middle  and  advanced  life,  agreeing  almost  exactly 
with  Demoivre's  hypothesis  of  equal  dewements,  although  the 
animal  mortality  is  supposed  to  be  nearly  1  in  25  at  North- 
ampton, instead  of  1  in  43,  as  annmed  by  Demoivre.  It 
would  therefore  be  rery  imjuBt  for  a  penon  allowing  the  truth 
of  Demoivre's  hypothesis,  to  condemn  the  pvactical  employment 
of  Dr.  Price's  tables  in  common  cases,  on  aooonni  oiP  Uns 
viriatioii  only.  A  less  exceptionable  test  will  be»  to  find  the 
mean  of  ihe  numbers  eipresring^  for  diflerent  ages,  the  fiiU 
term  of  life,  or  the  sum  of  the  age  and  twice  the  expectation, 
taking  %e  decads  firom  10  to  80  as  the  most  important  Ano- 
ther standard  of  comparison  may  be  the  age  whicb  is  eqnal  to 
llie  expectation  of  life,  and  which,  in  Demoim*s  aritbmelical 
hypothesis,  is  mean  of  all  the  population,  and  probsUy 
▼ery  near  it  in  all  tables  formed  from  actual  obeenration. 
In  this  manner  a  general  comparison  of  the  most  remarkable 
tables  may  be  instituted. 


Characteruiics  of  Mortality, 


Annual 

morUliiy 
OM  in 

r 

MmbAOI 
temorUfr. 

aicaaaie. 

BomMi  ctttmate  of  Ulpian,  DrobftUy  with 
■ome  deduction  for  present  value    •    •  • 

•  .  .  •  • 

74(+diKt 

>G  (+disc*; 

Demreieux's  Tontines,  beginning  1689   i  • 
Htfliif'tlBUt  for  BtmUu,  1690    .    •    •  . 

47.r.7 
33.50 

94.17 
87.15 

32.5 
28.1 

TontiBe  of  169S,  FlolaiMn,  iiul«  .    .    •  • 

37.61 

as.49 

97.95 

 ,  females     .  . 

(43.0) 

87.50 

29.32 

SiinpsoD'i  table  for  London,  about  1730  .  • 

19.2 

82.30 

25.7 

S8.0 

85.60 

98.67 

Northampton  tables,  about  1760  .... 

25.18 

87.39 

28.86 

91.66 

31.3 

France,  before  the  RcTolntion,  Dnyillard  .  . 

S8.76 

86.96 

99*0 

linhusao'i  tQDtioe  and  annuitants,  about  1800, 

males  *••••*...• 

50.16 

93.25 

32.0 

65.61 

100.7 

34.6 

Finlaison's  Chelsea  Pensioners  

•  •  •  •  • 

90.0 

29.65 

Carlisle  tablet,  about  1810,  Milne  .... 

37.14 

95.47 

32.6 

49 
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The  order  of  the  mortalities  expressed  \sf  liie  first  columii 
of  tfaiB  table  is  Sbipson,  Northampton,  Franoe,  Dnprd,  Halley, 
Sweden,  Carlisle,  tontine  1695  nudes,  females,  Depardenxt 
returns  of  1811,  tontines  of  1800,  males,  and  females;  the 
order  of  the  second  column  is  Simpson,  tontbe  of  1695,  males, 
Dnpr^  France,  Halley,  Northampton,  females  1695,  pen- 
sioners, Sweden,  tontines  of  1800,  males,  Carlisle,  females  of 
1800  ;  but  besides  this  difference  in  the  order,  the  dispro- 
portion exhibited  in  this  column  is  less  enormous  than  in  the 
former;  the  numbers  of  the  Carlisle  tables,  for  example, 
exceeding  those  of  the  Northampton  by  one  half  in  the  former, 
and  by  one  tenth  only  in  the  latter.  The  proportion  of  Mr. 
Finlaison's  tontines  also  stands  as  3  to  4  in  the  first,  and  as  7 
to  8,  or  8  to  9  only  in  the  second  ;  the  latter  comparison  giving 
a  much  fairer  practical  estimate  of  the  comparative  loDgevi^ 
indicated  by  the  tables  than  the  former. 

Another  mode  of  easily  appredating  the  regularity  and  the 
analogies  of  difierent  tables  is,  to  constmet  a  diagram*  in  the 
form  of  a  curve,  of  which  the  absciss  represents  the  age,  and 
the  ordinates  the  correspondbg  decremeiits  of  life.  (See  Plate.) 
Hie  inspeetioD  of  sudi  a  diagram  is  snffident  to  convinoe  us 
of  the  great  trregnlarity  of  the  Carlisle  taUes  of  mortality, 
whidi  must  obviously  have  been  feimed,  as  they  coofesssdly 
were,  team  observations  on  a  very  limited  number  of  indi- 
viduals, so  that  tiiey  eildbit  a  succession  of  diflerent  dimao- 
terics^  after  wUcb  the  mortali^  Is  diminished,  whfle  about 
the  age  of  74  the  curve  tiiat  represents  them  towers  to  an 
incredible  height,  affording  an  expectation  of  longevity  which 
some  of  the  strongest  advocates  of  those  tables  have  abandoned 
in  their  practical  applications,  since  thuy  take  their  estimate  of 
life,  in  advanced  age,  even  lower  than  it  is  represented  in 
the  Northampton  tables. 

It  appears  therefore  to  be  highly  probable,  that  the  fairest 
basis  for  general  computations,  to  be  applied  throughout  Great 
Britain,  may  be  obtained  by  a  proper  combination  of  the  tables 
of  Northampton,  which  have  been  long  known  and  very  gene- 
rally approved,  with  the  Carlisle  tables,  corrected  however  in 
their  extravagant  values  of  old  lives,  by  some  otiier  documents ; 
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SDd  with  the  mortality  of  London  as  derived  from  the  parish 
registen,  whichy  when  thus  incorporated  with  tables  formed  in 
the  country,  will  be  fieed  from  the  objectiona  that  have  been 
made  to  ^  observations  of  burials  in  great  cities  only. 

The  Carfisle  table  agrees  in  the  earlier  parts  pretty  nearly 
with  the  observations  of  Mr.  Morgan  on  the  experience  of  the 
Equitable  Office  from  1768  to  1810,  aa  it  appears  from  Mr. 
lifilne*s  comparison,  as  well  as  from  the  reduction  and  interpo- 
lation of  those  observations  published  by  Mr.  Gomperiz  in  the 
Philosophical  TVansactions  for  1825 ;  but  for  correcting  the 
later  portions  of  the  Carlisle  table,  it  may  be  allowable  to 
employ  a  subsequent  register  of  the  experience  of  the  Equitable 
Office,  so  far  as  it  is  possible  to  make  any  inferences  from 
it  with  safety. 

The  numbers  of  deaths  occurring  in  20  years,  as  recorded 
by  Mr.  Morgan,  might  have  been  made  the  foundation  of 

a  very  valuable  determination  of  the  mortality  occurring  in  a 
certain  class  of  persons,  if  the  number  of  the  Equitable  Society 
had  become  stationary  before  the  comraenceraent  of  the  record : 
but  in  order  to  deduce  from  it  a  just  estimate  of  the  value  of 
life,  it  would  then  be  necesi>ary  to  alter  the  numbers  of  deaths 
at  each  age,  in  the  inverse  proportion  of  the  numbers  of  the 
living  compared :  that  is  to  say,  not  simply  of  the  suras  of  the 
persons  admitted  under  that  age,  but  of  the  numbers  of  persons 
bom  whom  they  represent :  since,  in  comparing  the  joint  mor- 
talities of  any  two  lists  of  persons,  we  must  obviously  add 
together  the  deaths  belonging,  not  to  a  given  number  of  persons 
of  various  ages,  but  of  a  number  proportionate  to  the  survivors 
at  the  respective  ages  out  of  a  given  number  of  births,  so  tliat 
in  this  manner  the  apparent  mortahty  in  the  earlier  portions  of 
the  register  would  require  to  be  augmented,  not  only  on 
account  of  the  smaller  number  of  persons  who  have  actually 
contributed  to  furnish  it,  but  also  on  account  of  the  greater 
proportion  that  theae  persons  bear  to  Uie  corresponding  number 
at  birth,  when  compared  with  the  survivors  at  more  advanced 
ages,  who  represent  a  population  still  more  exceeding  thmr 
own  numbers  On  the  other  hand,  since  the  register  in  ques- 
tion relates  only  to  a  limited  number  of  years,  immediately 
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following  a  very  rapid  increase  of  the  Society,  it  is  evident  that 
the  deaths  must  have  occurred  at  earlier  ages  than  if  it  had 
l>een  continued  until  all  the  lives  had  dropped. 

Of  these  three  modifications,  it  may  be  sufficiently  accurate 
for  the  present  purpose  to  omit  the  two  latter  as  nearly  coun- 
terbalancing  each  other,  and  to  augment  the  earlier  numbers 
in  the  proportion  only  of  the  members  of  the  Society  to  whom 
ihey  must  necessarily  have  belong^,  suppoiiiig  that  the  adxaur 
nons  had  taken  place  about  the  same  ages  at  all  penods; 
aasuming  also  the  number  of  survivors  at  45  to  be  in  the  same 
proportioa  to  the  births  as  in  the  Carlisle  table.  We  may 
then  proceed  to  take  a  mean  between  the  mortality  thus 
obtained,  with  proper  lateipolatioiis,  and  the  obeemttions  at 
Carlisle^  as  tfae  second  of  the  dnree  prindpal  bases  to  be  after- 
wards mcorporated  with  the  mortality  of  Nortbamptoo  and  of 
London.  Further  than  this  it  is  imposoble  to  place  any 
great  reliance  on  Mr.  Moigan's  docnment,  wUdi  makes  tbe 
annnal  deatfas»  in  a  population  eioeeding  150,000*"  not  quite 
1  in  1500.* 

Of  the  mortality  of  London,  taken  Ibr  the  ten  years  from 

1811  to  1820,  it  may  be  observed,  that  its  results  bear  the 

internal  evidence  of  greater  apparent  correctness  than  either 
of  the  other  bases,  exhibiting  a  curve  less  irregular  in  its 
flexures,  and  generally  intermediate  between  the  others:  it 
has  also  the  advantiige  of  exhibiting  the  duration  of  life  as 
prolonged  by  the  general  introduction  of  vaccination,  and  when 
thus  incorporated  witli  the  registers  of  two  places  in  the 
country,  each  reduced  to  an  equal  supposed  population,  it  must 
prf)bably  be  sufficiently  corrected  for  the  errors  that  may  be 
attributed  to  the  effect  of  an  afflux  of  settlers  at  an  early  age. 
The  mean  obtained  in  this  manner  might  be  employed  at  once 
as  a  standard  table  without  much  inconvenience,  but  it  still 
exhibits  some  minute  but  obvious;  irr^^arities,  as  an  inspec- 
tion of  the  line  of  stars  in  the  diajpram  will  show,  principally 

•  Tliis  is  obvii.u-^ly  a  misfakc.  ^Ir.  Morpan,  in  thf  *Annnl<of  Philosojibv'  for 
January,  1828,  says  that  "iu  no  fiart  of  his  worki*  ha'i  lie  ev.  r  iii;i<le  buch  aii  a.<i.scr- 
tioD.*'  In  the  Nosvloeical  Table  at  the  end  of  hii>  'Treatise  on  AnnuHkli*  he  repre- 
•enU  the  nnmbtr  of  dMtht  in  neb  joar  to  be  1930  to  15i,734|  or  1  to  78 
nmrif^yoU  bu  the 
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perhaps  from  the  want  of  skill  or  ewe  with  which  the  interpo- 
lations have  been  made  by  Dr.  Price  and  others.  The  most 
effectual  of  all  interpolations  for  harmonizing  the  various  orders 
of  differenoes,  is  to  obtain  a  formula  which  shall  extend  with 
soffident  aocora^  throughout  the  whole  ininre.  It  may  be 
eaaly  believed  that  it  must  be  extremely  diflienlt  to  find  such 
an  ezpresnon ;  and  that  its  form  must  be  too  complicated  to  be 
applied  to  any  practical  purpose  throughout  its  eitent.  I  have 
however  drawn  a  curve  which  comes  extremely  near  to  the  line 
of  stars,  and  crosses  it  in  10  or  12  £feent  points,  by  means  of 

the  equation  y  =  368  +  10  x  -  .  11  (156  4-  20  x  -  xx)^  + 

y  being  the  number  of  deaths  among  100,000  persons  in  the 
year  that  completes  the  age  x.* 

The  terms  of  this  formula  have  some  remarkable  relations 
to  the  diiforent  periods  of  life.  Halley^s  first  approximatioo 
was  y  =  1000,  throughout  life.  Demmvre's  arithmetical  hy- 
pothesis was  y  =         =  1163:  but  of  the  present  formula  the 

principal  foundatioa»  as  extending  to  tiie  whole  of  fifo,  is 
y  " 868+ 10 x.  In  m&noy,  the  term  containing  tiie  reciprocal 
of  Uie  powers  of  g  has  a  preponderating  vahie :  in  youth,  the 
term  -  (156-f.20r-nr)^  whidi  dimimshes  the  mortality,  ends 
somewhat  abruptly  at  25,  and  would  be  incapable  of  being 
employed  with  safety  in  algebraical  calculations,  from  its 
haying  a  negative  as  well  as  a  ])()sitive  value.  OM  age  is 
expressed  almost  exclusively  by  the  high  jiowers  at  the  end  of 
the  formula,  which  terminate  the  scries  with  great  and  in- 
creasing rapidity.  It  is  obvious  that  for  many  puqwses  of 
calculation,  the  terms  belonging  to  youth  and  to  old  age  might 
be  neglected  without  inconTenieooe,  and  that  for  the  middle 

*  bi  ^  origlul,  Uit  Ibvfih  tm  b  printod  ^ 
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portion  of  life,  the  terras  368+ 10  r  alone,  with  some  little 
modification,  might  be  employed  as  sufficiently  correct ;  or  cer- 
tainly as  much  nearer  to  the  truth  than  either  the  arithmetical 
or  geometrical  hypothena  of  Demoirre.* 

•  •••••• 


I  shall  take  this  opportuiiitjrof  endeavoiiriiigto  demonstrate, 
in  a  mmple  and  imdeaiiable  mamier,  ibe  enw  into  which  Dr. 
IVioe.  and  his  fbUowers  have  ftUen,  in  oonseqnenoe,  as  it 
appears,  of  their  adopting  the  legil  restraints  on  usniy  as 
essential  steps  in  the  mathematical  calculation  of  the  amount 
of  compound  interest  The  error  has  indeed  of  late  years  been 
▼ery  commonly  admitted;  but  its  effects  have  not  been  so 
satis&ctorily  rectified  as  could  be  desired. 

In  ihe  66ih  Tolnme  of  the  Philosophical  TVansactjons,  ibr 
the  year  1776,  we  find  a  paper  of  Dr.  Price,  in  which  he  lays 
down  these  theorems,  r  denoting  the  interest  of  £  1  for  a  year, 
and  n  the  term  or  number  of  years  during  which  any  annuity 

will  be  paid,  p  the  perpetuity,  or  y  the  value  of  an  annuify 
paid  yearly,  and  h  half-yearly :  then,  1,  y  =  --  \.fy ; 
and  n,  A  as  ji  —      \      :  and  as  eiamples*  takingr  ■  .04 

and  A  s  5^  we  ba?e  y  »  4 .4518,  and    »  4 . 4913. 

Now,  if  we  analyse  the  results  thus  obtained,  by  dividing 
them  into  the  present  values  of  the  separate  payments,  they 
will  stand  thus : 

•  la  th*  or^ilaal  lf«iidr  «  w&Am  «f  tiUM  m  givw  Ibr  tin  purpoM  of  fhowing 

the  r«lstioD8  of  the  different  partj  of  the  prcceflinp  formuU,  as  well  as  of  the  formula 
jtaclf,  in  Tarioiia  tables  of  mortality,  to  dUTerent  periods  of  life.  It  has  uot  been 
thought  MMMMfy  to  wfriat  thwu— JWil»  if  Of  Emtr* 
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1.  Present  value  of  £  1 .  payable  at  the  end  of  |  _  £^  961588 

1  year  J 

2  yean  -  -  924556 
dyean  -  -  .88899G 
4  yean  -  -  .854804 
5yeavB  -  -  Mmv 


4.451621 

II.  Present  value  of  10  shillings,  payable  at  thel  _  AonoA 

end  of  half  a  year  j  "  '^^^ 

1  year  •  -  .48058 
1^-    .   -  -  .47127 

2  -  -  -  -  .46192 
24-    .   -  -  .45286 

3  ...  -  .44398 
34-    .   -  -  .43528 

4  -  -  .  -  .42674 
4i-   -   -  -  .41837 

5  .   -  .  .  .41018 


449138 


The  pcMent  Taloes  of  10  §hill!iig8  are  therefore  asmmed ; 

I,  at  1  year  .48077  ;   II,  .48058 
2  years  .46228  .46192 


8  yean  .44450  .44398 

4  yean  .42740  .42674 

5  yean  .41096  .41018 


The  latter  column  exhibiting  obviously  a  larger  deduction 
for  discount  than  the  former ;  so  that  the  rate  of  interest  in 
the  two  calculations  is  hy  no  means  the  same:  although  in 
the  ca.'^e  of  r  =  .05,  they  would  respectively  represent  the 
highest  rate  of  interest  allowed  by  our  laws  to  be  received 
without  a  new  investment  or  engagement :  but  this  arbitrary 
restraint  ought  certainly  not  to  afiect  the  mathematical  con- 
sideration of  the  queskioo. 
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The  difficulty,  if  any  person  thinks  it  such,  may  be  avoided 
by  a  mode  of  iiiveatigation  which  I  have  lately  had  occasion 
to  point  out.  "  An  annuity,  of  which  a  payment  is  due  on  a 
given  day,  is  more  valuable  than  an  annuity  purchased  on 
that  day,  and  to  commence  a  year  after,  by  the  amount  of 
a  year's  payment :  and  the  value  of  a  life  annuity,  becoming 
payable  at  atiy  intermediate  time  betirmi  the  day  of  ]nirehase  and 
its  first  anniversary,  will  be  greater  than  the  sinijtlc  tabular 
value  of  the  annuity  by  a  sum  proportional  to  the  anticipation  of 
the  payment;  the  increase  of  the  value  being  very  nearly 
ani&nD,  when  we  sappoM  the  anticipation  to  l)r  gradually 
incmeed;  this  increase  of  the  value  comprehending  obviously 
the  greater  probability  as  well  as  the  greater  proximity  of 
each  payment,  and  proceeding  from  day  to  day  by  Tery  nearly 
equal  increments.  Thtu  if  we  wished  to  purchase  an  annoi^ 
of  lOOL  a  year,  and  its  value  were  1000/.,  upon  the  ordinary 
supposition  of  the  payments  commendng  after  the  end  of  a 
year;  supposing  that  we  desired  to  have  the  first  payment 
made  at  the  end  of  nine  months,  and  the  subsequent  payments 
at  annual  intervals  as  usual,  we  should  have  to  add  25/.  to  the 
purchase  money,  making  it  1025/.  at  whatever  rate  of  interest 
the  value  might  have  been  computed.  If  we  began  at  six 
months,  50/.,  and  if  al  three  mouths,  75/.  must  be  added  to  the 
purchase;  it  being  obinous  that  an  additional  lOOil  would  be 
equivalent  to  an  anticipation  of  twelve  months,  or  to  an  im- 
mediate payment  of  a  year's  annuity. 

From  this  simple  and  incontestable  principle,  in  which  the 
second  differences  only  are  neglected,  it  is  very  easy  to  deduce 
the  values  of  annuities,  payable  at  intervals  shorter  than  a  year 
An  annuity  of  1,  payable  half-yearly,  is  equal  to  two  annuities 
of  i,  the  one  beginning  as  usual  at  the  end  of  the  year,  the 
otiier  anticipated  by  half  a  year  ;  and  the  value  of  tliis  portion 
is  greater  than  the  other  by  half  of  one  of  the  payments,  that 
is,  by  i :  so  that  "  fVe  may  altcayt  find  the  value  of  a  life 
annuity  payable  half-yearly  by  adding  a  quarter  of  a  year  to 
the  tabular  value  of  tine  MOme  annuity.'* 

In  a  sunilar  manner  it  is  very  easily  shown  that  '^J'or 
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puuitrly  pajfrnmii,  we  nuut  add  {  if  a  yrn^M  vedm  to  Urn  cont* 
puiaium  made  <m  ike  mqipoeiiion  qf  amuud  pagfrneatef*  mod 
the  oontinnal  bisection  of  the  interval  wodd  at  Uut  afibid 

hb  ih§  addiHan  ^  Aojf  a  yearly  paymud  fir  Urn  wdme  of  a 
daUijf  or  hourly  paymmd  of  a  proporiumal  part  ^  the  given 

It  may  also  be  observed,  that  when  we  reckon  at  3  per 
cent,  interest,  an  annuity  payable  half-yearly  is  the  same 
throughout  the  middle  of  life,  that  would  be  granted  on  the 
life  of  a  person  a  year  older,  if  payable  annually." 

If  it  is  required  to  ascertain  the  value  of  a  reversionary 
annuity  payable  half-yearly  or  quarterly,  tlie  calculation  be- 
comes in  appearance  a  little  paradoxical ;  for  since  the  true 
value  of  a  reversionary  annuity  for  the  life  of  one  person,  for 
eiample,  after  the  death  of  another^  is  the  difference  between 
the  values  of  two  annuities  on  the  single  life  and  the  joint  lives, 
and  since  an  equal  addition  must  be  made  to  these  values  in 
consideration  of  the  period  of  payment  being  shortened,  it  fol- 
lows that  the  reTcnionary  annnil^  most  be  of  equal  laliie  m 
either  form.  This  eondusion  would  indeed  be  siricdy  tme 
if  the  periodical  times  of  payment  remained  imalteredv  ao> 
cording  to  the  supposition  from  which  die  falne  of  the  amraitisa 
is  deduced ;  while  in  foct  it  is  nsoal  to  grant  such  an  amnity 
to  cemmenee  at  the  first  qnarteriy,  half-yearly,  or  ammal 
period  after  the  eontingent  event:  a  variation  which  would 
have  no  sensible  effect  in  the  case  of  daily  payments,  but  which 
lessens  the  value  of  reversionary  annuities  at  other  periods  by 
that  of  half  a  payment  for  the  given  period,  reduced  to  the 
present  time  in  the  8(\uie  manner  an  any  otlier  sum  assured  as 
payable  upon  the  same  contingency  of  survivorship. 

The  simplicity  observable  in  the  progression  of  tlie  values  of 
annuities,  calculated  according  to  the  values  of  lives  here  sup- 
posed, and  at  3  per  cent  interest,  leads  us  to  inquire  what 
would  be  the  exact  law  of  mortality  required  to  make  that  pRH 
gression  strictly  uniform  throughout  life ;  and  it  will  appear  en 
investigBtioin,  that  in  ofder  to  have  the  value  84.45— « 
being  the  age  of  the  person,  whidi  is  nearly  tme  hetweea  90 
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and  70,  the  annual  mortality  maat  be  ezpreased  by  '^^^  ^  : 

a  firactioa  which  at  SO  beoomes       at  40,       at  60, 
and  at  80,  gjj.   Our  table  g^ves req[»ectiTely      j^;  ^*  and 

:  the  Northampton  Ji* and         Mr.  Finlaison's 

male  annuitants  and  ~   The  healthiness  of  Mr. 

Finlaison's  annuitants  about  40  and  50  is  one  of  the  most  re- 
markable features  of  his  table :  he  obserreB  (p.  58),  that  out  of 
10,000  peraons  at  23,  141  will  die  in  a  year,  and  141  will  die 
out  of  the  same  number  at  the  age  of  48 ;  but  at  the  age  of 
34  there  will  only  die  124.  The  curre  mailEed  by  obeliaka^ 
+,  in  the  diagram,  will  abow  the  oompantiYe  progro—  of 
mortalily  in  thia  ayatem;  which,  however  yaluable  the  data 
maybe,  appean  to  eihibit  too  many  no?dtie8»  if  not  anomaliea^ 
to  be  generally  adopted  with  confidence;  wliile  the  line  of 
eroaaea,  x,  representing  the  tontine  of  Deparoienz,  will  aenre 
to  show  how*  little  difRsrenoe  ibe  lapae  of  a  centoiy  baa  made  m 
the  lesolta  of  theae  two  afamlar  caaea. 

I  ahall  conclude,  my  dear  Sir,  with  a  compariaooof  the 
climacteric  years,  as  they  may  be  called  without  impropriety, 
in  which  the  greatest  numbers  of  adults  die,  as  taken  from 
different  tables. 

I  sincerely  hope  that  these  considerations  may  help  to  un- 
deceive the  too  credulous  public,  who  have  of  late  not  only 
received  some  hints  that  tend  to  insinuate  the  probability  of  an 
occasional  recurrence  of  a  patriarchal  longevity,  but  who  have 
been  required  to  believe,  upoti  the  authority  of  a  most  resj>ect- 
able  mathematician,  that  the  true  and  unerring  value  of  life  is 
not  to  be  obtained  by  taking  an  average  of  various  decrements, 
but  by  adopting  the  extreme  of  all  conoeiYahle  estimates, 
founded  only  on  a  hasty  assertion  of  Mr.  Morgan,  and  unsup- 
ported by  any  detailed  report ;  an  estimate  which  makes  the 
grand  dimacterio  of  mankind  in  this  country,  not  a  paltry  fifty- 
four,  or  the  too  mneh  dreaded  sixty-three,  bat  no  leaa  than 
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BIOHTY-Twol  An  age  to  which  nearly  cme-oxtli  of  the 
mora  at  ten  are  supposed  to  attain  I 


OmuoTBBios,  OB  Qbbatwt  Dccbbhkktb. 


Berlin,  formerly  .  . .  .  M 
London,  about  1733  40 
Pturia,  Ibmatly. .  . . .  40 

Stockholm.  1769  42 

boadon,  1 764  43 

Itlft.  46 


Bradan,  1695  61 

Punnnla  83 

Rrandenbarf  U 

Warrington,  1777  .. .  to 
Norwich,  176ft  M 


MontpelUer,  tTSS ...91 
DsfllUrd.  FVaiiee.  . .  Vt 

Sweden,  I7«8  68 

Clieater.l77C  «8 

Sweden.  17M  «• 

HAjnm,  ITM^ .  *  * .  70 


DepuHcu  .......  19 

Onlfate  M 

Ackworth,  17W..  •  .  .  «S 

KevMboos  rt 

FInklmi  79 

■.aiir.B.  m 


Believe  me,  dear  Sir, 
Yoor  fiutliful  and  obedient  Servant, 

TeoMAa  Yomro. 

Vuk  Sqnan^  S8  Feb,,  1886^ 


Mr.  Moign,  tk*  wdl-knowa  writer  «o  •onoitiwt  win  wm  the  nrphew  of  Dr. 
Price  sod  his  MwoeMor  in  the  •dmialetntioB  of  tlit  ImriliMt  Society,  pufattdMi  ki 

the '  Anoals  of  Pliilo.<oiiliy '  for  Oct.,  1827,  undor  the  bcadi^  ''Dr.  Price  aad  hie 

FoUowers,"  the  IcUowiiig  reply  to  l>r.  Young's  arfnitnent. 

"  I  know  not,  neither  em  I  anzione  to  leem,  for  whom  thb  dril  appeUetioo  («fpra« 
p.373)iefaitaided.   IfUmerelyrefonitothooetheoremof  Dr.  Price  which  have  hcea 

the  rtubjert  of  Dr.  Young's  atiimath  ersidiis  in  Iiis  l.iU'  i  omminii(  ation  to  tlu»  IJnval 
SocieW,  1  abould  think  it  impoesible  that  any  penon  ao^uaintisd  with  the  sobject, 
wonld  haT«  iht  leaot  difllcnltj  hi  dctennbihig  whiefa  of  the  two  Doeton  he  aboaU 
prefer  to  follow  on  this  o( cision. 

"In  the  GGUi  volume  uf  the  Philoeopbical  Tranaactiona,  Dr.  Price  gave  aundrj 
theorane  for  determtehifr  tho  Taloee  of  anoaitieB  when  the  perneBte  aio  OMde  at 
abortvr  intervals  than  one  year,  and  for  th.it  jniqiosc  jtroc«fHli>l  on  tho  <vune  principle* 
hi  invet>ti]{atii)g  the  values  of  the  did'ervut  |*ayineuts  with  UtuM*  uuiversally  adopted  in 
regard  to  flio  Taloee  of  aoeh  pajnent^  wt'n  n  th«y  are  made  anmallj;  fbr  If  II. 
increaMd  by  its  interest  fur  a  yi  ir,  or  1  -f  r,  be  the  amount  of  W.  ia  a  jear,  1/. 
incrcttned  by  ita  interest  for  a  bhurttr  teim  will  be  ita  amount  in  that  term.  Sujw 

poaiBg  therefore  inch  term  to  be  */alh  part  of  a  jm,  ^  will  be  the  iatemt*  a«d 
ooo.e,a«iUyl+:wiUh.th.amoant.   The  cearem  therrfbreof  theee 


1 


1 


wiUbethe 


vahie  af  If.  to  ha  raorivad  at  tha  ead  of  a 


7ear,oraktheemlof  jth  part  of  a  jear.— Thaaeriai  — 7^^*  ***  I  

•  •  •  •  •        -_  ia  known  to  expreea  the  ralue  of  an  annoity  of  1/.  im  n  rcan  m  i>  « 


Fur  the  ajuue  reaaon,  H.  bt  paiU  a  tuuc»  u  each  year. 
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•I  a  <i 

the  Mrie*  — 


-  wiU  nprww  tlw  Vila*  «f  II.  par  ■mNm  fujtUk  •wjr  ~th  part  «f  « 


r.  I 

a 

ywr  fern  yanri. 

•*  In  the  preface  to  Taylor's  Logarithms,  Dr.  Maskelyue  usumee  r  to  he  Ibt 
iotcTMt  of  1/.  fiv  one  time,  and  ftuppoees  the  peymeot  of  the  aonuitiee  to  be  made 
eo  many  Hmm.  TMi  k  in  ftet  the  wm»  m  Dr.  Pike,  and  I  beUera  erery 
other  person  since  his  time  have  ilone,  who  have  had  a  due  knowledn  of  the 
subject.  It  neoeBitanljr  follows  that  temporaiy  auuuitiee  payable  at  shorter  in* 
tarvab  tim  a  year  amat  ha  more  valaable  than  anmiiliee  pimUe  yearly;  and  in 
con»e<jU''nc<>,  T>r.  Priee  states  the  ralni'  of  an  ananity  of  if.  pArahle  half-yearly 
for  tive  yean  at  4  per  cent.,  to  be  4*4913,  and  Ua  raltie  payable  yearly  to  be 
4^18;.  or  in  olhar  woida,  Cba  two  halfyaailj  ftaeliona  in  any  year  balng 


than  thasini^fiaetion  In  tile  cornapoodiof  year,  that  ia  ^"^^ '^'"'^ 

than  — 4t*  . . .  — i^i  4-  z~=r:  than  *e.,  it  ftUowi  thai  the  ran  «€  tha 


1-04        j:^*     1.02*  W>4l* 

former  nnut  be  greater  tium  tilt  amn  of  tiie  htter.  But  foflead  of  comparing  the 
sum  of  the  two  half-yearly  terms  with  the  corresjx»nding  yearly  term,  I>r.  Young 
oonqparee  the  second  of  each  half-yearly  term  with  half  the  corresponding  yearly  term, 

or  slrsirith  -i^-  •••-svwitii  -i;^  4c,and  by  tiiianMaafinda  tiiedia- 

ooont  taken  half-yearly  to  bofroaler  than  the  discount  taken  yearly ;  which  if  tme^ 
would  make  the  value  of  an  aanoity  payable  half>yearly  to  be  less  than  its  value  pay> 
able  yearly,  which  is  Mlf-eridently  wrong  * — Dr.  Priee  is  said  to  have  fallen 
into  error  by  'adopting  the  legal  restrainti  on  usury  as  an  esAential  step  in  his 
cMcttlatiooa.'  Where  does  this  appear?  or  what  connection  haro  thoaa  restraints 
with  any  oalenktioaB  of  the  kiod  ?  I  am  certain  that  no  sodi  idea  erer  entered 
into  the  mind  of  Dr.  Price,  or  of  any  person  acquainted  eitlier  with  the 
doctrine  of  annoities  or  with  the  laws  of  this  country.  In  order,  however, 
to  remoTV  all  difficnhiaa  and  cotreet  all  emn  co  the  subject,  w«  are  fttronred  with  a 
much  simpler  process.  *  An  annuity  of  II.  pl^  aM-  half-yi>:iily  (is  mIi!  '  to  h,'  cjual 
to  two  annuities  of  | — the  one  bcffiuning  at  tiu>  eiui  of  the  year — the  other  anticipated 
by  half  a  year;  and  the  Taloe  of  flds  portion  is  greater  than  the  otiier  by  lialf  or  tlw 
payment,  tJjat  is  hy  if  thf  annniW  b  paynMe  .luarfcrly,  the  excess  will  he  J  the 
payment,  or  ^;  or  io  otbur  words,  the  excess  in  the  first  case  will  be  ^  year's  pur> 
ciww  of  tika  annoity;  and  in  the  second  case  it  will  be  l  year's  purchase ;  nor  does 
it  appear  to  aaka  any  dillhniMe  whothar  the  annuity  be  for  lift  or  a  tann,  or  whalh« 


*  it  may  be  easily  proved  that  the  value  of  the  second  half-yearly  Dayment  in  each 
yaar  is  always  less  tiian  the  Tains  of  half  the  payment  at  the  and  or  that  year;  and 
on  the  contmrv-  th:\t  tlio  valtio  of  the  jfr.tf  half-yearly  payment  is  always  greater: 
aad  it  may  be  further  proved,  that  the  diderenoa  between  the  values  in  the  fonoer 
case  la  always  his  than  it  to  hi  tho  hilar.  In  otiiar  wwds^  that  hi  any  |^tw  yaar 

Cm)  the  ejMxssof     ^   _ above      ^      is  less  than  the  a»ass  of       ^  ,   ,  shove 
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the  term  be  5  or  50  years— or  whether  the  rate  of  interest  be  4  or  40  pr  cent.,  to 
that,  in  aM  ca$e$  an  annuitj  of  100(.  worth  1000/.  pajable  yearly,  will  be  worth 
10251.  if  cdd  lMlf>year1y,  aad  101SJL 10*.  if  paid  quarteriy.  Thisjis  ndly  setting 
all  the  mlefl  of  arithmetic  at  defiance,  and  requires  no  answer.  By  this  indiscriminate 
mode  of  making  the  same  additions  to  all  annuities,  it  is  admitted  that  the  calcula- 
tiaiii  in  wiM  tnstanoes  become  in  appearance  a  littl*  paradoxioal ;  for  the  tbIim  of  a 
reversionary  anmiity  durhig  one  life  after  anothfr,  by  makiiij^  the  same  addition  to 
the  single  as  to  Uie  joint  liTes,  becomes  the  same  whether  the  payments  are  made 
jmAjf  linlf>yearly,  or  at  shorter  intervals  :  but  it  is  well  known  that  the  additions 
to  single  and  joint  lives  are  (lifTort  nt,  ami  tlurefore  that  the  values  of  all  annuities  in 
which  single  and  joint  lives  are  cuncemed  mu^t  vary  as  the  payments  are  more  or  less 
irequent. 

*'  But  I  shall  proceed  no  inither  with  this  aabjeci,  my  motive  in  entering  npon  it 
having  been  to  prove  the  truth  of  Dr.  Price's  eolations,  rather  than  to  expose  the 
errors  of  those  who  do  not  underst.ind  them. 

**The  DuhUo  have  lately  been  overwhelmed  with  tabka  of  the  decrements  of 
kuDMi  lin^  ibmed  dtlier  by  amalgamating  all  the  oM  teblea  into  one  htterogenoow 
mMi^  and  ttms  giving  the  true  probabilities  of  life  in  no  place  wbattn-er,  or  br  intor- 
polating  WNM  of  the  decrements  in  one  table  into  those  of  another ;  for  which 
purpose  a  Tail  witty  hit  bMo  given  of  eompUealed  and  vaeleai  fiwmnla.  Bat 
little  or  no  advance  has  been  made  in  determining  more  correctly  the  probabilities 
and  duration  of  btunan  life.  The  tables  published  in  the  Report  of  the  Comnaittee  of 
the  Hoose  of  Commons  are  in  genenl  so  inoorreet,  and  some  of  them  are  even  so 
absurd,  as  to  be  unfit  for  use;  and  serve  only  to  encoiimpe  the  popular  delusion o( 
the  improved  healthiness  and  greater  longevity  of  the  people  of  this  kingdom. 

Dr.  Young's  reply  to  this  article  forms  the  subject  of  lio.  lAX. — Note  by  the 
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NaLIX. 

REMARKS  ON  THE 

FRmCIPLE  OF  COMPOCND  INTfiKEST. 

I»  Bbtlt  to  F.  B.  8. 
From  Um  Anub  of  PhOoMphj  for  Nombtr,  1837,  toU  ii^  pb  382,  Ntw  Snki. 


If  the  interest  of  a  hundred  pounds  for  a  day  be  a  penny,  it 
will  be  3G5  pence  for  a  year,  according  to  the  principleB  of  aim- 
pie  interest. 

But  in  all  questions  respecting  pecuniary  affairs  extending  to 
many  years,  and  in  all  transactioiis  reflecting  annuities,  it 
becomes  necessary  to  adi^t  the  principle  of  compound  inter- 
est, which  allows  a  rtpeatod  iBTeBtment  of  the  capital  and 
interest  either  yearly  or  monthly,  or  at  shorter  periodf» 
without  aoy  limit:  although  this  prindple  can  only  be  em- 
ployed in  oommonse  under  partiailar  nelnnnti  impoMd  by  the 
lawB  of  nsnry. 

It  is  lawfii],  far  instanoe^  to  reoeife  in  oommon  yeai% 
if  not  in  leap  yean,  each  day  that  KKMf.  it  in  hands  of  a 
bomwer :  bnt  al  the  end  of  the  year,  it  is  only  lawful  to  le- 
oeiYO  5JL  Ibr  the  use  of  the  1001.  irttlioiit  any  interest  on  the 
interest 

Dr.  Price  and  fab  ftOowen"  appear  to  consider  the  two 
supposed  trsnsactions  as  regnkted  by  the  §am  rai9  of  interest 
The  sense  in  whieh  Dr.  Tonng  has  understood  the  **  mm 

rate  "  comprehends  the  supposition  of  the  poeubiUty  of  laying 
out  the  interest  from  day  to  day,  to  be  improved  at  compound 

interest ;  by  means  of  which  the  5/.  would  recoivo  an  addition 
of  about  half  a  year's  simple  interest  on  itself,  or  about  lialf  a 
crown,  at  the  end  of  the  year  :  making  a  yearly  interest  of 
about  5/.  2t.  6tL ;  which  he  considers  as  more  correctly  the 
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tame  rate  with  -rffjl  anlay.  If  this  ia  emneoitt*  Dr.  Youqg  is 
in  the  wrong. 

It  is  aUowable  to  use  the  word  mme  in  either  aenie,  pro- 
Tided  that  the  definitioD  be  borne  in  mind :  but  when  tiie  defi- 
nition is  forgotten,  the  oonfiuion  may  lead  to  errors  in  practioe. 
It  has  been  asserted,  for  instance,  that  the  Talne  of  a  perpetoal 

annuity  payable  yearly  is  exactly  equal  to  that  of  the  sarae 
annual  sum  supposed  to  be  paid  "  momently  "  in  ecjual  por- 
tions :  because  this  result  is  obtained  by  supposing  the  annual 
interest  to  be  divided  through  the  moments,  according  to  the 
principle  of  simple  and  not  of  compound  interest :  and  in  this 
manner  mathematicians,  even  of  deserved  repiUatim^  have  been 
able  to  convince  thenibclves  of  the  trutii  of  a  piiradox  so  revolt- 
ing to  common  sense.  The  fzci  is,  that  the  obviously  greater 
?alue  of  an  annuity  beginning  immediately,  and  payable  hourly 
or  daily  at  the  option  of  the  receiver,  is  reduced,  in  their  me- 
thod of  compntationy  by  the  virtual  increase  oMe  discoimt,  to 
tiie  bare  ndue  of  an  equal  annuity  of  which  the  payments  are 
all  accumulated  at  the  ende  of  the  respectiTe  years ;  a  change 
whidi  certunly  could  not  be  a  matter  ufindiflerenoe  mther  to 
the  payer  or  to  the  reoeiTer,  and  neither  of  them  would  have 
the  least  diflBculty  in  determinmg  which  of  the  two  Doctors  he 
should  prefer  to  foOow/*  though  theur  deUrtmaikm  might  he 
somewhat  at  variance. 

Dr.  Young  has  not  asserted  that  this  ditJcrence  is  the  same 
in  all  cases  of  annuities;  although  he  has  taken  for  granted  tliat 
it  is  the  same  in  annuities  on  lives  as  in  perpetual  annuities, 
because  the  present  value  of  the  remotest  possible  payments  is 
in  both  cases  evanescent. 

The  objector  has  certainly  not  understood  the  nature  of  the 
argument  by  which  Dr.  Young  has  attempted  to  prove  the  in- 
accuracy, or  rather  the  impropriety,  of  Dr.  Price's  estimation 
of  the  identity  of  the  rate  of  interest.  The  tenor  of  that  argu- 
ment is,  that  when  Dr.  Price  supposes  he  is  reckoning  on  two 
annuities  at  the  same  rate  of  interest,  be  is  in  fact  employing 
diffiurent  rates :  for  that  the  discount  on  10  shillings,  receivable 
at  a  certain  moment,  as  a  payment  of  the  hall^yearly  annuity, 
ie  greater,  m  <As  eomfiMiimf  than  the  discount  on  10  ahilliogs 
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receivable  at  the  same  moment  as  half  of  an  annual  payment ; 
and  therefore  that  the  rate  of  interest  cannot  properly  be  called 
tka  mm  in  the  two  eaaes.  The  objector  makes  Dr.  Young 
anert  that  the  diaoonnt  augki  to  be  greater  when  the  payment 
k  half-yearly;  winch  u  qoite  a  diffiarent  qnestion*  becuue  this 
compariflon  relates  to  one  half  of  the  whole  numb»  of  half- 
yearly  payments  only. 

When  the  sense  of  an  anth<nr  is  mistaken,  it  is  easy  to  tri- 
nmph  orer  the  supposed  absurdity  of  Ins  eonelnsions :  and  m 
Ai»  maimer  your  correspondent  has  perfectly  sncceeded  in 
exposing  the  errors  of  those  who  do  not  undtrtland  Dr.  IVioe*ls 
solution  t  With  the  greater  part  of  his  last  paragraph,  how- 
ever, I  fully  agree,  though  many  might  be  inclined  to  oppose 
to  him  the  high  authority  of  Mr.  Morgan,  whose  testimony, 
though  somewhat  vague,  seems  greatly  calculated  "  to  en- 
courage the  popular  delusion  of  the  improved  healthiness  and 
greater  longevity  of  the  people  of  this  kingdom,'*  which  the 
objector  seems  so  much  to  deplore. 

F.  R*  S.  L. 

■    Waterloo  Place,  2nd  October,  1827. 

Mr.  Moivan  replied  brieilj  to  Dr.  Young  in  the  January  No.  of  the  '  Aimals  of 
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A  LETTER  TO  WILLUM  MOBGAN,  ESQ.,  F.K.S.. 
<Hr  ns  nnumoB  or 

THE  EQUITABLE  SOCIETY. 

From  the  Antuda  of  Philoiophy  for  NoTcmber,  1828,  rol.  iv.,  p.  339,  New  Seriee. 


Dbab  Sir, 

HAvnro  unfortunately  fiukd,  on  some  ibmier  oooMioiii|» 
of  ftiUy  oomprehending  the  meuung  of  your  ezprearioos,  I 
earnestly  entreat  yonr  atlentioD  to  a  few  remarks  oa  your  late 
statement  of  the  Experience  of  the  Equitable  Society,  in  order 
that  yim  may  correct,  if  possible,  the  exaggerated  condnsiofis 
which  appear  to  me  to  be  ^ly  dedadble  fttun  the  numbers 
that  yon  haTO  published ;  iur  I  have  no  doubt  that  you  will 
unite  with  me  in  sineerely  deprecating  the  dangerous  conse- 
quences that  would  result  firom  tiie  has^  adoption  of  these 
condunons  in  the  practice  of  life  assurance,  althougb  they 
may  still  be  very  usdbl  as  eaulioos  deserring  the  attention  if 
the  granters  of  annuities. 

Your  table,  lately  published,  stands  thus 


Tbat  IB, 

Age. 

Nomber. 

Died  [annaaUy.] 

One  in  » 

20  to  80 

4720 

29 

168-188-26 

80  to  40  . 

l6dSl 

106 

160  » 185-86 

40  to  60 

27072 

201 

186  b  180-46 

60  to  eo 

28807 

889 

69*124  -  66 

60  to  70 

14705 

436 

84s  99-65 

70  to  80 

5056 

219 

17=  92-75 

80  to  d5 

701 

99 

7»  94-87 

[View  of  the  Rise  and  Progress  of  the  Equitable  Society, 
8to.,  1828,  p.  42.] 
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1.  I  Iiave  6iit  to  obeerve,  thai  the  numben  of  the  oolumn 
oiarked  with  an  asteriflk,  which  vaiy  from  188  to  92,  ong^t 
«]]» aooordhig  to  HaU^'e  earliest  hypolhene»  to  be  100 ;  and 
aocording  to  Demoim's  oonrection  of  that  hypothesis,  to  be  86 
only.  The  mean  of  the  numbers  here  compated  is  137 ;  and 
nearly  in  the  proportion  of  86  or  87  to  1^  does  the  expec- 
tation of  life,  as  exhibited  by  this  table,  exceed  the  estimate  of 
the  Northampton  table ;  a  result  not  materially  difibnng  from 
the  proportion  of  2  to  3,  which  you  assign. 

2.  But  a  more  remarkable  peculiarity  of  the  decrements,  or 
rather  the  decremental  quotients,  derired  from  your  table,  is 

the  regularity  which  is  ohservable  in  tlieir  progress  after  the 
period  of  middle  life  ;  each  of  the  numbci;-,  which  express 
them,  being  precisely  or  very  nearly  the  half  of  the  preceding 

number.   Thus,  disregsrding  fractions,  we  have        "  ^""^ 

69,  «  34,  ~-  =  17,  and  -j-  =  8  for  85,  which  is  equi- 
▼atent  to  7  at  87i. 

3.  We  may  therefore  continue  this  series  with  perfect  con- 
fidence, until  the  whole  number  of  liyes  is  exhausted,  taking 
the  annual  decrement  at  95,  I,  at  105,  ^,  and  at  115,  1 ,  which 
may  be  sup}>osed  to  be  a  sufficient  age  for  the  terminatioD  of 
our  computations. 

4.  The  decremental  quotient  in  your  table,  —       ,  is  very 

nearly  — ;  y  being  -^5—*  *  the  age,  and  z  the  number 

living  ;  for  this  expression  gives  us,  from  25  to  JS5.  512,  2.56, 
128,  64,  82,  16,  8 ;  and  if  we  wish  to  modify  the  formula,  we 

may  make  it  more  generalh        '  «  a*,  and  y  «  i  —  u  x ; 

so  that  the  computation  might  be  adapted  to  the  earlier  ages« 
if  we  had  sufficieot  documents  for  the  purpose. 

5.  We  might  at  once  form  a  table  of  mortality  from  the 
VOL.  II.  2  c 
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qtiotieots  tiras  computed,  proceeding  downwards  from  a  single 
life  At  the  age  of  1 15 ;  but  it  will  be  much  raore  convenient, 
end  perhaps  equally  accurate,  to  employ  the  method  of 
fluxions. 

6.  Since         =  a'  Ax,  A  x  being  =  1,  y  =  6  —  c  x,  and 
=  —  eAj^  we  hate  —       ■  dF .       ;  whence,  tub- 

ititotiiiig,  as  naual,  for  -j-^,  we  have  the  equation  « 
^ .  of  which  the  floent  is  h  1  ir  e  of .  ;^|^  +  /;  which 
becomes,  for  the  valoes  a  «  iandc  >  t>w/—  ^Ti»*"^^* 

14*42(i95 

^  /  2^ —  « which,  when  1/  is  11'6,  becomes /  —  0049926  ; 

and  if  we  snppose  the  number  bom  to  be  100,000, 11*5129254 
=  /—  -0049926,  and  /  -11-5179180,  and  hU«  11-517918- 

U-42695       ,    .  11    -  r      __  ^       -     .      ,    ,  , 

— — ,  y  being  =  — — — .    When  y  =  0  and     =  1,  hlz  = 

—  2-90903  =  h  I  ^,  so  that  about  one  in  a  million  only  would 
surnveat  115. 

7.  It  is  obvious  that,  according  to  this  formula,  the  value  of 
*  can  never  become  wholly  extinct,  and  that  a  population 
may  be  imagined  great  enough  to  have  an  individual  living  at 
any  given  age  ;  but  notwithstanding  Mr.  Gompertz's  ingenious 
^culations  on  patriarchal  longevity,  it  can  scarcely  be  ad- 
mitted that  the  analogy  is  sufficiently  strong  to  justify  such  a 
conclusion  respecting  more  modern  times ;  to  say  nothing  of 
the  population  of  the  whole  wwldas  a  limit  which  would  require 
to  be  considered. 

\S.  The  results  of  the  fermula  are  exhibited  in  the  following 
table,  in  which  they  are  compared  with  Mr.  Babbage's  table 
of  the  Eqmtable  Experience,  with  the  Gariisle  table,  and 
with  the  table  published  in  the  Philosophical  Transactions 
fer  1826. 
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Agt. 

Liring. 

Bx8 

cxt 

(  0 

10000) 

(15 

9900) 

(26 

9761) 

(85 

9490) 

4i 

8970 

9612 

9454 

10535 

10827 

80 

8561 

8910 

8794 

9263 

9523 

S5 

8014 

8060 

8146 

7928 

8160 

60 

7299 

7084 

7286 

6543 

6793 

65 

6896 

6048 

6036 

5130 

5440 

.70 

5810 

4974 

4802 

8788 

4107 

75 

4075 

8876 

8850 

2488 

2778 

80 

2808 

2714 

1906 

1886 

1568 

85 

1654 

1802 

890 

571 

620 

90 

785 

840 

284 

177 

153 

95 

26 

40 

60 

81 

18 

100 

6-1 

0 

18 

7 

0 

106 

•7 

0 

1 

110 

•04 

•8 

115 

•01 

0 

9.  I  am  at  aTJxm  to  nndentaod  how  you  will  be  able  to 
reooncUe  the  nnmbera  of  the  first  oolmnn  of  thi§  Cable*  with  the 
opiiuoo  that  '*the  experience  of  the  Equitable  Office  coofinns 
the  accuracy  of  the  Northampton  table,"  whidi  is  represented 
by  the  fourth  column,  on  the  supposition  that  a  gifen  number 
of  individuals  about  55  is  to  be  compared.  From  this  age, 
and  as  ftr  as  85,  the  lirrt  cdlumii  oertainly  represents  the 
numbers  of  your  table,  if  I  have  not  mistaken  their  import ; 
but  the  formula  may  readily  be  made  to  extend  with  equal 
accuracy  to  ages  somewhat  above  this  limit,  as  well  as  to  an 
earlier  period.  We  may  take,  for  example,  105  for  the  age 
at  which  the  decremental  quotient,  indicaUng  the  rate  of  mor- 
tality, becomes  =  1,  and  make  it  1 50  at  35 ;  it  must  then  be 

V  150  at  the  intermediate  age  of  70 ;  and  supposing  a'^  - 
ISS*  a  "  10742, 5  being  =  105,  and  e  »  1,  and  the  fluent 

.  -  11..       « A.  *  13-974, 

becomes  -  /  -  JEfTor^- y.  y  being  105  -  *,  or/  j^  * 

and  loga  »  031087,  and  for  10000  at  birth,/  =  9-218  ;  which 

2  c  2 
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gives  at  95,  11  instead  6f  26,  and  at  55  7207,  a  number 
nearer  to  the  truth  than  the  former. 

10.  If,  happily  for  the  welfiure  of  mankind,  it  should  here- 
after appear  that  any  firm  reliance  ought  to  be  placed  on  these 
oonduaons,  or  if  the  formula  could  be  any  otherwise  modified 
so  as  to  senre  for  the  purposes  of  calculation,  it  might  be  made 
to  afford  essential  assistance  in  determining  the  values  of  two 
or  more  joint  lives;  and  by  means  of  a  proper  table  of  fluents, 
the  labour  would  be  little  gi'eater  for  combinations  of  lives 
than  for  single  ones,  since  the  sums  of  the  fluents  would  repre- 
sent the  products  of  the  quantities  to  be  combined  ;  and  a 
single  table  might  be  computed,  which  would  render  the  inte- 

gration  of  the  fluent  of     dy  a  matter  of  tittle  difficulty.  But 
such  an  improvement  would  at  present  be  premature. 

While  results  like  these,  however,  are  fairly  deducible  from 
the  face  of  the  evidence  that  you  have  laid  before  the  public, 
you  must  allow,  my  dear  Sir,  that  any  government  granting 
annuities  would  be  highly  culpable  in  reckoning  on  values  of 
human  life  like  those  whidi  are  represented  by  the  Northamp- 
ton tables ;  and  that  any  private  office  has  a  right  to  expect, 
beyond  such  a  valuation,  a  iair  percentage  for  the  payment  of 
their  unavoidable  expenses.  On  the  other  hand,  I  do  not  see 
how  it  is  possible  for  any  assurance  office,  not  returning  a  large 
share  of  theur  profits,  to  satisfy  the  public  that  theur  terms  are 
reasonable,  without  acting  most  improvidentiy  for  theur  own 
mterests.  Such  offices  as  the  £qmtable  are  exempt  from  these 
objections  ;  and  I  have  not  the  least  doubt  of  the  judgment  and 
integrity  with  which  you  have  long  conducted  the  business  of 
that  society,  nor  of  the  impropriety  of  calling  on  a  })rivate  body 
to  adopt  any  other  regulations  than  those  wliich  are  approved 
by  its  members.  But,  as  a  man  of  science,  it  is  natural  to  hope 
that  you  will  be  ready  to  allow  other  men  of  science  to  partake 
in  the  fruits  of  your  researches,  and  tliat  you  will  bo  de>irous  of 
vindicating;  yourself  from  all  possible  suspicion  of  ambiguity  and  • 
of  inconsistency. 

I  am,  dear  Sir,  with  great  respect,  yours,  &c. 

♦  ♦  • 

W«t«rlM  Places  Ort.  13, 1898. 
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PRACTICAL  COMrAKlSON  OF  THE  DIFFEKKNT 

TABLES  OF  MORTALITY.* 

la  ▲  Li;i'ii:K  ro  biu  KuwAbu  Uyi»b  Sast,  Bart^  ll.P.,  F.K.S. 
Ffom  Brand***  Qurttriy  Jouml  for  1898,  toI.  sxwi,  p»  848. 


Mt  dear  Sir, 

I  HAD  the  honour  of  addreflsbg  to  yiiu,  a  few  yean 
rince,  an  iiiTestigafion  of  the  value  of  human  life,  which  was 
puhliflhed  in  the  Philoaophical  TransactionB  f»  1826 :  and  I  had 
then  occasion  to  employ  a  formula  for  expressing  the  annual 
decrements  of  life  at  all  ages,  in  such  a  manner  as  to  serve  suffi- 
eiently  well  for  the  intended  purpose,  of  karmamzinff  the  mean 
standard  tahle,  of  whidi  I  had  ohtamed  the  baas  from  a  com- 
parison of  various  documents.  TMs  formula  would  have  been 
madk  too  complicated  for  anything  Wke  a  direct  introduction 
into  the  detail  of  calculation  :  but  I  have  lately  had  the  good 
fortune  to  discover  some  simpler  expressions,  which  are  capable 
of  being  extensively  applied,  with  great  convenience,  to  different 
cases  occurring  in  the  pnictice  of  Insurance,  and  which  may  also 
be  readily  adapted  to  a  variety  of  tables  of  mortality,  so  as  to 
afford  a  far  noarer  approach  to  the  results  belonging  to  each, 
than  could  bcobtaint'd  from  calculations  derived  from  any  other 
tables ;  and  will  frequently  indeed  be  more  likely  to  represent 
the  true  law  of  nature  at  each  place  of  observation,  than  the 
actual  records  of  a  limited  ezperlence  for  each  particular  year 
throughout  life. 

•  Dr.  Young  had  ;vcccitto<l  tli«  otlices  of  actuarv  aod  medical  referee  to  the 
Palladiain  Life  Insurance  Society,  and  in  thi*  tKgnoLj  WM  CsUadTdj  «ngaged  in 
the  practical  application  of  the  thtoxj  of  uunmiMa  ana  aaiiiiitloa  on  Urea.— Aoi«  bj/ 
the  Editor, 
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St  The  great  oompitter  Demoim  employed,  on  diflerait 
oocanons,  two  diiferent  liypotlieaeB  respecting  the  mean  falne  of 

life ;  and  each  of  these  has  its  advantages  in  particular  caaes. 

The  first  was  the  arithmetical  hypothesis,  supposing,  for  in- 
stance, that  out  of  100  or  of  86  persons  bom  together,  1  shall 

die  annually  till  the  whole  number  be  exhausted.  The  second 
was  the  geometrical  hypothesis,  <as,  supposing  that  1  in  50,  or 
in  100,  of  the  li>'ing  at  any  age  shall  die  within  a  year :  a  law 
which  seems  somewhat  to  approach  tu  that  of  nature  in  extreme 
old  age. 

3.  I  have  lately  added  to  these,  from  examiomg  a  report  of 
the  experience  of  the  Equitable  AflBarance  Oflioe,  a  third  hypo- 
thesis,  which  may  be  called  the  expcmatial  ;^  the  proportioaal 
mortality  appearing  to  be  represented  by  a  geometrical  pro- 
gression of  dirisors;  so  that  we  may  suppose  the  ^visor  to  be 
doubled  once  in  every  ten  years  that  the  age  falls  short  of 
115;  while  in  the  Northampton  table,  which  approaches  very 
near  to  the  law  of  the  arithmetical  hypothesis,  the  divisor  re- 
quires to  be  doubled  more  nearly  once  in  22  years. 

4.  The  exponential  hypothesis  affords  us,  as  I  have  shown  by 
an  example,  a  ready  mode  of  computing  the  number  of  siu> 
vivors  at  a  given  age,  as  required  by  the  supposed  law  of  the 
divisors ;  but  if  we  proceed  to  compute  by  it  the  expectation  of 
life^  or  the  value  of  an  annuity,  it  lead%in  the  simplest  cases,  t^ 
a  transcendental  quantity,  which  has  long  served  for  the  amuse- 
ment or  for  the  torment  of  the  most  refined  matbematiciana, 
mider  the  name  of  a  logologarlthmic  integral,  without  having 
been  rendered  the  more  manageable  by  all  their  elaborate 
investigations. 

5.  Still  less  would  it  be  practicable  to  make  any  use  of  an  ad- 
ditional exponential  term,  which  might  be  made  to  express  with 
great  accuracy  the  decreasing  mortality  of  early  infancy  and 
childhood.  A  difficulty  nearly  similar  occurs  also  in  computing 
from  an  expression  which  I  had  deduced  from  the  equable 
variation  of  the  value  of  an  annuity  under  certain  circum- 
stances i  a  property  which  I  have  lately  employed,  as  you  will 

*  Supra,  Ko.  LX.,  p.  386. 
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recollect,  for  facilitating  the  valuation  of  out-standing  policies 

for  insurance.    This  formula  for  the  decrement  was  t  ^ 

•  —  » 

which  leads  to  the  same  hyperlog^thmic  aeries  as  the  expo- 
nential hypothesis. 

6.  We  may  form  a  correct  conception  of  the  character  of  the 
exponential  hypothesis  by  laying  down,  in  the  diagram  of  my 
paper  in  the  Transactions,  the  numbers  of  the  table  that  I 
hare  published  in  my  letter  to  Mr.  Morgan,  taking  |  of  the 
quinquennial  differences  for  the  comparative  annual  mortality ; 
and  it  will  be  found  that  the  cmnre  thus  obtained  i^pitMLches, 
in  its  general  appearance,  surprisingly  near  to  that  of  the 
Carlisle  table,  and  consideFably  resembles  the  cunres  of  De* 
parcieux  and  of  Finlaison,  especially  between  the  ages  of  40 
and  80. 

7.  But  something  much  more  simple  than  tliis  is  retjuired 
for  practical  purposes  ;  that  is,  if  we  attempt  to  apply  a  for- 
mula to  the  detail  of  our  computations ;  and  we  may  exhibit 
the  basis  of  such  a  formula  to  the  eye  by  drawing  a  straight 
line  from  the  age  0  to  the  highest  point  of  the  Carlisle  curve, 
and  continuing  it  to  the  age  85  or  90  ;  and  it  will  be  obvious, 
from  inspection,  that  a  triangle  like  this  approaches  much 
nearer,  between  10  and  80,  to  the  character  of  all  the  rapidly 
ascending  lines  of  Carlisle,  Finlaison,  and  Deparcieux,  than 
either  Demoivre's  horixontal  line,  or  the  slightly  irregular 
curve  of  Northampton  ;  and,  from  the  employment  of  the  area 
of  the  triangle,  the  law  derived  from  it  may  be  called  the 
^uadnUie  hypothesis. 

8.  In  other  words,  we  find  that  many  of  the  modem  tables 
appear  to  indicate,  instead  of  a  uniform  decrement  of  life 
throughout  the  full  period  of  vitality,  a  decrement  nearly  pro- 
portional to  the  age  itself,  and  the  quadratic  hypothesis  carries 
to  its  greatest  possible  extent  the  exaggeration  of  the  climacteric 
agcy  as  I  have  before  denominated  tlie  nge  of  the  greatest 
mortality,  which  seems  to  have  been  actually  creeping  upwards 
for  the  last  century,  though  less  rapidly  than  has  sometimes 
been  supposed.   Deparcieux  made  it  73,  the  Carlisle  table 
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74,  Mr.  Finluson  78,  and  Mr.  Bftbbage's  redadum  of  the 
alleged  mortalify  of  tiie  Equitable  Office  83*  though  my  late 
Gomputatbn  upon  the  exponential  hypotiiesii,  derived  from  a 
corrected  report,  makes  it  only  about  75.  Now,  the  triangle 
of  the  quadratic  hypotheria  risea  highest  at  its  t^hnination, 
and  malces  the  supposed  dimaeteric  the  year  of  mmToidable 
death  to  those  who  attain  it.  This  is  a  peculiarity  not  very 
credible  as  a  correct  statement  of  a  matter  of  feet,  though  it 
requires  little  or  no  correction  when  applied  to  the  generality 
of  results  like  those  of  the  Carlisle  tables  ;  and,  in  other  cases, 
its  imperfections  may  probably  be  remedied  without  diflBculty. 
On  the  other  hand,  the  true  climacteric  of  nature,  as  well  as 
that  of  the  geometrical  hypothesis,  is  the  year  of  birth,  while 
in  the  arithmetical  hypothesis  there  is  no  climacteric  at  any 
age.  The  mortality  of  London  in  1815,  and  the  Northampton 
table,  approach  to  the  arithmetical  hypotliesis  as  having  no 
strongly  marked  climacteric  after  the  year  of  birth,  though  they 
hare  each  a  maximum  about  the  middle  of  tlie  whole  range  of 
life.  The  abridged  formula,  which  I  suggested  in  my  former 
letter  to  you,  was  368  +  lOx  fur  the  decrement  of  life,  which  is 
a  oomlnnation  of  the  arithmetical  and  quadratic  hypotheses  in 
equal  proportions  at  the  age  of  ab  nit  37,  and  expresses,  as  it 
was  intended  to  do,  a  mean  mortality  between  the  old  and  the 
new  obserrations;  but  it  is  more  convenient  to  keep  them 
separate  in  computation. 

9.  I  shall  now  proceed  to  compare,  with  the  different  tables 
of  Morgan,  Milne,  and  others,  the  results  of  the  arithmetical 

hypothesis,  as  expressed  by  <  =  and  tliose  of  the  for- 

mula #  ss  1  —  ^;  which  is  the  quadratic  hypothesis;  «  being 

the  comparative  number  of  survivors  at  the  age  x,  and  e  a 
constant  quantity,  which  may  be  varied  at  pleasure  from  80 
to  100. 

10.  The  first  point  of  comparison  b  the  annual  mortality  of 
the  writhmUUal  hypothesis  with  that  of  the  tables  of  Northamp- 
ton, and  the  bills  of  mortality  of  London. 
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A.  Ammal  nunrtality  approAching  to  .0115. 


A  - 

Age. 

jfortluunpton  X  .015- 

liOOdOll,  1815  X  -. 

10 

(.0078) 

(.0048) 

20 

.0108 

(.0046) 

80 

.0112 

.0114 

40 

.0114 

.0122 

50 

.0121 

.0128 

60 

.0128 

.0106 

70 

.0120 

.0102 

80 

(.0094) 

(.0054) 

90 

(.0018) 

(.0025) 

1 !.  With  the  decrementB  of  the  quadroHe  h]rpotheaU«  we 
may  oompare  those  of  the  tables  of  Deparcieux  and  of  CSarlide^ 
and  those  whidi  I  have  lately  computed  from  the  supposed 
experienoe  of  the  Equitable  Office. 

B.  Annual  mortality  approaching  to  ~  =  —  As,  or  — 

8 


ee 

AgBX. 

EqnitiUtPh. 

10 

(6.8) 

*'  (2.9) 

• 

20 

(2.6) 

2.2 

80 

(1.8) 

1.9 

40 

1.2 

1.7 

1.8 

50 

1.2 

1.2 

1.9 

60 

1.6 

2.0* 

2.7 

70 

1.6* 

1.8 

3.3* 

80 

1.4 

1.4 

3.0 

90 

(.3) 

(•4) 

1.8 

The  precise  value  of  e  is  here  disr^arded,  but  it  may  be 
observed  that  it  is  nearly  constant  in  each  column  towards  the 
middle  of  life*  and  that  it  must  be  perfectly  so  for  some  time 
about  the  maximum,  which  is  60  or  70.  llie  agreement  is, 
however,  less  clearly  seen  in  this  eomparisoii  than  by  means  of 
the  dia^m ;  the  effect  of  the  discordances  and  irregularities  of 
observation  bmng  here  most  strongly  marked,  and  disappear- 
ing as  we  pursue  the  computations  further.  The  Northampton 
table,  treated  in  this  manner,  gives  a  series  of  numbers  always 
diminishing. 
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12.  The  whole  namber  of  the  living  at  each  age,  eihibtted 
in  anj  tables,  is  compfnted  from  the  annual  decrements ;  and 
this  nnmber  u  next  to  be  compared  with  the  two  hypotheses, 
omitting  the  years  of  infancy. 


c. 

Number 

Uvinfff  CO 

mpared 

with  t  = 

'-^ 

Age  X, 

«. 

north.  X  .016. 

10 

.885 

.851 

20 

.770 

.770 

30 

.655 

.648 

40 

.540 

.545 

50 

.425 

.429 

GO 

.810 

.806 

70 

.195 

.185 

80 

.060 

.070 

90 

.000 

.007 

D 

Living  compared  with  s  = 

-  1  -  ~ 
ee 

• 

Depftre. 

Carlisle. 

Eq.  Ott. 

Age «.  e^sr. 

r«>90. 

emm99. 

X  .17. 

X  155. 

1 

10 

.987 

.988 

.988 

(1.021) 

(1.001) 

20 

.947 

.951 

.954 

.961 

(lAA 
'%f  I  1 

(.820) 

30 

.881 

.889 

.896 

.858 

.874 

(.803) 

40 

.789 

.802 

.815 

.763 

.787 

.770 

50 

.670 

.691 

.711 

.674 

.682 

.713 

60 

.524 

.5.56 

.584 

.542 

.565 

.610 

70 

.343 

.395 

.433 

.359 

.372 

.442 

80 

.155 

.210 

.260 

.138 

.148 

.234 

90 

.000 

.000 

xm 

.014 

.022 

.065 

It  is  obvious  that  the  formulas  approach,  in  both  these  com- 
parisons, much  nearer  to  the  tables  than  in  A  and  6.  The 
column  of  Deparcieux  is  best  represented  by  tlie  divisor  87,  at 
least  from  25  to  80,  and  the  same  is  true  of  the  Carlisle  table, 
except  just  about  60 ;  while  the  snpposed  experience  of  the 
Equitable  Office,  after  40,  agrees  best  with  the  difisor  90,  or 
OTon  9d. 

13.  Tlie  erpectation  of  life,  or  the  value  of  a  life  annuity 
without  interest,  is  next  to  be  determine*!  for  each  hypoth»'8is 
The  riuxion  of  the  expectation  is  evidently  equal  to  the  fluxiou 
of  the  age,  multiplied  by  the  chauce  of  sunrivmg  to  that  age. 
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wliiob  If  eEpraaed  by  the  fjootienl  of  the  mrnvon,  p  lop- 

poeing  il  to  be  the  initial  mtmberof  the  living  at  the  given  age, 
•nd  the  flustoo  of  tbe  eipectatioo  is  ^dx,  that  is,  ^1  -  -i.^  ^ 

or  (l  —  ^  ^  according  to  the  hypothesis  to  be  employed* 

and  the  fluenU  are       ^and  respectively,  taking 

fihies  fron  #  A  or«  »  f»  tiie  pfw  age,  to  jr  at  e^  tbe 
estrane  period  of  file  emmed  in  Ae  hypotfaesis. 

li.  Now,  ID  the  arithmetical  hypothesis  for  j  —  we 
have  I     ^  and  j  »      the  difference  being  I  T  c  —  £.  —  ^ 

•fill  sm 


5)- 


aad  tiw  eipeekatioD  •  beeomes  •  >*  knowD. 

15.  In  tbe  <|iiadratio  hypothesis,  the  two  ▼aloes  of  the 

fluent  are  X  — "s^i  *nd  4  — -^r*  ^  diiierence  being 

•tr^  -  »^L±je  ..:  bittA  -1-J2.  cdk-oe-w.  and 


S"  S  •  ««ff  "  S  •  S(e^,)  -  S  ■  S  •  •  + 
which  varies  from  ^     ->  9)  to  §     —  ^). 


vtaiwru,  compared  with  i 

=  43  5  —  J  9. 

i. 

10 

38.5 

99.8 

20 

33.5 

83.4 

30 

28.5 

28.3 

40 

23.5 

23.1 

50 

18.5 

18.0 

60 

13.5 

13.2 

70 

8.5 

8.6 

80 

3.5 

(4.7) 

90 

.0 

2.4 
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oompAred  with  f 


2«r 


F. 

10 
20 
80 
40 

50 
60 

70 
80 
90 


Etptcioiunu 

ly  ea87. 

48.7 
37.5 

26.5 

20.2 
14.3 
8.8 
3.6 
0.0 


46.9 
40.8 
84.2 
27.8 

20.5 
14.2 
8.8 
4.7 
1.8 


t\  CSS90, 

50.7 
42.4 
85.0 

28.2 
.  21.9 
16.0 
10.4 
5.1 
0 


9)         3  * 

i±i. 
2 

49.7 
40.0 
84.1 

27.3 
21X) 

15.1 
9.6 
4.4 
0 


Oirlule. 

48.8 
41.5 
84^ 

27.6 
21.1 
14.3 
9.2 
(5.5) 
(3.3) 


It  iqipeBn,  from  tiiis  oompuiMn,  thatwa  appraich  foty  near 
to  the  expectation  of  life  at  Carlisle,  by  taking  the  mean  of  • 
and  or  by  making  e  ss  88.5 :  and  from  10  to  70  the 
fermuk  appears  to  represent  (he  mortality  more  oorreetiy  ihan 
the  tables,  which  are  extremely  irregular  in  their  diflbrences, 
probably  on  account  of  tlie  very  small  population  oq  which  the 
observations  were  made. 

16.  The  only  remaining  determination  to  be  considered,  that 
is  exempt  from  the  ei&Bet  of  interest,  is  that  of  the  probability 
^  wrmvor^hqf  between  two  Utos;  a  probability  which  is  made 
up  of  the  sum  of  the  probabilities  of  snrviTorship  for  efery 
year,  or  every  portion  of  a  year,  throughout  the  fbll  range  of 
the  lifo  of  the  eldest ;  that  is,  the  probability  that  the  one  will 
die  witbm  the  element  of  time  oonsidered,  while  the  other  sur- 
vives :  so  that  the  fluxion  of  the  probability  is  -1- .     :  A  bemg 

the  number  surviving  at  the  age  of  the  eldest,  9,  and  k'  at  that  of 
the  youngest,  while  «  and  represent  ihe  Tariable  number  of 
survivors* 

17.  In  tlie  arithmetical  hypothesis  we  have  constantly  ds  s 
.  ^ ,  and  the  fluxion  of  thb  probatnlity  b  i-  *  ^  ;  which  is 

equal  to  the  fluxion  of  the  expectation  t,  divided  b)  t-A',  and  the 
fluent  being  taken  between  the  same  limits  x  =  q  and  x  =  c 

in  both  cases,  it  follows  that     is,  in  this  hypothesis,  the  value 
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of  the  probalnlity  tlmt  the  younger  life  will  &il  first ;  and  since 

t'  .  Lzl,  (14)  and  A'  =  1  -  ^,  we  have  -L  -5  J-  •  a  ▼ery 

simple  oonseqnence  of  this  hypothesis,  which  appears  hitherto 
to  have  escaped  observatioQ.    The  pbobabilitt,  tberelbre, 

THAT  THE  YOUNGER  OF  TWO  LIVES  WILL  FAIL  BEFOBE  THE 
ELDER,  IS  EXPRESSED  BT  THE  EXPECTATION  OF  THE  ELDER 
DIVIDED  BY  TWICE  THAT  OF  THE  YOUNGER*     And  it  18  ob- 

*  ^  a  nolt  to  hill  excelleut  work  on  Annuities,  p.  114,  the  late  Mr.  Francis  Baily 
pen  the  Mme  tlworam,  which  is  announced  in  the  teit  **  as  having  hitherto  escaped 

ob-^fTcaf inn."  Or.  Yniing  foon  fonrnt  nut  hi?  mistake,  and  addressed  a  ropy  of  his 
paper  with  the  tuilowiug  note  to  Mr.  Bailj,  which  has  been  kindly  communicated  to 
me  hj  Mr.  De  If oifui,  who  tbaoA  It  Mnoog  hie  ptpen, 

**DbarSib, 

**Yoo  wiU  see  in  pife  8  that  I  had  nol read  your  paper  with  the  attantloii  it 

merited,  «e  I  eonld  ecarody  hare  fofgotten  your  apraelaii  W  m       bat  I  ftit 

fectly  confident  that  Morgan  coiild  not  liave  omitted  to  notice  the  approxiniaf  inn  if  it 
had  been  before  observed,  and  1  enquired  no  iartlier,  so  that  I  hare  allowed  you 
gronnde  for  a  triumph,  if  yon  thinlc  proper  to  employ  them. 

**  Believe  me^  very  tmly  yoars, 
"  To  Francis  Baily,  Esq^  F.R^.  "T.  Youao. 

mjtm,  1829. 

It  ia  only  an  hour  ago  that  I  aeeiimUaUy  cask  my  eye  on  year  note." 

This  oversight  of  Dr.  Young  was  made  the  subj«vt  of  some  dif>j)araging  observations 
in  the  Journals  of  that  day,  which  induced  Dr.  Young  to  address  another  letter  to 
Mr.  Baily,  which  waa  puhlishcd  in  Bnode's  Quarterly  Joamal  for  April,  1829. 

*«DXAR  Sir, 

*'  I  HAVE  been  thinking,  tliat,  as  an  attempt  has  been  made  to  direct  the 
pohllc  attention  to  the  oversight  which  I  a'  knowledge^l  to  you  the  moment  that  I  WOt 
aware  of  it,  it  might  he  ripht  that  I  should  a&k  you,  whether  there  wss  any  form,  or 
any  channel,  by  which  you  would  like  that  I  should  publicly  admit  your  undisputed 
olaim  to  the  disooveiy  which  I  haTe  lately  printed  in  capitals  as  my  own:  and  to 
aasare  you,  that  you  cannot  be  more  willing  to  point  oat  soch  a  piooeediag  than  I 
should  be  to  comply  with  yoar  wishes. 

"  I  have  certainly  given  you  an  advantage,  in  printing,  as  a  conspicuous  part  of  my 

Kiper,  a  remaric  whi(^  you  had  only  thoa^t  worthy  of  being  inserted  in  a  note;  and 
r  mvsetf,  the  drcnmstanee  has  heen  a  little  unlucky,  not  from  any  eensare  that  may 
have  Leen  passed  on  me,  as  not  li.n  iill:  road  every  note  even  in  the  bc^f  Ixiok  relating 
to  the  general  subject  of  my  essay ;  and  still  less  from  the  contemptible  suspicion  of 
my  baying  made  a  dif Idish  attempt  to  dec^  myedf  in  borrowed  plumei,  and  then  to 
hi>I<i  t!i«_iii  so  high  that  tho  slightest  breath  would  blow  thi'tii  rnv  iy  :  Imt  iM-f-auso  the 
occurrence  tends  to  divert  tlie^attention  of  the  reader  trom  the  essential  subject  of  my 
eeeay ;  whicli,  you  may  have  oheorved,  is,  first  to  establish  tiie  eoperknr  oonvenienoe 
of  n  ^'Xtff  forrnvlu  in  preftrenct  to  aV  t''f<l-^  formod  from  a  limited  observation,  for 
all  onlinary  cast-s  of  the  valuation  of  annuities;  that  i.s,  Ix-twoen  the  ages  of  ten  and 
seventy  :  and  secondly,  to  ehow,  as  I  may  hereafter  do  still  more  fully,  that  a  uni' 
formhj  iricre<isi)uj  dcrremcnt  r>f  9<ti-i  {r<ini^  throughout  the  ni  ddic  of  life,  will  afford  a 
value  of  mortality  sutficientlj  near  to  the  resulUt  of  taldes  the  most  discordant  among 
tbemaalTea,  provided  thai  Ilia  rata  of  inereme  be  properly  adjusted  to  the  tdda. 

"  I  am,  dear  Sir, 
Your  faithful  and  obedient  servant, 
-  Walmteo  Plaoe^  I  F*.,  18M.**  5  • 
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▼ious  tbat  by  takbg  the  fleyenil  expectations  as  directly  com- 
puted from  the  tables,  this  determination  may  be  extended,  as 
a  good  approximatioQ,  to  the  utmost  limits  of  the  obaer?atioDs. 

^.  ProbahUiiitt  of  sunrivonbip^  compered  with  w  s  ~p- 


Ages. 

Northampton. 

10,  20 

.435 

.415 

.420 

40,  50 

.394 

.394 

.390 

70,  80 

(.206) 

.800 

.276 

10,  SO 

.289 

.206 

.226 

40,  80 

,m 

.102 

.108 

10,  80 

.044 

.044 

.060 

18.  Int]ieqiiadniicbypo(lieBi,«beii^  1- — ,  wefaeTed«« 

£Ldx.  and      dx  is  the  fliudon  of  tbe  probability  that  a 

person  of  the  supposed  age  will  die  at  a  certain  time,  which, 
for  the  age  of  the  younger  x  —  p,  taking  k'  for  A,  becomes 

2  tz±  djr^  to  be  multiplied  by  JL^  the  probability  that  the 
elder  will  survive,  that  is^  by  L     ~  ^ :  the  product  is 

-  .  i  d,  +  ,  S  d,  )  -  d  I,  (^-^-i;  + 

fif^,  whose  integral  taken  from  or  »  c  to  x  —  becomes 
p\  and  5.  =  J',  ,  -  ji  -  i  +  i  q\ 

H.  JP^vJkiUKMM  of  surTiwdupk  compared  wi A 

hypothesis. 

Ages.  r.  Csrliila.  —C.  Norlliiair«oa. 

80,  60        .172  .158  .209  (.280) 

40,  80         .060  .074  .100  (.102) 
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The  ap«'S  are  hi  re  asaumed  very  distant,  in  order  to  corn- 
pan-  the  rxtreini'  ta.-cs  ;  otljorwibe  the  agreement  would  have 
been  much  more  accurate :  but  it  is  obvious  that  the  formula 
comes  far  nearer  to  ilie  direct  computation  from  the  Carlisle 
Ublet  tbaa  the  value  derived  from  the  Northampton  tables. 

19.  N\  e  are  uuw  to  examine  the  cousequences  of  the  two 
hypothe^es  in  cases  whirl i  re(juire  the  consideration  of  interest 
or  discount,  to  be  combined  with  tlvat  of  the  contingency  of 
tnrvivonbip  at  each  itep.  In  order  to  repment  such  caBe% 
we  must  multiply,  as  is  well  known,  the  fluxion  of  the  contin- 
gency of  pay-mcDt  by  the  power  r*,  or  rather  r*'*,  for  the  value 
as  referred  to  the  age    r  being  the  present  value  of  a  lunt 

pajflUe  at  the  cud  of  a  year  :  for  imitance        if  we  reckou  at 

4  per  cent  oompomid  interest  But  it  must  be  remembered 
thai  io  this  mathematieal  sense  ef  compound  interest^  the 
interesi  of  £100  for  a  quarter  of  a  year  is  no  more  £1, 
at  4  per  eent,  than  it  is  £16  Ibr  4  years ;  and  if  we  wish  to 

reckon  at  tbe  rate  of  £  ^     for  a  day,  we  must  neces- 

sarily  make  the  interest  something  more  than  £4  for  a  year.  In 
almost  all  cases  oeeurring  in  practioe,  the  difierenoe  of  the  two 
modes  of  oonsidering  die  interest  is  half  a  year's  porefaase  of 
an  annuity,  payable  annoally:  bnt  sometimes,  Ibr  an  anniuty 
of  a  very  short  dnratioo,  a  ftaitlier  oomction  may  be  required : 
the  oorrsetton  is,  however,  tn  all  eases,  very  easily  computed, 
and  generally  by  taking  the  fluent  half  a  period  later,  both  at 
tbe  beghmh^gand  at  the  end  of  die  term. 

20.  The  present  value  of  an  annuity  on  a  single  life  may, 
therelbre,  be  represented  by  —  |  r***  ^  dr»  since  dx  is  ne- 

gative ;  that  is,  in  the  arithmetical  hypothesis  ~  j  'HZl 

^)  djr  •  —  J*  ^T"  ^  **■  J*         ^  •         ^  fluent 
be  taken  as  nsnal  frooi  x  ^  eto  g  ^  q. 
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21.  The  general  theorem  for  fluents  of  this  form  is  /  a*  x* 

A*  (j»      ""'^  4.         -  ufa-n  (»-2) 

+  .  .  .),cMrimttiiigxfor       =  -  +  Xitr»-»  -f  x«n 

(fi  —  1)  +...),  whence  the  present  fluent  becomes  + 
A.  •  -  ii:^!.  («  +  X),  X  being  here  poaitiTe,  because  a  is 
lees  than  unity  ;  and  putting  q  and  e  succesnvely  for  *,  we  have 
*_^(,  +  X)-^^(l-|-±)-X-^^andi,  r^-, 

—  ^r''~«(c4-X)=-  -  —  r*"«,  the  difference  being  X  - 

^  (  1  -  r'-*)  =  A,  the  present  value  of  the  aminity :  and 

at  4  per  cent,  we  have  X  -  25.497,  XX  =  650,  and  if  - 

.0115,  Hie  fbrmnla  beoomes  A  s  25 .497  -        (1  -  r''«) ; 

the  results  of  which  agree  sufficiently  well  with  the  North- 
ampton table. 


L  An 

mUHet  at  4  per  cent  upon  the  arithmetical  hypothecs. 

Age. 

IMly 

NortbamplOB 

Difference. 

payments. 

tablet. 

10 

17.49 

16.99 

17.52 

20 

16.56 

16.01 

1().03 

+  .02 

SO 

15.31 

14.81 

14.78 

-  .03 

40 

13.20 

12.70 

13.20 

+  .50 

50 

12.02 

11.62 

11.26 

-  .26 

60 

9.75 

^25 

9.04 

-  .21 

70 

$•99 

6.49 

6.56 

-  .18 

80 

2.56 

2.06 

(8.64) 

22.  In  the  quadratic  hypothesis,  the  fluxion  is  -/r'  ' 
^  d  «  =  -  fr^*  -  +  /  r*'*        dx  and  the  fluent  4- 

r'"*  —  r'-«  (a»  +  2Xjf  +  2x*)  which  from  x  =  9  to  jr  s  e 

cck 

dlati*  m  i  -  ±  +  2xj  +  2x«)  - \r'-'  +-^'— 
(«c  +  2XC  +  2XX)  =       _  ii  _       _  ^  +  r'-.[^ 
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+  S*]V  or,  ttiice  A  =  I  -  ?,  A  =  X  -  -L(!i2       2ii  - 
«•  J/    I  I  ^  *  \«  «e 

I^T  "^^J)*  ia,  at  4  per  ceut  and  taking  c  =» 
S8.5,  and  i.  s  .0113,  x  being  =  S5.497.  XX  s  650.  and 
^  a  .38812,  A  -  25.497  -  1  (4.233  +  AWq  -  18.928 


K«  AmMn  at  4  per  cent  npoo  the  qaadratie  hypothesis. 


DmUj 

Annoal 

Carlisle 
libl«i 

10 

80.48 

19.98 

19US8 

20 

18.98 

18.48 

18.86 

+  ^ 

80 

17.25 

16.75 

16.85 

-  .10 

40 

15.37 

14.87 

15.07 

-  .20 

50 

18.17 

12.67 

12.87 

-  .20 

60 

10.67 

10.17 

9.66 

+  .51 

70 

7.40 

6.90 

6.71 

+  .19 

80 

8.72 

8.22 

4.18 

-  .96 

Mean  -  .04 


It  *w  obrious  that  a  mean  error  so  small  and  so  subdivided  ia 
aa  likely  to  belong,  in  great  meaamne,  to  the  obaertatioiia  aa  to 
the  oorapntations. 

23.  It  was  my  inti'iition  to  proceed,  in  a  similar  manner, 
tlirough  the  oomputatiooa  of  anmiities  oo  two  joint  lives,  and 
of  tbe  contingent  rovor^ifvns  of  sUTivonhips :  but  the  ncrurary 
of  the  proposed  formulas  appears  to  he  alnrady  abundantly 
demonstrated  by  the  two  hist  oomparisons,  and  I  shall  confine 
myself^  for  tbe  preaent,  to  the  great  remaining  problem  of  Mm 
joud  Hmt^  tbe  fodliiation  of  which  would  be  reaDy  a  atep  of 
practieal  importance,  even  if  we  allowed  the  aocuraqr  of  the 
«ditnig  tebles»  wbiofa  hate  been  tbe  most  extensively  employed 
for  ealenlatiooa  of  this  kind. 

24.  The  age  of  tbe  eldest  of  three  lives  InMng  x.  and  the 
ages  of  the  two  youngir  x  —  p'  and  x  -  p'\  tbe  initial  values 
of  A     ands^  being  A,  A',  and  A"  respectively,  when  j*  a>  ^;  the 

TOL,  n.  2  o 
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probability  of  the  sunriTonbip  of  the  whole  three,  for  any  other 

values  of  x,  will  be  ^^,)        the  fluxion  of  the  preseut  value 

of  the  annuity  will  be  g^r^dx.  Now,  #ssl  —  ^I'ssl 

— ^LZSH,  and    as  1  —     ~cc  ''^**  ^  neglecting   which  always 

accompanies  x  and  7>,  till  the  end  of  the  computation,  s'  =  s  -\- 
2  p'x  —  pp\  and  s"  =  s  -\-  2p"x  —  p"p" ;  whence  ss  =  « 
+  2;/^*  -  and  sss"  =      +  -V  r.s^  -  -f  2/)"r*»  + 

4p     j:^*  —  Zp  p  p  xs  —  ;/  p  sr  —  Zj)  p  p  xs  +  /'  J'  p  p  s  =  ir 

25.  HtMKH!  it  appears  that  this  contingency  comprehends 
that  which  helongs  to  the  value  of  three  equal  joint  lives,  as 
well  as  those  which  relate  to  one  life  and  to  two,  these  latter 
being  also  complicated  with  the  expression  of  the  age  and  of  its 
square :  and  it  is  ob>'ious  that  the  result  may  be  reduced  to 
the  form  kk'h"A  =  Q  -  (pY  +  p'p")  Q'  +  p'p'p"p"Q"  + 
2  (p'  +  p")  Q'"  +  ip'p'Q'"'  -  ^pp"  (  p  +  p")  Q'""  :  all 
the  quantities  Q. . ,  being  dependent  on  the  oldest  life  only, 
and  capable  of  being  expres.'ied  in  a  table  by  as  many  single 
numbers  for  each  age,  to  be  afterwards  combined  according  to 
the  variations  of  the  younger  lives,  as  here  expressed  by  the 
difierenoes;  The  first  three  numbers  might  be  readily  obtained 
according  to  any  given  tables  of  obserrationB  from  the  tables  of 
the  values  of  egtui/jmnt  lives  already  in  existence,  or  they  may 
be  computed  with  the  rest,  from  the  formulas :  the  last  of  all 
is  also  subservient  to  the  calculation  of  the  value  of  survivor- 
ships. 

26.  In  the  first  place,  for  the  quantity  Q,  belonging  to  three 
equal  lives,  we  have  -/i^r'-'dx  =  — /r'-»dj  (1  —  Sx*  + 
a**  -  *•)  =  Xr— «  (1  -  3  (*»  -f  2xx  +  2>A)  +  3  +  4Xa» 
+  mV  +  21X.V  +  -  6x«»  +  SOVV  +  120xV 
4-  360x«x*  +  720k**  +  720X*;;  which,  taken  from x  ^  qto 
X  ^  e,  becomes  X(1.3(jf*  +  2Xjr  +  2xx)  +  3  (9^  +  4x^ 
+  12x¥  +  24x^  +  24x0 -(f  +  6X}»  +  30xV  +  120xy  + 
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360XV  -f  720x*r/  +  7?0x«)  -  r«-«  [1  -  8  (1  4.  2x  +  2XX) 
+  3  (1  +  4x  4.  12x«  +  24x»  +  24x*)  -  (1  +  6x  +  SOx*  + 

120x'  +  r^60x*  4-  720x*  4-  720x«)])  =  Q  :  the  numbers  Xand 
wherever  they  occur  after  tlie  first  X,  being  understood  as 
divided  by  c. 

27.  The  aeoQiid  quantity  is  Q'  »  -/r'~*  «MLr,  sr  heang  « 

1—  2— 4-p^,  orl—  2xx  4-    ;  which  gives  the  fluent  Xr*^ 

(1  -  2  (x^  4-  2Xa:  4-  2XX)  +  ^  -h  '^>^^  +  12xV  4-  U\'x  4- 
^   24x*  )  :  and  this  from  x  =  q  to  x  =  c  \8  \  (1  —  2(f  —  A\q  — 
4XX  4-  7*  4-  4x7^  4-  12xV  -H  24x'7  4-  24x*  -  r'^'  [1  - 

2-  4X-4XX4-1+4X  +  12X"  +  24>i*  +  24x*])  =  Q' : 
reBtoring  c  in  its  place. 

28.  For  Of*  we  have  -fr*'*  mLt,  as  id  die  case  of  a 

simple  annuity  (22),  =  X  r*"*  (1  —  —  2xjr  —  2x  )  giving 
X  (1  _  ^  -  2x^  -  2XX  4.  r'-^  (2x  4-  2x»)  =X  (A  -  2Xg  - 
2XX  4-  2xr«^"«  [1  -f  X]). 

29.  In  the  next  place  Q"'  =  -/r'-««i«Lr  «  -/r'-« 
(«dx  -  2zMx  +  irtU)  -  Xr*-*  (x  +  X  -  2(a:»  4-  3Xj*  +  6x«jr 
+  6X«)  +  *»  +  5X**  +  2axV  +  60xy  +  I20x««  +  iaox»); 
which,  from  jr  s  ^  to  iB  «  e,  g^ves  x  (7  +  X  —  2  (9*  +  dxf  4* 
6xV  4-  6X»)  4-  9»  4-  5Xj*  4-  20x^»  4-  60xy  4-  120xV  4- 
12ax»  -  r«-«  [1  +  ^  -  2  (1  4-  +  6x«  4-  6x")  4-  1  4-  5?^ 
4-  aOx«  4-  60x«  +.  laOx*  4-  l«)x»]). 

30.  JTor  Q"",  derived  from  sa^y  we  have  —  f  r"  (.r^dx  — 
a^dx)  =  Xr'-«  (ar*  4.  2X^  4-  2XX  -  (ir^  4-  4\x^  +  12\V  4- 
2lx'.c  4-  24x*]);  and  this,  when  corrected,  becomes  X  («y*  4- 
2x7  4-  2xx  -  ^  -  4X(f  -  12x'/y^  -  24x^7  -  24x*  -  r"'^  [I 
4-  2X  4-  2XX  -  1  -  4X  >  12x'  -.  24^  -  24x'J. 

31.  Lastly,  for  Q"'",  fipom  sx,  we  have  -    r»-«  (ao  -  a?) 

daj  =  Xr*-*  (a;  4-  X  -  (a?  4-  3xa^  4.  6x*a;  4-  6x»),  which  be- 
comes X  (9  4-  X  -  (f/  4-  3X9»  4-  6x»^  4-  6x»)  -  r*'-'  (1  +  X 
«  [1  4.  3x  4.  6x»  4-  6x^j). 

82.  Takings  for  a  smgle  example,  the  value  of  three  joint 
lives  of  30  at  five  per  cent,  we  have  ^  =  30, 1  =  .01 13,  ^  = 

*    2  d2 
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.339,  X  =  20.5,^  =  .23165,  and  r«^-«  =  .0576.    B>  sub- 

ttitntiog  tbeae  quantitieB  b  the  eipKMion  ^  a  a,  we  bm  the 
valne  11.37. 

L.  Three  jokU  lives,  at  5  per  cent,  compared  with  the 
Cariinle  tables 


Dailj  Aiimul  CSwiiilt  NortkMphMi 

payments.  ptymenUi.  labld.  tables. 

80  11.87  1087       "   10.82  (8.50) 

33.  For  the  arithmeticiil  hypothesis,  the  computation  In'oomca 
8till  more  simple^  and  requires  no  auxiliary  tables  beyond  those 
which  are  uiuTenalljr  known.   The  contingency  ibr  the  three 

joint  lives  here  becomes  **  ***  ^  ut  l*  ^  » value, 
taking  A',  A",  A'",  for  the  existing  tabular  values  of  1 ,  2,  and  3 

liTes  at  the  age  of  the  eldest,  — — ,  p' 

and  p"  being  the  excess  of  the  elder  above  the  two  younger 
respectively,  divided  by  c:  we  might  also  add  halt  a  year  to 
the  tabular  numbers,  and  deduct  it  from  tlie  iinal  result,  if 
necessary. 

84  The  same  rimplilicslioii  ia  applicable  to  two  joint  livci^ 
the  contingent^  beooaui^      T"  ^  W  *  ^*  * 
jSj  and  the  values  -p-  +  • 

M.  Two  joint  lives,  at  4  per  cent,  from  the  equal  Htcs. 

arynwiiMMm,  n,  t.  (Morgan.) 

40,  90  10.929  10.924 

60,  40  7.896  7.490 

80,  70  9.951  2.757 

N.  2^lm>»uif  liTca,  at  4  per  cent,  fimn  the  equallifct. 

80,90,10  iai8  10.488 

M.  40, 80  7.49  7.871 

70,6(^50  4.96  '  4.919 
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35.  You  will  perceife»  my  deiir  Sir,  tliat  these  examples 
etifficiently  establish  the  aoeoracy  of  my  method  of  computing, 
without  immediate  reference  to  tables,  during  the  most  im- 
portant portiooB  of  life ;  and  if  it  be  found  sufficient,  it  mu^t  1)6 
allowed  to  posscaB  a  decided  superiority,  in  the  facility  with 
which  any  imaginable  change  in  the  Taloe  of  life  ia  introduced 
into  the  computation.  Tbia  modification  it  very  readily  efleeted 
by  rhangjmg  the  oomtant  qnantity  e  in  other  aaode  of  oompnta- 
tion,  or  bj  combining  the  reaniti  olitained  ibr  any  particnlar 
case  from  both  metboda,  in  mch  a  manner  and  in  sndi  pn>- 
portiona  aa  may  be  tbonght  moat  deairable.  But  it  ia  obfiona 
tbat»  in  making  these  combinationB,  there  must  atill  be  ample 
scope  for  the  exwdae  of  soond  judgment  and  discretion,  aided 
alwa^-s  by  persoml  eiperienoe  and  cantioiiB  reiection. 

I  am,  my  dear  Sh>, 

Yours  most  sincerely, 

•  •  •  • 


Postscf^t — The  quadroHe  hypoikuis  may  easily  be  aooom* 
modated  to  any  table  like  my  own,  of  which  the  decrements 
are  nearly  expressed  by  the  mixed  formula  868  +  lOjr,  coo* 
sUering  the  flnenta  between  the  given  age  and  the  time  of 
total  extinction  only:  and  the  same  formulas  will  comprehend 
the  arWUmiieal  k^^hma  as  a  particular  case. 
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PBACnCAL  APPUGATUW  OF 

THE  DOCTRINE  OF  CHANCES 

TO  TH£  SVBDITISION  OF  RISKS. 
Fran  Bnad***  QMrttrij  Jouml  ftr  ISM,  toL  joS.  p,  84. 


It  is  well  known  to  those  who  have  studied  the  theory  of 
chances,  that  whore  the  magnitude  of  a  riisk  may  be  divided 
into  an  indefinite  number  of  parts,  it  is  jwssible  to  confine  the 
probability  of  tlie  occurrence  of  any  given  excess  or  deficiency 
in  the  result,  above  or  below  its  mean  value,  within  any  given 
limits ;  and  it  is  of  great  practical  importance  to  a^icertain,  both 
how  far  the  subdivision  ought  to  be  carried,  with  regard  to  in- 
surances, and  what  are  the  inconveniences  to  be  apprehended, 
from  the  admission  of  occasional  deviations  from  the  general 
rule. 

We  may  take,  for  example,  the  case  of  an  office  having  un- 
dertaken 1000  risks  of  £5000  each,  at  a  fair  premium  of  1  per 
cent,  per  annum,  so  as  to  have  an  annual  income  of  £50,000, 
to  be  expended  in  the  payment  of  losses.  It  would  be  very 
inoonTenient  to  sacfa  an  office  to  be  liable  to  the  frequent 
occurrence  of  an  annual  loss  amoontiiig  to  twice  its  income; 
and  in  &ct  the  chance  of  such  an  occorrenoe  is  only  about 
lindSa 

If  the  whole  income  of  anch  a  society  were  derived  from  500 
risks  of  jfl0,000  each,  the  chance  of  a  similar  loss  would  be 
about  1  in  32,  which  is  a  degree  of  probability  that  oug^t  not 
voluntarily  to  be  incurred  without  some  very  powerful  motives. 

Still  less  would  it  be  justifiable  to  engage  the  whole  respon- 
sibility of  such  a  society  in  100  risks  only  of  £50,000  each ; 
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the  cluiucc  of  losing  at  Ie£idt  €1<X),0<X)  iu  a  year  becomings  in 
this  case,  somewhat  more  than  1  in  4. 

But  it  is  equally  demonstruhle  th«it  a  very  exact  adluTcnce 
tu  the  jrrecise  anumut  of  the  risk,  which  is  thought  most  eligible, 
cannot  be  considered  as  essential  to  the  reasonable  security  of 
the  aootety.  Thus,  admitting  the  propriety  of  coiitining  the  risks 
in  general  to  1000  of  £5000  each ;  if  «  lew  risks,  not  more 
than  10  for  instance,  of  double  the  amount,  were  added  to  the 
number,  the  chance  of  losing  an  additional  yeai^s  inoome,  or 
£50,000,  by  the  fiulure  of  5  of  them,  would  be  no  more  than  1 
in  about  five  millions :  if  20  double  risks  were  accepted,  the 
ebanoe  of  losing  5  would  still  be  only  3  in  two  millions :  and  if 
the  same  number  of  single  risks  were  rendered  more  hasardous, 
so  as  to  require  a  double  pereentage;  that  is,  if  SO  risks  of 
£5000  were  accepted  at  2  per  oent,  the  chance  of  losiiig  a 
year's  income  by  tbeae  would  be  next  to  nothing,  and  that  of 
losing  £^,000  would  be  only  2  in  a  million. 

It  may  be  obsenred,  that  the  increase  of  the  per-centagc,  on 
a  risk  which  becomes  more  hasardous,  on  any  given  sum,  brings 
with  it  an  adequate  remedy,  in  the  mcrease  of  income*  as  well 
for  the  combinations  of  risks,  as  for  the  single  adventure, 
withont  the  necessity  of  any  diminution  of  the  amount  uf  tlie 
separate  risks. 

Taking,  for  example,  the  extreme  case  of  a  risk  of  cent.  jKir 
cent,  on  10  adventures  of  £5(H)()  each  ;  it  is  certain  that  the 
wliolc  income  will  be  lost,  but  impossible  that  the  loss  should  at 
all  exceed  the  income. 

If  the  same  income  were  derived  from  10  adventures  of 
£50,000  at  ten  per  cent.,  there  would  be  about  one  chance  in 
three  that  nothing  would  be  lost,  and  a  little  more  than  one  in 
four  that  at  lea^t  twice  the  ina)rae  would  be  lost 

With  100  risks  of  £5000  each,  at  10  per  cent.,  the  cbanoes 
of  losii^  twice  the  income  are  only  1  in  505  ;  the  danger  of 
exceeding  the  limit  being  lem  than  one  hundredth  part  of  the 
danger  incurred  from  the  same  number  of  risks  of  j£'50,000  at 
1  per  cent,  and  little  more  than  half  as  great  as  the  danger 
with  lOOO  risks  at  one  per  cent 

It  may  also  be  inferred,  from  the  examples  here  computed, 
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that  wheD  an  oOoe  ia  well  established,  and  is  prudently  eon- 
dneted,  there  can  be  no  practieal  neoesnty  ibr  bainng  in  readi- 
ness a  depont*  eioeeding  the  amonnt  of  the  annual  income,  which 
is  supposed  to  be  £50,000 ;  it  is  also  obvious  that  a  similar  sum 
would  be  amply  sufficient  for  all  the  contingencies  that  are  at 
all  likely  to  occur  in  such  an  office,  from  the  time  of  its  founda- 
tion, during  the  gradual  accumulatioa  of  its  traosactioDB,  to  the 
supposed  extent. 

The  calculations  on  which  these  assertions  are  foundedi  are 
subjoined  at  large  in  a  Note. 

The  same  mode  of  computation  is  equally  applicablet  whether 
the  whole  of  the  contingencies  concerned  are  of  the  same,  or  of 
diflerent  kinds,  provided  that  the  risks  be  fairly  estimated ;  and 
the  result  would  by  no  means  be  affected  by  their  dissimilaiity. 
lliere  is  a  oommon  prejudice,  that  it  is  disadTantageoos  tor  an 
office  to  take  a  single  risk  of  any  particolar  description ;  and  it 
is  sometinies  said,  that  if  tiie  adventore  sbonld  happen  to  be 
nnsnooesafii],  there  weald  be  no  poasihle  oorapensatian  from 
others  of  the  soms  kind :  there  is,  however,  just  the  same  cfaanoe 
that  it  would  be  compensated  by  others  of  a  d^fkmU  kind ;  and 
if  it  were  not,  a  fidr  pnce  has  been  received  for  die  responsi* 
bility,  which  it  was  worth  while  to  incur  from  the  probability  of 
escaping,  provided  that  the  magnitude  of  the  adventure  was  not 
too  formidable ;  although  the  impression  made  on  the  ttniui  by  a 
singular  event,  is  soim  tinies  stronger  and  more  disagreeable 
than  by  a  more  ordinary'  oTie.  No  person  hau  ever  attempted 
to  assign,  by  calculation,  what  the  precise  disadvantage  is  that 
attends  on  a  singularity  of  risk ;  nor  has  it  ever  been  defined 
what  degree  of  singularity  there  must  be,  in  ortier  to  render  a 
risk  ineligible,  except  it  involved  a  practical  difficulty  in  appre- 
ciating it.  It  cannot  be  determined,  for  example,  whetlier  or 
no  an  insuranoe  on  the  life  of  a  negro,  a  mulatto,  or  ao  Indian, 
for  an  admptate  premium,  is  a  di^rent  kind  of  risk  from  an  in- 
snranoe  on  the  Ufe  of  a  European ;  and  if  the  aifirmative  were 
asserted,  it  would  he  difficult  to  show  that  a  sinf^e  insu- 
ranoe from  a  ^ven  town  or  county  ought  not  to  constitute  an 
objectionable  risk  for  a  similar  reason.  And  if  it  were  possible 
to  distinguish  any  imaginable  diversity  in  tbe  kinds  of  risks,  so 
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as  to  have,  for  example,  1000  kinds  ;  and  if  I  COO  equal  risks  of 
the  separate  kinds  were  at  first  undertaken  by  1000  different 
offices,  k  18  mimifest  that  if  each  of  these  1000  offices,  instead 
of  confiniiig  themsdves  to  the  same  kinds  of  risks,  exchanged, 
in  the  second  place,  one  of  ito  risks  with  each  of  the  other  999, 
00  SB  to  ha?e  all  heterogeneous,  instead  of  all  homogeneous 
risks,  the  profits  and  losses  of  each  office  being  supposed  to  be 
fiurly  balanced  on  the  original  supposition,  they  would  remain 
equally  balanced  under  the  new  distributiou ;  nor  is  there  any 
tUng  in  the  supposed  change  of  oomhinatiiHi  that  could  affect 
the  lialnU^  to  greater  or  less  deriattoos:  at  least,  if  lliere 
were  any  acddeiit  that  could  lead  to  such  on  inoon^emenoe,  it 
would  probably  be  rallier  more  likely  to  be  diminished  by  the 
combination  of  heterogeneous  elements,  than  by  the  confining 
the  sepsrate  societies  to  their  primitire  homogeneous  under- 
takings, which  might  possibly  partake  more  of  the  nature 
of  an  undifided  single  risk,  in  the  liability  to  inconvement 
fluctuations. 

7,  Waterloo  Place,  24  Aug.,  1836. 

There  is  appended  to  thi«  Memoir  in  the  original^  a  note,  coDtafning  a  wdl  kamrB 
formula  for  computing  the  risks  referreil  to,  applied  to  i^cveral  miinericil  tmiiplfli: 
it  baa  not  iwen  thought  oacMsary  to  reprint  it. — A'oUt  by  the  Kdiivr, 
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ADDENDUM  TO  TUB  ARTICLB  ON 

ANNUITIES.* 

From  tbt  Siqipleincnt  to  tfa*  Encrdopadi*  BriUnokm. 


As  an  addition  to  the  article  Annuities,  we  beg  to  insert  lierv  an 
expeditious  method  of  calculating  tlie  values  of  amiuitie:>  on 
single  or  joint  lives,  from  any  tables  or  bills  of  mortality,  with 
sufficient  aceuraey  for  all  practical  pur|K)ses. 

We  must  begin  by  <leterinining  the  mean  complement  of  life, 
according  to  the  average  number  of  deaths  during  a  certain 
period,  which  must  vary  according  to  the  nature  of  the  pntposed 
calculation  ;  being  shorter  as  tin*  rate  of  interest  is  higher 
and  as  tht;  number  of  lives  concorned  is  greater  ;  but  not  re- 
quiring to  be  very  accurately  detined.  If  the  rate  of  inU^rest 
be  r,  we  must  find  the  time  in  which  tlie  number  of  deaths  is 

expreaaed  by  the  fraction       of  the  whole  number  of  snnrivon 

at  the  given  age,  for  a  single  life:  for  two  Kves,  the  fraction 

3  3 

must  be        and  for  three,        ;  and,  in  each  of  these  caseSt 

the  time  detennined  from  the  age  of  the  oldest  life  most 
be  employed  for  finding  the  oomplements  of  both  the  others. 

Having  thus  calculated  the  complements  for  each  of  the 
ages,  we  may,  in  moat  mstances,  save  oureelvea  the  trouble  of 
further  computation,  by  employing  tables  of  the  value  of  an- 
nuities on  one  and  two  lives,  acconUng  to  Demoivre*s  hypo- 
thecs. For  this  purpose,  we  liave  only  to  subtract  the  comple- 
ment from  86,  and  we  obtain  an  e<piivalent  life  on  this  hypo- 
thecs.   If  we  take,  for  example,  the  age  of  20,  the  number  of 

*  Dr.  Young  was  not  tin-  author  of  the  aiticlc  od  Aiinuitiefi  in  the  lH'<|y  of  the 
work,  with  wlikh  this  AddeiiduiD  hM  no  eieeatid  oonnectloaK— Aofo  Ay  tAt  kdilor. 
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8iirvivor8  in  the  Northampton  tables  is  5132  :  and  for  a  single 
life,  at  3  and  at  6  per  cent,  we  must  find  the  time  at  which  they 

are  rednoed     and  ^  respectively ;  that  is.  to  abont  2566  and 

3421 :  now  at  54  and  43,  the  numbers  are  2530  and  3404 ; 

and       ^  ^    s  67  07,  and       ^  ^     «  68-3;  whence 

the  equivalent  ages  in  Demolvre's  taUes  ar«  18*93  and  17*7, 
giving  18-62  and  12 '48  for  the  value  of  the  annuity;  while 
Dr.  Price's  table,  deduced  from  the  actual  decrements  at  all 

ages,  gives  18*64  and  12  *40. 

The  utility  of  this  mode  of  calculation  will  be  still  further 
illustrated  by  a  comparison  of  the  very  diflferent  values  of  lives, 
as  indicated  by  dilFerent  ttibles.  Taking,  for  example,  the  age 
of  30,  and  the  interest  at  5  per  cent.,  we  may  find  the  value  of 
the  annuity,  by  this  a])proxiiiiation,  in  different  situations,  for 
which  correct  tables  iiave  been  published  by  Dr.  Price,  and 
may  thence  infer  how  much  nearer  it  approaches  to  the  truth 
tlian  the  generality  of  the  results  approach  to  each  other : 


London,  1730 

Compl.  41-52 

Value  11-22 

Dr.  P.  11-6 

Northampton 

57-05 

1309 

13-07 

Sweden,  malcB 

67*98 

14-04 

13*89 

Deparcienx 

71-11 

14-28 

14-72 

Sweden,  females 

75-60 

14-58 

14-27 

According  to  the  bills  of  mortality  of  London  for  1815,  out 
€i  9472  survivors  at  80,  5578  lived  to  50,  and  this  is  near 

3 

enough  to      for  our  purpose :  hence  tiie  complement  is  48*58, 

and  the  value  of  an  annuity  at  5  j>er  cent.  12*16  years'  pur- 
chase. Where  the  age  is  much  greater,  the  appnndmation  is 
somewhat  less  accurate,  though  not  often  materially  erroneous ; 
thus,  at  70,  the  values,  according  to  the  Northampton  tables, 
at  8  and  6  per  cent  are  6*28  and  5  35^  instead  of  6-78  and 
5*72  respectively. 

In  the  values  of  joint  lives,  there  is  more  difference,  accord- 
ing to  the  different -tables  employed,  than  in  those  of  single 
lives :  thus,  at  30,  tiie  value  of  an  annuity,  at  4  per  cent  on  a 
single  life,  difiEers  at  Northampton,  and  b  Sweden,  in  the  pro- 
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portum  of  14*76  to  16*00,  or  of  IS  tol8;  Irat  fiirtwojdiii 
UvesatdO^in  that  of  11*31  to  12*96,  or  of?  to  8;  and  for 
three  ^jw,  the  ^sproportioii  would  be  ttill  greater. 

In  the  afaaeooe  of  DeuunTre's  tablets  or  for  caaes  to  whieh 
they  do  not  extend,  it  becomes  neceBsary  to  calculate  the  value 
of  the  annuity  for  each  particular  inatanoe.  Calling  then  thc» 
compienient,  aa  already  determined,  a,  the  number  of  aundvora 
after  x  years  will  be  rcpieacnted  by  a  —  a;,  and  the  pfeaenl 
▼alue  of  any  sum  to  be  paid  to  each  of  them  by  ov*  ~  dw%  « 
being  the  present  value  of  a  unit  payable  at  the  end  of  a  year : 
aiid  if  we  suppose  such  payments  to  be  made  continually,  their 
whole  present  value  may  be  found  by  multiplying  this  exprcbsion 
by  the  fluxion  of  x,  and  finding  the  fluent,  which  will  be  —  ptf 

(a  —  X  —      p  being  ■  —  J^^ »  or  the  reciprocal  of  the 

hyperbolical  logarithm  of  the  amount  of  a  unit  after  a  year. 
IVhen  X  yanishea  thia  fluent  becomea  ^  p{a  —  p),  and  when 
fls  s  a,  jfyf ;  the  diflerenoe  divided  by  a,  gives  the  present 

value  of  the  annuity  /?  —       4.  il-i^  ;  from  which,  when  tlie 

annuity  ia  supposed  to  become  due  and  to  be  paid  periodically, 
we  must  subtract  in  all  cases  half  a  payment ;  that  ia,  i  fur 
yearly  payments,  and  i  for  quarterly ;  and  if,  at  the  same  time, 
we  choose  to  assume  that  money  ia  capable  of  bdng  improved 
by  laying  out  the  interest  more  frequently  than  once  a  year  at 
the  given  rate,  we  must  alter  the  value  of  o  accordingly. 
For  two  jmnt  lives,  the  complement  of  the  elder*  determined 

from  the  fraction  being  a.  anil  that  of  the  younger, 

deduced  from  the  deaths  in  an  equal  number  of  year%  ^,  we 
have  for  the  binary  combinations  of  the  survivors,  after  x  years, 
(a  —  a?)  (A  —  a),  and  the  fluent  will  be  —  ptf  (ab  —  {a  ■\-  b) 
(0  4-     +     +  2fXB  4.        which,  corrected  and  divided  by 

gives  the  valtie  of  the  annuity  ip,  +  ^~^)"* 

^  (a  -  6     2p) ;  and  this,  with  the  deduction  of  half  a 


payment,  agrees  with  the  tobies  calculated  on 
hypothesis,  taldng  the  same  oomplemento  of  lifo. 
But  for  three  lives  we  have  no  sudi  tables,  and  thia  method 
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of  calculation  becomes  therefore  of  still  greater  importance. 
Employing  here  the  frmction       for  the  oldest  life,  we  must 

detennine  the  complement  a  for  this  life,  and  those  of  the  two 
younger,  b  and  c,  from  an  eqnal  period.   The  comhinations 
will  then  he  (a  ^  x)  {b  -  x)  {c  -  x)  »  abe  ^  (ab  ae 
be)x     (a  -\-  b     c)  a?  ^  a^,  whidi  we  may  call  rf  —  «!  + 

ft?  —  a?;  hence  the  fluent  is  found  —  pv'  (d —  e  (aj  +  ^)  -f  /* 
(«*  +  +  ^ )  ~  («*  +  dpg^  H-  +  6;}^)  thia^  when 
09  Taniahes,  hecomes  ^  p{d  ^  tp  -^ff?  —  S/i*),  and  calling 
this  —  pp,  the  corrected  flnent  will  give  1^  Talue  of  the  annuity 

a-£^(^-«a+/a»+2^a-a»-a^-6p^a).    Thus,  if 

the  ages  are  10,  20,  and  30,  and  the  rate  of  interest  4  per 
eent^  we  find,  in  the  Northampton  tables,  the  surrivofS  at  30 
4885,  -A-  of  which  are  3199 ;  and  at  46,  the  siirvivofS  are 
3170  ;  whence  a  «  57  7,  b  and  c  feund  also  from  periods 
of  16  years  after  the  respective  agps,  are  68*5  and  91*7. 
Calcnlating  with  these  numbers,  we  find  the  value  of  the  an- 
nuity 10-954  -  *5  B  10*454.  Dr.  Price's  short  table  gives 
it  10 '  488 ;  and  Smpeon'a  approzimatioQ  from  the  tables  of  two 
joint  lives  10*568,  which  is  less  accurate  m  this  instance,  even 
snpposing  such  tables  to  have  been  previoosly  calcnlated. 

It  would,  indeed*  be  easy  to  fevm,  by  this  mode  of  computa- 
tion, a  table  of  the  corrections  required  at  different  iges  fer 
Sfanpson's  approximation,  nnce  these  corrections  nmst  be  very 
nearly  the  same,  whether  Demoim^s  hypothesis  or  the  actual 
decranents  of  lives  be  employed,  both  fer  the  two  jcnnt  lives^ 
and  fer  the  correct  determination  of  the  three.  But  the  value 
thus  found  would  still  be  less  accurate,  with  respect  to  any 
other  place,  or  perhaps  even  any  other  tinie,  than  the  immediate 
result  of  the  mode  of  calculation  here  explained. 

It  may,  perhaps,  save  some  trouble  to  subjoin  a  table  of  the 
values  of  p  and  their  logarithms. 

3  perotnt.         p  »  33-831  log.;>  =  1*5293132 

4  25-497  1-4064846 

5  20-497  1.3116680 

6  17  162  1*2345630 
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A  REVIEW  OF 

"AN  ESSAY  ON  DEW 

AND  SEVERAL  APPEARANCES  OONNECTTED  WITH  IT. 
Br  William  Charles  Wells,  M.D.,  F.R.S." 

Fran  th«  Qurtarly  Rerlnr  for  Odobnv  1B14. 


The  experiments,  related  in  this  Essay,  have  very  clearly 
illustrated  the  nature  and  formation  of  dew,  and  very  satisfac- 
torily established  the  ingenious  author's  theory  respecting  it ; 
a  theory  which,  if  not  altogether  so  original  as  he  supposes  it, 
has  certainly  never  been  brought  forwards  in  so  striking  and 
simple  a  form ;  nor  indeed  was  it  posrible  that  it  diould  be 
completed,  at  any  time  previous  to  the  important  disooveriesi 
respecting  the  radiation  of  heat,  whidi  have  been  made  within 
the  last  ten  yean ;  although,  when  it  is  understood  that  the 
properties  of  all  bodies,  with  regard  to  cooling,  are  the  exact 
counterparts  of  those  which  they  exhibit  in  heating,  the  whole 
difficulty  of  the  subjeot  vanishes. 

The  son's  rays  pass  through  the  atmosphere,  in  the  absence 
of  douds,  with  litUe  uoomediate  effect  on  its  temperature ;  they 
strike  on  the  earth,  and  the  earth  is  much  more  heated  by 
them  than  the  air:  in  a  dear  night  the  reverse  of  this  hap]KMis ; 
the  surface  of  the  earth  throws  off  heat  by  radiation  more 
rapidly  than  the  air,  and  when  tbert*  are  no  clouds  to  intercopi 
and  reflect  it,  this  surface  is  reduced  to  a  temperature  lower 
than  that  of  the  air  in  iti  neighbourho(Ml  :  tlie  difference  if?  still 
more  marked  in  light  substances,  in  imperfect  contact  with  the 
earth,  and  Dr.  Wells  has  shown  tliat,  in  such  cases,  it  often 
actually  amounts  to  15  or  20  degrees. 
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It  hiAufr  once  cst^iblished  that  such  a  cause  is  sufficient  for 
the  production  of  a  greater  degree  of  cold  at  the  surface  of  tlie 
earth  than  elsewhere,  we  may  easily  pursue  its  operation 
through  all  its  consequences  and  combinations,  which  however 
are  often  very  complicated ;  but  in  all  instances  it  appears, 
that  the  production  of  cold  must  be  previous  to  the  deposition 
of  moisture,  and  is  not,  as  has  sometimes  been  suspected,  a 
consoqtience  of  that  dqiosition,  which,  on  the  contrary,  as  Dr. 
Wells  has  veiy  fully  shown,  like  almost  all  other  instances  of 
condensation,  is  actually  attended  by  the  extrication  of  a 
certain  portion  of  heat 

From  calculations,  founded  on  the  experiments  of  Mr. 
Dalton,  and  other  earlier  observers,  we  Infer  that  air,  at  Uie 
temperature  of  the  freezing  point,  is  capable  of  containing, 
when  saturated  with  moisture,  about  liv  of  its  weight  of  water 
in  an  invisible  form ;  its  capacity  is  doubled  bj  raising  its 
temperature  20^;  again  doubled  by  an  elevation  of  22^ ;  then 
of  24S  26^  28* ;  and  so  on  in  suocesaton.  Thus  at  52<',  tiie 
air  of  a  jar  inverted  in  water  will  contain  riv  of  its  wmgbt  of 
moisture ;  at  74%  ;  At  98*,  about  Vt-  The  air  of  the 
atmosphere  is  generally  in  such  a  state  as  to  require  a  de- 
pression of  a  few  degrees  for  the  deposition  of  a  portion  of  the 
moisture  which  it  contains :  a  glass  of  pump-water,  or  a  pot  of 
porter,  from  a  cool  cellar,  becomes  covered  with  a  real  dew  in 
uiuiiaturc,  when  brought  into  a  room,  by  cooling  the  air  in 
'  immediate  contact  with  it.  If  humid  but  transparent  air  at  74® 
were  cooled  to  52°,  it  would  deposit  rhf  of  its  weight  of  water, 
and  ^ijr  more  if  cooled  again  to  32**;  and  at  all  common  tem- 
peratures, the  depression  of  a  single  degree  will  occasion  a 
deposition  of  a  little  more  than  of  the  whole  moisture  con- 
tained in  the  air.  Hence  it  is  obvious  that  the  differences  of 
teraperatimj,  observed  by  Dr.  Wells,  must  be  amply  sufficient 
to  account  for  the  deposition  of  devv  under  the  circumstances 
which  are  commonly  observed  to  occasion  its  appearance. 

Professor  Leslie,  in  his  late  work  on  the  Relations  of  Air  to 
Heat  and  Moisture,  has  estimated  the  quantity  of  water  capable 
of  being  contained  in  air  at  the  freezing  point,  from  lus  own 
experiments,  as  equal  to  rn  of  the  weight  of  the  air,  and  has 
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supposed  this  quantity  to  be  always  doiil)lcd  l)y  each  siiccossive 
addition  of  27°  of  temperature  ;  so  that  the  moisture  would 
amount  to  at  59%  and  at  86°  to  xV,  instead  of  ^Vi  ^vhich 
would  be  the  result  of  our  mode  of  determination  :  his  estimate 
is  therefore  a  little  greater  than  ours  in  one  case,  and  a  little 
less  in  another ;  but  we  are  disposed  to  prefer  our  own  mode  of 
calculation,  because  it  is  founded  on  more  general  views  of  the 
aoljact,  which  are  sufficiently  supported  by  a  variety  of  ex- 
periments of  different  kinds. 

The  theory,  advanced  by  Dr.  Wells,  is  a  consequence  so 
simple  and  obvious'  of  the  principles  deduced  from  the  dis- 
coveries of  Mr.  Leslie,  and  other  observers,  and  now  generally 
admitted,  that  it  only  requires  to  be  distinctly  stated,  and 
clearly  understood,  in  order  to  be  considered  as  satisfectory.* 
At  the  same  time  it  would  scarcely  be  just  to  omit  insertiog 
some  account  of  the  various  aignments  and  eiperimentB  by 
which  oar  author  has  thou|^t  it  right  to  enforce  his  doctrines; 
and  in  pursuing  this  detail,  we  shall  find  a  number  of  miscel- 
laneous  ftcts  and  remarks,  which  are  by  no  means  unim- 
portant 

It  was  observed  by  AristoUe,  that  dew  appears  only  co  clear 
and  calm  nights :  when  the  weather  is  both  cloudy  and  windy, 
it  b  scarcely  ever  deposited :  and  Dr.  Wells  has  found,  that 
whatever  dinunisheB  the  esposure  of  any  substance  to  the 
unclouded  sky  proportionally  diminishes  the  quantity  of  dew 
tiiat  it  receives ;  thus  ten  grains  of  wool,  placed  upon  a  hori- 
zontal board,  acquired,  in  the  course  of  a  night,  fourteen  grains 
of  moisture,  while  a  similar  quantity,  attached  to  the  lower 
surface  of  the  board,  gained  only  foiu*  grains.  Light  and 
detached  substances  also  receive  dew  much  more  abundantly 

•  Ia  the  Annals  of  PhiloMphT  for  181&,  Dr.  WcUi.  ia  a  replj  to  mom  of  the 
crtticiius  in  this  reriew,  hu  draitd  die  ioftrcnct  flwl  ni«  ooncIiuioM  mm  ■  sfanple 

and  obvious  ronsoqnenco  nt  the  discoFeriM  i-^fcrretl  to.  Mr.  Lcilie's  firbt  efuay  was 
pnUiihad  in  1804,  and  io  a  work  on  heat  and  moiiture  paUiilMd  nine  jmT%  after- 
wardi,  when  noticing  thin  anbject  and  tfie  ranaikable  fpecvhrtloiw  of  Arivtotle  con* 
cerning  it,  t}ie  true  llieciry  w.x-.  unknown  to  him  iw  well  as  to  otJmr  mete<iroI(>i;i.^ts, 
thoudi  it  was  suapecled  at  least,  if  not  fully  manifest,  to  Dr.  Young.  It  ii*  a  iiuA, 
whicn  the  htitorjr  ef  philoeophy  ererywhere  make*  kiunrn  to  m,  that  dfacoveriea  which, 
when  made,  seem  to  be  easy  consequeiut^s  of  j)iinciplps  jirfviounly  estaMishf>d  and 
vndtntood,  are  reserved  to  the  favoured  few  who  can  detect  the  gold  which  ordinary 
MMTchew  •T«rlook.<»ifo(«  8y  lite  JKMtar. 
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than  tlio"^^  which  are  more  completely  in  contact  with  the  solid 
eartli :  thus,  while  ten  grains  of  wool,  placed  on  a  gnissplat, 
gained  sixteen  grains  in  weight,  another  portion,  placed  on  a 
gravel  walk,  gained  only  nine,  and  on  the  nu^uld  of  a  garden, 
eight :  nor  was  dew  ever  deposited  on  the  Imre  ground,  how- 
ever exposed.  Puliabed  metals  seldom  exhibit  the  appearance 
of  dew  on  their  surface,  altbougli  pieces  of  metal  and  glaai, 
exposed  at  equal  teinpermitires  to  the  steam  of  hot  water, 
exhibited  efoal  dispotitiooe  to  attract  it;  ao  that  nothing 
analogDiia  to  elective  attraction  can  be  sappoied  to  take  place 
m  tneh  caie^.  What  is  said  of  dew,  is  equally  applieable  to 
boar  froati  whicli»  as  Ariitotle  truly  obaerfedy  ia  merely  ftoien 
dev. 

The  aacond  step  of  Dr.  Welb*s  inveatigatioo  was  to  ascertain 
the  thermometrical  difierences  attending  the  phenomena.  He 
oooe  obsenred  a  thermometer,  placed  on  the  graas,  14*  lower 
than  another  four  feet  above  it;  hut  the  passage  of  a  dond 
often  raited  the  temperature  of  the  gram  several  degrees.  The 
wool  above  the  board  was  T  colder  than  the  aame  suhstance 
immediately  beltiw  it  The  surface  of  a  gravel  walk  was  16i* 
wanner  than  the  neighbouring  gras?,  which  was  similarly 
cx|K*M'd,  although  the  earth  an  inch  l>elow  the  graiss  was  e^en 
wanner  than  the  air.  A  very  important  fact  in  meteorology 
was  al?«o  ascertained  hy  these  experiments-^,  that  a  thermonieter, 
fully  exjK)3ed  to  a  clear  »ky,  often  represents  the  temj)eraturc 
of  the  neighbouring  substances  2",  3*,  or  4  below  the  truth  ; 
and  that  in  order  to  avoid  this  source  of  error,  it  is  neces>ary 
to  prevent  tlic  radiation  of  its  heat  into  tlie  empty  space,  by 
eofveriog  ita  bulb  with  gilt  pai^  r,  if  it  is  intended  to  ascertain 
the  actual  temperature  either  of  the  aur,  or  of  any  other  snb> 
•lance  in  eontact  with  it ;  and  an  error  of  a  contrary  nature 
may  also  sometimes  occur,  when  beat  is  radiated  copiously  by 
tibe  surrounding  bodies,  even  in  the  absence  of  the  sun  s  direct 
mya.  A  plate  of  metal,  lying  on  a  plat  of  grass,  was  observed 
to  he  l(r  wanner  than  the  grasa  surrounding  it  One  of  the 
iuhataneea  wlndi  exhibited  the  greatest  degree  of  comparative 
eoU  waa  swansdown,  which  was  once  found  15*  colder  than  the 
mr  a  few  feet  above  it  Mr,  Wilson  of  GbMgow  had  onen 
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oInerTed  now  as  nraeb  at  16*  colder  tfaan  the  ataKwphere ; 
and  to  this  difl^renoe  8*  may  be  added,  foe  the  oQrrectkm  of 
the  tempeFatore  of  the  air  aa  indicated  by  the  diennoneter. 
Dr.  Wells  even  thinks  it  probable  that,  in  cold  and  expoeed 
countries,  snbstanoes  near  the  sorfiwe  of  die  earth  may  be 
dO"  or  40"  colder  llian  tiie  air  at  a  considerBble  height  in  the 
atmoqiihere. 

The  temperatnre  of  wool,  exposed  to  the  alqr  in  dewy  nightb, 
was  always  found  to  be  dcprcseed  below  that  of  th%  neighbour- 
ing air,  before  it  began  to  acquire  any  additional  weight,  and 
this  depression  was  again  often  diminished  while  the  dew  was 
deposited  ;  so  that  5"  or  6"  of  cold  seem  to  be  frequently  pre- 
vented in  this  manner.  Hence  it  happens  that  the  difference 
between  the  temperature  of  the  surface  of  the  earth  and 
the  air  is  less  in  summer  than  in  winter,  when  there  is  less 
moisture  to  bo  deposited.  A  second  caution  of  im])ortanee,  in 
practical  meteorology,  relates  to  the  use  of  the  hygrometer  ; 
which,  if  fully  exposed  to  the  sky,  may  become  much  colder 
than  the  surrounding  air,  and  thus  exhibit  a  very  erroneous 
indication,  in  consequence  of  the  deposition  of  moisture,  from 
air  not  previously  saturated  with  it. 

Theophrastus  remarks,  that  the  effects  of  cold  are  generally 
most  hurtful  in  hollow  places ;  and  onr  author  explains  this 
phenomenon  from  the  greater  stillness  of  the  air  in  confined 
sitnations,  allowing  the  process  of  cooling  to  go  on  without 
interruption  from  the  approach  of  fresh  portions  of  air,  which 
would  afford  heat  both  by  direct  communication,  and  in  con* 
sequence  of  the  depodtion  of  moisture.  That  the  air  is  not 
wholly  incapable  of  emitting  and  receiving  heat  by  radiation, 
as  well  as  by  direct  communication,  b  proved  by  the  heat  of 
the  atmosphere  observable  in  the  day  time,  during  calm 
weather,  in  the  middle  of  the  largest  oceans,  while  the  water 
below  it  is  considerably  colder.  Dew  has  sometimes  been  sup- 
posed to  originate  altogether  from  vapours  rising  out  of  the 
earth :  thus  a  metal  will  often  coUeet  dew  on  its  lower  sur&oe 
only,  when  it  is  of  the  same  temperature  with  the  air  imme- 
diately surroundmg  it ;  but  it  is  snflteiently  obvious,  from  the 
experimento  which  have  heen  rebted,  thai       most  copious 


Digitized  by 


Ko.  LXIV. 


ON  DEW. 


419 


source  of  dew  is  the  moisture  previously  contained  in  the 
atmosphere.  An  inside  shutter  often  favours  the  deposition  of 
looisture  on  a  window  in  the  night  time,  by  preventing  the 
radiation  of  heat  from  the  room.  It  will  be  easily  understood, 
that  the  effects  of  a  clear  sky  must  sometimes  be  peroeired  in 
the  human  body,  produciiig^  by  means  of  the  unoompensated 
fadiation  of  heat,  a  greater  sense  of  cold,  than  could  be 
expected  htm  the  temperature  <tf  the  air  as  exhibited  by 
the  thermometer. 

"  I  had  often  "  siiys  Dr.  Wells,  ]).  120,  "  in  the  pride  of  half  know- 
letlge,  smiled  at  the  means  Aequeutly  employed  bv  g-ardenors,  to  pro- 
tect tender  plant*;  from  cold,  a;*  it  apjieared  to  nw  iiuj>c^sibie  tliat  a 
thin  mat,  or  any  such  flimsy  substance,  could  prevent  tliem  from 
taining  tlie  temperatnie  of  the  atmoephere,  by  which  alone  I  thoq^t 
than  liable  to  be  injofed.  But,  when  I  had  learned,  that  bodies  oo 
the  aufioe  of  the  earth  beooaie^  during  a  atiU  lad  soeoe  night,  ooMer 
than  the  atmospbeie^  by  ladiating  their  heat  to  the  heavens,  I  perceived 
immediately  a  just  reason  for  tiie  piaetioe,  which  I  had  b^bie  deemed 
nadesB.  Being  desirous,  however,  of  acquiring  some  precise  informa- 
tion on  this  subject*  I  drove  into  the  earth  of  a  grassplat  four  slender 
sticks,  in  such  a  manner,  as  to  make  them  rise  six  inches  perpendi- 
cularly above  tlie  grass,  and  form  the  corners  of  a  scjuare,  the  sides  of 
which  were  two  feet  long.  Over  the  upper  ends  of  these  sticks  wore 
tlnivvn  lightly  the  four  conjcrs  uf  a  fuie  cambric  handkerchief,  rendered 
by  long  wear  still  thinner  thaii  it  liad  been  originally,  aii<l  having 
here  and  there  a  slight  rent.  In  this  disposition  of  things,  diereibre, 
nothiug  existed  to  jurevent  the  free  passage  of  air  firom  the  expoaed 
grass,  to  that  which  was  dieltered  by  the  handkerdiia^  eimpt  tiie  luor 
small  sticks,  and  there  was  no  snbstanoe  to  radiate  heat  downwards 
to  the  covered  grass,  except  the  hsndherchief  itsdt  The  temperature 
of  the  grass,  which  was  thus  shielded  from  the  sky,  was  upon  many 
nights  examined  by  me,  and  always  found  wanoer  than  that  of 
neighlx>uring  grass,  which  was  nncovered,  if  this  was  colder  than  the ' 
air.  Wiieo  the  difTeience  in  temperatare,  between  the  air  several  feet 
above  the  ground  and  the  unsheltered  grass,  did  not  exceed  5°,  tlie 
sheltered  grass  was  aliout  as  warm  as  tlie  air ;  if  tliat  diHerenee,  how- 
ever, exceeded  5°,  the  air  was  found  to  be  somewhat  warujer  than  tlie 
sheltered  gniss.  Thus,  U|K)n  one  night,  when  fully  exposed  griiss  was 
11  colder  than  the  air,  die  latUT  was  3'  warmer  than  the  sheltered 
grass ;  and  the  same  diHerence  existed  on  another  night,  when  the  air 
was  14^  warmer  than  the  exposed  grass.  One  nason  for  this  diCcmwe 
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WHi  that  the  air,  which  ])a.<5scd  from  the  ox|x>!i<Hl  grj\ss,  by  which  it  had 
been  very  much  cooleU,  to  the  grass  under  the  handkerchief,  must  \MKf& 
deprifed  the  latter  of  part  of  its  heat;  aDOfther,  that  the  handkerdiief; 
frooi  being  made  colder  than  the  atmoaphere  by  the  radiation  of  its 
npperaor&oe  to  the  heavena,  woold  remit  leas  beat  to  the  graas  beneath 
than  what  it  received  fiom  that  anbatanoe.  Bot  atiU  the  aheltered  gnoa. 
notwitlistanding  theae  drawbacks,  waa  npon  one  night  8\  and  upon 
another  11^  warmer  than  gnus  fully  exposed  to  the  sky,  which  are  dif- 
ferences sufficiently  great,  to  explain  the  utility  of  a  very  slight  shelter 
to  plants,  in  averting  or  leeseniQg  injniy  from  oold,  on  a  atill  and  serene 
night. 

"  In  the  next  place,  in  order  to  learn  whether  any  difference  would 
arise  from  placing  the  sheltering  subsUmce  at  a  much  greater  distance 
from  the  ground,  I  had  four  slender  \K)sts  driven  jjeriKUidlcularly  into 
the  soil  of  a  grass  field,  so  as  to  be  six  feet  eminent  above  the  sor&oe, 
and  to  form  the  angles  of  a  aqoare  having  sides  eight  feet  in  length. 
Over  these  waa  thrown  an  old  ship  flag  of  a  very  loose  teztme.  Gon- 
oemingthe  experiments  carried  on  by  meana  of  tUs  diapoaitira  of  tliingSy 
I  ahall  only  saj,  that  they  led  to  the  oondnsion,  aa  6r  as  the  events  of 
different  nights  conld  rightly  be  compared,  that  the  higher  shelter  had 
the  same  efficacy  with  the  lower,  in  preventing  the  occurrence  <^  a  cold 
npon  the  ground,  in  a  clear  night,  greater  than  that  of  the  atmosphere, 
provided  the  oblique  aspect  of  the  sky  was  eq|uaily  excluded  from  the 
spots  on  which  my  thermometers  were  laid. 

*'  On  the  other  hand,  a  diflerence  in  tcm]H  raturc,  of  some  nia^iitnde, 
was  always  observed  on  still  and  sert  Hf  nights*,  between  Injilit-s  slu'ltered 
from  the  sky  by  substances  tom  hing  tliom,  and  similar  IxxUes,  wliich 
were  sheltered  by  a  substance  a  Httle  above  them.  I  found,  for  ex- 
ample, upon  one  night,  that  the  warmth  of  grass,  sheltered  hf  a  camibrie 
handkerchief  raised  a  few  inches  In  the  air,  waa  8'  greater  than  that  of 
a  neighbonring  piece  of  grssa  whidi  waa  ahdtered  by  a  similar  hand- 
kerchief actnallj  in  contact  with  it  On  another  nigbt,  the  difference 
between  the  temperatoveaof  two  poctiona  of  grass,  shielded  in  the  same 
manner  as  the  above  mentioned,  from  the  inflnence  of  ihe  aky,  was  4^. 
Poeably,  experience  has  long  ago  taught  gardeners  the  superior  advan- 
tl^  of  defending  tender  vegetables  from  the  cold  of  clear  and  calm 
nights,  by  means  of  substances  not  directly  touching  them  ;  though  I 
do  not  recollect  ever  having  swn  nnv  contrivance  for  keeping  mats  or 
such  like  bodies  at  a  distance  from  tlie  plants,  which  they  were  meant 
to  protect. 

"  Walls,  I  l>elieve,  as  far  as  warmth  is  concerned,  ar<^  regarded  as 
nsefel  dnring  a  cold  night,  to  the  plants  which  touch  them,  or  are  near 
them,  only  in  two  ways;  first,  by  the  meebanical  abetter whidi  they 
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aftbrtl  againit  cold  wimls,  and  secondly,  by  giving  out  tho  heat  which 
they  had  acquired  during  the  day.  It  appearing  to  me,  however,  that 
on  detr  and  cslm  nights,  those  oq  which  plants  frequently  receive  much 
injury  from  oold,  walls  moift  be  beoefidal  in  a  third  wajr,  namely,  by 
prarenting,  in  paiti  tiie  Iobb  of  haat  which  they  woold  soatain  from 
fadiatiooif  they  were  foUy  exposed  to  the  sky;  tiM  following  experiment 
was  made  for  (he  purpose  of  determining  the  jostness  of  this  opinion. 

'*  A  cambric  handkerchief  was  placed  perpendicolaily  to  a  gmasplat, 
by  means  of  two  npright  sticks,  at  right  an^^  to  (he  course  of  the  air, 
and  a  thormometer  was  laid  upon  the  grass  close  to  the  lower  edge  of 
the  handkerchief,  on  its  windward  side.  A  thermometer  tlins  situated 
was  several  nights  conij)ared  with  another  lying  on  tho  same  gtitssplat, 
but  on  a  part  of  it  fully  exi>oscd  to  the  sky.  On  two  of  tliese  nights, 
the  air  l>eing  clear  luid  calm,  the  grass  close  to  the  handkerchief  was 
found  to  be  4'  warmer  than  the  fully  exjxjst'd  grass.  On  a  third,  the 
diiiereuce  was  G^.  An  auaiugous  fact  is  mentioned  by  Gersten,  who 
says  that  a  horixontal  surface  is  more  abondantiy  dewed,  than  one  which 
is  perpendicular  to  the  graand." 

Dr.  Wells  has  been  angularly  ftntanate  in  iUustrating 
the  fonnatioD  of  ice  in  warm  dimates,  which  he  has  shown  to 
depend  on  the  radiation  of  heat,  and  not,  as  had  generallj 
been  supposed,  on  the  refrigerating  effisct  of  e?aporation.  It  is 
necessary,  for  the  success  of  this  process,  that  the  air  should 
be  still,  which  is  a  drcnmstance  nnfiiTourable  to  evaporation ; 
it  is  found  to  succeed  beet  in  dewy  nights,  when  the  quantity 
of  evaporation  must  be  inconsiderable ;  the  straw  on  which  the 
pans  containing  water  are  placed,  must  not  be  wet,  in  order 
tliat  it  may  not  communicate  heat  from  the  ground,  and  the 
pans  must  be  porous  for  a  similar  reason.  A  cold  of  14°,  or 
more,  is  often  required  for  the  purpose,  and  Dr.  Wells  found 
that  evaporation  in  still  air,  at  a  low  temperature,  did  not 
produce  a  cold  of  above  a  degree  or  two.  He  succeeded  in 
freezing  water  in  this  country  without  any  evaporation,  when 
the  air  a  few  feet  above  the  ground  was  at  37°  or  even  39°  ; 
the  temperature  of  grass  fully  exposed  being  at  the  same  time 
30°.  In  Mr.  Williams's  experiments,  the  straw,  on  which  the 
pans  stood,  appeared  warmer  than  the  water,  because  it  was 
much  sheltered  by  them  from  the  sky.  I>.  Wells  found  that 
the  bottom  of  an  empty  pan  kept  pace  in  cooling  with  the  pans 
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of  water,  uitU  tbe  oongelatioD  tock  place ;  Mme  moietare  was 
deposited  on  it,  which  afterwards  frose ;  and  in  another  ex- 
periment, the  water  itself  had  ganed  some  grains  in  weight, 
while  part  of  it  was  firosen,  in  an  atmosphere  of  87^. 

In  reasoning  respecting  the  heat  transmitted  by  mists.  Dr. 
Wells  observes,  that  since  the  diminution  of  light,  as  ascer- 
tained by  Leslie's  photometer,  is  small,  "  it  will  readily  be 
granted  that  the  same  state  of  the  atmosphere  will  also  give 
transit  to  radiant  heat :"  it  must  however  have  occurred  to 
him  on  reflection,  that  the  indications  of  Leslie's  instrument 
depend  immediately  on  radiant  heat,  and  are  only  applied 
indirectly  to  light ;  so  that  there  is  no  occasion  for  the  analogy 
from  which  he  has  derived  his  argument. 

It  is  not  with  a  view  of  detracting  from  the  merit  of  our 
author's  laborious  series  of  experiments,  that  we  feel  ourselves 
compelled  to  enter  a  protest  against  the  total  novelty  of  the 
opinions  which  they  have  so  amply  illustrated  and  confirmed. 
Dr.  Wells  appears,  in  his  historical  account  of  the  doctrines 
relating  to  the  nature  and  causes  of  dew,  to  have  undertaken 
to  afford  us  complete  information  respecting  the  sentiments  not 
only  of  Aristotle  and  Theophrastus,  but  also  of  the  **mo8t 
distinguished"  philosophers  of  modem  times,  p.  IBl :  some  of 
tlie  works,  howerer,  of  the  persons  whom  he  mentions,  and  some 
of  the  latest,  have  must  nnacoonntablj  esciqped  his  attention. 

«  Mr.  Prtot  of  Geneva,*  says  Th.  Wells,  in  his  woiir  od  Ibdisat 
Heat,  has  already  in  this  way  aoootmted  for  the  effect  of  clouds  in  di- 
minishing the  cold  of  the  stmoephere  at  night;  hot  he  eeems  not  to 
have  known,  that  they  have  a  mnch  greater  eflect  of  the  same  kind  on 
the  tempoatnie  of  bodies  upon  the  sur&cc  of  the  esrtli.  My  expla> 
nation  of  the  latter  operatioo  of  clouds  is  a  direct  amsequence  from 
the  facts  which  I  bad  observed  respecting  the  prevention  of  cold  on 
tlie  ground  from  radiation,  by  the  interposition  of  solid  bodies  between 
it  and  the  heavt^ns,  and  occurred  to  me  in  1812.  Mr.  l*r6vost*s  wi»rk, 
indeed,  wa.s  published  in  1809,  but  I  did  not  see  it  before  the  sun)ujer 
of  1813,  wbeo  it  was  lent  to  me  by  his  relation  Dr.  Marcet  of  London, 
who  at  tibe  seme  time  mid,  that  he  befieved  then  wss  no  other  copy  of 
it  m  Qreit  BrHirin,  except  ooe^  which  had  been  sent  by  himself  to 
Edinboig^."— p.  79.*-   

*  This  particular  Esaay  wa»  unknowa  to  Dr.  Wells,  bot  he  bM  cited  a  work  of 
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Now  we  have  at  this  moment  before  ns  a  oo^  of  Mr. 
Prevost's  Recherahei  Physico-m^niques  sur  la  Cbaleur, 
printed-at  Gcnem  in  1799 ;  from  wfaieb,  fiir  the  sake  of  greater 
authflotidty,  we  ahall  eztnust  aome  pasaagea  m  die  origpiial 
language 

**  Sect.  24.  Fheium^ne.  La  nuit,  lorsque  le  del  est  serein,  rulr  eat 
g^n^calemeot  plun  firoid  pr^  de  1«  terre.  Au  phntems  et  en  automne, 
il  pea  loraque  le  ciel  est  ooDvert.  Sowcnt  enfin,  par  one  noit 
aoreiiie,  s^il  vient  ^  paaser  on  image  par  le  itoith  de  l'ol)MrvalMDr,'k 
llDatuit  il  Toit  mooter  le  tfaennoBitee. 

*•  SiCT.  2A.  Ikni  €tte^lkal¥m,  Vtir  aOmb  le  phis  dease,  tel  que 
oelni  de  nos  plaines,  est  pennM>lc  a  la  chaleur  rayoonnite;  car  e*eBt 
dans  cet  air  qu'on  observe  cellecL  L'air  rare  des  ngioiur  sopenenres  de 
Tatmosph^rc  est  encore  plus  permciible ;  il  est  en  qaelqoe  sorte  trans- 
parent, ou  plut&t  transcaloreux.  Mais  Teau  ne  Test  pas,  ni  la  va[K>ur, 
vesiculaire.  Los  miagos  sont  opaques  pour  la  chaleur  coninie  fwur  la 
luniiere.  Us  absorbent  Tune  et  I'autre,  et  ne  la  laissent  passer  que 
Icntemeut. 

"  Ainsi  la  chaleur  rayoonante  de  la  terre  tiaTeffse  a?ec  iscilite 
mosph^re  pure,  male  elle  est  interoeptee  par  les  noages.  Ceox-d  loot 
done  poor  la  tene  mie  espto  de  vtaneDt.  Ilsemp^bsiit  TeeoiiIemeDt 
de  sa  chaleur  rajoimaDle;  et  en  k  leoeraat  \m  lenr  paitie  inftiieiise, 
its  s'eehaoflent  de  ce  c)t6-la,  ooBune  un  habit  a'kliaafie  du  c&li  dn 
corps,  et  par  coos^nent  ils  renvoieofc'ii  la  tene  an  pea.  plaa  de  dialeor 
rayonnante  que  ne  peat  &ire  Tair  tnuuparent 

"  La  .surface  8up(?rietire  du  nuage  se  refiroidit,  au  contraire,  par 
IV'mission  facile  de  r>a  clialeur  dans  un  air  rarefid.  Mais  le  |Missage  lent 
de  la  chaleur  genee,  qui  serpente  de  Tune  a  I'autre  surtUce,  ne  j)eut 
retablir  I'equilibre  inccssamment  rompu  par  la  source  inepuisaUe  de 
chaleur  du  cote  de  la  terre,  et  par  le  gouffiie  totyoara  oovert  <xi  elle  ae 
precipite  de  l*aatvs. 

**  Tout  nuage  la  nait  est  done  eiactement  oompaiablelt  un  vdtemeot 
trte  ^paisi  qoi  reoonvre  un  cofps  aasintenii  chaad  par  mie  caase  inAeme 
et  perpitoelle  (tel  qa*est»  par  example^  le  corps  humain).  La  smftoe 
interieure  est  chaude,  la  surface  exterienre  participe  a  la  temptetan 
froide  de  Fair  ambient.  £t  TappliGation  da  vdtement  sur  le  corps  y 
muntieDt  la  chaleur. 


the  same  author,  publishe<J  in  1809,  in  which  the  passages  qnot«d  in  Uic  text  arc 

S»riot«d  :  a  fact  which  was  unknown  to  Dr.  Young.    Dr.  Wells  contends,  nnd  we 
Bk  nioocMftillj,  that  M.  Prtvost  was  ignorant  of  the  important  fact  that  in  a 
cl<  ir  ni^Iit  tht  swfiKt  «f  th*  ttftb  UooiBM  wMw  thsB  tht  air  abore  it.— iVb<«  ^ 

the  EdUor. 
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**  Oa  n'a  pea  lieo  d'ttve  mipri*  de  Ja  {wompftitDde  da  Tefiet,  parceqne 
toot  le  jea  da  ]a  dialenr  myomiaiite,  aUant  ei  revenaDt  da  b  tena 
an  iniag^  ek  dn  mu^  la  teixe,  flTastoite  en  nn  insiant  indiviaible. 
P'aillenis'k  Ilnatant  on  le  nnage  airive  an  adnitfa,  it  arrive  en  qoclqxie 
aorte  tout  pci£par&  Sa  partie  inHSrienre  a  d^jt  aoqnia  nne  chalenr 
eioMaote.  D^ja  elle  ^met  pina  de  cbaloir  layonnante  qoe  paieiUe 
^tendoe  d*air  de  la  mSme  region.  Cest  on  lam  beau  de  vetement,  qoi 
paaie  d'une  partie  du  oorpa  a  Tautre.  Ainsi  a  rinstant  n)6ine  o4k  eo 
vdtemcnt  chaud  vient  convrir  robeervatenr,  le  tberaiom^tre  doit  aocoeer 
sa  presence. 

"Sect.  142.  Le  pht'nom^nc  metcorologique,  indiquc  au  Swt.  24,  a 
cte  romarqne  par  M.  Pictet,  et  coiisigrid  dans  ses  journaux  d 'obse  rvation. 
Cest  ce  qu'atteste  I'extrait  suivant,  qii'il  en  a  tnmsorit  tvxtuollt  mont, 
et  aiKjuel  il  a  joint  une  rernarque  importante.  '  Janvier^  1777.  J  fans 
la  nuU  du  4  au  5, 20  thermomHn  cUAt  b  — 12  [5^]  a  10  heurrs  du  soir; 
h  Umiitant  cowotrt  aaraHto,  ilWHoU plus  qnd  —lOk  [8>  ]  a  II  il.dhi 
tow*.  Je  me  rappelle  diatinGtemeot,  an  anjet  de  oette  note,  (ajoute  M. 
Fktet,  en  me  la  oomronniquant,)  nn  fait  qne  je  ne  tronve  paa  enregiatrt, 
c^eat  qne  le  hanaaement  de  tempAnrtnre  dont  il  eai  qnesCaon  liit  ainnil- 
tanfe  avec  rapparitkm  (fm  nnage  anec  voiain,  mala  pen  diandn,  anz 
environs  du  z6nith. 

**  Un  autre  iaiti  obaerr^  par  tons  lea  agricoltenra,  et  relatif  a  Tinflo- 
encc  prompte  et  presquMmmodiate  des  nnages  sar  le  sol  (independam- 
inent  de  leur  eflet  ]x>ur  intorcopter  les  rayons  solaires),  est  celui-ci :  on 
Rait  quo  dans  los  circonstinces  Ics  jjIus  favorables  d'aillours  a  IV-pparition 
de  la  ras^Cy  est  nulU,  ou  pres<juc  nulle,  si  lo  ci«'l  est  cnniYrt ;  ot  que 
les  blanches  geleos,  si  redoutables  au  printems  et  en  automne,  n'ont  pas 
lieu  a  mime  temperaturt^  si  le  temps  est  convert. 

*'  Tous  Us  /aits  menti(»ui^  dans  cette  rL-niarque  de  M.  Pictot  sejr- 
pUqund  natnrellement  par  les  principes  poses  an  Sect  25,  c*est  a  dirc, 
m  ecKmiknaA  In  magm  eomm  U  vStmmi  dbi  aoi;  ek  en  ayant  cgard  k  la 
chalenr  rayonnante.* 

Nor  w«re  these  doctrines  by  anjr  meana  unknown  in  our  own 
oonntry ;  we  find,  for  instance,  in  a  Course  of  Lectures  pub-> 
liahed  in  London  acTen  years  ago,  that  '*  when  the  weather  has 
been  clear,  and  a  dond  passes  over  the  place  of  obeermtioiit 
the  thennometer  frequently  riaea  a  degree  or  two  almoat  in- 
stantaneously :  this  has  been  partly  ez|ihuned  by  considering 
the  dond  aa  a  veature,  prcTenting  the  eacape  of  the  heat  wbieh 
is  always  radiating  from  the  earth,  and  reflecting  it  bad  to 
the  anrfiice.*' 
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It  is  true  that  the  theory  coold  only  be  completed  by  the 
application  of  Profeaeoir  Leslie's  disooveries  to  the  circum- 
stances of  the  phenomenon :  but  it  is  remarkable  that  this  very 
application  was  made,  in  a  case  confessedly  similar^  by  the 
antlior  of  the  same  work  which  we  have  last  quoted. 

I  ODoe  intended  "  says  Dr.  Wells,  p.  105,  **  to  add  here  an  explana- 
tkn  of  some  very  corioas  observations  by  Mr.  Prevost  of  Besangon  on 
dew,  which  were  polished  firat  by  bimsdf,  in  the  44th  nmnber  of  che 
French  Annals  of  Cheniistn-,  and  afterwards  by  Mr.  PreVost  of  Geneva, 
in  liis  Essay  on  Radiant  Heat ;  but  fearing  to  be  very  tedious,  I  have 
sinoe  given  np  the  design.  I  will  say,  how^ever,  that,  if  to  what  is  now 
generally  known  on  tlio  diflbrcnt  modes  in  which  heat  is  coninmnicated 
from  one  bodv  to  another,  I'O  added  the  two  follou  iiic;;  circumstances, 
that  sul)stances  In-conie  colder  than  the  air  before  they  attract  dew,  and 
that  bright  nictaU,  when  exposed  to  a  clear  sky  at  night,  become  colder 
than  die  air  much  less  readily  than  other  bodies,  the  whole  of  die 
appearsaoes  obsenred  by  Mr.  FkeVost  may  be  essily  aocoonted  for.*' 

**  It  has  been  observed,**  says  die  anthor  of  the  Cooree  of  Lectores 
published  in  1807,  **  that  a  piece  of  metal,  placed  on  glass,  nsnally 
protects  also  the  opposite  side  of  the  glass  from  die  de{)osition  of  dew ; 
and  Mr.  Benedict  Prevost  has  shown,  that,  in  general,  whenever  the 
metal  is  placed  on  the  warmer  side  of  the  glass,  the  humidity  is  deposited 
more  copiously  either  on  itself,  or  on  the  f^lass  near  it,"  [as  in  the  case 
of  tile  shutter] ;  "  that  when  it  is  on  the  colder  side,  it  neitlier  receives 
the  huiniility,  nor  iK'rmits  its  de{K)sition  on  the  glass ;  but  that  the 
addition  of  a  second  piece  of  glass  over  the  metal  destroys  Uie  eflect, 
and  a  second  piece  of  metal  restores  it  It  apiiears  that,  from  its  pro- 
perties with  respect  to  rmXant  ktat,  the  mdaBk  9urfao$  pcodooes  tfaess 
efleets  by  preventing  na^  eommunioaikn  eidier  of  heat  or  iffoM  to  the 
gh8s."»   

*  In  DM*  474  of  the  sccood  Tolame  of  Dr.  Young's  LectorM,  there  u  an  iccoont, 
tttnwlM  mm  dio  Jonraal*  of  the  RoTtl  Inttttntkm,  of  die  prindpd  fiKia  oontahied 

in  Benedict  Prfvost's  Es^ay  on  Dew,  with  an  observation  preceding  It,  that  tliey 
appeared  to  be  capible  of  explanation  by  means  of  Mr.  L^lie'i  diaooTeriet.  Dr. 
Wells  was  not  aware,  when  his  Buaj  was  composed,  thai  tho  puUication  of  the 
ncond  Toliitnc  nf  the  Lectures  jinrnie^l  tJic  first,  and  be  very  naturally  concludwl 
therefore,  that  the  author  regarded  his  cxjilanation  uot  merely  as  a  conjecture,  but  ns 
aoo^joelare  inapplicable  to  the  whole  of  the  facts  which  M.  Provost  had  obdorved. 
TTiere  can  be  no  doubt,  howerer,  that  the  eiplanation  in  the  text,  which  was  written 
or  revised  subsequentlr  to  the  former,  embraced  the  basis  of  the  trae  theorj,  and 
completely  accounted  for  dM  mott  importral  dmunslances  wkldi  era  reeoraed  in 
tiieae  o^erimeuts. 

The  ooDeliiding  para^n^ph  of  this  rsrfew  eipresses  tte  aaspleion,  wMch  in  later 
life  l)e«  anie  a  convittiun,  tliat  the  merits  arnl  ilisnivt  ries  of  it^  author  were  so  insufTi- 
flieotly  recognised  and  acknowledged  becaiuc  his  wiitines  were  ubtcure  and  rarely 
aadentood :  11  waa  a  filial  orrar  to  eoamivo  dial  aTneolical  eoold  ha  aopemded 
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Had  Dr.  Wells  been  as  aolicitons  to  attend  to  the  laboon  of 
has  contemporarieB  aa  he  baa  been  yery  laudably  amdooa  to 
recur  to  ihoee  of  bis  predeceasoray  be  niigbt  have  said,  not  thai 
the  experiments  of  Mr.  Provost  mt^kt  be  easily  aeoonnted 
fbr*'  from  the  properties  which  he  mentions,  but  that  they 
actually  had  been  explained  in  a  similar  manner  by  one  of  his 
own  countrymen.  There  are,  however,  some  modem  philo- 
sophers, who,  whether  from  their  own  fault,  or  from  that  of 
their  hearers  and  readers,  or  from  both,  appear  to  be  per- 
jx'tually  in  tlie  predicament  of  the  celebrated  prophetess  of 
anti(iiiity,  who  always  told  truth,  but  was  seldom  understtxid, 
and  never  believed  :  and  the  author  of  the  Lectures  in  q\iestion 
has  not  unfrequently  reminded  us  of  the  fruitless  vaticinatioDS 
of  the  ill-fated  Cassandra. 

hj  ordinary  lan^iagp  in  long  and  difficalt  InTostigations,  and  admirable  M  lib 
Lectures  arc  for  the  accuracy  and  prp^■i^it>tl  of  llit  ir  statements  of  the  principles  of 
natural  philoiophy  mod  of  Um  priiicipol  reralta  to  wbidi  tbey  le«d,  it  is  probable  that 
no  nndcr  htm  ortr  bad  fht  nOSIj  or  IIm  potienco  ttHHOughly  to  appreciato  than. — 
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ON  WEIGHTS  AND  MEASURES/ 

From  the  i>upplemeat  to  the  EocyclopaediA  Britannica,  toL  ri.  p.  785. 


The  bill  for  asrertaiuing  and  establishing  Uniformity  of 
Weights  and  Measitres,  which  passed  the  Ini})L'rial  lloiiso  of 
Commons  in  the  Session  of  1823,  not  liaving  been  carried 
through  the  House  of  Lords,  the  subject  has  less  immediate 
interest  at  the  present  moment  than  there  has  been  every 
reason  to  suppose,  for  a  few  years  past,  that  it  would  by  this 
time  have  acquired.  But  there  is  little  doubt  that  the  discussion 
will  be  revived  either  in  the  Upper  or  the  Lower  House  of 
Parliament  before  many  more  months  have  elajised  ;  and  it 
seems  to  be  highly  improbable  that  any  insuperable  difficulties 
should  stand  in  the  way  of  its  ultimate  success.!  Tliis  pre- 
sumption is  founded  on  no  hasty  view  of  the  subject  in  question, 
but  upon  a  laborious  and  somewhat  painful  examination  of  the 
hifttorical  progress  of  tlie  measures  which  have  been  taken 
respecting  it,  and  especially  of  the  laws  of  England  respecting 
uniformity  of  practice  in  different  parts  of  the  oonntry;  a 
uniformity  which,  though  generally  esteemed  by  all  goTem- 
ments  a  thing  to  be  enoouraged  and  enforced,  has  often  proved 
to  be  no  more  subjected  to  the  control  of  legislative  enactment, 
than  the  introdQctkm  of  a  innfbnni^  of  language  and  a 
grammatical  aocmcy  of  ipeech  would  be  found  in  every  part 
of  an  eztennve  empire. 

Augustus  is  said  to  have  endeavoured  in  vain  to  foroe  a  new 
Latin  word  into  the  language  of  ancient  Rome ;  the  French,  on 

*  A  portion  onlv  of  the  origtual  article  ie  re{>riiit'Cil ;  the  remiiinder  chieflj  consUU 
of  ^  Report  of  the  Itoyal  Commiuion  Appointed  for  the  revision  of  weigfatf  aiul 
nmrares  la  1818*  whicli  wu  dnwn  up  by  Dr.  Youog.— Ao<«  by  Editor, 

t  Thii  Act  for  Mmrii^  onifonnity  ia  weight«  and  mmmm  was  pawed  in  1824. 
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the  other  hand,  after  all  their  labours  to  recommend  a  unifbrm 
syatem  of  measures^  hafe  ended  hi  such  a  complication,  that  for 
the  most  flimple  purpoaeB  of  practical  mechanics  and  civil  life, 
it  is  become  usual  to  carry  in  the  pocket  a  little  ruler,  in  the 
finrm  of  a  triangular  prism,  one  of  the  sides  containing  the  old 
established  lines  and  inches  of  the  royal  foot,  a  second  the  milli- 
metres,  centimetres,  and  decimkres  of  the  rerolutioaary  school, 
and  the  tinrd  the  new  ultra-royal  combination  of  the  Jaoolnn 
measure  with  the  royal  diviaon,  the  inches  consisting  each  of  the 
86th  part  of  a  mhtre,  or  tiie  four  millionth  of  a  degree  of  the 
meridian  of  the  earth.  If  sudi  occurrences  as  thede  be  calmly 
oonridered,  they  wilt  make  us  more  disposed  to  dimmish  than  to 
increase  the  number  of  penal  statutes  intended  to  compel  the 
inhaUtants  of  the  different  parts  of  a  country  to  study  theur  own 
convenience  conjointly  with  that  of  their  neigjibonn^  and  to 
spare  themselves  the  necessity  of  a  few  arithmetical  operations 
in  the  course  of  every  market  day ;  and  we  shall  feel  that  it  is 
more  iuciiiubont  on  a  wise  government  to  endeavour  to  facilitate 
both  the  attainment  of  correct  and  uniform  standards  of  legal 
existing  measures  of  all  kinds,  and  the  ready  understanding  of 
all  tlie  })rovinclal  and  local  terms  applied  to  measures,  either 
regular  or  irregular,  by  the  multiplication  of  glossaries  and 
tables  for  the  correct  dcflnilion  and  comparison  of  such  tonus. 

Measures  have  apj)arently  always  been  derived,  in  the  first 
instance,  from  some  part  of  the  human  person ;  a  foot,  a  pace,  a 
fatlioiu,  the  orgyia  or  stretch  of  the  arras,  a  cubit,  a  palm,  and 
a  finger ;  these  have  probably  all  been  used  in  the  earlier 
States  of  Eociety  by  each  individual  from  the  magnitude  of  hia 
own  person ;  and  afterwards  a  standard  measure  has  been 
established  by  authority  from  the  real  or  supposed  magnitude 
of  the  person  of  some  king  or  hero^  in  order  for  the  attainment 
of  more  perfect  unifonnity  in  practice  ;  though  it  is  said,  that  in 
some  parts  of  the  East  the  Arabs  still  measure  the  cubits  of 
their  cloth  by  the  fore  arm,  with  the  addition  of  the  breadth  of 
the  other  hand,  which  senres  to  mark  the  end  of  the  measure, 
as  the  thumb  whidi  was  formerly  added  at  the  end  of  the 
yard  by  the  English  clothiers.  It  oug^t  not,  however,  to  he 
forgotten  that  any  one  of  these  tenns  possesses  an  advantage^ 
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for  popular  use  and  for  the  convenience  of  future  ages  and  of 
remote  countries,  which  would  be  lost  by  the  introduction  of 
any  more  arbitrary  measurement ;  thus,  a  hand's  breadth,  or 
a  foot,  is  always  sufficiently  understood,  without  any  de6nition, 
to  enable  us  to  form  to  ourselves  a  tolerably  accurate  picture  of 
the  magnitude  intended  to  be  described ;  and  thm  is  Bcarcely  an 
instanoeof  the  caprice  of  denomination  having  ever  extended  so 
fiir  as  to  make  the  measure  called  a  fool  in  any  country  so  small 
as  half  a  natural  foot,  or  so  great  as  two  feet  of  an  ordinary 
peiBon,  and  certainly  not  of  its  amoonting  to  three  ordinary 
feet  I  while  a  mHre,  even  to  those  who  know  that  the  word 
implies  a  measnre,  might  as  well  have  meant  a  mile^  or  an  mcb, 
or  a  quart,  as  a  length  somewhat  greater  than  a  yard. 

The  idea  of  aocnrately  Terifying  the  standard  df  a  country  by 
any  other  means  than  tbit  of  a  comparison  with  some  actually 
existing  original,  can  scsrody  have  occurred,  except  in  a  very 
advanced  period  of  the  progress  of  dyilisation.  It  was  mdeed 
enacted,  in  the  time  of  our  Henry  the  Third,  that  an  ounce 
should  be  the  weight  of  640  dry  grains  of  wheat  taken  from  the 
middle  of  the  ear,  that  a  jwund  should  be  twelve  ounces,  a 
gallon  of  wine  eight  pounds,  and  eight  gallons  of  wine  a  bushel 
of  London  ;  but  this  seems  rather  a  direction  for  making  a 
single  standard  than  a  mode  intended  for  the  continual  verifi- 
cation of  the  standard  in  case  of  any  minute  uncertainty. 
Again,  in  a  statute  of  Henry  the  Seventh,  a  gallon  of  corn  was 
mentioned  as  containing  eight  pounds  of  wheat ;  and  this  may, 
perhaps,  serve  to  explain  the  origin  of  the  two  different  gallons. 
But  the  substitution  of  an  original  standard,  derived  from  an 
object  of  definite  magnitude,  exterior  to  the  bumau  person, 
seems  to  have  been  reserved  for  the  days  of  the  French  Re?0" 
lution,  though  it  has  since  been  adopted,  in  an  improred  form, 
by  the  introduction  of  a  foot  equal  to  H  of  the  pendulum 
Tibratmg  seconds  as  a  r^preaentative  of  the  customary  foot  of 
the  kingdom  of  Denmark.  (Jcumal  R,  L  1821,  AMr,  ColL 
N.  v.) 

The  Boyal  Society,  under  the  prendency  of  Mr.  Folkes,  made 
some  very  accurate  comparisons  of  the  English,  and  Frend^ 
and  old  Boman  standards,  which  are  recorded  in  the  'Philo- 
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ON  THE  HABITS  OF  SPIDERS: 

ON  PASSAGES  IN  ARISTOTLE  AND  ARISTOPHANES,  AND  AN 
ILLOSTftATION  OF  THE  FABRICIAN  StStEM,* 

From  th«  QcatieniMi'*  UafKim  Ibr  Dve^  1792. 


Ma.  Uaban, 

AnisTOPH.  Nub. 

However  ironically  tliis  remark  was  madc»  yet  it  is  more  true, 
and  of  more  importance,  IIuld  the  witty  comedian  meant  to 
imply.  If  I  were  oonvinced  that  a  surgeon  could  skilfully 
couch  a  deW'flnairs  eye/*  I  could  undoubtedly  submit  with 
absolute  confidence  to  his  performing  tliat  operation  on  mine : 
and,  even  in  the  instance  of  Strepaades,  I  should  be  more 
willing  to  intrust  with  my  cause  a  lawyer  who  had  enlarged  his 
mind  by  universal  science,  than  one  who  had  slavishly  confined 
himself  to  the  studies  of  his  profession.  For,  the  habit  of  acca« 
fate  observation  and  nice  distinction  exercises  and  improves  the 
faculties:  ett  etiam  iUa Plaiom$ 

harum  inffmuantm  €t  humanarum  artium  uao  guodam  todetaiU 
ninculo  eontinert.  Cic.  de  Orat,  III.  Hiis  celebrated  sentiment 
cannot  be  too  strongly  inculcated ;  it  may  serve  as  a  general 

*  The  earliest  productioo  of  Dr.  Young  was  n  note  on  Gum  I^anum,  with  a 
Tttbd  criticfsm  eo  •  passage  ]a  Longinna,  inserted  in  the  Monthly  Review  for  1791. 
The  serond,  which  appeared  in  the  (jentleman's  Magazine  for  April,  1792,  contained 
ob«erTations  on  the  appcuranct^  attending  the  couveriiion  ul  cost  ititu  malleable 
inUf  with  a  view  to  the  removal  of  konie  of  the  objectloils  to  Dr.  Crawford's  Theory 
•f  Heat,  whii  h  had  hi^on  advaiice<l  by  Dr.  IWdoes  in  a  paper  published  iu  the  Philo* 
•ophical  Transactions  for  17'Jl.  The  third  was  thv  aitirle  which  we  have  reprinted 
in  the  teit.  Thejr  all  of  tlmn,  and  esjw  .  mliy  the  last,  serve  to  illustrate  tlte  singular 
combination  of  his  studies,  including  itaturul  history  in  all  its  departments,  chemistry  • 
and  classical  Ittenton:  the  Greek  criticisms,  wbidi  it  oontains,  are  suffident  proofi 
of  the  accurate  kiiowl«%t  whidi  he  had  alnadiy  M^iiind  of  that  hmgaa^'^Ntit 
bj/  the  Editor, 
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answer  to  the  objections  of  those  who  consider  pursuits  of  this 
nature  as  trifling  and  unimportant,  because  they  cannot  see 
their  immediate  application  to  the  purposes  of  life. 
From  this  apology  I  shall  proceed  to  answer  some  inquiries 

on  entomological  suhjocU* 

To  EvEiiARD,  on  Spiders^  p.  747. 

lo  avea  il  d)  cinque  di  LagUo  fatto  inchiudere  on  ragno  femnuna  in 

un  vaso  (li  votro  serrato  con  carta ; — non  iiost  ncl  vaso  cosa  alcuna  «la 
potor  uutricarsi ; — )a  qimle  inoi^  ]K:»i  il  til  trenta  di  I)ic(  nil)re. — Altri 
mtjii.itcli  ancora  e  nna.schi,  e  f-  niiiiiiK',  feci  rinchithlere  no*  vii-si  di  v»-tm ; 
nia  lion  trovai  altro  da  ()s-;»'r\ arc  clie  la  linighcz/ii  dolla  lor  vita  sf-ni" 
aliments,  cssendo  chi'  alcuni  prosi  a' ipiindici  di  Ln^lit)  cauiparooo  siuo 
alia  fill'*  di  (iennajo." — Rtnii,  EsjMir.  Op.,  1. 1.,  p.  .'»."»,  r>7. 

**  I  had  placixi,  on  the  oth  of  July,  a  i'emalc  spider  in  a  gla»s  ves.sel 
closed  with  paper ;  I  put  nothing  in  the  vessel  on  which  it  could  feed ; 
it  died  oo  the  3(Hh  of  December.  OAet  spiders  also*  both  male  and 
female,  I  enclosed  in  glass  vessels ;  but  I  foond  DoChing  to  observe  ex- 
cept the  length  of  their  life  witboot  food ;  fer,  some  of  them,  eaii^t  the 
15th  of  July,  lidd  out  till  the  end  of  Januiiy.* 

**  Araaei  nihil  reoondunt  qnod  dia  sine  dbo  vivere  possost;  per  hys- 
mem  verd  ex  toto  abetinent,  et  ne  victum  quidem  qpuenmt ;  ipsiqne  ni 
plarimnm  per  id  tempos  telis  invduti  conquiescunt,  at  non  torpidi  inte- 
rim, sed  leqne  agiles  ac  com  fefaa  prodcunt  venatom,** — Lister,  de  Amn^ 
p.  12. 

*'  Spiders  lay  nothing  l>y,  becauso  they  can  live  long  without  meat 
In  llie  wintor  they  neither  eat  nor  sr.-k  foi  fooil  ;  ;ind  throii>;hout  this 
season  they  mostly  rest  involved  lu  webs,  nut  torpid,  but  as  active  as 
when  they  go  out  to  hiuit." 

Depending  on  these  authorises,  I  kept  last  summer  several 
spiders  for  the  sake  of  breeding,  without  being  very  careful  to 
supply  them  with  flies ;  indeed  they  seldom  condescended  to 
make  use  of  what  I  brought  them ;  some  of  them  lived  one 

week,  some  two,  but  I  think  none  exceeded  three  weeks.  I 
have  reason  to  doubt  the  general  accuracy  of  Lister's  accumit 
of  the  liyeniation  of  Spide-rs 

I  shall  take  tlii.-  opportunity  of  attempting  to  vindicate  Ari? 
totle  from  an  imputation  which,  i  believe,  id  ill-fouuded.  In 
the  next  page,  Lister  says — 
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**  QuckI  autcni  id  genus  moscee  araneorom  ova  dopnsaint»  inque  ipna 
eonim  folliculis,  ideo  suum  fcetum  pariunt,  in  altero  libro  non  uno  sub 
titulo  dcnioiiatravimus.  Qua  quidem  obwrvatio  male  intellecta,  vcspa- 
riiin  iLhiieumonOn  fabuln',  apud  veteros  adeo  d  < mt  it ! ,  iK'ne  loctiin  dure 
potuit.  De  qua  re  iti  Ari.stotoles,  '  Vespa'  n  iini.iunonr'S  nuncupaUp, 
minores  qiu\ni  oTtL-ra'  sunt,  phaiangia  |x*rimunt,  occisaque  ferunt  in  jxi- 
rietina.s,  aut  aliquid  tale  foramine  pervium;  duinde  illinunt  luto,  atque 
ex  iis  iucubando  suum  j»rocreant  genus.'  " 

I  allow  that  Graza's  tranalatioii  b  liable  to  the  objection  of 
Lister;  but  he  appears  to  me  to  have  mistaken  the  sense 
of  his  author.    Aristotle's  words  are  these :  Km  vnX^ 

01  ixvE^Moy«f .  Hist.  An.,  y.  20.  Now  trrUrM  is  rendered  by 
the  Lexicons  ingtmro  ;  and,  if  it  admits  of  no  other  interpreta- 
tion, Gasa  is  right  But  in  the  precedbg  chapter  we  have, 
A!  $s  xavOff^i,  4v  xvXtMO'i  xov^oy,  h  rotvrp  ^XsCticl  rt  tov 
%ei/»aImi  nai  ifTMTwn  mtmkwtar,  fi|  ylmvrau  xmBxpoi ;  parvosque 
▼ermiculos  parinnt  ex  qnibus  ipm  procreantur,  Gaxa.  "The 
fcarabmts  pihUaritu  bnries  itself  for  the  winter  in  the  dung 
which  it  rolb  along,  and  deposits  in  it  the  maggots  firom  which 
the  beetles  are  produced."  This  seems  to  be  a  suflBcient 
*  authority  for  translating  svtIxtovo-i  "  lay  tlieir  eggs  ;**  and  by 
this  alteration  we  reconcile  Aristotle's  assertion  with  modem 
observations,  except  as  to  the  literal  meaning  of  tlie  word 
xaTa^f 'VavTEf,  hesmeai  ing.  1  will  not  be  very  positive  on 
either  of  these  passages,  for  I  have  to  combat  with  the 
authority  of  the  scholiast  of  Aristophanes  on  the  curious  piece 
of  natural  history  introduced  at  the  beginning  of  the  l*ax: 
Aeyerai  5«  &  »a>dff§of  clr  ov9ov  stvoo'ire^/xxTi^fiv — ^rikvf  ysip 
xavdflc^f  ov  ylwrcu.  Dicitur  autem  soat  abaeus  pilularius  in 
fimum  semen  ejiccrc— for  there  are  no  females  of  this  spedes." 
It  may  also  be  objected,  that  this  translation  of  the  passage 
concerning  the  sooraftcsut  pilularius  supposes  it  viriparous; 
but  it  appeals,  from  c  20,  that  Aristotle  imagined  some  insects 
to  be  Tiriparous. 

Li  reply  to  J.  O.,  p.  920,  the  Grub  is  the  larva  of  the 
searabauM  nulohnikat  or  cockchafer.  In  some  comities,  the 
insect  in  its  perfect  state  is  called  Grub,  in  otliers  Oaknb, 
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probably  a  rorniption  from  Oak  grub.  For  five  years  it  is 
in  motion,  and  four  week?  at  rest  under-f^ronnd,  Fabr.  Phil. 
Fnt.  p.  15*J,  and  probably  about  a  month  an  inhabitant  of 
the  air  in  its  full  perfection.  In  its  first  state,  it  incommodes 
the  human  race ;  and,  in  its  last,  it  is  persecuted  in  return. 
The  custom  of  flying  beetles  was  as  common  among  children 
two  thousand  years  ago  as  at  present,  though  the  ancient 
mode  was  more  humane  than  the  modem:   Mii  wv  tas^l 

di^a,  AcvdSfTov  &owe^  |tti^oXov9nv  ToD  tvoSof.  Aristoph.  Nub. 
^'  Now,  do  not  button  up  thy  mind  pwpetoaDy  ahout  thyself, 
hut  let  loose  thy  thoughts  into  the  air  like  a  beetle  tied  by 
the  foot  with  a  thread.'*  But  the  meltdontha  of  the  Greeks 
was  certainly  not  our  mMontha;  for,  Aristotle  tells  us  that 
the  lanxt  was  found  in  dung,  V.  19.  It  was  a  golden  beetle : 
pretty  clearly  the  tcarabtBut  auraius,  a  much  more  elegant 
mscct  than  the  cockchafer. 

I  can  assure  L  E.  that  crickets  have  mouths  :  an  insect  of 
the  same  genus  nearly  gnawed  through  the  skin  of  my  finger 
a  few  montiis  since  ;  and  had  I  permitted  it  to  j)roceed,  would 
soon  have  made  a  wound.  I  have  applied  to  a  baker,  who  has 
undertaken  to  procure  me  a  cricket;  and  I  intend  shortly  to 
send  a  drawing  and  description  of  its  complicated  apparatus 
for  feeding. 

In  ansv.er  to  T.  W.,  p.  639.  A  relation  of  mine  attempted 
last  summer  to  pick  out  a  harvest-bug,  and  show  it  me ;  a 
little  red  substance  was  indeed  more  than  once  exhibited,  but 
tt  was  so  much  injured  in  the  operation,  that  I  could  not  deter- 
mine whether  it  was  the  insect  or  a  small  portion  of  dried 
blood.  There  is,  however,  little  doubt  that  it  is  an  aearus^ 
very  similar  to  the  aeortu  «iro,  or  mite,  and  still  more  nearly 
allied  to  the  aeanu  dcabieif  or  itdi-ammal.  I  believe  it  is  not 
named  either  by  Dnn^  or  by  his  editor,  Gmelin.  I  was, 
perhaps,  the  more  cautious  in  ezamimng  the  red  substance, 
from  a  circumstance  winch  happened  ahout  the  same  time.  I 
had  been  almost  persuaded  to  believe  that  I  saw  a  minute 
worm  extracted  from  a  decayed  tooth ;  while,  in  foct,  the  beak 
of  a  seed  of  henbane  was  the  whole  curiosity.   Tins  story, 
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however,  is  as  old  as  xVviccnna.  A  lady  of  60  could  dearly 
diaoovcr  io  my  microscope  that  ita  head  was  precisely  like  tbiat 
of  •  dog.  As  my  eyes  were  not  quite  so  acute»  I  suspended 
my  jadgment  till  I  could  procure  more  of  the  seed  ;  but,  in  the 
ipesn  time,  that  nothing  might  be  lost,  I  described  and 
arranged  what  I  saw  under  the  name  of  nnodon  cdontaI(/tcut. 
When  I  was  informed  of  the  true  state  of  the  easey  I  recol- 
leefted  the  precept  of  Epicharmus :  Nii^  kci  lu^wtf^  «*wtfiit, 
MfBpa  ruurm  rm  pp§w,  Cic.  ad  Att  1.  19;  or,  M  his 
brother  Qniotus  expresses  it,  nenros  atque  artus  esse  sapi- 
entiv  nil  temere  credere,'*  de  PeL  Coos,  that  it  it  th§  jaUUt 
mid  ghmn  if  wuiom  to  ftsiMM  nothing  roMtdy. 

Tbom  AS  Yomro. 


Ma.  Urban,  stwrt,  w«ftaiaii<r,  9Ui  uim. 

Haviro  proenred  a  cricket,  I  now  send  a  drawing  and 
deseriptioD  of  its  mouth.  It  was  in  the  stale  of  a  pupa;  hot 
this  circtimstance  seldom  makes  any  diilerence  in  the  mouth, 
where  the  mode  of  life  is  the  same  in  all  states. 

GftTLLOS  DoMarricuB,  Liim.    Achmta  DoMasncA,  Fahr. 

magmfitd, 

A,  antenng. 
fades. 

C,  clypeus,  aeu  kbium  saperius. 

D,  palatum. 
£,mandibttla. 

F,  galea. 

G,  maxilla. 

H,  palpi  anteriorea. 

I,  palpi  poiteriorea. 
J,  labium,  sen  labium  inferios. 
K,  ladnlB  interiores ; 
L,  exteriorea. 
M,  guU. 
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A.  AnimfUB  black-brown,  bristled  :*  Begments  very  nn- 
meroue,  rerj  ahort 

B.  Face  luteons  and  brown-black. 

C.  Upper  Lip  luteottt,  o?al,  membranons-hornj,  covering  the 
tip  of  the  mandibles  and  the  upper  part  of  the  month. 

D.  Palate  light  brown,  promment,  half-egged  withm  the  man- 
dibles. 

£.  Mandibles  luteous  at  the  tip,  blackish,  incurved  somewhat 
obliquely,  lopped,  toothed,  opening  transversely,  constituting  tlie 
lower  part  of  the  checks  inclosing  tlie  upper  part  of  the  mouth ; 

the  tip  covered  by  the  upper  lip. 

F.  Gums  wliitish,  fleshy,  eyliiidric,  obtuse,  incurved,  somewhat 
longer  than  the  jaws  which  they  lover  and  with  which  they 
open  and  close  the  lower  part  of  the  mouth. 

G.  Jaws  whitish,  horny-fleshy,  oblong,  j)ointed,  incurved  at 
the  tip,  blackish,  bomjr,  cloven :  divisions  acute,  back  bearing 
tlie  fore  palps. 

H.  Fore  palps 'MioAi,  fleshy,  longer,  fixed  to  the  back  of  the 
jaws,  five-jointed :  segments  nearly  inverse-awled :  first  very 
short;  seoond  somewhat  longer;  the  remaining  three  nearij 
equal. 

L  Hind  palps  whitish,  fleshy,  shorter,  fixed  to  the  lip  at  the 

•  Tipand,  length  amy  tteM  tuMdiiif  Ibt  bnadUi. 
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ndet  of  its  base,  three-jointed ;  segments  nearly  inveree-awled  ; 
first,  very  short ;  second  and  third,  nearly  equal. 

J.  Lip  or  lower  Lip  whitUli,  flesh) -membranous,  llattish, 
rounded,  inclosing  the  mouth  beneath;  base  bearing  the  hind 
palp8  ;  tip  four-cleft : 

K.  Interior  divisions  smaller,  awled. 

L.  Exterior  larger,  clubbed,  bent  inwards,  concealing  the  tip 
1>f  the  interior. 

M.  Gullet  whitish. 

Many  of  the  parts  are  slightly  hairy. 

The  presence  of  gums  entitles  this  genus  to  a  place  in  Fa- 
bricias's  second  class,  ulonata,  which  comprehends  the  forfi- 
onla,  mantis,  bhitta,  and  gryllus  of  Linn(>.  Unequal  thread- 
Ibnn  palps,  a  four-cleft  lip,  and  bristled  antennv,  distinguish 
the  Oiduta  of  Fabricius.  So  far  then  is  this  insect  from  being 
withoat  a  mouth,  that  it  is  furnished,  like  the  greater  number 
of  other  insecti,  with  four  projectiiig  instruments  for  eiamining, 
and  a  double  apparatus  for  chewing  its  food,  besides  the  other 
appendages,  of  which  it  exhibits  tery  good  specimens,  illustrating 
most  of  the  terms  employed  in  describing  the  mouths  of  coleop- 
terous, and  this  difisiooof  henupterous  insects. 

TBoiiai  YouNO. 

P.S.  Since  I  wrote  my  last  letter.  Dr.  Shaw  has  informed  me 
that  he  has  given  a  figure  and  deseriptioo  of  the  harrest  bug 
in  his  admirable  Ifiscellany,  and  that  he  has  named  it  oeanrs 

T.  Y. 
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Henry  Cavendish,  a  great  and  justly  celebrated  Chomist, 
Natural  Philosopher,  and  Astronomer;  son  of  Lord  Charies 
Cavemlish,  and  grandson  of  William,  second  Duke  of  Devon- 
■hiie;  born  the  10th  of  October,  1731,  at  Nice,  where  his 
mother,  Lady  Anne  Grey,  daughter  of  Henry,  Dake  of  Kent, 
had  gone,  though  ineffisetnaUy,  for  the  recovery  of  her  heallb. 

Of  a  man,  whose  rank,  among  the  benefoctors  of  science  and 
«if  mankind,  is  so  elevated  as  that  of  Mr.  Cavendiah,  we  are 
amdous  to  leam  all  the  details  both  of  mtdlectual  cultivation 
and  of  moral  character  that  the  labours  of  a  biographer  can 
discover  and  record.  Little,  however,  is  known  respecting  liis 
earliest  education :  be  was  for  some  time  at  Newcombe's  school, 
an  establishment  of  considerable  reputation  at  Hackney ;  and 
he  afterwards  went  to  Cambridge :  but  it  is  probable  that  he 
acquired  his  taste  for  experimental  investigation  in  great  mea- 
sure from  his  father,  who  was  in  tlie  habit  of  amusing  himself 
witli  meteorological  obsenutions  and  apparatus,  and  to  whom 
we  are  indebted  for  a  very  accur.ate  determination  of  the 
depression  of  mercury  in  barometrical  tubes,  which  has  been 
made  the  basis  of  some  of  the  most  refined  investigations  of 
modern  times.t   "  It  has  been  observed,''  says  M.  Cuvier,  "  that 

*  Thli  b  Um  first  of  a  serial  of  lives  of  men  of  science,  selects  from  many  oUieim, 
whirh  were  written  by  Dr.  Youn^  for  the  Supplement  to  the  EncycIopa^(!ia  Hnfati- 
nic.1.  A  very  remnrkahio  Life  of  Porson,  as  well  as  of  one  or  two  other  men  of 
letters,  will  Im"  jriven  in  the  fullowinsj  volume.— ilTol^  if  tkt  BdUor, 

f  i<«t  Um  article  Cohesion,  vol.  i.  So,  XIX. 
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more  persons  of  rank  enter  seriously  into  science  and  literature 
in  Great  Britain  than  in  other  countries :  and  this  circum- 
stance may  naturally  be  explained  from  the  constitution  of  the 
British  Governnu'iit,  which  renders  it  imposciihle  for  birth  and 
fortune  alone  to  attain  to  distinction  in  the  state,  without  high 
cultivation  of  the  mind  ;  so  that  amidst  the  universal  diffusion  of 
solid  learning,  which  is  thus  rendered  indispensable,  some  indi- 
viduals are  always  found  who  are  more  disposed  to  occupy  them- 
selves in  the  pursuit  of  the  eternal  truths  of  nature,  and  in  the 
contemplation  of  the  finished  productions  of  talent  and  genius, 
than  in  the  transitory  interests  of  the  politics  of  the  day/' 
Mr.  Cavendish  was  neither  influenced  by  the  ordinary  ambition 
of  becoming  a  distinguished  statesman,  nor  by  a  taste  for 
expensive  luxunes  or  sensual  gratificatioas :  so  that,  enjoying  a 
moderate  competence  during  his  father's  life,  and  being  ele- 
vated by  his  birth  above  all  danger  of  being  despised  for  want  of 
greater  afflueooe,  he  felt  himself  exempted  from  the  neoessiiy 
of  applying  to  any  professional  studies,  of  courtiog  the  appro- 
bation of  the  public  either  by  the  parade  of  literature  or  by 
the  habits  of  ooDvimlity,  or  of  ingratiating  himself  with  mixed 
society  by  the  display  of  snperfioial  acoomplishments.  It  is  dif- 
6cu]t  to  refrain  from  imagpning  that  his  mind  had  reoeiTed  some 
ilight  impression  from  the  habitual  reeonrence  to  the  motto  of 
his  &mily :  the  words  eaoemh  tuitu  must  have  ocourred  perpe- . 
tually  to  his  eye;  and  all  the  operations  of  his  intellectual 
powers  exhibit  a  degree  of  eamHon  almost  miparalleled  in  the 
annals  of  science,  for  there  is  scarcely  a  single  instance  in  which 
he  had  occasion  to  retrace  his  stepa  or  to  recal  his  opinions.  In 
1760  he  became  a  Fdlow  of  the  Royal  Society,  and  continued 
for  almost  fifty  years  to  contribifte  to  the  PhUotaphieal  TVtfiit- 
ocfiiimf  some  of  the  most  interesting  and  important  papers  that 
have  ever  appeared  in-  that  collection,  expressed  in  language 
which  affords  a  model  of  concise  simplicity  and  unaffected  mo- 
desty, and  exhibiting  a  precision  of  experimental  demonstration 
commensurate  to  the  judicious  selection  of  the  methods  of 
research  and  to  the  accuracy  of  the  argumentative  induction  ; 
and  which  have  been  considered,  by  ^ome  of  the  most  enlight- 
ened hii^torians,  as  having  been  no  less  instrumental  in  pro- 
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moting  the  iurtlier  progress  of  chemical  discoTery,  by  banishing 
the  vague  manner  of  observing  and  reasoning  that  had  too  k>Dg 
prevailed,  than  by  immediately  extending  the  hounds  of  hnman 
knowledge  whh  reapect  to  the  very  important  &ct8  which  are 
first  made  public  in  these  communications. 

1.  Tkne  Paper9  eoniainUig  MsqpaimmiiB  on  FacHtuna  Air» 
{PML  Drm.  1766.  p.  141.)  It  had  been  obsenred  by  6oyle» 
that  some  kinds  of  ur  were  unfit  for  respiration ;  and  Uooke  and 
Mayow  had  looked  still  further  forwards  into  futurity  with  pro* 
phetic  glances,  which  seem  to  have  been  soon  lost  and  forgotten 
by  the  inattention  or  want  of  candour  of  their  successors.  Hales 
had  made  many  experiments  on  gases,  but  without  sufficiently 
distinguishing  their  different  kinds,  or  even  being  fully  aware 
that  fixed  air  was  essentially  ditferent  from  the  eonunon  atmos- 
phere. Sir  James  Lowther,  in  1733,  had  sent  to  tlie  Royal 
Society  some  bladders  filled  with  eoal-danip,  whieh  remained 
inflammable  for  many  weeks — little  imagining  the  extent  of  the 
advantages  which  were  one  day  to  result  to  his  posterity  from 
the  lab()Ui*s  of  that  society  by  the  prevention  of  the  fatal  mis- 
chiefa  whieh  this  substance  so  frequently  occasioned.  Dr.  Seip 
had  soon  after  suggested  that  the  gas  which  stagnated  in  some 
caverns  near  Pyrmont  was  the  cause  of  the  briskness  of  the 
water;  Dr.  Brownri^  of  W'hitehavt  n  had  confirmed  this  opi- 
nion by  experiments  in  1741 ;  and  Dr.  Black,  in  1755,  had 
explained  the  operation  of  this  fluid  in  rendering  the  earths 
and  alkalis  mild.  Such  was  the  state  of  pneumatic  chemistry 
when  Mr.  Cavendish  began  these  experimental  researches.  He 
first  describes  the  apparatus  noi^  commonly  used  in  processes 
of  this  kind,  a  part  of  wUch  had  been  before  employed  by  Halea 
and  others,  but  which  he  had  fendered  fiir  more  perfect  by  the 
occasional  employment  of  mercury.  He  next  relates  the  expe- 
riments by  which  he  found  the  specific  gravity  of  inflammable 
air  to  be  about  ,V  of  that  of  common  air,  whether  it  was  pro- 
duced from  zinc  or  otherwise:  first  weighing  a  bladder  filled 
with  a  known  bulk  of  the  gas,  and  then  in  a  state  of  collapse  ; 
and  also  examining  the  loss  of  weight  during  the  solution 
of  zinc  in  an  acid,  having  taken  care  to  absorb  all  the  super- 
fluous moisture  of  the  gas  by  means  of  dry  potass.    He  also 
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observed  that  the  gas  obtained  during  tlie  solution  of  copper  in 
muriatic  acid  was  rapidly  absorbed  by  water,  but  he  did  not 
inquire  further  into  its  nature.  The  second  j)a|)er  relates  to 
fixed  air,  which  was  found  to  undergo  no  alteration  in  its  elas- 
ticity when  kept  a  year  over  mercury ;  to  be  absorbed  by  an 
equal  bulk  of  water  or  of  oli?e-oil,  and  by  le^s  than  half  its 
•  bulk  of  spirit  of  wine ;  to  exceed  the  atmospheric  air  in  specific 
grafity  by  more  than  one-hal^  and  to  render  this  fluid  unfit  fiir 
snpportuig  combustion  even  when  added  to  it  in  the  proportion 
of  1  to  9  only.  Mr.  Cayendish  ascertained  the  quantity  of 
this  gas  contained  in  marble  and  in  the  alkalies,  but  his  num- 
bers fell  somewhat  short  of  those  which  have  been  determined 
by  later  experiments ;  he  also  observed  the  solubility  of  the 
supercarbonate  of  magnesia  In  the  third  part,  the  air  pro- 
duced by  fermentation  and  putrefaction  is  examined.  Macbride 
had  shown  that  a  part  of  it  was  fixed  air  ;  and  our  author  finds 
that  sugar  and  water,  thrown  into  fermentation  by  yeast,  emit 
this  gas  without  altering  the  quantity  or  quality  of  the  common 
air  previously  contained  in  the  vessel,  which  retains  its  power 
of  exploding  with  hydrogen,  exactly  like  common  air  :  he  also 
shows  that  the  gas  thus  emitted  is  identical  with  the  fixed  air 
obtained  from  marble ;  and  that  the  inflammable  air,  extricated 
during  putrefiMstion,  resembles  that  which  is  procured  from  sine, 
although  it  appeared  to  be  a  little  heavier. 

8.  ExperimenU  on  BaMons  Place  WaUr.  (Phil,  jyaiu. 
1767,  p^  92.)  In  this  paper  Mr.  Cavendish  shows  the  solubi« 
hty  of  the  supercarbonate  of  lime,  which  is  found  in  several 
waters  about  London,  and  b  decompoeod  by  the  proosss  of 
bmling,  the  simple  carbonate  being  deponted  in  the  form  of  a 
crust :  the  addition  of  pure  lime-water  also  causes  a  precipita- 
tion of  a  greater  quantity  of  lime  than  it  contiiins.  These 
conclusions  are  confirmed  by  synthetical  experiments,  in  which 
the  supercarbonate  is  formed  and  remains  in  solution. 

3.  An  Attempt  to  explain  some  of  the  princi/Hil  Phenomena  of 
Electricity  by  means  of  an  Elastic  Fluid.  {Phil.  Trans.  1771, 
p.  584.)  Our  author's  theory  of  electricity  agrees  with  that 
which  had  been  published  a  few  years  before  by  ^^pinus,  but 
he  has  entered  more  minutely  into  the  details  of  calculation, 
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showing  the  manner  in  which  the  supposed  fluid  must  be  distri- 
buted in  a  variety  of  cases,  and  ezplainiog  the  phenomena  of 
electrified  and  charged  sabstanoesas  they  are  actually  observed* 
lliere  is  some  degree  of  unnecessary  complicatum  fit»ni  the 
great  generality  of  the  determinations:  the  law  of  electric 
attrsction  and  repulsion  not  having  been  at  that  time  fully 
ascertained,  although  Mr.  Cavendish  inclines  to  the  true  suppo- 
sition, of  forces  varying  inversely  as  the  square  of  the  ^staaee: 
thb  deficiency  he  proposes  to  supply  by  future  experiments, 
and  leaves  it  to  more  skilful  mathematicians  to  render  some 
other  parts  of  the  theory  still  more  complete.  lie  prohably 
found  that  the  necessity  of  the  experiments,  which  he  iiitcndcd 
to  pursue,  was  afterwarcl?  superseded  by  those  of  Lord  .Suiiliope 
and  M.  Coulomb  ;  but  he  had  carried  the  mathematicxil  inves- 
tigation somewhat  further  at  a  later  period  of  his  life,  though 
he  did  not  publish  his  papers  :*  an  omission,  however,  which  is 
the  less  to  be  regretted,  as  M.  Poisson,  assisted  by  all  the 
improvements  of  modem  analysis,  has  lately  treated  th«  same 
subject  in  a  very  masterly  manner.  The  acknowledged  imper- 
fections, in  some  parts  of  Mr.  Cavendish's  demonstrative  rea- 
soning, have  served  to  display  the  strength  of  a  judgment  and 
sagacity  still  more  admirable  than  the  plodding  labours  of  an 
automatical  calcuhitor.  One  of  the  corollariee  seems  at  first 
si^t  to  lead  to  a  mode  of  distinguishing  positive  from  negative 
electricity,  which  is  not  justified  by  experiment;  but  the 
ftllacy  appears  to  be  referable  to  the  very  comprehensive  dia- 
racter  of  the  author's  hypothesis,  which  requires  some  little 
modification  to  accommodate  it  to  the  actual  circumstances  of 
tlic  electric  fluid,  as  it  must  be  supposed  to  exist  in  nature. 

4.  A  Report  of  the  Committee  apjwinted  bf/  the  Royal  Socief  t/y 
to  consider  of  a  Method  for  sccurinf/  the  Powder  Matjazine  at 
Purfleet.  (Phil.  Trans.  i773,  p.  42.  Additional  Letter,  p.  G6.) 
Mr.  Cavendish,  and  most  of  his  colleagues  on  the  committee, 
recommended  the  adojjtion  of  pointed  conductors.  Mr,  Wilson 
protested,  and  preferred  blunt  conductors  :  but  the  committee 
persist-ed  in  their  opinion.  I>ater  experiments,  however,  have 
shown  that  the  point  in  dispute  between  them  was  of  little  moment. 

♦  It  is  generally  understood  that  .Sir  W  illiam  ^iwvi  liarrus,  the  eminent  electrician. 
It  CBgiged  in  tile  pnbliaiUon  of  theae  inportant  |Mpers.->iVole  Ay  Editor » 
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5.  Account  of  some  Attempts  to  imitate  the  Effects  of  the 
Torpedo  by  Electricity.  {Phil.  Trans.  1776,  p.  196.)  The 
peculiarity  of  these  effects  is  shown  to  depend  in  some  measure 
on  the  proportional  conducting  powers  of  the  substances  con- 
cerned, and  on  the  quantity  of  electricity,  as  distinguished  from 
its  inteuBity.  Iron  is  found  to  conduct  400  million  times  as 
well  as  pore  water,  and  sea  water  720  times  as  well ;  and  the 
path  chosen  by  the  electric  fluid,  depending  on  the  nature  of  all 
ibe  substances  witbin  its  reach,  an  animal,  not  immediately 
situated  in  the  curcuit,  will  often  be  affeisted  on  account  of  the 
fiunlity  with  wbicb  animal  substances  in  general  conduct  Uie 
fluid«  The  shock  of  a  torpedo^  producing  a  strong  sensation, 
but  incapable  of  being  conveyed  by  a  chain,  was  Instated  by  the 
effect  of  a  weak  charge  of  a  very  large  battery :  and  an  artift* 
cial  torpedo  of  wood  being  made  a  part  of  the  circuit,  the  shock 
diffused  itself  very  })erceptibly  tlirough  the  water  in  wliich  it 
was  placed ;  but  the  experiment  succeeded  better  when  the 
instrument  was  made  of  wet  leather,  which  conducts  rather 
better  than  wood,  the  battery  being  more  highly  charged  in 
proportion  to  the  increase  of  conducting  power. 

6.  An  Account  of  the  Meteorological  Instruments  used  at  the 
Royal  Society  8  House.  {Phil.  Trans.  1776,  p.  375.)  Of 
the  thermometers  it  is  observed,  that  they  are  acyusted  by 
surrounding  the  tubes  with  wet  cloths  or  with  steam,  and  barely 
immersing  the  bulbs  in  the  water,  since  a  ▼ariation  of  two  or 
three  degrees  win  often  occur  if  these  precautions  are  neg- 
lected. For  the  correction  of  the  heights  of  barometers  we 
have  Lord  Charles  Cavendish's  table  of  the  depression  arising 
ham  capillary  action.  The  variation-compass  was  found  to 
eshitnt  a  deriation  from  the  meridian  15*  greater  in  the  boose 
of  the  Royal  Society  than  in  an  open  garden  in  Marlborough 
Street;  there  was  also  a  mean  error  of  about  7'  in  the  indica- 
tions of  the  dipping-needle,  but  it  was  difficult  to  ascertain  the 
dip  without  being  liable  to  an  irregularity,  which  often  amounted 
to  twice  as  much. 

7.  Report  of  the  Committee  appointed  to  consider  of  the  best 
Method  of  adjusting  Tfiermometers.  {Phil.  Trans.  1777,^.810,) 
This  paper  is  signed  by  Mr.  CaYendish  and  six  other  members, 
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but  it  is  prinoi{);illy  a  continuation  of  the  preceding.  It  contains 
very  accurate  rules  for  the  determination  of  the  boiling  poiat» 
and  tables  for  the  correction  of  unavoidable  deviations  from 
them :  eatablishing  29.8  inches  aa  the  proper  height  of  the  ba- 
rometer for  inalvlng  the  experiment,  if  only  steam  be  emplojedy 
and  29.5  if  the  ball  be  dipped  in  the  water ;  but  with  all  pracan- 
tions,  oocasional  variatioiis  of  half  a  degree  were  foond  in  tlie 
results. 

8.  An  Aecouni  tf  a  New  EudumuUr.  (Phil,  TWmt.  1783, 
p.  ion.)  Mr.  Cavendish  was  aware  of  the  great  difl^erenc*-  in 
the  results  of  eudiometrical  experiments  witli  nitn(u>  jzas.  or 
nitric  oxyd,  according  to  the  different  modes  of  mixing  the 
elastic  fluids  ;  and  he  justly  attributes  them  to  the  different 
degrees  of  oxygenization  of  the  acid  that  is  formed.  But  he 
found  that  when  the  method  employed  was  the  same,  the  results 
were  perfectly  uniform ;  and  he  ascertained  in  this  manner  that 
there  was  no  sensible  difierence  in  the  constituent  parts  of  the 
atmosphere  under  circumstanoes  the  most  dissimilar :  the  air  of 
London,  with  all  its  fires  burning  in  the  winter,  a])pearing 
equally  pure  with  the  freshest  breexes  of  the  oounfay.  He 
also  observed  the  utility  of  the  sulphureta  of  potass  and  of  iron  for 
procuring  phlogisticated  air;  but  he  does  not  seem  to  liave  em- 
ployed them  as  tests  of  the  quantity  of  this  gas  contained  in  a 
given  mixture. 

9.  Observations  on  Mr.  Ilutchins's  ExperimetiU  for  deter- 
mining  the  degree  of  Cold  at  which  Quicksilver  frcezei,  {PhiL 
Trans,  1783,  p.  303.)  In  experiments  of  this  kind,  many  pn^ 
cautions  are  necessary,  principally  on  account  of  the  eontractioo 
of  the  metal  at  the  time  of  its  congelation,  which  was  Ibund  to 
amount  to  about  of  its  bulk ;  and  the  results  which  haA  been 
obtained  were  also  found  to  require  some  corrections  tor  the 
errors  of  the  scales,  whidi  reduced  the  degree  of  cold  obser>  ed 
to  a9^  below  the  zero  of  Fahrenheit,  or  71**  below  the  freezin*' 
ix)int,  answering  to  — 3^.4  '  of  the  centesimal  scale.  In  speaking 
of  the  evolution  of  heat  during  congelation,  he  calls  it  '* gene- 
rated "  hy  the  substances,  and  observer,  in  a  note,  Dr. 
Black's  hypotbesisof  capacities  depends  on  the SUppositioo  that 
the  heat  of  bodies  b  owing  to  their  containing  mora  or  less  of  a 
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»iih?tAnce  called  the  mattor  of  heat ;  and  as'*  he  thinks  "Sir 
Isaac  Newton's  opiiiidii,  that  licat  con!*i?t5  in  the  int«Tiial  motion 
of  the  jmrtieh's  of  hiwlies,  nuich  the  most  prohal^le,"  he  clioos^'s 
**  to  UM'  the  expression  heat  is  generated,"  in  onier  to  avoid 
Ibe  appearance  of  adopting  the  more  modem  hypothesis ;  and 
this  persuasion,  of  the  non-existence  of  elementary  heat,  be 
repeats  in  hia  next  paper.  It  is  remarkable  that  one  of  the 
fifit  of  Sir  Humphi^  Davy's  objects,  at  the  very  beginning  of 
his  siqgiilarly  brilliant  career  of  refined  infestigstioD  and  forta- 
nale  diseofery,  was  the  confirmation  of  this  almost  forgotten 
opmien  of  Mr.  Cavendish ;  and  for  this  purpose  he  derised  the 
very  ingenious  experiment  of  melting  two  pieces  of  ice  by  thdr 
mutual  friction  in  a  room  helow  the  freezing  temperature, 
whidh  is  certainly  incoinpatihle  with  the  common  doctrine  of 
caloric,  unless  we  admit  that  caloric  could  Ixave  existed  in  the 
ncigh()ounng  bodies  in  the  fonn  of  cold,  or  of  something  else 
that  ooold  be  converted  into  caloric  by  the  operatoi ;  and  this 
traaimiitation  wonld  still  be  nearly  synonymons  with  genera- 
tioo,  in  the  sense  here  intended.  However  this  may  be,  it  ia 
certain  that,  notwithstanding  all  the  experiments  of  Count 
Ramibrd,  Dr.  Haldalt,  and  others,  Sir  Humphry  has  been  lest 
floecessfol  in  perstmding  hb  contemporaries  of  the  tmth  of  Mr. 
Csrendiih's  doi-trine  of  heat,  than  in  estahlishiiig  the  prohabi- 
lily  of  his  opinions  respecting  the  muriatic  acid. 

10.  Erp^rimnitf  on  Air.  { Phil.  Trans  17M,  p.  119.)  This 
pa|K  r  cotiUiins  an  account  of  two  of  the  greate^^t  discoveries  in 
chemistry  that  have  ever  yet  been  made  public — the  coniposi- 
tioo  of  water,  and  that  of  the  nitric  acid.  Tlie  author  firrt 
calaUisbes  the  radical  difoeuce  of  hydrogen  from  nitrogen  or 
asole ;  he  then  proceeds  to  relate  his  experiments  on  the  com- 
bostioQ  of  hydrogen  with  oxygen,  which  had  partly  been  sog- 
gnted  by  a  cveory  observatioo  of  Mr.  Waritire,  a  Lecturer  on 
Natural  Philosophy,  and  wMdi  prove  tfiat  pure  water  b  the 
refult  of  the  process,  provided  that  no  nitrogeu  be  present.* 

•  M.  Arif*,  in  Kii  Elo^j*  of  Wiilt,  attfinj  t.  I  t.>  lf-:\ii-I>r  to  tint  j>h.!' '«>>j>hfr  ff-« 
liXlU  #f  IKm  tTHi  diaooT^rr,  and  thits  save  iim  to  a  v  chMiMOt  cuotrovrrtr,  whit  h 
hm  UniMl^  mi  cvorlinihrtlf  wltl«l  in  ftvoor  of  Cavfodiab  Dr.  WilMH,  of 
lUmbwgli.        lot  Life  W  €«v«odish,  1051.— .V«4c  hy  Oe  BdUtr, 
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These  experiments  were  first  made  in  1781,  and  were  then  men- 
tioned to  Dr.  Prioslley ;  and  when  they  were  first  communi- 
cated to  Lavoisier,  he  found  some  difiiculty  in  believing  them 
to  be  accurate.  Hie  second  aeries  of  experiments  demonslnites 
that  when  phlogisticated  air,  or  nitrogen,  is  present  in  the  pro- 
cess, some  nitric  acid  is  produced ;  and  that  this  acid  may  be 
obtained  from  atmospheric  air  by  the  repeated  operatioo  of  the 
electrical  spark. 

It  has  been  supposed  by  one  of  Mr.  Cavendish's  biogmplkers* 
that  if  Mr.  Kurwan,  instead  of  opposing,  had  adopted  his  che- 
mical opinions,  he  would  never  have  been  obliged  to  yield  to 
hu  Frendi  antagomsts,  and  the  andphlogistic  theory  would 
never  have  |^ed  ground."  But  in  this  supposition  there 
seems  to  be  a  little  of  national  prejudice.  Mr.  Cavendish  by 
no  means  dissented  from  the  whole  of  the  antiphlogistic  theory  ; 
and  in  this  paper  he  has  quoted  Lavoisier  and  Scheele  in 
terms  of  approbation,  as  having  suggested  the  opinion  "  that 
dephlogisticated  and  phlogisticated  air  are  (juite  distinct  sub- 
stances, and  not  differing  only  in  their  degree  of  ])lilogistiaition, 
and  that  common  air  is  a  mixture  of  the  two."  He  afterwards 
mentions  several  memoirs  of  Lavoisier  in  which  phlogiston  is 
entirely  discarded ;  and  says  that  "  not  only  the  foregoing 
experiments,  but  most  other  phenomena  of  nature,  seem  expli- 
cable as  well,  or  nearly  as  well,  upon  this  as  upon  the  commonly 
believed  principle  of  phlogiston;"  and  after  stating  a  slight 
conjectural  objection,  derived  from  the  chemical  constitution 
of  regetables,  he  pfoceeds  Bnally  to  observe,  that  **  Lavoisier 
endeavours  to  prove  that  dephlo|^ticated  air  is  the  adding 
principle this  »  no  more  than  saying,  that  adds  lose  their 
acidity  by  uniting  to  phlogiston,  which,  with  r^^  to  the 
nitrous,  vitriolic^  phosphoric,  and  arsenical  acids,  is  certamly 
true,  and  probably  with  regard  to  the  add  of  sugar ;  but  as 
to  the  marine  add,  and  acid  of  tartar,  it  does  not  appear  that 
they  are  capable  of  losing  their  acidity  by  any  union  with  phlo- 
giston "  and  the  acids  of  sugar  and  tartar  become  even  less 
acid  by  a  further  dephlogistieation.  Tt  is  obvious  that  this 
argument  amounts  only  to  an  exci'ption,  and  not  to  a  total 
denial  of  the  truth  of  the  theory :  M.  Cuvier  has  even  ast^erted 
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that  the  aatiphlogistic  theory  derived  its  first  origin  from  one 
great  discovery  of  Mr.  Cavendish,  that  of  the  nature  of  hydrogen 
gas,  and  owed  its  complete  establishment  to  another,  that  of 
the  composition  of  water :  but  it  would  be  unjust  to  deny  to 
Lavoisier  the  merit  of  coonderable  oiiginafity  in  his  doctrines 
respecting  the  oomkinatioDs  of  oxygen;  and  however  he  may 
have  been  partly  anticipated  by  Hooke  and  Mayow,  it  was 
certainly  from  him  that  the  modem  English  chemists  imme- 
diately derived  the  true  knowledge  of  the  coostitntioo  of  the 
atmosphere,  which  they  did  not  admit  without  some  hesitation, 
but  which  they  did  ultimately  admit  when  they  found  the  evi- 
dence irresistible.  On  the  other  hand,  it  has  been  sufficiently 
established,  since  Mr.  Cavendish's  death,  by  the  enlightened 
researches  of  the  most  original  of  all  chemists,  that  Lavoisier 
had  carried  his  generalization  too  far;  and  it  must  ever  be 
remembered,  to  the  honour  of  Mr.  Cavendish,  and  to  the 
credit  of  this  country,  that  we  had  not  all  been  seduced,  by  the 
dazzling  semblance  of  universal  laws,  to  admit  facts  as  demon- 
strated which  were  only  made  plausible  by  a  slight  and  imper- 
fect analogy. 

11.  Afumer  to  Mr»  Kirwan^M  lUmarkM  upon  th»  ExpaiamiM 
on  Air.  (FML  TVont.  1784,  p.  170.)  Mr.  Kirwan,  relying 
on  the  results  of  some  inaccurate  experiments,  had  objected  to 
those  ooodusions  which  form  the  principal  basis  of  the  antiphlo- 
gistic theory.  Mr.  CavendBsh  repeated  such  of  these  experi- 
ments as  seemed  to  be  the  most  ambiguous,  and  repelled  the 
objections ;  showing,  in  particular,  that  when  fixed  air  was 
derived  from  the  coinbii3tion  of  iron,  it  w^as  only  to  be  referred 
to  the  plumbago,  shown  by  Berguiann  to  exist  in  it,  which  was 
well  known  to  be  capable,  in  common  with  other  carbonaceous 
substances,  of  affording  fixed  air. 

12.  ExperitnmiU  on  Air.  {Phil  Trans.  1785,  p.  372.)  The 
discovery  of  the  composition  of  the  nitric  add  is  here  further 
established ;  and  it  is  shown  that  the  whole^  or  very  nearly  the 
whole  of  the  unra^irahle  part  of  the  atmosphere  is  convertible 
into  this  add,  when  mixed  with  oxygen,  and  subjected  to  the 
operation  of  the  electric  spaik :  llie  fixed  air,  sometimes  ob- 
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tained  during  the  process,  being  wholly  dependent  on  the 
presence  of  some  organic  substances. 

13.  An  Account  of  Experiment$  made  by  Mr.  John  Macnab^ 
at  Ilenleij  Jiouse^  Hudson's  Bay,  rekUing  to  Frmzing  Muturtt* 
(FhU.  2Vwu.  1786.  p.  241.)  From  these  e&perimentB  Mr. 
Cavendish  infers  the  existence  of  two  distinct  species  of  oonge- 
lation  in  mixed  liquids,  which  he  caUs  the  Aqneons  and  Spi- 
ritnons  Congelationsi,  and  of  several  alternations  of  easy  uid 
difficult  congelation  when  the  strengUi  is  varied,  both  in  the 
case  of  the  mineral  acids  and  of  spirit  of  wine.  Hie  greatest 
degree  of  cold  obtained  was  — 78i\ 

14.  An  Account  of  Experiments  made  by  Mr.  John  Macnab, 
at  Albany  Fort,  Hudson  s  Bay,  {Phil.  Trans.  1788,  p.  IGG.) 
The  points  of  easy  congelation  are  still  further  investigated, 
and  illustrated  by  comparison  with  Mr.  Keir's  experiments  on 
the  sulphuric  acid.  It  was  found  that  the  nitric  acid  was  only 
liable  to  the  aqueous  congelation,  when  it  was  strong  enoui^h 
to  dissolve  ith  of  its  weight  of  marble ;  and  that  it  had  a  point 
of  easy  congelation,  when  it  was  capable  of  dissolving  iWr*  the 
frozen  part  exhibiting,  in  other  cases,  a  tendency  to  approach 
to  this  standard.  Mr.  Keir  had  found  that  sulphuric  acid,  of  the 
spedfie  gravity  1.78,  froze  at  46%  and  that  it  had  another 
msV"""  when  it  was  very  highly  concentrated. 

15.  On  the  Ornvgrsion  of  a  Muetmn  of  DqihhffUtieaitd  ctnd 
Fhbffittieated  Air  into  NUrie  Jeid,  hf  the  EUetrie  Shock 
(PhiL  Drain.  1788,  p.  261.)  Some  difficulties  having  occurred 
to  the  Continental  chemists  in  the  repetition  of  this  experiment, 
it  was  exhibited  with  periect  success,  by  Mr.  Gilpin,  to  a  num- 
ber of  witnesses.  This  was  an  instance  of  condescension,  which 
could  scarcely  have  been  expected  from  the  complete  convic- 
tion, which  the  author  of  the  discovery  must  have  felt,  of  his 
own  accuracy,  and  of  the  nece.*^sity  of  the  establishment  of 
his  discovery,  when  time  should  have  been  afibrded  for  its 
examination. 

16.  On  the  Height  of  the  Luminous  Arch,  which  was  seen  on 
Feb,  23,  1784.  (Phil.  Trans.  1790,  p.  101.)  Mr.  Cavendish 
conjectures  that  the  appearance  of  such  arches  depends  on  a 
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diflliised  liglit,  resembling  the  aurora  borealis,  spread  into  a 
flattened  space,  contained  between  two  planes  nearly  vertical, 
and  only  Tkible  in  the  directioa  of  its  breadth :  so  that  they 
are  never  seen  at  places  far  remote  from  the  direcfcioD  of  the 
snrfiioe ;  and  hence  it  is  difficult  to  procure  obeenratioos  snffi- 
dendy  aocnrate  fat  determining  their  hei^iti  upon  bo  short 
a  base :  bat  in  the  present  instanoe  there  is  reason  to  believe 
that  the  h«c^t  mnst  have  been  between  52  and  71  miles. 

17.  OniheChayettr<fihtSindoot,andit$Dm9u^ 

an  AcamiU  of  three  Almanaes  hthmging  to  Charlee  IFtfUtW,  Etq. 
(PM.  TVoTtf.  1792,  p.  383.)  The  subject  of  this  paper  is 
more  intricate  than  generally  interesting ;  but  it  may  serve  as 
a  specimen  of  the  diligence  which  the  author  employed  in  the 
investigation  of  every  point  more  or  less  immediately  connected 
with  his  favourite  objects.  The  month  of  the  Hindoos  is  lunar 
in  its  duration,  but  solar  in  its  commencement ;  and  its  periods 
are  extremely  complicated,  and  often  different  for  different 
geographical  situations :  the  day  is  divided  and  subdivided 
sezagesinially.  The  date  of  the  year,  in  the  epoch  of  the  Kalee 
Yug,  expreases  the  ordinal  number  of  years  elapsed,  as  it  is 
usual  with  our  astronomers  to  reckon  their  days:  so  that  tiie 
year  100  would  be  the  beginning  of  the  second  century,  and 
not  the  lOOdi  year,  or  the  end  of  the  first  century,  as  in  the 
European  calendar:  in  the  same  manner  as,  m  astronomical 
language,  1817  December  did.  18h.  means  rix  o'dock  in  the 
morning  of  the  Ist  of  January  1818. 

18.  Experiments  to  determine  the  Deiuity  of  the  Earth, 
{Phil.  Trans.  1798,  p.  469  )  The  apparatus,  with  which  this 
highly  important  investigation  was  conducted,  had  been  invented 
and  constructed  many  years  before  by  the  Reverend  John 
Michell,  who  did  not  live  to  perform  the  experiments  for  which 
he  intended  it.  Mr.  Cavendish,  however,  by  the  accuracy  and 
perseverance  with  which  he  carried  on  a  course  of  observations 
of  so  delicate  a  nature,  as  well  as  by  the  skill  and  judgment 
with  which  he  obviated  the  many  unforeseen  difficulties  that 
occurred  in  its  progress,  and  determined  the  correetums  of 
various  kinds  which  it  was  necessary  to  apply  to  the  results, 
has  deserved  no  less  gratitude  from  the  cultivator  of  astro- 


Diyitizea  by  ^OOglc 


458 


BIOGBAI'UIES  OF  UEH  OF  SCIK.VGB.      No.  LXVILL 


nomy  and  geography,  than  if  the  idea  had  originally  been  his 
own.  The  method  employed  was  to  suspend,  l)y  a  vertical 
wire,  a  horizontal  bar,  having  a  leaden  ball  at  each  end  ;  to 
determine  the  magnitude  of  the  force  of  torsion  by  the  time 
occupied  in  the  lateral  vibrations  of  tlie  bar ;  and  to  mcaaure 
the  extent  of  the  change  produced  in  its  situation  by  the  attrac- 
tion of  two  large  masBes  of  lead,  placed  on  opposite  sides  of  tbe 
case  oontainiog  the  apparatus,  so  that  thb  attraction  nugM 
be  compared  with  the  wmght  of  the  halls,  or,  in  other  woHa, 
with  the  attraction  of  the  earth.  In  this  manner  the  mean  den- 
sity of  the  earth  was  found  to  be  5}  times  as  great  as  that  of 
water  ;  and  although  this  is  considerably  more  than  had  been 
inferred  from  Dr.  Maskelyne*s  observations  on  the  attraction  of 
Sliehallion,  yet  the  experiments  agree  so  well  wiili  each  other, 
that  we  can  scarcely  suppose  any  material  error  to  have  affected 
them.  Mr.  Michell's  apparatus  resembled  that  which  M. 
Coulomb  had  employed  in  his  experiments  on  magnetism,  but 
be  appears  to  have  invented  it  before  the  pubUcation  of  M. 
Coulomb's  Memwrs. 

19.  On  on  In^proud  Method  of  DividUig  Attromomical  ht" 
$trunmi8.  {Phil.  Trans,  1809,  p.  2S1.)  The  merits  of  tUa 
improvement  have  not  been  very  highly  appredated  by  those 
who  are  in  the  habit  of  executing  the  divisions  of  circular  arcs. 
It  consists  in  a  mode  of  employing  a  microscope,  with  its  cros^ 
wires,  as  a  substitute  for  one  of  the  points  of  a  beam  conipajAS, 
while  another  point  draws  a  faint  Hue  on  the  face  of  the  instni^ 
ment  in  the  usual  manner.  The  Duke  de  Chaulnes  had  before 
used  microscopical  sights  for  dividing  circles ;  but  his  method 
more  nearly  resembled  that  whieli  has  been  brought  forwanls 
in  an  improved  form  by  Captain  Kater ;  and  Mr.  Cavendish, 
by  using  a  single  microscope  only,  seons  to  hare  sacrificed 
some  advantages  wldcb  the  other  methods  appear  to  possess: 
but  none  of  them  ha»been  very  fairly  tried ;  and  our  artists  bavn 
hitherto  continued  to  adhere  to  the  modes  which  they  had  pre- 
viously adopted,  and  which  it  would  perhaps  have  been  difllcnlt 
for  them  to  abandon,  even  if  tlicy  had  been  convinced  of  tbe 
advantages  to  be  gained  by  i^oine  partial  improvements. 

Such  were  the  diversified  labours  of  a  philosopher,  who  pos- 
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sessed  a  clearness  of  comprehension  and  an  acuteness  of  reason- 
ing which  had  been  tljc  lot  of  very  few  of  his  predecessoi^s  since 
the  days  of  Newton.  Maclaurin  and  Waring,  perhaps  also 
Stirling  and  Landen,  were  incomparably  greater  matbematt- 
cians ;  but  none  of  them  attempted  to  employ  their  powers  of 
investigatioD  in  the  pursuit  of  physical  discovery :  £uier  and 
Lagrange,  on  the  Continent,  had  carried  the  improvements  of 
analytical  reasoning  te  an  unparalleled  extent,  and  they  both, 
as  well  as  Daniel  Bemonlli  and  D'Alembert,  applied  these 
powers  with  marked  soocess  to  the  solntion  of  a  great  ▼ariety 
.of  problems  in  mechanios  and  in  astronomy ;  but  they  made 
no  experimental  disooreiies  of  importance :  and  the  splendid 
career  of  chemical  mfestigation,  which  has  since  been  pursued 
with  a  degree  of  success  so  unprecedented  in  history,  may  be 
said  to  have  been  first  laid  open  to  mankind  by  the  labours  of 
Mr.  Cavendish ;  although  the  further  discoveries  of  Priestley, 
Selieele,  and  Lavoisier,  soon  furnished,  in  rapid  succession,  a 
superstructure  commensurate  to  the  extent  of  the  foundations 
80  happily  laid.  "  Whatever  the  sciences  revealed  to  Mr. 
Cavendish,"  says  Cuvier,  "  appeared  always  to  exhibit  some- 
thing of  the  sublime  and  the  marvellous ;  he  weighed  the  earth ; 
he  rendered  the  air  navigable  ;  he  deprived  water  of  the  quality 
of  an  element  and  he  denied  to  fire  the  character  of  a  sub- 
stance. **  The  deamess  of  the  cTidence  on  which  he  established 
his  discoveries,  so  new  and  so  unexpected  as  they  were,  is  still 
more  astonishing  than  the  fiicts  themselviw  which  he  detected ; 
and  the  works,  in  wUch  he  has  made  them  public,  are  so  many 
master-pieces  of  sagadty  and  of  methodical  reasoning;  each 
perfect  as  a  whole  and  in  its  parts,  and  leaving  nothing  for  any 
other  hand  to  correct,  but  rising  in  splendour  with  each  succes- 
sive year  that  passes  over  them,  and  promising  to  carry  down  his 
name  to  a  posterity  far  more  remote  than  his  rank  and  connec- 
tions could  ever  have  enabled  him  to  attain  without  them." 

In  his  manners  Mr.  Cavendish  had  the  appearance  of  a  quick- 
ness and  sensibility  almost  morbid,  united  to  a  slight  hesitation 
in  his  speech,  which  seems  to  have  depended  more  on  the  con- 
stitution of  his  mind  than  on  any  deficiency  of  his  organic 
Dowers,  and  to  an  air  of  timidity  and  reserve,  which  sometimes 
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afforded  a  oootrast,  almost  ludicrous,  to  the  sentimentB  of  pro- 
found respect  which  were  professed  by  those  with  whom  he 
couTersed.  It  is  not  impossible  that  he  may  have  been  indebted 
to  his  love  of  severe  study,  not  only  for  the  decided  superiority 
of  his  Acuities  to  those  of  the  generaliQr  of  mankind,  but  even 
for  his  exemption  from  abeolnte  eccentricity  of  character.  His 
person  was  tall,  and  rather  thin :  his  dress  was  singularly 
uniform,  although  sometimes  a  litUe  neglected.  Wb  pursuits 
were  seldom  interrupted  by  indisposition;  but  he  suflbred 
occasionally  from  calculous  complaints.  His  retired  habits  of 
life,  and  his  disregard  of  popular  opinion,  appear  to  have 
lessened  the  notoriety  which  might  otherwise  have  attached  to 
his  multiplied  successes  in  science  ;  but  his  merits  were  more 
generally  underst(X)d  on  the  Continent  than  in  this  country ; 
although  it  was  not  till  he  had  passed  the  age  of  seventy,  that 
he  was  made  one  of  the  eight  Foreign  Associates  of  the  Institute 
of  France. 

Mr.  Cavendish  was  no  less  remarkable  in  the  latter  part  of 
his  life,  for  the  immense  accumulation  of  his  pecuniary  property, 
than  for  his  intellectual  and  scientific  treasures.  His  father 
died  in  1783;  being  at  that  time  eighty  years  old,  and  the 
semor  member  of  the  Boyal  Society :  but  he  is  said  to  have 
snooeeded  at  an  earlier  period  to  a  considerable  inheritance  left 
him  by  one  of  his  nndes.  He  prindpally  resided  at  Clapham 
Common ;  but  his  library  was  latterly  at  his  house  in  Bedford 
Square ;  and  his  books  were  at  the  command  of  all  men  of 
letters,  either  pmynally  known  to  him,  or  recommended  by  his 
friends:  indeed  the  whole  arrangement  was  so  impartially 
methodical,  that  he  never  took  down  a  book  for  hb  own  use, 
without  entering  it  in  the  loan  book;  and  after  the  death  of  a 
German  gentleman,  who  had  been  his  librarian,  he  appointed  a 
day  on  which  he  attended  in  person  every  week  for  the  accom- 
modation of  the  few,  who  thought  themselves  justified  in  apply- 
ing to  him  for  such  books  as  they  wished  to  consult.  He 
was  constantly  present  at  the  meetings  of  tlie  Royal  Society,  as 
well  as  at  the  conversation-j  held  at  the  house  of  the  President ; 
and  lu'  dined  every  Thiir-^day  with  the  club  composed  of  its 
membere.    Ue  had  little  intercourse  with  general  society,  or 
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even  with  liis  own  family,  and  saw  ualy  once  a  year  the  penon 
whom  he  had  made  hit  principal  heir.  He  is  said  to  have 
Msisled  several  young  men,  whose  talents  recommended  them 
to  his  notice,  in  obtainbg  estahlishmentsin  \»h ;  hat  in  his  later 
ye«i»  socfa  instances  were  certainly  very  rare.  His  tastes  and 
his  pleesores  do  not  seem  to  have  heen  in  uuson  irith  those, 
which  are  bes^  adapted  to  the  generality  of  mankind ;  and 
amidst  die  abmidanoe  of  all  the  means  of  aoqairing  every 
earthly  enjoyment,  be  must  have  wanted  that  sympathy,  which 
alone  is  capable  of  redoubling  our  delight t»,  by  the  consciousncfst* 
that  we  share  thein  in  common  with  a  raiiltitiule  of  our  friends, 
and  of  enliaiieiiig  the  beauties  of  all  the  bright  prospects  that 
surround  us,  when  they  are  still  more  highly  emb<>lH.«ihed  by 
n*Heetion  "from  looks  that  we  love."  He  could  have  had  no 
limitation  eith«'r  of  comfort  or  of  luxury  to  stimulate  him  to 
exertion  ;  even  his  riches  must  have  dej)rived  him  of  the  gratiti- 
cation  of  believing,  that  each  new  triumph  in  science  might 
promote  the  attainment  of  some  great  object  in  life  that  he 
earnestly  desired;  a  gratification  generally  indeed  illusosy, 
hot  which  docs  not  cease  to  beguile  ns  till  we  become  callons 
as  well  to  the  pleasures  as  to  the  sorrows  of  existence.  But  in 
the  midst  of  this  **  painful  pre-emmenoe^"  he  nnist  still  have 
been  capable  of  efiteiiding  his  sensibili^  over  a  still  wider  field 
of  time  and  space,  and  of  looking  ibrwards  to  the  approbation 
of  the  wise  and  the  good  of  all  countries  and  of  aD  ages: 
and  he  must  have  enjoyed  the  highest  and  purest  of  all  intel- 
lectual pleasures,  ariding  from  the  consciousness  of  his  own 
eacellence,  and  from  tiie  eertamty  that,  sooner  or  later,  all 
mankind  roust  acknowledge  bis  claim  to  their  profuundcst 
rc»|>ecl  and  higliest  veneration. 

**  It  was  probably  either  tlie  reserve  of  his  manners."  says 
Cnvirr,  "  or  the  mo*i«>t  tone  of  his  writings,  that  procured  him 
the  uruommon  <listinrti(»u  of  never  having  his  repose  disturU'd 
cither  by  jealousy  or  by  critici>ni.  Like  his  great  eountrvnian 
Nc»U»n,  whom  he  resembled  in  ^o  many  other  n^juctj*,  he  died 
full  of  years  and  honours,  beloved  even  by  his  rivals,  res|MM*ted 
by  the  age  which  he  liad  enlightened,  celebrated  throughout  the 
scientific  worhl,  and  eshibitiog  to  mankind  a  perfect  model  of 
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what  a  man  of  science  ought  to  be,  and  a  splendid  example  of 
that  meoem,  which  is  so  eagerly  sought,  bat  so  seldom  o\h- 
taioed."   The  last  words  that  he  uttered  were  eharactoristio  of 

his  nnalterable  love  of  method  and  subordination :  he  had 
ordered  his  servant  to  leave  Iiim,  and  not  to  return  till  a  certain 
hour,  intending  to  pass  liis  latest  moments  in  the  tranquillity  of 
perfect  solitude :  but  the  servant's  impatience  to  watch  his 
master  diligently  having  induced  him  to  infringe  the  order,  he 
was  severely  reproved  for  his  indiscretion,  and  took  care  not  to 
repeat  the  oifence  until  the  scene  was  finally  closed.  Mr.  Caven- 
dish died  on  the  24th  of  February,  1810  ;  and  was  bnried  in  the 
family  vault  at  Derby.  He  left  a  property  in  the  fimds  of  about 
700,000/.,  which  he  divided  into  six  equal  parts,  giving  two  to 
Lord  Geoifie  Cavendish,  the  son  of  bis  first  cousin,  one  to  each 
of  his  sons,  and  one  to  the  Earl  of  Besborough,  whose  mother 
was  also  his  first  ooosin.  Some  other  personal  property  devolved 
to  Lord  George  as  residuary  legatee ;  and  a  landed  estate  of 
6,000/.  a  year  descended  to  his  only  brother,  Mr.  Frederic 
Cavendish,  of  Market  Street^  Herts,  a  sbgle  man,  and  of 
habits  of  life  80  peculiarly  retned,  that  any  fbrllier  inerease  of 
income  wonld  have  been  still  more  useless  to  him  than  it  had 
been  to  the  testator. 

Much  as  Mr.  Cavendish  effected  fer  the  promotion  of  physieal 
sdenoe  thronghont  his  life,  it  has  not  been  nmisnal,  even  for 
hb  warmest  admirers,  to  express  some  regret  that  he  did  not 
attempt  to  do  still  more  after  his  death,  by  the  appropriation 
of  a  small  share  of  his  immense  and  neglected  wealth,  to  the 
perpetual  encouragement  of  those  objects,  which  he  had  himself 
pursued  with  so  much  ardour.  But  however  we  might  be  dis- 
posed to  lament  such  an  omission,  we  have  snrely  no  reas<^)n  to 
complain  of  his  determination  to  follow  more  nearly  the  ordi- 
nary course  of  distribution  of  his  property,  among  those  whose 
relationship  would  have  given  them  a  legal  claim  to  the  succee* 
sion,  if  be  had  not  concerned  himself  in  directing  it  W'e  may 
observe  on  many  other  occasions,  that  the  most  sacoessful  culti- 
vators of  science  are  not  always  the  most  strenuous  promoters 
of  it  in  others;  as  we  often  see  the  most  ignorant  persons, 
having  been  rendered  sensible  by  experience  of  their  own 
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deficiencies,  somowliat  disposed  to  overrate  the  value  of  edu- 
cation, and  to  bestow  more  on  the  improvement  of  their  children 
than  men  of  profounder  learning,  who  may  possibly  have  felt 
the  insufficiency  of  their  own  arcomplishments  for  insuring 
success  in  the  worid.  Bat  eten  if  Mr.  Cavendish  had  been 
inclined  to  devote  a  large  share  of  his  property  to  the  establbh- 
ment  of  fellowsfaipB  or  professorships,  for  the  incitement  of  men 
of  talents  to  a  more  complete  devotion  of  their  lives  to  the  pnr- 
smt  of  science,  it  is  very  douhtfol  whether  he  could  have 
entertained  a  reasonable  hope  of  benefiting  his  country  by  such 
an  institution :  for  the  highest  motives  that  stimulate  men  to 
exertion  are  not  those  which  are  immediately  connected  with 
their  pecuniary  interests:  the  senators  and  the  statesmen  of  Groat 
Britain  are  only  paid  in  glory  ;  and  where  we  seek  to  obtain 
the  co-operation  of  the  best  educated  and  the  most  enlightened 
individuals  in  any  pursuit  or  profession,  we  must  hold  out  as 
incentives  the  possession  of  high  celebrity  and  public  respect ; 
assured  that  they  will  be  incomparably  more  effectual  than  any 
mercenary  considerations,  which  are  generally  found  to  detei^ 
mine  a  crowd  of  commercial  speculators  to  enter  into  competi- 
tioQ  for  the  proposed  rewards,  and  to  abandon  all  further 
concern  with  the  objects  intended  to  be  pursued,  as  sooo  as 
their  avarice  is  gratified.  To  raise  the  rank  of  science  ui  civil 
life  is  therefore  meet  essentially  to  promote  its  progress;  and 
when  we  compare  the  state,  not  only  of  the  scientific  associa- 
tioDs,  hut  also  of  the  learned  professions  in  this  country  and 
among  our  neighbours,  we  shall  feel  little  reason  to  regret  the 
total  want  of  pecuniary  patronage  that  is  remarkable  in  Great 
Britain,  with  respect  to  every  independent  department  of 
letters,  while  it  is  so  amply  compensated  by  the  greater  degree 
of  credit  and  respecUibility  attached  to  the  possession  of 
successful  talent.  It  must  not  however  be  denied,  that  even 
in  this  point  of  view  there  might  be  some  improvement  in  the 
public  spirit  of  the  country  :  Mr.  Cavendish  was  indeed  neither 
fond  of  giving  nor  of  receiving  praise ;  and  he  was  little  dis- 
posed to  enliven  the  intervals  of  his  serious  studies  by  the  pro- 
motion of  social  or  convivial  cheei-fulness :  but  it  would  at  all 
limes  be  very  easy  for  an  individual,  possessed  of  high  rank  and 
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ample  fbrtune,  of  oorreet  taste  and  elegant  mannen,  to  eonfer 
80  much  dignity  on  acienee  and  literature  hj  showing  personal 
testimonieB  of  reepect  to  acknowledged  merit,  as  greatly  to 

excite  tlic  laborious  student  to  the  unremitting  exertions  of 

patient  application,  and  to  rouse  the  man  of  brilliant  talent  to 
the  noblest  flights  of  genius. 
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LIFE  OP  SMITHSON  TENNANT. 

Smithson  Tennant,  a  distinguished  chemist,  born  at  Selhy, 
ill  Yorkshire,  30th  November,  1761,  was  the  only  child  of  the 
Rev.  Calvert  Tennant,  younger  son  of  a  respectable  fiiraily  in 
Wensley  Dale,  near  Richmond,  and  vicar  of  Selby ;  his  mother 
was  Mary  Daunt,  daughter  of  a  surgeon  of  that  town. 

His  father  had  been  a  fellow  of  St.  John's  College,  Cambridge, 
and  began  to  teach  his  son  Greek  when  he  was  only  five  yean 
old.  Ue  bad  the  misfortune  to  lose  him  four  yean  after ;  and 
before  he  grew  up,  bis  mother  also,  while  he  was  riding  with 
her,  was  thrown  from  her  horse  and  killed  on  the  spot.  He 
was  sent,  after  his  Other's  death,  to  diflerent  schools,  at  Soortoo, 
near  Rtchmond ;  Tadcaster,  and  Beverley;  in  these  he  was 
remembered  as  a  boy  retired  in  his  manners,  and  somewhat 
melaneholy,  and  indolent  with  respect  to  puerile  amusements. 
He  leaioed  but  little  at  school,  and  may  be  considered  as  in 
great  measure  self-educated;  having  been  fend,  almost  as  a  child, 
of  reading  books  of  science,  and  of  amusing  Iiimself  with  little 
experiments  which  he  found  described  in  them  ;  and  while  he  was 
at  school  at  Tadciidter,  he  took  great  delight  in  attending  a 
course  of  Walker's  lectures  on  experimental  philosophy  which 
were  given  there.  At  Beverley  he  was  under  the  care  of  Dr.  G. 
Croft,  who  had  made  himself  known  to  the  public  by  some 
controversial  writings  ;  here  he  never  entered  much  into  the 
punuits  of  his  contemporaries,  but  profited  by  a  good  library 
belonging  to  the  school ;  and  among  other  books  which  be  read 
with  avidity  was  Sir  Isaac  Newton's  TVaoltM  on  Optics, 

He  had  entertained  a  great  desire  to  complete  his  chemical 
studies  under  the  immediate  instruction  of  Dr.  Priestley,  who 
was  then  enjoying  deserved  reputation  for  his  reoeut  esperi- 
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mental  discoveries;  but  Dr.  PriesUey's  oocnpatioiiB  did  not 
penult  him  to  undertake  the  ta«k  of  directiiig  Ins  edncatioiit 
however  agreeable  it  might  have  been  to  him  to  have  aaaiated 
'audi  a  pupil.  In  the  mean  time  he  had  not  neglected  his 
classics,  but  had  acquired  a  sufficient  knowledge  of  the  learned 
languages  to  appreciate  with  correct  taste  the  beauties  of  the 
great  writers  of  antiquity.  Notwithstanding  his  admiration  for 
Dr.  Priestley,  he  was  an  early  convert  to  the  antiphlogistic 
theory  of  chemistry ;  which,  with  all  its  errors,  was  still  a 
material  step  in  the  advancement  of  science. 

In  1781  he  went  to  Edinburgh,  with  the  view  of  qualifying 
himself  for  the  profession  of  physic,  and  he  had  the  advantage 
of  attending  Dr.  Black's  lectures,  which  were  tiien  in  gi*eat 
reputation.  In  October,  178'i,  he  entered  as  a  pensioner  of 
Christ's  College,  Cambridge,  where  he  became  intimately 
acquainted  with  the  late  Professor  Harwood,  who  had  been  firrt 
a  surgeon  in  India,  but  having  lost,  by  the  misconduct  of  an 
agent,  the.  fortune  that  he  had  there  quired,  submitted  cheer- 
fbllj  to  the  toil  of  recommencing  his  career  as  a  pfayndan, 
thouf^  already  past  the  middle  age ;  his  talents  ibr  conversation 
were  sudi  as  were  extremely  likely  to  captivate  a  young  man 
of  superior  discernment;  and  he  formed  a  friendship  with 
Tennant  which  continued  uwntermpted  throughout  their  lives. 

At  Gunbridge  he  studied  a  little  of  the  mathematics,  in  the 
works  of  Newton,  but  much  more  of  chemistry  and  botany :  he 
already  began  to  exercise  his  inventive  powers  in  an  attempt  to 
economise  the  consumption  of  fuel  in  distillation,  which  he  did 
not  make  public  until  twenty  years  after,  though  he  mentioned 
it  at  the  time  to  some  of  his  friend?.  He  also  occupied  himself 
incessantly  in  general  and  csj)ecially  in  political,  reading, 
though  he  was  far  from  ha\ing  the  air  of  a  student;  ])ut 
his  rooms  were  always  in  confusion  from  the  mixture  of 
heterogeneous  materials  that  were  accumulated  in  them.  His 
residence  at  Cambridge  was  perhaps  the  happiest  time  of  his 
life;  his  spirits  unwearied,  his  health  unbroken,  his  feelings 
acute,  and  his  conversation  brilliant,  though  simple  and  unaf- 
fected. 

In  the  summer  of  1784  he  paid  a  visit  to  Denmark,  to  Sweden, 
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and  to  Scheefe,  whoie  aoquamtaiioe  extranely  deligjited  bim, 
and  miMt  of  all  from  the  anqitieity  of  the  apparatu  that  he 
employed  m  hia  reeearcfaes.  A  year  or  two  afterwarda  he  went 
to  France,  and  being  taken  ill  at  Paris,  he  was  joined  there  bj 
hb  friend  Sir  Basil  Harwood,  with  whom  he  retnined  throngh 
Holland  and  the  Netherlands,  at  the  time  that  the  bigoted  people 
of  the  how  Countries  were  in  insurrection  against  a  pliiloao- 
phical  lil^spot,  while  Holland  remained  free  and  prosperous. 

He  was  j)articnlarly  intimate  with  Dr.  Milner,  the  Master  of 
Queen's  College,  and  was  recommended  by  his  signature, 
together  with  those  of  ^^'aring,  Maskelyne,  Jebb,  and  Watson, 
as  a  Fellow  of  the  Royal  Society,  into  which  lie  was  admitted  in 
January,  I  765.  He  removed,  together  with  his  friend  Harwood, 
in  December,  1 786,  from  Christ's  College  to  Emmanuel,  and 
in  1 788  be  took  a  degree  of  Bachelor  of  Physic. 

In  17^1  he  comnnnioated  to  the  Royal  Society  hia  very 
interesting  discorery  of  a  mode  of  obtaining  carbon  from  the 
oarbonic  acid.  Having  observed  that  charcoal  did  not  deoom- 
poie  the  phosphate  of  lime,  be  concluded  that  phosphorus  oof^t 
to  deeompose  the  carbonate  of  lime*  and  the  resnlt  fully  justified 
hie  manner  of  reasoning. 

He  paid  a  third  Yisil  to  the  oontbent  m  1798,  intending  to 
go  on  through  Franoe  mto  Italy,  and  arrived  at  Paria  not  long 
before  the  10th  of  August ;  but  he  saw  some  indicatioBa  of  an 
impending  convulsion,  and  was  fortunate  enough  to  quit  Paris 
on  the  9th.  He  visited  Gibbon  at  Tjiwsanne,  and  was  mneh 
interested  in  the  eagacity  that  this  eminent  writer  displayed  in 
hb  eooversation.  He  went  on  to  Rome  and  Florence,  where 
he  was  fully  impresBed  with  all  the  admiration  that  he  had  been 
taught  to  anticipate  for  the  treasures  of  ancient  and  modern  art 
p<»r.*4's^Mi  by  those  cities;  and,  in  his  n-tnm  through  Germany, 
he  was  greatly  amused  by  tlie  mixture  of  knowledge  and 
credulity  that  he  olxserved  anu>nt;  the  fttudiouf  of  that  country. 
At  Paris  he  found  everytiutii;  enveloped  in  glooui  and  over- 
whelmed with  terror,  in  17y;J;  his  friend  Lametherie  was 
alarmed  by  the  viHit  which  he  paid  him,  but  he  Iiad  tiie  integrity 
to  presene  for  him  entire  9oroe  property  of  considerable  value, 
with  which  he  had  entrusted  him. 
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Upon  his  arrival  in  London,  Mr.  Tennant  took  chambers  in 
the  T(>niple,  and  was  in  the  habit  of  living  much  with  some 
of  his  early  acqnaintance,  who  bad  adojited  the  law  as  their 
profession;  to  hb  own  he  was  in  great  measure  indiffiBient, 
neither  seeking  to  practise  it,  nor  being  well  calculated  to  succeed 
greatly  in  it  with  the  public,  though  he  studied  it  with  attention, 
and  took  pains  to  make  lumself  master  of  its  lustory  and  its 
philosophy,  being  a  particular  admirer  of  Sydenham,  when  oon« 
sidered  in  relation  to  the  age  in  which  he  lived.  He  took  his 
degree'  of  Doctor  of  Physic  in  1796,  and  in  the  same  year  he 
gave  the  Royal  Society  a  paper  on  the  quantity  of  carbonic  acid 
afforded  by  the  diamond,  which  he  measured  by  heating  it  witli 
nitre,  and  obtaining  a  precipitate  by  the  addition  of  muriate 
of  lime ;  and  lie  found  tli.it  the  diamond  afVorded  no  more 
carbonic  acid  than  an  eciual  weight  of  charcoal.  A  sul)sequent 
communication  contained  the  result  of  liis  observatioos  on  the 
action  of  heated  nitre  on  gold  and  platina. 

The  love  of  travelling  appeared  to  be  his  predominant  passion  ; 
be  studied  in  bis  travels,  not  only  the  natural  and  political 
history  of  the  countries  that  he  saw,  but  also  their  languages, 
and  the  philosophy  of  their  etymologies.  He  observed,  too,  the 
peculiarities  of  their  agriculture,  and,  in  1 797,  lie  determined, 
after  visiting  an  agricultural  friend  in  Lincolnshire,  to  devote 
his  attention  to  practical  farming  as  a  serious  pursuit  He 
purchased  some  allotments  of  unenclosed  land  in  that  neigh- 
bourhood, but  he  left  the  management  of  them  chiefly  to  his 
friend,  and  made  afterwards  considerable  additions  to  the  pro- 
perty by  further  purchases.  In  1798  or  1799,  he  hon^t  a 
tract  of  newly  enclosed  land  on  the  Mendip  hilhf,  near  Chedder, 
where  he  built  a  house,  and  resided  for  some  months  etery 
summer  through  the  remainder  of  hb  life.  Tliese  speculationfl^ 
though  their  results  were  at  first  doubtful,  yet  succeeded 
remarkably  well  on  the  whole ;  more  especially  conndering  the 
benefit  that  his  health  derived  from  the  travelling  and  the 
exercise  that  they  rendered  ncccspary  :  but  they  occupied  too 
much  of  his  attention,  and  of  that  time  wliich  might  have  been 
employed  so  mucii  more  to  the  advantage  of  .the  public,  and  to 
his  own  ultimate  satisfactiou. 
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In  1799  he  gave  Ae  Royal  Society  a  paper  on  the  magnesian 
limeiloiie,  or  dolomite,  which  he  oonaders  as  rather  a  oombina* 
lion  than  an  accidental  mixture ;  and  the  forms  of  the  crystals, 
as  they  hare  been  determined  by  later  obserrers,  together  with 
the  laws  of  definite  proportions,  have  tended  to  confirm  tins 
conjecture ;  he  found  that  grain  will  scarcely  germinate,  and 
Boon  perishes,  when  sown  in  the  neutral  carhnnate  of  magiu  sia. 
In  18()"2  ho  puhlished  his  paper  on  emery,  wliich  he  showed  to 
he  a  suhstance  similar  to  the  corundum  or  adamantine  spar  of 
(Jhina,  and  not  an  ore  of  iron,  as  had  hfcn  commonly  supjwsiHi. 
In  the  month  of  July  he  was  making  some  experiments  on 
crude  platina,  when  he  dis<*overed  in  it  a  singular  dark 
powder,  which  was  left  undissolved  by  the  nitromuriatic  acid, 
and  which  was  also  observed  the  next  year  by  Messrs.  DesootUs 
and  Vauquelin.  In  1804  Mr.  Tenoant  showed  that  the  powder 
eontained  two  new  metals,  which  he  named  Indium  and  Osmium; 
and  he  reoeived  the  Copleian  medal  from  the  Royal  Society  in 
November,  as  an  acknowledgment  of  the  merit  of  his  ▼arious 
chemical  diaoowies.  In  1805  and  1806  be  paid  two  suooemiye 
fisits  to  Irehindy  by  way  of  SooCbuid,  one  of  tiiem  in  company 
with  Browne  the  tra?eller,  fiir  whom  he  had  a  high  esteem,  and 
So  whom  he  suggested  the  obsertation  of  the  tempemtore  of 
boilmg  water  as  a  nrade  of  determimng  the  heigbti  of  moun- 
taim;  a  method,  howefer,  which  had  been  long  befiire  itoom- 
mended  by  Achaid  and  others. 

He  became  latterly  more  fond  of  general  society  than  be  had 
l)een  in  his  earlier  years,  and  he  u-ed  to  receive  miscelUneous 
parties  at  his  ehamhcn*,  and  to  show  tlu  ni  prints,  and  minerals, 
an«i  novelties  of  various  kinds.  In  1812  he  was  |)ersuade<l  to 
convert  tlicnc  mixed  exhibitions  into  a  more  regular  course  of 
lecture-,  [)rincipally  uj)on  miiM'ralogy,  calculatiMl  c.s|MM-iHlIy  for 
the  ladies  of  his  acc|uaintancc,  and  which  highly  deliulited  all 
his  audience:  *' 'Hieir  attention  was  |>erj>etualiy  kept  alive  by 
the  spirit  and  variety  with  which  every  topic  was  discussed,  by 
anecdotes  and  quotations  happily  introduced,  by  the  omamcnta 
of  a  powerful  but  chastised  imagination,  and,  above  all,  by  a 
peculiar  vein  of  pleasantry,  at  once  original  and  delicate,  with 
which  he  ooold  animals  and  embellish  the  most  mipromislng 
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subjects;"— a  circumstance  which,  though  not  of  much  imme- 
diate importanoe  to  the  public,  yet  probably  led  him  the  more 
readily  to  accept  a  Professorship  at  Cambridge,  and  would 
thuBy  if  he  had  sanriTed  kmger,  ha^e  greatly  extended  the 
qphere  of  hk  utility. 

He  delivered,  m  1818^  a  lecture  on  mineralogy  to  tlie 
Geological  Society,  and  g»?e  tbem  also  an  aooount  of  his 
analyns  of  a  Toktnic  snlwtance  from  tlie  Lipari  Islands  con- 
taining  the  borado  add,  wUch  has  since  been  examined  on  the 
spot  by  Dr.  Holland.  In  the  month  of  May  he  was  elected 
Professor  of  Chemistry  in  the  University  of  Cambridge,  all 
opposition  having  been  withdrawn  before  the  election.  The 
following  spring  he  gave  his  first  and  last"  course  of  lectures 
there.  His  introductory  lecture  still  exists  in  manuscript,  and 
is  said  to  contain  a  masterly  sketch  of  the  history  of  the  science. 
He  communicated  to  the  Royal  Society,  in  1814,  a  paper  on 
the  easiest  mode  of  procuring  potassium,  and  another  on  the 
economy  of  heat  in  distillation,  proposing  to  heat  a  second 
boiler  by  the  coodensatioa  of  the  steam  of  the  first.  In  the 
spring  and  summer  of  this  year  he  was  occupied  in  searching 
Ibr  the  origin  of  iodine,  and  he  socceeded  in  detecting  this 
substance  in  sea-water»  by  the  test  of  its  tanusfaing  the  snrfroe 
of  leaf-silver.  One  of  the  last  services  that  he  rendered  the 
Royal  Society,  was  in  the  capadty  of  a  member  of  a  committee 
winch  was  formed  in  order  to  investigate,  at  the  leqiisst  of  the 
Government,  the  degree  of  danger  that  might  attend  the  general 
introdaetion  of  gas  lights  into  die  metropolis.  He  nndertoc^i 
together  with  his  friend  Dr.  Wollaston,  to  make  some  experi- 
ments upon  the  inflammation  of  the  gas,  and  they  discovered 
conjointly  the  very  important  fact,  that  the  gas  contained  in  a 
small  tube  will  not  communicate  the  flame ;  a  fact  which,  in  the 
hands  of  Sir  Humphry  Davy,  has  been  rendered  productive  of 
consequences  so  important  to  the  public  safety ;  although  Sir 
Humphry  having  been  abroad  at  the  time  of  this  investigation, 
and  the  report  of  the  committee  not  having  been  then  published, 
he  had  to  rediscover  this  truth,  and  many  more,  in  his  most  in- 
genious and  sncoessful  researches. 

It  was  early  in  the  month  of  September  that  Mr.  Temiaat 
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wwit  (or  the  Inst  time  to  France,  being  impatient  to  observe  the 
changes  tljat  an  eventful  interval  of  twenty  years  had  pro<iuced 
in  that  highly  int"T<-ting  eouutry  He  was  greatly  delighted 
with  Lyons  and  Marseilles,  and,  returning  to  Paris  in  Noyember, 
lie  lingered  there  till  February,  1815;  on  the  15th  of  that 
nootl)  he  arnml  at  Calais;  the  2<)th  he  went  to  Boulogne  with 
Baron  Hulow,  io  order  to  embark  there ;  they  did  embark  on 
the  Mod,  hot  were  forced  back  by  the  wind,  and  meant  to  try 
n§idn  in  the  etening;  m  the  mean  tine  they  took  horses  and 
vent  to  see  Bonaparte*a  Pillar,  about  a  league  off,  and  going 
off  the  road  on  their  retom,  to  look  at  a  small  fort,  of  whieh 
the  firawliridge  wanted  a  bolt,  they  were  both  thrown,  v>\\h 
tlp'ir  horses  into  the  ditch.  liulow  was  only  stunned,  hut 
Tennaiit'H  »kuU  was  no  severely  fractured,  that  he  died  an 
hour  after. 

Ills  pspers  published  in  the  I'hihtophtcal  Trangattions  were 
ei|^  in  number.  I .  Oa  the  Dmymjtosition  of  Fixed  Air,  1 70 1 , 
p.  I«*i.  2.  CM  the  Natwn  of  tht  Diamond,  1797,  p.  123.  3^ 
Cm  the  Aetim  ^ NOm  9^  GM  ami  Flatma,  p,2l9.  4.0a 
ikf  SfftrmH  mrU  €f  Lum  mmd  in  AfnmUurt^  1799,  p.  a05. 

Omtki  Comporitiou  of  Emery,  ia02;  p.  398.  6.  CM  Ih# 
Mitah  fomni  in  tkt  Bkek  Pmi»r  remaining  aJUr  tkt  SohOimt 
of  Platina,  1804,  p.  41 1 .  7.  On  an  eOMter  Mode  of  jrrorurinff 
l\f(amum  than  that  tr/iich  is  now  adoptcii,  1811,  p.  1^7 8. 
ihi  tlie  means  of  producing  a  dmUde  DiMilUUion  by  the  tame 
Ideate  p.  587. 

y.  The  analy»i«  of  A  VoleamcSuhttaf»ccroNtainittfjthe  Boracie 
Acid,  appeared  In  the  Dmnmetiom  ^  th0  Geokyieal  Hodety^ 
Vol.  I.,  1811. 

Mr.  Teanant  was  tell  and  slight  in  his  person ;  his  hiob  was 
Ibin,  and  Ms  eovpletion  ligMs  he  resembled  a  little  the 
portraits  of  Locke ;  he  was  generally  negligent  In  his  dress ;  hot 
on  the  whole,  agreeable  in  his  iqipearanoe.  He  was  distin- 
gnished  Ibr  good  sente,  for  quieknem  of  perception,  and  Ibr 
pen«-tration  ;  but,  as  his  friend  and  biographer  Mr.  Whishaw 
obsM  TTi'-,  in  the  admirably  energetic  Bketch  that  he  has  given 

his  rhfirael.T,  lir  was  oii.-  (tf  th<»-««  \vh<».  to  n^.'  the  wordn  r»f 
I>r.  Jobnsoo,     without  much  kbour,  have  ohtamed  a  high 
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reputation,  and  are  mentioned  with  reverence  rather  for  the 
possession  th;iTi  the  exertion  of  uncommon  abilities."  *'  His 
curiosity  and  activity  were  incessant  ;  he  had  a  vigilance  of 
observation  which  suffered  nothing  to  escape  hira,  and  was 
continually  gaining  new  information  from  a  variety  of  interesting 
sources.  But  although  the  knowledge  thus  acquired  was  re- 
markable for  its  correctness,  and  complete  for  the  purposes  of 
its  possessor,  yet  the  industry  and  perseversnce,  bj  which  it 
ought  to  have  been  embodied  and  made  permanent  for  the 
benefit  of  others,  were  too  often  altogether  waatu^.  The 
ardoor  and  energy  of  Mr.  Tennant's  mind  oo-opemfted,  miior- 
tnnately,  in  tins  respeet,  with  his  want  of  method  and  of 
systematic  habits  of  application;  since  he  was  ooostantly 
presnng  on  to  new  discoveries,  instead  of  arranging  and  bring- 
ing to  perfection  those  which  he  had  ah«ady  made.  His 
memory  was  a  great  storehoase  of  discoveries,  and  hnits  for 
discovery,  of  ascertained  facts,  probable  conjectures,  and  inge- 
nious trains  of  rea.soning  relative  to  the  various  important 
subjects  upon  which  he  had  at  any  time  been  engaged.  These 
he  was  continually  treasuring  up,  with  the  intention  of  reducing 
them  to  order,  and  preparing  them  for  use  at  a  more  convenient 
season.  But  that  jKiriod  rarely  arrived.  In  the  carelessness 
of  intellectual  wealth,  he  neglected  those  stores  of  knowledge 
which  he  had  accumulated,  and  suffered  them  to  remain  useless 
and  unproductive,  till  his  attention  was  recalled  to  them,  per- 
haps after  a  long  course  of  years,  by  some  new  fact  or  discovery, 
some  remark  in  conversatioD,  or  othv  accidental  occurrence." 

The  eiiect  of  his  peculiar  cast  of  humour  was  heightened  by 
a  perfect  gravity  of  countenance,  a  quiet  familiar  manner,  and 
a  characteristic  simplici^  of  language.  He  was  firmly  attached 
to  the  general  principles  of  freedom,  being  ftilly  convinoed  **  of 
theur  influence  in  promoting  tiie  wealtii  and  happinem  of  nations ; 
a  due  regBoed  to  tiiese  principles  he  considered  as  the  only  solid 
firandation  of  die  most  important  blesrings  of  social  life,  and  aa 
the  peculiar  cause  of  that  distinguished  superiority,  which  our 
own  country  so  happily  enjoys  among  the  nations  of  Europe." 
**The  cheerful  activity  of  a  populous  town,  the  imj)rovement8 
in  the  steam-engine,  the  great  galvanic  experiments,  aud  above 
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all,  the  novelty  and  extent  of  the  prospects  afforded  by  that 
reTolutioa  in  cbemical  aetenoe  which  has  illustrated  our  own 
age  and  country ;  these  magnificent  objects,  when  firesented  to 
Mr.  Tennant*8  mind,  excited  in  him  the  liveliest  emotions,  and 
called  for  the  most  animated  expreaions  of  admiration  and 
delight*'  "  He  thongbt  himaelf  pasiionate  and  iratdble ;  and 
eertainly  Us  feelinga  were  qnick,  but  they  were  transitory.** 
He  poasetsed  a  strong  sense  of  Ugh  honour,  as  well  as  of  duty ; 
and  his  liberality  and  humanity  were  efidoed  by  some  practioal 
occurrences  in  wfaidi  he  had  oocasioo  to  exercise  them;  his 
steward  had  defrauded  him,  and  when  the  day  of  reckoning 
came,  had  destroyed  himself :  he  not  only  forgave  the  debt,  but 
|MX)vided  also  for  the  widow  and  her  family.'* 

*'  His  amiable  temper  and  unafTected  desire  of  giving  pleasure, 
no  leK8  than  liis  superior  knowledge  and  talents,  had  rendered 
bini  highly  acceptable  to  a  uumeroub  and  distinguished  circle 
of  society,  by  whom  he  wa.s  justly  valued,  and  by  whom  his 
premature  death  was  sincerely  lamented.  But  the  real  extent 
of  hij*  privat*'  worth,  the  genuine  simplicity  and  virtuous  indt^ 
pcndence  of  his  chanicter,  and  the  bincerity,  warmth,  and  con- 
stancy of  his  friendship,  can  only  be  felt  and  estimate<l  by  those 
to  whom  he  wa^  long  and  intimately  known,  and  to  whom  the 
recollection  of  his  talents  and  virtues  must  always  remain  a 
plfaiiffg  though  melancholy  bond  of  union." 
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LIFE  OF  SIE  BENJAMIN  THOMPSON, 

GOUITT  RUMFOBD. 


Sir  Bbmjamim  Thompson,  Oount  Rumtohd,  a  well-knowii 
NatOFa)  PbikMc^er  and  Political  Eoooomist,  was  bora  in  1758, 
at  a  village  in  New  Hampehire,  then  called  Bumfbfd,  and  now 
Oraoiffd. 

His  father  died  while  he  was  yerj  yoong,  and  his  mother 
niftpried  another  man,  who  banished  liim  from  her  house  ahuost 
in  his  infancy  ;  he  inherited  only  a  small  pittance  from  an  uncle, 
who  died  soon  after  his  father.  A  clergyman  named  Bernard 
showed  him  great  kindness,  and  taught  him  some  of  the  higher 
mathematics  at  an  early  age,  so  that  at  fourteen  he  was  able  to 
calculate  and  delineate  an  eclipse  of  the  sun.  He  had  been 
intended  for  some  commercial  employment,  but  he  preferred  the 
pursuit  of  literature  in  any  form  ;  lie  attended  the  lectures  of 
Dr.  WilHamSi  and  afterwards  those  of  Dr.  W^inthrop,  the  astro- 
nomer, at  the  Ck>Uege  of  Harvard and  while  be  was  still  a 
stripling,  he  was  established  in  the  temporary  occnpation  of  a 
village  schoolmaster ;  hoping,  bowever,  for  an  early  opportonilj 
to  engage  in  some  more  agreeable  employment ;  and  at  nineteen 
be  was  fortunate  enough  to  obtain  tbe  hand  of  Mrs.  Bolfe, 
daughter  of  Mr.  Walker,  a  clergyman  who  had  been  employed 
with  considerable  credit  in  conducting  some  public  business. 
For  a  year  or  two  he  lived  retired  and  happy,  but  havmg 
obtained  a  commission  of  Major  in  the  Militia  from  the 
Governor  of  tbe  province,  together  with  some  other  distinctions, 
of  a  civil  nature,  he  was  consequently  led  to  adhere  to  the  party 
of  the  Boyalists,  and  he  was  soon  ohliged,  by  the  success  of  the 
Independent  forces,  to  take  refuge  at  Boston,  then  oceu})ied  by 
the  English  troops.   It  was  iu  Noveuber  177 '6,  that  he  secretly 
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quitted  his  residence,  leaving  bis  wife,  whom  he  never  saw  again, 
and  his  infant  daughter,  whu  juiued  him  twenty  years  after  in 
Europe. 

lie  was  employed  to  raise  a  regiment  for  the  King's  service ; 
but  when  Boston  was  evacuated,  in  1776,  lie  was  sent  with  some 
importjint  dispatches  to  England.  Here  be  soon  acquired  the 
confidence  of  Lord  George  Germaine,  then  Colonial  Secretary 
of  State,  and  was  appointed  Secretary  of  the  province  of  Georgia, 
though  he  never  exercised  the  office ;  but  be  remained  attached 
to  that  department  of  the  public  ferrioe. 

in  1777  be  commenced  his  career  as  ao  experimental  philo- 
fopher,  by  employing  hb  leisnre  boon,  during  a  wt  to  Batb, 
in  making  aome  experiments  on  tbe  oohesive  strength  of  different 
snfastances ;  and  upon  bis  return  to  London,  be  communicated 
diem  to  Sir  Josqib  Banks,  with  whom  be  formed  an  intimate 
aoqnaintanoe,  wbicli  be  kept  up  tbrougbont  the  remainder  of  bis 
life.  Tn  1778  be  was  admitted  a  Fe1k>w  of  the  Royal  Society, 
and  he  made  in  that  year  his  first  experiments  on  gunpowder. 
In  order  to  pursue  these  experiments,  he  went,  in  1779,  on 
board  of  the  Victory  of  1 10  guns,  commanded  by  his  friend  Sir 
Charles  Hardy.  He  passed  the  whole  of  the  campaign  on 
board  of  the  fleet ;  and  the  results  of  the  observations,  that  he 
then  made,  furnished  the  materials  of  a  chapter  which  he  con- 
tributed to  Stalkart's  Treatise  on  Naval  Architecture.  He 
added  to  it  a  code  of  signals  for  the  Navy,  which  was  not  pub- 
lished. In  1780  he  was  appointed  Under  Secretary  of  State, 
and  be  was  constantly  em|doyed,  for  some  little  time*  in  the 
office  on  the  business  of  tbe  war.  He  soooeededy  by  means  of  his 
American  friends  and  a^ts»  in  raisu^  a  regiment  of  cavalry, 
called  tbe  King's  American  Dragoons,  of  wbicb  be  was  appobted 
Lieutenant-Cdooel  Commandanti  and  tbw  sncoem  induced  bim 
to  go  to  America  to  serve  with  it  At  Gbarlestown  be  was 
entrusted  widi  the  command  of  tbe  remains  of  the  cavalry  of 
tbe  British  army ; — he  speedily  restored  the  discipline  of  the 
corps,  and  gained  its  confidence  and  attachment :  he  often  led 
it  on  against  the  enemy,  and  frequently  with  considerable 
success.  He  proceeded,  in  1782,  to  New  York,  where  he 
assumed  the  command  of  his  own  rcgiiucut,  having  received 
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tlie  colours  from  the  hand  of  Prince  William  Henry,  now  Duke 
of  Clarence.  In  the  autumn,  General  (Jlinton  was  succeeded 
by  Sir  Guy  Carlton,  whoae  friendship  and  confidence  he  speed- 
ily obtained :  hb  regiment  was  recruited  from  the  fragraento 
of  several  others,  and  he  was  sent  for  the  winter  to  Huntingdon 
in  Long  Island.  He  was  chosen,  in  1783,  to  oooduct  the 
defence  of  Jamaica,  which  was  then  threatened  by  the  enemj ; 
but  the  general  peace  superseded  the  necesBtty  of  the  intended 
expedition. 

After  his  return  to  England,  he  made  great  efforts  in  the 
cause  of  the  loyalist  oflScers,  and  he  was  suoceasful  in  persuading 
the  Ministry  to  make  a  proper  provision  for  themt  he  was  Hmself 
made  a  full  Colonel,  upon  the  recommendation  of  General 
Carlton,  only  two  years  after  his  appointment  as  Lieutenant- 
Colonel.  He  had  acquired  a  strong  predilection  for  a  military 
life,  and  was  desirous  of  being  sent  with  his  regiment  to  the 
East  Indies ;  <and  when  the  regiment  was  reduced,  be  wished  to 
serve  with  the  Austrians  in  a  war  which  was  then  meditated 
againat  the  Turks. 

With  this  view  he  left  England  in  September,  1783,  and  on 
his  passage  to  Boulogne,  he  had  an  agreeable  ship-mate  in  the 
person  of  Gibbon,  the  historian,  who  did  justice  to  his  merits  as 
a  soldier,  philosopher,  and  statesman."  At  Strasburg,  his 
appearance  on  the  parade  in  his  uniform  excited  the  attention 
of  the  present  King  of  Bavaria,  then  Prince  Maximilian  of  Deux 
Fonts,  who  invited  him  to  his  table,  and  being  delighted  with 
the  accuracy  and  extent  of  his  military  iLuowledge,  gave  him  a 
strong  reoommendatioa  to  his  unde,  then  Elector ;  and  instead 
of  a  day  or  two,  as  he  had  intended,  he  staid  a  ibrtoiglit  at 
Munich.  He  was  also  very  cordially  recrived  at  Vienna,  and 
passed  a  part  of  the  winter  there ;  but  the  war  against  the 
Turks  not  taking  place,  he  went  hy  Venice  and  the  Tyrol  again 
to  Munich,  where  he  arrived  in  the  winter  of  1784 ;  and  being 
formally  invited  by  the  Elector  to  enter  his  service,  he  went  to 
Ix>ndon  to  ask  leave  to  accept  the  proposal,  and  it  was  granteil 
liim,  together  with  the  honour  of  knighthood.  On  his  return  to 
Bavaria,  he  was  made  a  Colonel  of  cavalry,  and  Aide-de-camp- 
General  to  the  Elector.    The  first  four  years  of  his  residence 
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at  Munich  were  principally  employed  in  acquiring  information, 
and  in  preparing  his  plans  of  reform ;  and  in  tlie  mean  time 
lie  continued  his  physical  researches.  He  made  his  first  experi- 
ments on  heat  in  1786,  during  a  journey  to  Mannheim.  In 
1786  he  was  made  Chamherlain  to  the  Elector,  and  meinher  of 
the  Aoadenuea  of  Mnnieh  and  of  Bfannheim;  in  1786  he 
reoeired  from  the  King  of  Poland  the  Order  of  St  StanisUus ; 
in  1787  he  took  a  journey  to  Berlin,  and  was  made  a  member 
of  ihe  Academy  of  Sciences  of  that  city ;  in  1788  he  was 
appointed  Major-Gtenend  of  the  Bavarian  carahry,  and  Pri?y 
Counsellor  of  State;  and  he  was  placed  at  the  head  of  die  War 
department,  in  order  to  pursue  his  plans  for  the  improTcment  of 
the  army. 

It  was  in  1789  that  ho  established  the  House  of  Industry  at 
Mannheim  ;  he  founded  also  the  Military  Academy  of  Munich  ; 
he  improved  the  military  Police  of  the  coimtry ;  he  formed 
Schools  of  Industry  for  the  wives  and  children  of  the  soldiers; 
and  he  embellished  the  city  by  a  new  arrangement  of  the 
public  gardens.  The  House  of  Industry  at  Munich,  which  he 
has  described  at  large  in  his  Essays^  was  founded  in  1790;  and 
from  this  period  may  be  dated  the  total  abolition  of  mendicity 
in  Bavaria,  His  exertions  were  rewarded  by  the  rank  of  Lieu- 
tenani-CienerBl  of  the  Bavarian  armies,  and  by  a  regiment  of 
artillery.  In  1791  he  was  created  a  Count  of  the  Holy  Boman 
Empire^  and  obtained  the  Order  of  the  White  Eagle. 

His  health  having  snflbred  from  constant  application,  he 
obtained  permisnon  to  take  a  journey  into  Switserland  and 
Italy,  and  he  returned  to  Bavaria  in  1794.  He  had  a  severe 
illness  at  Naples,  and  he  was  not  sufficiently  recovered  upon  his 
return  to  resume  his  active  duties ;  but  he  employed  himself  in 
writing  the  first  five  of  his  Essays.  In  1795  he  came  to  England 
in  order  to  publish  the  Essays^  and  in  hopes  of  exciting  the 
public  atttention  to  the  importance  of  attempting  a  similar 
reform  among  the  lowest  orders  in  Great  Britiiin.  He  went  to 
Dublin  in  1796,  to  pay  a  visit  to  T.ord  Pelham,  now  Karl  of 
Chichester,  then  Secretary  of  State  for  Ireland  ;  and  he  was  of 
essential  service  in  the  arrangement  of  several  of  the  public 
institutions  of  that  country.   He  was  made  a  member  of  the 
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Royal  Irish  Academy,  and  of  the  Society  for  the  Encouragenicnt 
of  Arts  ;  and  he  received,  after  liaving  left  the  country,  the  pub- 
lic thanks  of  the  Grand  Jury  of  the  county  of  Dublin,  and  of 
the  Lord  Mayor  of  that  city,  as  well  as  of  the  Lord  Lieutenant 
at  the  head  of  the  Goyerament  Upon  his  return  to  London, 
hesaperintended  some  improvements  at  the  Foundling  Uoqiitdlv 
and  presented  seferal  modeb  of  macfaiiies  and  implemenli  to 
the  Board  of  Agrionlture ;  and  he  established  two  prises  for 
discoYeriee  relating  to  Heat  and  light,  by  placing  two  suns  ef 
1000/.  in  the  British  and  in  the  Amenctn  lands,  to  be  adjudged 
biemiiany,  for  Europe  by  the  Royal  Society  of  London,  and  for 
America  by  the  American  Academy  of  Sciences. 

He  w;is  recalled  to  Bavaria  by  the  exigencies  of  the  moment, 
which  were  such  as  to  cause  the  Elector  to  take  refiisre  in 
Saxony ;  Gen»Tal  Moreau  having  iulvanced  with  his  army  to 
the  confines  of  Bayaria.  After  the  battle  of  Friedherg^  Count 
Rumford  was  left  in  command  of  the  Bararian  army,  with 
instmctions  to  act  aooording  to  his  discretion  under  the  eiicinn- 
stanoes  that  might  occur;  and  his  firmness  was  saefa^  as  to 
prevent  either  the  Austrians  or  the  French  firmn  entering 
Munich.  On  the  Elector'a  return,  he  was  placed  at  tlm  bead 
of  ibe  dqwrtment  of  the  general  police  of  BaTsrau  His 
exertions  in  tins  office  were  such,  as  to  impair  the  state  of  his 
health,  and  by  way  of  an  honourable  retirement,  he  was  sent  to 
England  in  the  capacity  of  Envoy  Extraordinary  and  Minister 
Plenipotentiary ;  but  being  a  subject  of  the  King  of  England, 
he  was  judged  incapable  of  being  received  as  the  diplomatic 
agent  of  a  foreign  court,  and  he,  therefore,  continued  to  U?e  in 
England  as  a  priTafee  individual. 

He  was  Tery  active  about  this  time  in  projecting  and  saper> 
intending  the  establishment  of  the  Royal  Institotion  of  Great 
Britam,  which  was  more  particularly  intended  for  the  api^ication 
of  science  to  the  confeniences  and  comforts  of  dril  and  domestic 
life,  but  which  has  been  no  less  suooessful  in  giving  opportunitr 
and  fodlity  to  some  of  the  most  refined  researches  in  clien»i>try 
and  natural  philosophy  that  have  distinguished  the  age,  than  in 
serving  as  a  medium  for  making  the  treasures  of  science  acc»^j»- 
sible  to  the  less  studious  part  of  the  public,  and  as  a  model  for 
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a  Tiriety  of  other  aiaular  midertakuigB  in  dUTerent  parts  of  the 
world. 

Coant  Rnmford  was  soon  afterwards  officially  invited  to  Ame- 
rica by  the  Government  of  tlie  United  Suites,  witli  an  ofler  of  an 
honourable  establighinent  in  a  public  situation ;  but  he  considered 
it  as  inconsistent  with  his  engagements  in  Eumpe  to  accept  tl.e 
proposal.  In  the  autumn  of  1S(H),  whin  he  went  to  Scotland, 
a  visit  of  ceremony  was  paid  him  by  tlie  magistrates  of  Edin- 
burgh ;  he  was  consulted  respecting  the  abolition  of  mi'iulicity, 
and  the  measures  that  be  reoommenfied  were  speedily  executed 
with  complete  success.  He  was  made  an  honorary  member  of 
the  Royal  Society,  and  of  the  Royal  College  of  PhjfsioiailS  of 
K<rmburgh  ;  and  he  received  a  gold  snuff  hex  aa  a  oompliment 
for  his  assistance  m  refbrmiiig  the  enlinary  eataUbhoieiit  of 
Hecioe's  UfapKal. 

After  80  aetive  and  dignified  a  career,  il  was  not  to  be  ez* 
peeted  that  be  would  be  satbfied  with  the  monotonjr  of  a  penna* 
Bent  reddenee  m  Loodoo ;  he  was  so  acoaatomed  to  kbonr  for 
the  attaimnetifc  of  sosse  object,  that  when  the  object  itself  waa 
completdy  within  hb  reach,  and  the  labour  waa  ended,  the 
proi'peet,  which  oiig|it  to  have  been  unifimnly  hrig^t,  became 
spontancoosly  dooded,  or  cren  the  serenity  became  nnenjoyable 
for  want  of  some  clouds  to  afford  a  contrast.  He  had  fitted  up 
a  small  Ikhisc  at  Hnunpton,  with  every  contrivance  for  comfort 
and  eonveuience  that  could  render  it  tit  for  the  atxMie  <»f  hospi- 
tality and  of  luxury,  and  the  arrangenimts  are  fully  det-cribed 
in  the  liibliothrque  Bn'tannu/Uf:  of  his  fri»'n«l  Profess^or  Pietet ; 
but  after  all  he  never  wai>  known  to  give  a  single  entertainment 
in  it.  Tlie  enthusiasm  e\rit<Ml  bv  the  noveltv  of  some  of  his 
inventions  had  subsiiled,  and  he  was  even  mortified  by  becoming, 
in  common  with  the  mt^it  elevated  personages  of  the  c«)untry, 
the  object  of  the  impertinent  attacks  of  n  popular  satirist.  It 
waa  partly,  however,  if  not  entirely,  the  superiority  of  the 
climate  of  Franro,  that  determined  him  to  remove  to  Paris  in 
the  spring  of  1M)2;  he  went  in  the  sumnier  to  Munich,  and  the 
ibilowing  year  he  made  a  tour  in  Switzerland  and  in  Bavaria, 
aceompamed  by  Madame  Lavoiaier,  whom  he  married  soonaftm* 
dieir  return ;  but  their  habits  were  ineompatible  with  matn- 
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monial  curafort,  and  tliey  separated  soon  after ;  Count  Rumford 
retiring  to  Auteuil,  about  four  miles  from  Paris,  where  he 
occuj)ied  a  house  which  had  formerly  belonged  to  Helvetius 
and  to  Cabanis,  while  his  lady  continued  to  live  in  the  metro- 
polis. His  latter  yean  were  passed  almost  wholly  in  solitude ; 
be  saw  only  bis  ne^boor  Mr.  Caneleux,  Mr.  Underwood,  and 
a  Mr.  Parker,  an  American ;  he  did  not  even  attend  the  sittings 
of  the  Institote,  though  be  had  been  made  one  of  its  eight 
foreign  associates  some  time  before,  and  always  retained  a  high 
esteem  for  its  secretary,  CnTier,  and  for  some  others  of  its 
members.  His  Income  was  abondanUj  snffictent  for  bis  own 
expensee,  having  obtained  from  the  gratitude  of  (lie  king  of 
Bafaria  a  pennon  of  1200/L  a  year ;  and  be  was  allowed  by 
Bonaparte  to  remain  mimolested,  tbongb  a  British  subject,  when 
it  was  found  that  he  had  no  intercourM  with  society,  amuang 
Umself  principally  in  walking  about  his  garden,  and  in  a  solitary 
garae  of  billiards.  He  had  so  completely  persuaded  himself,  In 
the  latter  part  of  his  life,  of  the  great  superiority  of  broad 
wheels  above  narrow  ones,  tliat  he  drove  about  the  streets  of 
Paris  in  a  broad  wheeled  chariot ;  and  having  rediscovered, 
after  Professor  Leslie,  that  black  bodies  radiate  more  heat 
than  others,  he  wore,  in  the  winter,  a  white  hat  and  a  wliitc 
coat,  in  order  to  economize  the  heat  of  his  person.  "  These 
peculiarities,  and  a  peremptory,  unyielding  disposition,"  says 
one  of  his  biographers,  "  were  the  causes  that  set  him  apart 
from  social  intercourse,  and  in  all  his  connections  in  life,  seem 
to  have  rendered  him  less  the  object  of  personal  attachment 
than  of  esteem  for  his  talents  and  activity.*'  He  was  about  to 
return  to  l^pgVuMi  when  he  died,  the  21st  August,  1814, 
lea.viiig  only  one  daugbter,  who  still  resides  in  bis  honae  at 
Brompton. 

1.  Count  Rumford's  first  publication  appears  to  baTO  been 
the  chapter  on  Marine  JbrHBenf  that  be  furnished  to  Stalkart^s 
TVeaHm  on  NaoeA  ArekUeetvre,  1780. 

2.  Nmo  ExperimmiU  cn  Outqwiodgr,  wdh  thg  Deeeryptum  of 
an  EpraweUe.  Phil  Dram.  1781.  P.  280.  The  eflfect  of 
the  powder  on  the  ball  was  measured  by  the  recoil  of  the  pieces 
with  a  correction  deduced  from  the  recoil  when  the  pieee  was 
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empty.  It  wae  observed  to  be  sooner  heated  when  fired  without 
ball  than  with  it  The  force  of  the  powder  a  made  at  least 
1300  atmospheres,  upon  Bobins's  principles. 

3.  New  ExperimmdM  upon  Heat,  Phil  Tram.  1786.  P. 
873.  These  experiments  relate  principally  to  the  oondncting 
powers  of  various  medinms  for  heat;  bat  the  results  are  una- 
▼oidablj  CQm]dicated  with  the  eflects  of  radiation,  in  consequence 
of  whidi  a  vacuum  is  supposed  to  possess  a  oonductiug  power 
more  than  half  as  great  as  that  of  common  air. 

4.  Experiments  on  the  Production  of  Dephhffisticated  Air 
from  Wafer  with  various  Substances.  Phil.  Trans.  1 787.  P. 
84.  These  experiments  tend  to  show  tliat  the  air  obtained, 
by  Priestley  and  Ingeuhousz,  from  plants  under  water,  was 
derived  rather  from  the  water  itself,  than  from  the  substaDces 
immersed  in  it. 

5.  Experiments  made  to  determine  the  Positive  and  Relative 
Quaniitiei  of  Moisture  absorbed  from  the  Atmosphere  hij  various 
Suhdanees,  P.  240.  He  finds  that  wool  is  more  absorbent  of 
moisture  than  any  other  substance  compared  with  it ;  and  hence 
explains  the  supposed  advantage  of  woollen  worn  next  the 
iUn. 

6.  Experimonts  on  Heat.  Phil  Trom.  1798.  P.  48.  The 
author  attributes  the  etifectof  loose  substances  in  obstructmg  the 
passage  of  heat  to  their  attraction  for  air,  and  to  their  impeding 
its  circulation ;  and  he  supposes  this  to  be  the  only  nuumer  in 
which  elastic  fluids  communicate  heat. 

7.  Account  of  a  Method  of  Measuring  the  Comparative  Inten- 
sity of  Liffht  emitted  by  Luminous  Bodies.  Phil.  Trans.  1794. 
P.  67.  Placing  tlicm  at  such  distances,  that  the  shadows  cast 
by  each  may  appear  equally  dark. 

8.  Letter  announcing  a  Donation  for  a  Prize  Medal,  Phil, 
Trans.  1797.    P.  215. 

9.  Experiments  to  determine  the  Force  of  Fired  Gunpowder. 
P.  272.  This  force  be  supposes  to  amount  to  between  20,000 
and  50,000  atmospheres,  instead  of  10,000,  as  Bernoulli  com- 
puted it ;  but  he  makes  a  great  mistake  in  supposing  that  the 
whole  of  the  water  which  can  possibly  be  contained  in  the 
gunpowder  would  be  sufficient  to  furnish  as  much  steam  as 
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would  be  reqirired,  nnoe  steain,  wider  a  pieirare  of  SO^OOO 
atmoBpheres,  muit  be  oonsideimblj  more  denie  than  water  ittM 

10.  Inquiry  eone&ming  the  Source  of  ike  Sbai  §Mtk$d  kg 

Friction.  Phil  Trans  179S.  P.  80.  Thecapacity  of  thechipsof 
iron  afforded  by  friction  in  boring  a  cannon,  was  found  not  to  ditJ'er 
from  that  of  the  iron  in  its  original  state  :  hence  it  is  inferred 
that  the  heat  could  not  have  l>een  furnished  by  them,  and  that 
it  must  probably  bare  been  generated.  Mr.  Ualdalt  afterward* 
repeated  the  experiment  under  circumstaDces  still  more  deciaive; 
and  Sir  Humphry  Davy  showed  that  two  pi€oei  of  ke  nibbed 
together,  in  a  room  below  the  freeiing  ten^iefature,  would  awlt 
each  other. 

11.  Jjiyittyy  coneerning^  th»  ChemieaiPropirHm  thai  kmthm 
attrihuigd  to  Liyfu.   P.  449.   He  attribtttea  these  propertMi 

to  the  efl^  of  an  intense  beat  confined  to  a  small  space  ;  but 
the  later  experiments  on  the  chemical  elfects  of  the  spectrum 
are  sufficient  to  supersede  this  opinion. 

12.  An  Acronnt  of  a  Curious  Pheiwmrnon  observed  on  the 
Glaciers  of  Chamounyy  with  some  observations  on  the  Propa^wn 
Of  Heat  in  Fluids.  FhU,  Trans.  Ib04.  P.  23.  An  afiMSi 
depending  on  the  expansion  of  water  in  cooling  near  the 
freezing  point 

13.  Cmu!tmi3i^tlm  Natitnif  HmitmitkBMod»^ 
nmmeiaion*   P.  77.   He  coiyeetapeB  that  cold  ia  a  positivs 
quality,  amiable  of  being  propagated  by  radiation. . 

Seyeral  of  these  memoirB  were  reprinted  under  the  title  of 
Philosophical  Papen,    Vol.  I.  8.    Lond.  1802. 

14.  The  Essays  constitute  4  vols.  8vo.  Loud.  1795  .  .  1800. 
Reprinted  IHOO.  In  French,  2  v.  8.  Genev.  1799.  Recueil 
de  Rapports  . .  sur  lea  Soupes.  Par.  1801.  They  are  lb  in 
number. 

i.  Account  of  an  Elstabliabmeat  for  the  Poor  at  Munich.   In  luL 
8.  Venioe,1798. 

iL  On  Establishments  for  the  Poor  in  geaenL 
hi.  Of  Food,siidofFeediagthePoor. 
iT.  OfCaumney  Fireplsoes. 

T.  Aoooont  of  ssnml  Public  Institnlions  ftmied  in  Bsieiia. 
▼i*  On  ihs  ITsnsgsmsot  of  Firs,  sod  the  Eoooomy  of  TvsA, 
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vii.  Oa  the  Pft>pagitioii  of  Heat  in  Fluids,  ejcteocUiig  to  Liquids 
the  doetrise  which  he  hod  befoM  advanced  respectiiig  Elastk 
Fhiida. 

Tiii.  On  the  Propagatloii  of  Heat  in  vaiioafl  Substances*  Ph8, 

a,  Ezperimenlal  Inqoiij ccDeening  the  Sotnoe of  Hetteieited  hf 
TrietioD. 

X.  On  Kitchen  Fireplaces  and  KitdMO  Utensils. 

xi  On  Chimney  Fireplaces. 

xii.  On  the  Salubrity  of  Wami  Rooms  in  Cold  Weather. 
xiiL  On  tlie  Saluhniy  of  Bathing,  and  the  Construction  of  Wann 

Baths. 

xiv.  Supplementary  Ohsorvatioiis  on  the  ^^ranagement  of  Fires. 
XV.  On  the  Use  of  Steam  for  'J'rnnsportinL;  Hoat. 
zvi.  On  the  Management  of  Light  in  illumination,  with  an  Account 

of  a  New  Portahle  Lamp, 
xvii.  On  the  Source  of  the  Light  manife:>ted  in  the  Combustion  of 

InBammable  Bodies. 
zviiL  On  the  Excellent  Qualities  of  Coffee,  and  the  Art  of  making  it 
in  Perfection. 

15.  There  are  several  little  papers  on  Steam  Kitchens,  on  the 
Strength  of  Soft  Materials,  and  on  some  other  similar  subjeotSi 
in  the  first  numbers  of  the  Journals  of  the  Bx>y«l  Institatkm. 
8.    Lond.  1800. 

I6«  The  eeries  of  investigatioiiB  reUtiiig  to  Heal  and  ligMi 
which  CSoant  Romford  began  to  oommimicato  to  the  Bogral 
Society,  were  oontiDiied,  and  rather  mora  fhlly  detoiled,  in 
aeyeral  of  the  volnnies  of  the  Mtmoin  of  the  JiuHiuio,  Matfae* 
matical  dan ;  into  which  they  were,  of  coune,  admitted  aa  the 
productiotis  of  a  Foreign  Aasociate.  The  first  of  theee  ia  in  tiie 
sixth  volume.  4.  Par.  1806.  P.  71,  containing  a  Description 
of  a  New  Instrument ;  a  tliermoscope,  or  a  differential  thtTmo- 
meter,  resembling  that  of  Le.slie.  (17.)  The  second,  P.  74. 
Researches  on  Heat ;  showing  the  effect  of  the  difference  of  sur- 
face on  radiation.  (18  )  ill.  P.  Further  Experiments, 
in  the  effect  of  blackening  the  surface.  (19.)  iv.  P.  97. 
Researches  Continued;  on  the  different  properties  of  bodies  with 
respect  to  radiation,  and  to  conductuig  power.  (20.)  t.  P. 
106.  Further  Researches;  some  good  experiments  on  the 
paasage  of  heat  through  solids.  (21.)  yi.  P*  128.  ExperimmU 
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on  the  Heat  of  the  Solar  Rays  ;  which  was  found  not  to  be  affected 
^  by  their  convergence  or  divergence,  or  by  their  having  met  in  a 
focus  and  crossed  each  other.  (22.)  vii.  Vol.  VII.  i.  1806. 
P.  78.  Remarks  on  the  Temj)erature  of  Water  at  the  Maximum 
of  Density;  making  it  41°  of  Fahrenheit,  or  5'  centigrade.  Phil. 
Tram.  1804.  (23.)  viii.  Vol.  VIII.  i.  1807.  P.  223.  On 
the  Dispersion  of  the  Light  of  Lamps  hy  Screens  of  Groumd 
Glass,  Silk,  and  so  forth,  tcith  a  Description  of  a  New  Lamp, 
(24.)  ix.  P.  249.  On  the  Cooling  of  Liquids  in  Vaeee  of 
Pcreelain,  giU  and  not  gilt;  ahowing  the  utility  of  gilding  them 
ezternallj,  with  some  good  reaaoiuDg  on  the  natare  of  heat 

25.  He  was  latterly  engaged  in  composing  a  work  on  The 
Nature  and  Effede  Order,  which  he  never  completed^  although 
no  person  was  better  qualified  to  write  on  the  suhjeet 

Count  Rumfbfd  certainly  possessed  considerable  fiicility  of 
invention,  and  there  was  a  very  laudable  spirit  of  originality  in 
his  views  and  modes  of  reasoning,  although  he  had  never  leisure 
to  acquire  profound  learning  in  any  department  of  study.  "  lu 
person  he  was  above  the  middle  size,  with  a  dignified  and 
pleasing  expression  of  countenance,  and  a  mildness  in  his  man- 
ner and  his  tone  of  voice.  He  was  ambitious  of  fame  and 
distinction,  and  had  too  great  a  propensity  to  dictate,"  without 
sufficiently  regarding  the  opinions  of  others  who  were  of  equal 
authority  with  himself.  His  mode  of  life  was  abstemious,  and 
his  healUi  was  even  supposed  to  have  sufS»red  from  too  great 
abstinence,  though  his  re^men  was  much  more  the  result  of 
medical  opimoos  respectmg  his  health,  than  of  his  own  pecdiiar 
taste  for  temperance. 
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Richard  Watson,  Bishop  of  Llandaff,  celebrated  as  an  able 
llieologiaD,  and  a  ProfcMor  of  Chemistry,  was  bom  in  AiigDst» 
17379  at  Hevenham  near  Kendal»  m  Westmorland.  Hia 
anoeeton  had  been  fannere  of  their  own  eetatee  for  several  genera- 
tions, and  his  &ther  had  for  forty  years  been  master  of  the  free 
school  at  Heverriiam,  but  was  become  infirm,  and  had  rerigned 
il  a  little  before  the  birth  of  his  son.  The  latter  was,  however, 
educated  at  this  school,  and  continned  there  till  1754.  when  he 
was  sent  as  a  siiar  to  Trinity  College,  Cambridge.  He  applied 
witbont  intermission  to  his  studies,  and  in  1757  he  obtained  a 
sdiolarriiip,  with  particular  expressions  of  approbation  from  Dr. 
Smith,  who  was  then  master.  Hi*  had  made  it  a  constant 
practice  in  his  mathematical  pursuit.-.  t<»  think  over  the  demon- 
stration of  ever)'  pro|M»!<iti(»ii  tliat  he  .stiulitd,  in  hi.>  solitary  walks; 
a  hahit  which  must  certainly  have  hoeu  verv  conducive  to  the 
iniprovenient  of  geometrical  talent.  th<»ut;h  it  could  ircarcely 
be  adopted  with(»ut  fireat  lalK)ur  hy  tlioM*  v^lio  follow  the  alge- 
braical mtxle  of  analy:*!:*  in  all  their  invej«tigation?».  After  this 
period  he  parsed  many  hours  daily,  for  a  eoii>iiIerahle  |K)rtion 
of  his  life,  in  the  occupation  of  instructing  others,  without  much 
enlarging  the  scale  of  hi^  own  infimnation,  though  certainly  not 
withoQt  adding  to  the  solidity  and  precision  of  his  knowledge  of 
the  most  important  elementary  truths  of  sdenoe ;  and  when  he 
gloated  in  1759,  he  was  clsmcd  aa  the  seoood  wrangler, 
which  he  seems  lo  have  conndered,  not  withool  reason,  aa  the 
place  of  faoQoar  fer  the  year,  the  senior  wrsi^er,  who  waa 
a  Johaiaa,  having,  as  it  was  generally  believed,  been  unfairly 
preftrred  lo  him.  In  October,  1760,  be  beeaat  a  Mow  of 
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Trinity,  and  in  November,  assistant  tutor  of  the  college. 
Having  taken  his  degree  of  M.A.  in  17G2,  lie  was  soon  after- 
wards made  moderator  of  the  scholcustic  exercises  of  the  univer- 
sity, an  ai  duous  and  honourable  office,  which  he  also  filled  in 
several  suhs^equent  years. 

In  1764  he  undertook  a  journey  to  Paris,  though  without 
being  able  to  speak  the  language,  in  order  to  take  charge 
of  his  young  friend  and  pupil,  Mr.  Lutber,  who  returned  to 
England  with  him  soon  after.  He  was  elected  in  the  same 
year  Prof«^ssor  of  Chemistry,  though  he  had  never  devoted  any 
portion  o£  his  attention  to  that  science ;  but  he  soon  rendered 
hiiiiielf  sufficiently  master  of  all  that  was  then  known  of  the 
science^  to  give  a  very  popular  course  of  lectures  on  ibe  subject 
about  a  year  after  his  election,  with  the  assistance  of  an 
operator  whom  he  had  brought  firom  Paris,  and  to  become  the 
author  of  a  series  of  esssjfs,  which  served  for  many  years  as  the 
most  agreeable  introduction  to  the  elementary  doctrines  and 
the  ordinary  processes  of  chemistry.  He  obtained  from  the 
Government,  by  proper  representations,  a  salary  of  100/.  a  year 
for  himself,  and  for  all  future  professors  :  he  paid  also  some 
attention  to  theoretical  and  practical  anatomy,  a.s  having  some 
relation  to  the  science  of  chemistry.  In  1707  he  became  one  of 
the  principal  tutors  of  Trinity  College  ;  in  1 769  he  was  elected 
a  fellow  of  the  Royal  Society,  and  in  October,  1771,  he  un- 
expectedly obtained  the  important  and  lucrative  appointment 
of  Regius  Professor  of  Dirinity,  upon  the  premature  death  of 
Dr.  Rutherford,  and  in  that  ci^pacity  he  held  the  rectory  of 
Somersham  in  Huntingdonshire.  He  had  been  little  accustomed 
to  the  study  of  the  divinity  of  the  schools,  or  even  <tf  the  fathers; 
but  his  eloquence  and  ingenuity  supplied  the  want  of  theological 
learnings  though  he  gave  some  offbnce  to  hb  more  ortedos 
colleagues,  by  confining  bis  arguments  more  strictly  to  the  tsit 
cf  the  Scripture  than  they  thought  perfectly  consistent  with  the 
duly  of  a  diampion  of  Ae  Church  of  England,  which  they  consi- 
dered to  he  the  description  of  a  professor  of  divinity  in  an  Engltsh 
Univemty.  He  attracted,  however,  as  long  as  he  officiated  in 
person,  audiences  as  numerous,  to  the  exercises  in  the  schools 
at  which  he  presided,  as  had  attended  his  chemical  lecturer 
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He  married,  in  DtHoinbcr.  1773,  Miss  WilM)ii.  of  Dalham 
Tower,  in  Wostoiorland  ;  tJicir  union  continued  uninterrupteti 
for  more  tlian  forty  years.  In  1774  be  obtained  a  prebend  of 
Ely,  in  exchange  for  a  rectory  in  Wales,  which  the  Duke  of 
Grmftoa  bad  procured  for  hia ;  and  be  became  Arcbdeacon  of 
Ely  in  January,  1780 ;  in  the  same  year  Bishop  Keene  presented 
iBm  witb  tbe  Rectory  of  Norlbwold  in  Norfolk ;  and,  in  1782, 
bb  popil*  tbe  Duke  of  Bntlaiid,  gave  him  the  rectory  of  Koap- 
toft  in  LeiceatenfaiM :  tfaeiaaDe  tntereat  obtdned  bimalao  from 
Lofd  Sbelbnrne  tbe  Bidioprie  of  TJandaff.  Hare  bit  episcopal 
profclMUBt  retted:  be  yaerally  joined  the  politics  of  the 
Opposition,  and  especially  on  the  question  of  the  unUmitod 
regency :  hut  lie  was  too  indcpendont  in  h\s  sentiments  to 
iM-MMinn*  a  very  iL**eful  memlxT  of  any  a<lininistrati(»n  ;  and  he 
retired,  ln'fon*  tbe  end  of  the  year  17611,  witliout  b<M)k^,  and 
with  somewhat  more  of  disgust  than  he  ought  in  justice  to 
bare  felt,  to  an  eitate  wbicb  be  bad  bought  at  Calgarth,  on 
the  banks  of  Wioandermere,  and  occupied  himself  entirely^ 
beadee  tbe  education  of  bb  fiunily«  in  agricultural  impvoee- 
Mnli,  wpmelly  in  pbuiting»  Ibr  wbicb  be  reoeifod  a  medal 
frooi  tbe  Sooe^  of  Arts  m  1789.  His  pupil,  Mr.  Lotber,  of 
Oiigmr  m  Essex,  bad  died  in  1786,  and  left  bim  an  eatate, 
wbicb  be  afterwards  sold  for  something  more  than  20,0(X)/. 

He  considered  ad  <»ne  of  the  b»'.~t  practical  rc^'uits  of  his 
chemical  studies  the  suggc>tion  wbicb  he  made  to  tbe  Duke  of 
Richmond,  tbeii  Master  of  tbe  Ordnance,  rc<|K'cfing  tbe  prepa- 
ration of  charcoal  for  gunpowder,  by  l>iirning  the  wood  in  clo^e 
vesKla,  wbieb,  it  seems,  very  materially  improved  tbe  quality  of 
the  powder. 

He  bad  tbe  liberality  to  confer,  in  1801,  a  small  living,  as  a 
mwnri  ftir  lileraiy  Merit  oidy,  on  Mr.  Davies,  tbe  autbor  of  tbe 
CtUe  Bifmxkm,  Tbe  next  year,  be  applied  witb  success  to 
tbe  Dnke  of  York  fat  tbe  promotion  of  bis  son,  wbo  bad  tben 

tbe  rank  of  a  Major,  and  bis  Rojral  Highness  speedily  complied 

witli  hid  aolicitation,  a.H  a  personal  &vuur  ouly,  witliout  waiting 
for  any  Ministerial  iritliiem-e. 

Hi'*  bealili  ba<i  l>«*cu  t^'riou^ly  impaired  by  an  illne.*  wbi*  b 
attacked  hiiu  iu  il'ii,  and  which  his  fricudtf  attributed,  tiiuugh 
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perhaps  without  suffident  reason,  to  exoeesive  itudy.  lo 

October,  1 809,  he  had  a  slight  paralytic  affection,  and  another 
in  1811  ;  but  it  was  in  1813  that  his  la>t  illness  might  be  said 
to  begin,  and  he  sank  gradually  till  the  4th  of  July,  1816. 
The  elder  of  his  two  sons  was  in  the  army,  the  younger  in  tl)e 
church  :  he  left  also  several  daughters.  His  writings  are  as 
miscellaneous  as  they  are  Dtmierous;  but  none  of  them  are 
bulky.    The  following  are  the  principal : — 

1.  Itistitutionum  Chemicarum pari  Metaihttyiea,  8.  Camhr. 
1768.   Bepr.Est.  Vol  y. 

2.  Several  papers  in  the  PkUotopMeal  TVoiiMefumt  between 
1770  and  1786,  chiefly  on  chemical  subjects. 

3.  Apohxjy  for  ChrittUunty^  in  a  Merie§  of  Letttn^  addivtmd 
to  Edward  Gibbon,  Esq.  12.  1776.  Often  reprinted,  and 
considered  iis  very  satisf.ietory,  though  the  author  confesses,  with 
more  of  the  courtier  than  of  tht;  ortliodox  divine,  in  a  letter  to 
Mr.  Gibbon,  that  the  Essay  ''derives  its  chief  merit  from 
the  elegance  and  importance  of  the  work  it  attempts  to 
oppose." 

4.  Chemical  Essays,  5  v.  12.  1781-7.  Addressed  to  his 
pupil  the  Duke  of  Rutland.  I'he  work  was  intended  for 
general  infbnnadon,  and  became  extremely  popular  as  a  Srst 
introduction.  The  first  yolume  relates  to  salts,  sulphnis. 
▼itriols,  and  gunpowder ;  the  seoond  to  common  salt,  distilla- 
tion, lime,  clay,  and  pit  coal ;  the  third  to  bitumens,  charcoal, 
evaporation,  lead,  and  lead  ores  ;  fuid  the  fourth  to  zinc,  gum, 
metal,  tin,  copper,  iron,  and  stones  ;  the  tifth  is  a  republication  of 
the  author's  earlier  chemical  tracts.  After  tlie  completion  of 
these  volumes^  he  had  the  resulution  to  burn  ail  his  chemical 
papers. 

5.  ThmUogund  TracU.  6  v.  8.  1785.  CollecttMl  firaoi 
▼arions  authors,  not  ezdnding  many  works  of  dissenten 
from  the  Church. 

6.  A  Sermon  on  dm  Wiidom  and  Ooodmm  of  CM  in  kmsin^ 
made  Riek  and  Poor,  1785,  1793.  Adapted  to  allay  the  db- 
contents  which  were  then  prevalent  among  the  lower  daises. 

7.  Apoloffy  for  the  Bible,  in  a  series  of  Letters  addressed  to 
Thomas  Faille.    12.    17%.    An  able  aud  judicious  answer  to 
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the  contemptible  work  of  a  mischievous  incendiary  :  it  seems  to 
liave  been  singularly  successful  in  producing  clear  and  rapid 
conviction :  tbanks  were  returned  to  the  author  from  Ireland 
and  from  America,  and  he  gained  1000/.  by  the  sale  of  the 
book,  besides  allowing  it  to  be  often  reprinted  gratuitously. 

8.  An  Addreu  to  the  Feqpb  of  Cfnai  Britain.  8.  1798. 
Enforcing  the  necessity  of  submisnon  to  the  engencies  of  the 
times.  It  went  throngh  fourteen  editions,  besides  se?eral 
piracies;  and  it  was  reprinted  in  Ireland  by  order  of  Lord 
Camden,  then  Lord  lieutenant  Mr.  WakeSeld  answered  it 
somewhat  intemperately,  and  the  Bishop  attempted  inefiectoally, 
ont  of  respect  for  his  classioal  acquirementB,  to  lighten  the 
punishment  which  was  allotted  to  him. 

9.  A  Second  Defence  of  Revealed  Religion,  1807.  In  two 
sermons  preached  in  the  Cha})el  Royal. 

10.  A  Paper  on  Plant hu/  and  on  H  aste  Land,  Communi- 
cations to  the  Board  of  Agriculture.    Vol.  VII.    4.  1808. 

11.  Miscellaneous  Tracts.  2  v.  8.  1815.  Religious,  Poli- 
tical, and  Agricultural.  "  His  discourse  on  the  first  and  second 
Adam,  and  the  nature  of  death  as  affected  by  each,  is  almost 
unequalled  in  originality  of  thought,  and  vigoor  of  expresrion.*' 
— Qnnrterhj  Review. 

12.  Aneedotet  of  his  Life;  revised  in  1814,  and  pabliahed  by 
his  son,  Richard  Watson,  LL.B.,  Prebendary  of  Llandaff  and 
Wells.  4.  Lond.  1817.  (Juaiier/y  XVIII:  p.  229. 
Treated  with  great  alnli^,  but  with  too  much  sererity.  His 
chief  mistake,  indeed,  seems  to  have  been  that  he  expected  his 
literary  merits  alone  to  secure  him  political  ad?ancement; 
further  than  this,  there  is  nothing  disgusting,  to  a  candid 
reader,  in  the  sincerity  with  which  he  displays  the  consciousness 
of  his  own  merits.  The  praises  of  the  reviewer  himself  are  at 
least  as  energetic  as  those  of  the  friends  whose  language  he  has 
occasionally  copied  ;  his  censures  are  not  less  impressive  ;  but 
for  an  author's  censure  of  himself,  it  would  be  idle  to  look  in  a 
work  of  autobiography. 

He  published  brides  a  great  number  of  sermons,  charges, 
and  pamphlets. 
Though  somewhat  reserred,  Dr.  Watson  is  said  to  have  been 
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remarkable  ibr  the  dmplicitj  of  his  niaiiiien  and  the  equality  of 
his  temper.  With  reepeet  to  his  oondnct  in  ibe  sdiool  of  divi- 
mtjj  the  reriewer  oonfesses  that  ''he  asoended  the  chair  with 
many  eminent  qualificatiooB  far  his  diffieult  and  distinguisfaad 

functions.    The  exercise  of  four  years  as  moderator  of  the 

philosophical  schools,  had  rendered  liis  faculty  of  speaking  Latin 
perfectly  easy  ;  by  great  assiduity  the  vices  of  his  early  educa- 
tion had  hcen  so  far  corrected,  that  a  false  quantity  was  never 
heard  to  escape  him  ;  all  the  tricks  and  shifts  of  school  logic 
were  familiar  to  his  mind  ;  in  a<ldition  to  which,  his  acutenes^s 
and  ingenuity  were  admirable.  His  majestic  and  commanding 
figure,  his  terrific  countenance,  his  deep  sonorous  voice,  the 
uninterrupted  tenor  of  his  sentences,  which*  though  far  from 
classical,  were  never  either  barbarous  or  sokeoistic,  and  above 
all,  the  boldness  and  originaUty  of  his  sentiments  seldom  left  the 
undergraduates*  places  unoceupied  in  the  theological  school. 
It  was  sport  to  see  how  the  gravie  professor  would  glide  over 
tiie  surfiuoe  of  the  subject  with  every  appearance  of  proftindity, 
or  when  pinned,  as  Us  opponent  hoped,  into  a  comer,  weuld 
wind  himself  out  with  all  the  lubricity  of  aa  ed.  Stitl  he  had 
a  large  mind ;  he  endured,  he  encouraged,  As  thUgkted  m  tkt 
oppotUim  of  oMb  mm  ;  ks  never  Jlinched  from  lAs  ttroku  if  tkote 
tofto  had  more  vtformaHon  than  kimtelf  secure  in  the  cooseiOQS- 
ness  of  Ins  own  ability  to  encounter  learning  by  invention. 
The  same  tolerance  of  contradiction,  the  same  dexterity  in 
parrying  attacks,  he  brought  witii  liini  into  private  conversation, 
which  rendered  him,  when  the  poison  of  politics  did  not  operate 
on  his  constitution,  a  most  agreeable  and  amusing  debater. 
In  these  happier  hours,  and  they  were  not  few,  he  would  even 
smile  at  the  pomp  and  magniticence  of  his  own  manner,  ami 
relax  into  all  the  playfulness  and  pleasantry  which  are  almost 
inseparable  from  real  genius** 

Our  critic  appears,  however,  to  have  exceeded  the  Unuts  of 
candour  and  of  charity,  when  he  asserts  that  he  was  governed 
through  life  by  the  two  leading  principles  of  interest  and  ambi* 
laoD,  both  of  which  were  thwarted,  in  his  potitioai  condoot,  by  a 
temper  so  wayward,  and  a  presumption  so  overweenn^  that 
the  dlsappointnent  produced  by  their  ooIUmi  embittered  his 
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mind,  and  exasperated  his  latter  dajs  to  a  very  high  degree  of 
nialiguity.  Accomplislied  as  he  wnn  in  academical  learning,  he 
had  DO  ingoniKMis  or  disinterested  love  of  kn(»wlcdge :  he  read 
only  that  he  might  teach,  aod  he  taught  only  that  he  might 
nae. 

*'  When  he  felt  himself  neglectefl,  he  avowedly  and  profes- 
sedly abandoned  all  stndy,  because,  says  he,  'eagerness  in  the 
pursuit  of  knowledge  was  a  part  of  my  temper  till,'  and  only 
till,  '  the  aiequisition  of  knowledge  was  attended  with  nothing 
but  the  neglect  of  the  king  and  his  ministers.'  Disgusted, 
therefore,  and  disappointed,  as  much  as  broken  in  constitution, 
lie  withdrew  into  the  wilds  of  Westmorland  without  a  library, 
and  to  thia  priTatioo  be  voluntarily  submitted  almost  thirty 
years.  From  taste  he  derived  neither  amusement  nor  oocnpar 
tion,  for  of  taste  he  never  had  a  tmcture :  placed  amidst  the 
most  delicious  scenes  of  England,  he  thought  of  nothing  but 
turning  his  own  portion  of  them  to  emolument  t"  Thus,  **  this 
violent  dedaimer  against  sinecures  and  non-rendence  was  the 
first  who  converted  the  regius  professorship  of  dirinity  into  a 
sinecure  :  this  enemy  of  pluralities  held  at  least  fourteen  places 
of  preferment ;  tbi?  man  of  moderation  in  liis  wishes,  and  calm 
contentment,  under  tbe  shade  <»f  retirement,  spent  the  last 
twenty-nine  years  of  his  life  in  '  execrating '  [complaining  of  ] 
those,  who,  for  bis  faetioiis  obsfinaey,  bad  left  bim  to  that 
retirement,  \\bile  be  >\as  occupie<l  in  nur.-ing  up  a  fortune,  till, 
accortling  to  bis  own  Ixia-t,  with  tbe  poore>t  bi^bopric  in  tbo 
kingdom,  be  bee;ime  tin*  rielu'st  bishop  upon  the  l>cnch.'* 

With  respect  tt>  the  merits  of  the  question  between  him  and 
the  administration  of  his  early  friend  Mr.  Pitt,  there  will  pro- 
bably be  as  many  different  opinions  as  there  are  readers  of 
different  political  parties ;  but  he  had  surely  no  right  to  expect 
that  a  ministry  determined  to  support  every  minute  article  of 
the  established  constitution  of  tbe  country,  both  in  church  and 
in  state,  ehould  voluntarily  add  to  tbe  power  and  authority  of  a 
person  who  had  repeatedly  declared  himself  rather  hostile  than 
indifferent  to  many  points  which  they  thought  essential  to  both; 
or  even  of  one  who  felt  to  decided  a  conrictton  of  the  impor> 
taooe  of  every  single  opinion  whidi  he  had  hhnself  adopted,  as 
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to  refuse  his  concurrence  in  such  measures  of  leglsktkm  as  they 
might  deem  of  vital  importance  to  the  good  of  the  oonntiy,  and 
'  such  as  had  been  sanctioned  by  the  concorrent  detennination  of 
the  majority  of  a  cabinet  taking  on  themselves  the  whole 
reqionsibility  of  thmr  proceedings.  He  must  have  been  aware 
that  a  house  divided  against  itself  cannot  stand,  and  that  the 
membeiB  of  every  administration,  in  a  country  not  despotic, 
must  consent  to  give  up  something  to  each  other's  feelings,  and 
to  make  a  small  sacrifice  of  private  convictiou  for  the  great 
objects  of  public  energy  aud  unanimity. 
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AmoRT  Fbamou  db  Foubgbot,  a  cdebnted  ofaenusi 
and  physician,  born  at  Paris  15th  June,  1755,  was  die  son  of 
John  Michael  de  Fooreroy,  by  his  marriage  with  Jane  Laugher. 
Wb  fiunily  had  been  long  established  in  the  capital ;  sewal  of 
them  had  been  distinguished  at  the  Bar,  and  Fourcroy  de 
Ramceourt  was  well  known  as  an  engineer  of  considerable 
talent,  and  a  member  of  the  Academy  of  Sciences. 

His  father  was  an  apothecary,  attached  to  the  household  of 
the  Duke  of  Orleans,  and  was  a  great  sufferer  by  the  abolition 
of  places  of  this  kind,  which  was  procured  by  the  corporation  of 
apothecaries,  some  time  before  the  revolution.  Young  Fourcroy 
was  sent  to  the  College  of  llarcourt,  but  made  no  progress  in 
his  learning  there,  imd  underwent  great  hardships  from  the 
cruelty  of  an  unjust  master.  He  was  afterwards  obliged  to 
subsist  by  his  labour  in  co|iying,  and  by  taking  pupils  as  a 
writing  master.  He  was,  howerer,  fertunate  in  the  patronage 
and  assistance  of  Vicq  d'Azyr,  who  had  been  a  friend  of  Ins 
father,  and  under  whose  auspices  he  resolved  to  study  physic, 
obtaining  his  support  in  the  mean  time  by  giving  his  assistance 
to  richer  persons  than  himself  in  their  literary  labours,  and  by 
a  few  translations,  for  which  he  was  very  ill  paid.  When  he 
had  gone  through  the  regular  course  of  study,  he  became  a 
candidate  for  a  gratuitous  diploma,  upon  a  foundation  esta- 
blished by  Dr.  Diest ;  but  he  failed  of  success  from  a  party 
quarrel.  His  own  party,  however,  which  was  that  of  Vicq 
d'Azyr,  indemniBed  him  for  the  loss,  by  making  a  collection  to 
dischaige  the  fees,  amounting  to  about  2507.  ;  but  the  highest 
degree,  that  of  Doctor  Regent,  was  still  refused  him,  and  he 
was  therefore  incapable  of  holding  a  ProfoBsorship  under  the 
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Parisian  Faculty  of  Phyric.  He  re8ol?ed  to  apply  himadf  to 
science  as  the  readiest  way  of  acquiring  medical  reputation,  but 

he  seems  to  have  been  little  known,  at  any  time  of  his  life,  as  a 
practical  physician.  The  detennination,  however,  like  that  of 
the  countryman  in  the  f:il)le,  was  still  a  beneficial  one,  and 
though  he  failed  of  discovering  the  golden  treasure  for  which 
he  dug,  he  profited  by  the  increased  fertility  of  the  soil,  and  by 
the  abundaot  fruits  which  it  bore  him. 

In  natural  history  he  soon  distinguished  himself  as  a  pnpH 
wortiby  of  Geoffinoy,  by  an  entomologioal  pobUoation ;  in  amr 
tomy,  by  bis  deacripUon  of  tbe  tendons  and  their  dieatfaa»  wbkb 
appears  to  have  procored  his  admisrion  into  tbe  Acadensy  d 
Sciences  in  1 785 ;  be  stood  at  first  in  the  capacity  of  an  anataiDist) 
tboogh  be  was  afterward  removed  to  the  section  of  cbemistry. 
His  favourite  pursuit,  however,  from  the  beginning,  was  che- 
mistry, and  in  this  he  derived  considerable  assistance  from 
Bucquet,  who  was  then  a  professor  in  great  esteem  ;  and  haring 
once  undertaken  to  deliver  a  lecture  in  his  place,  on  occasion  of 
a  temporary  indispoeition  of  Bucquet,  though  wholly  unpre- 
pared,  be  found  himself  capable  of  speaking  lor  two  hours  with 
great  fluency,  to  the  delight  and  astonishment  of  bis  andimwft. 
The  repatation  of  Bocquet  was  soon  transferred  to  Foiiraroy» 
and  be  was  enabled,  by  an  advantageous  marriage,  to  pur* 
chase  the  iqiparaftus  of  bis  predecessor,  and  to  snccned  to  bis 
lectures. 

In  1 784,  on  the  death  of  Macquer,  then  Professor  of  Che- 
mistry in  the  Royal  Garden,  the  Count  de  Buffon  found  the 
claims  of  Fourcroy  so  strong,  that  he  thought  it  right  to  appciiut 
him  to  the  vacant  cliair,  though  no  less  a  chemist  tlian  Lavoisier 
was  a  rival  candidate ;  tlie  competition  not  being  wholly  decided 
ather  by  talent  or  by  depth  of  learning,  but  probably,  in  great 
measure,  by  the  reputetion  in  the  art  of  teaching  which 
Fooreroy  had  abready  acquired.  His  sncosH  in  this  aeiw 
sitoaticn  was  brilliant  and  nniveisal;  and  he  ooatmnad  lor 
vwenty-five  years  to  absorb  the  whole  attention  of  n  mimaiiw 
audience  by  bis  eloqnenoe,  and  by  the  perspicuity  of  his  mode 
of  explaining  some  of  the  most  im|)ortant  noveliie-'  that  have 
ever  appeared  iu  auy  age.    Tlie  science  which  he  taught  wa^ 
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then  making  iUmoit  rapid  progress.  It  was  then  that  Bergman 
and  Sdieele  bad  introdnoed  into  analytical  chemistry  a  predsioo 
almost  geometrical ;  that  Priestley  had  disootered  the  aerifinrm 
elements  of  the  animal  and  vegetable  world  ;  that  Black  and 

AVilcke  had  methodised  the  phenomena  of  heat ;  that  Cavendish 
had  discovered  the  composition  of  water  aud  of  the  nitric  acid  ; 
that  Monge  had  repeated  and  extended  his  experinients  ;  and 
that  I-avoi>ier  had  reduced  the  whole  of  chemistry  to  a  uniform 
system,  wliicli,  thougii  fuinuled  on  a  generaHsation  somewhat 
too  hasty,  has  still  been  of  imj)ortant  service  to  the  science,  by 
concentrating  the  attention  of  the  philosopliic  reaaoner  oo  various 
rlsnnp  of  phenomena,  which  could  not  so  easily  have  been 
comprehended  in  one  view  without  the  aid  of  some  such  hypo- 
thesis. Mr.  de  Foureroy  wai*  |>articularly  happy  in  his  tact  of 
perceiving  whether  or  no  all  has  audience  were  fully  in  pos- 
session of  the  ideas  be  wished  to  commumcate  to  them,  and  he 
was  ncfer  tired  of  eaplaining  himself,  till  he  was  satisfied  that 
he  had  said  enoii^.  His  manner  was  energetic,  and  such  aa 
an  Kiiglishman  might  perhaps  hafe  thought  pompous  and 
aflected ;  but  we  must  reooUect,  that  there  is  no  filed  standard 
of  propriety  in  matters  of  taste,  and  that,  as  the  common  coo* 
versation  of  the  French  is  naturally  accompanied  with  more  of 
emphaas  and  gesture  than  our  own,  it  is  very  possible,  that 
williout  any  greater  proportional  exaggeration  than  is  intro- 
duced iu  siniilar  cases  in  (ireat  Britain,  an  actor,  a  lecturer,  or 
a  preacher,  may  exhibit  what  to  us  would  appear  a  caricature, 
while  it  only  atlects  his  own  couutryinen  as  a  natural,  Uiough 
impressive  style  of  public  speaking.  The  chemical  amphitheatre 
of  the  Public  Ganlrn  was  crowded  by  students  from  all  coun- 
tries, and  from  all  quarters  of  the  glol)e,  some  prompted  to 
visit  Paris  by  their  own  love  of  learning  only,  some  assisted  in 
their  porsnits  by  their  respective  governments;  and  it  wna 
twic««  in  succession  necessary  to  provide  more  extensive  accom- 
modations  for  the  overflowing  numbers  that  sought  for  admit- 

Mr.  de  Fottrcroy*s  political  life,  thot^  not  nnsncnessful, 
seems  to  have  contributed  less  materially  to  his  happinem  than 
his  scientific  career.   He  was  chosen  a  sopplementary  oiemher 
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of  the  National  Conyention,  and  entered  on  the  functions  of  tbe 

oflBce  in  the  dreadful  period  of  1793.  He  had,  hctwevcr,  tlie 
wisdom  to  refrain  from  employing  the  eloquence  that  he  pos- 
sessed under  circumstance?  so  dangerous,  and  he  almost 
entirely  confined  his  exertions  to  some  attempts  to  jioftcn 
the  cruel  tyranny  of  the  times.  Darcet  was  one  of  tbe 
destined  victims  that  he  had  the  good  fortune  to  save ;  hat  he 
soon  found  it  too  dangerous  to  persist  in  such  interferences. 
Mr.  Cuvier,  however,  very  fnlly  acquits  him  of  any  approhatiao 
of  tiie  judicial  murders  that  were  committed,  and  of  any  cooni- 
vance  at  such  proceedings  as  it  might  have  heen  possible  for  him 
to  avert ;  declaring  that  if,  upon  the  strictest  inquiry,  he  could 
have  discovered  that  there  was  tbe  least  foundation  for  charging 
him  with  having  been  indifferent  to  the  fate  of  his  great  r'wul 
Lavoisier,  no  consithTation  on  earth  could  liave  induced  him  to 
become  the  biogra))her  of  a  person  so  contein|itil)le.  It  w.ii  at 
a  later  period  that  Fourcroy  acquired  some  little  influence  as 
a  director  of  the  public  instruction  ;  and  in  this  capacity  he  had 
great  scope  for  the  exertion  of  bis  talents,  in  the  re-establish- 
ment of  the  many  public  institutions  connected  with  scieoce, 
which  the  madness  of  the  revolution  had  destroyed.  Tbe 
Ecoh  de  Mideehu  was  one  of  tiie  first  that  was  restoied,  but 
the  name  of  M^edn  seeming  to  carry  with  it  too  much  of 
respect  and  authority  for  tbe  levelling  i:j)irit  of  the  day,  tbe  new 
institution  was  at  first  called  Frolc  de  S<iuf^.  Mr.  de  Fourcn»v 
was  also  very  essentially  cnnei'mrd  in  the  organization  of  the 
Eco/e  P(>Ii/ffchni(juey  as  well  as  of  the  central  schools  of  the  de- 
partments, and  of  the  Normal  schools  of  Paris  ;  nor  was  he  an 
indiflferent  spectator  of  the  establishment  of  the  InitihtU^  which 
was  at  first  intended  to  be  as  much  immediately  subservient  to 
public  instructiou,  as  to  making  known  tbe  results  of  private 
study.  He  had  also  considerable  influence  in  obtaimng  tbe 
adof^on  of  a  law,  calculated  greatly  to  facilitate  the  formatkm 
of  a  Museum  of  Natural  History  of  a  magnificent  extent.  If, 
in  the  pursuit  of  these  objects,  he  sometimes  appeannl  to  forget 
the  dignity  of  language  most  appropriate  to  his  subject,  it  miL«t 
be  reujcmbered  tluit  he  lived  in  tiint^s  when  the  choice  of  ex- 
pressions was  by  no  means  at  tbe  option  of  tbe  speaker,  lie 
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was  once  denounced  by  the  Jacobins  merely  for  his  silence  in 
the  Assembly  ;  but  he  excused  himself,  by  pleading  the  absolute 
necessity  of  applying  himself  to  chemical  punuits  for  the  sap* 
port  of  his  family. 

In  1798  his  dotiea  as  a  senator  were  tenninated,  but  be  was 
made  a  counsellor  of  state  under  the  consular  go?emment,  and 
again  employed  in  the  department  of  public  instruction,  with 
less  liberty  to  pursue  bis  own  ideas  than  before,  but  with  more 
effectual  means  of  attaining  the  objects  of  bis  appointment 
In  this  capacity  he  directed,  in  the  course  of  five  years,  the 
establishment  of  12  schools  of  law,  and  of  more  than  30 
lyceums,  now  called  Royal  Colleges,  and  300  elementary 
schools;  exhibiting  in  the  perfonnance  of  this  laborious  duty 
the  greatest  possible  judgment  and  attention,  in  overcoming 
the  local  difficulties  whiih  perpetually  occurred  in  the  details 
of  the  undertaking,  and  depending  on  none  but  himself  for  the 
whole  of  the  required  arrangements:  he  conducted  himself 
with  great  impartiality  in  his  choice  of  the  persons  to  be 
employed,  tfaou^  be  sometimes  found  himself  obliged  to  pay 
a  certain  degree  of  deference  to  the  arlntrary  power  under 
wbicb  he  acted,  or  e?en  to  bis  own  political  connexions.  Re- 
membering the  difBedtleB  which  he  bad  himself  encountered  in 
the  early  part  of  his  eareer,  be  was  particularly  kind  and  bene- 
volent in  his  intercourse  with  those  young  men  to  whom  he  was 
the  dispenser  of  the  public  muniticeuce,  in  admitting  them  to  a 
gratuitous  education. 

The  great  number  and  extent  of  Mr.  de  Fourcroy's  scientific 
labours  may  be  considered  as  paramount  to  a  more  immediate 
participation  in  the  discovery  of  some  of  the  new  facts  which 
changed  the  aspect  of  the  sdence  of  chemistry.  H  is  ideas  were, 
bowcTer,  often  rather  enlarged  than  profound,  and  he  was  not 
uncommonly  somewhat  too  precipitate  in  his  conclusions ;  but 
be  was  generally  methodical  in  the  mode  of  conducting  bis  re- 
searches, and  clear  m  relating  their  resultiw  His  pursdits  and 
projects  were  sometimes  Taried  a  little  capriciously,  though  he 
prosecuted  tiiem  all  with  equal  warmth  and  equal  eloquence. 
He  was  too  much  the  slave  of  public  opinion  for  his  own  com- 
fort, and  even  tlie  slightest  expression  of  censure  that  occurred 
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in  private  society,  or  the  most  tiniinportant  criticism  that  ap- 
peared in  a  ]>t>ri()r]ical  work,  beciiiue  a  lieavy  misfortune  to  him, 
and  deprived  liim  of  his  traiiqiiilHty  for  a  considerable  time. 
But  the  desire  of  universal  approbation  acted  upon  him  as  a 
strontr  incentive  to  continued  exertion ;  and  among  all  liis 
political  and  his  official  labours,  he  continued  his  experiments^ 
his  memoirs,  and  his  lectures,  with  as  much  eageriMM  «B  if 
they  liad  constituted  his  whole  occupation.  His  nenres  mstm 
ultioMtely  to  have  toflbred  by  his  unremitting  apfboatioB,  mad 
he  became  sulijeet  to  ps^ntatioii^  which,  as  he  was  wdl  mwmn^ 
rendered  the  dnrattOD  of  his  life  extremely  fnmnom.  At 
last,  on  the  16th  December,  1809,  at  tfie  age  of  64,  as  he  was 
signing  some  dispatches,  he  esdaimed  aoddenly,  I  am  dead 
and  hb  words  were  true.  It  ha|ipened,  lhat  on  that  day  his 
&mily  were  about  to  amemUe  for  the  celebration  of  an  anni- 
versary, in  whieh  they  were  particularly  interested ;  the  assembly 
actually  met,  though  only  to  mourn  his  loss :  and  their  disap- 
pointment wjis  nnidered  the  greater,  upon  the  receipt  of  some 
distinguished  marks  of  the  imperial  favour,  which  arrived  too 
late  to  l)e  of  any  use  to  his  spirits  or  to  his  health,  but  which 
would  have  been  of  the  more  value  to  him,  as  he  had  before 
been  passed  over,  when  some  of  his  colleagues  had  reeeived 
considerable  gratifications.  He  had,  howefer,  been  made  a 
Qount  of  the  Empire  and  a  Commaiider  of  the  Legion  of 
Honour,  in  addition  to  his  Yarious  literary  and  soientific  titles ; 
and  he  must  have  had  the  heartielt  satisfiution  of  refleoling 
that  he  had  been  of  use  to  the  promotion  of  imowledge  by  his 
experiments  and  Us  writings;  to  his  oountry  by  the  pnhlio 
institutions  which  he  had  established ;  and  to  many  deserving 
individuals  by  the  benefits  which  he  had  bestowed  on  them, 
without  tiie  remorse  of  having  done  injury  to  any  one. 

He  left  a  son  by  his  first  marriage  with  Mile.  Bettinger,  the 
Count  de  Fourcroy,  an  officer  of  artillery,  who  was  afterwards 
killed  in  the  campaign  of  1813,  in  Saxony,  and  a  daughter, 
Mad.  Foucaud.  By  his  second  marriage,  with  Mad.  Belleville, 
the  widow  of  M.  de  Wailly,  he  had  no  children.  His  two 
maiden  sisters  also  survived  him,  by  no  means  in  a  state  of 
affluence,  and  tbey  received  peat  kindness  from  his  friend  and 
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assistant  Mr.  Vauquelin.  Hi?  place  at  the  lostitute  was  very 
ably  filled  by  Mr.  Thcnard :  Mr.  Laugier  sucroorled  him  at 
the  Museum,  and  Mr.  Gay  LuBsac  at  the  Eook  Polytechmqm, 
The  chief  of  Mr.  de  Foorcroy's  separate  publieatioiit  are» 
1.  EmU  4iur  Ua  Mdladiu  de$  AHiaoM.  12.  F)ui%  1777, 
tnuiBlated  from  Ramagrini.  2.  Amaiym  (UiimiquiB  d$  TEa» 
SuIJureuM  d^EngkUn^  par  Foorcroy  et  Laporte,  8to.  1778, 
applying  the  reoeot  discoveries  on  the  nature  of  gases  io  the 
contents  of  this  water.  3.  Legotis  EUmmUdrn  (fHutaire 
Naturelle  et  de  Chimie,  2  vols.  8vo.  1782,  5  vols.  Svo.  1789, 
1794;  afterwards  translatud  by  Nicholson.  4.  M^moires  et 
Observations  de  Chimic,  8vo.  1784;  a  collection  of  memoirs 
intended  as  a  sequel  to  the  Elements  ;  most  of  them  had  been 
read  to  the  Aeatleray  before  the  author  was  a  member,  and 
destined  for  tiie  Memoires  des  Savans  Etranyers;  they  relate 
to  tbe  metallic  carbonates,  to  detooation^  to  testa  for  water,  to 
combustions  in  a  stream  of  oxygen,  and  to  the  properties  of 
several  saline  and  metallic  substances,  with  a  useful  introduction 
on  the  mode  of  conducting  chemical  ezperimenta.  5.  An 
edkMQ  of  the  EOamohffia  ParitmtU  if  Geoftoy^  2  vols. 
•  12mo.  1780 :  extrseted  from  Geoffiroy*s  hiif;er  work,  with  the 
addition  of  250  new  species.  6.  VArt  die  emm^tif  ei  if  «m- 
ployer  he  MSdicamens  dam  be  Maladies,  2  vols.  8f«K  1785. 
7.  M^thode  de  Nomenclature  Chimique,  par  De  Morveau, 
Lavoisier,  l^rthollet,  et  De  Fourcroy,  8vo.  1787.  8.  Kssai 
snr  le  Phloyistique  et  Ics  Andes,  8vo.  1788  ;  from  the  Eiiglisli 
of  Kirwan.  9.  La  Medecine  Eclaircc  par  Ics  Sciences  Phi/si(jues, 
4  vols.  8vo.  1791,  1702;  a  collection  of  paper?;,  with  some 
original  essays  by  the  editor.  10.  Philosophie  Chimique,  ou 
Virith  Fondamentaieede  la  Chimie  Modeme,  1792,  1796,  1800. 
Reviewed  by  Deyeux,  Aim.  Ch,  LVL;  a  work  which  has  been 
.  translated  into  almost  every  European  language,  including 
modem  Greek.  11.  Proc^ddt  pour  Extraire  la  Sonde  dujSel 
Marin,  4to.  1795.  12.  %jfdms  de  Cannaistances  Chimiquu,  10 
vols.  8vo.,  5  vols.  4to.,  1800.  This  vast  collection  of  chemical 
information  was  written  from  beginning  to  end  in  the  space  of 
mghteen  months,  during  an  interval  of  leisure  from  public 
business,  ifeo.  Ann,  Ch.  XXXVI.  XXXVIL  Translated 
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by  Nicholson.     13.  Tableaux  Synoptique*  de  Chimie^  folio, 
1800,  1805.     14.  Ahrege  de  Chimie,  pour  Vusaqc  des  Ecoim 
VMihinairt%,    15.  Ckind&  pour  lu  Dames,  in  the  BiblioMfm 
dee  Damet. 

Besides  his  separate  works,  Mr.  de  Fonreroy  was  tfie  author 
of  more  than  160  Memoire,  printed  in  the  Memoba  of  tbe 

Academy  of  Sciences,  the  Annales  de  Chimie,  and  other  pub- 
liciitious.  The  most  important  of  lii.-^  later  researches  were 
published  jointly  in  his  own  name  and  in  that  of  his  pupil 
Vauquelin ;  and  it  is  supposed  that  the  processes  were  gene- 
rally conducted  and  often  suggested  by  Vauquelin,  but  that 
the  investigations  were  set  on  foot  and  directed,  and  the  resolts 
described  and  methodized,  with  inferences  and  theoietkal 
reasoning,  by  Fonroroy.* 

Mr.  de  Fonrcroy  was  for  some  yean  the  editor  of  fh/tJemrmal 
dee  Fharmaeiene,  He  first  suggested  the  idea  of  the  pabKcatkm 
of  the  AtmaUe  du  Biueium  d^Hieioire  NahtreXle,  and  contfibnted 
several  valuable  papers  to  it,  as  well  as  to  the  Journal  de 
VEcole  Poly  technique,  and  to  the  Magasin  Encyclopedique. 
He  was  also  the  author  of  some  very  voluminous  articles  in  tbe 
chemical  part  of  the  Encyclopedie  Methodique ;  but  tbe  fabric 
of  his  celebrity  is  principally  founded  on  tbe  works  which  have 
already  been  ennmerated,  and  which  are  better  known  to  the 
public. 

*  It  has  not  been  thought  necessary  to  reprint  tht  iHitflffrl  liti  of  that  Mtmitn 

which  ia  girea  ia  tbe  origiiiai. — Jfot*  by  tht  Editor, 
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John  IvOBMBOUtti  an  eminent  physician  and  natural 
philosopher,  was  horn  at  Breda  in  1730.  Ue  was  first  estab- 
Uabed  in  madioal  pnictioe  tbere^  Imt  ranoved  to  London  in 
1767,  partieolariy  with  a  view  to  atndy  the  improved  methods 
of  inocolation  then  lately  introduced.  Having  become  ac- 
qnainted  with  Sir  John  Pringle,  at  that  time  Pkvsident  of  the 
Boyal  Society,  he  was  by  him  reoommeoded  to  the  Austrian 
ambassador,  for  the  purpose  of  inoculating  the  Imperial  ikmily 
at  Vienna,  the  Empress  Maria  Hieresa  having  lost  two  of  her 
children  by  the  natural  small-pox.  He  accepted  this  engage- 
ment in  176<S,  and  having  been  perfectly  successful  in  his 
operations,  he  was  remuncrate<l  by  the  grant  of  a  pension  of 
600/.  a  year  for  life,  together  with  the  titles  of  Aulic  Coun- 
sellor and  Physician  to  the  Imperial  Family.  He  was  also 
cimsalted,  in  his  medical  capacity,  by  many  others  of  the  most 
distinguished  personages  at  \'ienna,  and  he  enjoyed  the  par- 
ticular esteem  of  the  Emperor  Joseph  II.,  who  was  fond  of 
luesifing  him  in  his  cabinet,  and  of  witnessing  the  exhibition 
of  a  variety  of  physical  experiments,  with  which  it  was  always 
the  delight  of  Ingeohouss  to  amuse  and  instruct  his  a^ 
quaintanoe  of  both  sexes.  The  following  spring  he  went  to 
Italy,  and  inoenlated  the  Grand  Dnke  <^  IWeany.  He  was 
made  m  FeOow  of  the  Boyal  Society  in  May  1769;  but  he 
appeam  to  have  remained  some  years  in  Italy ;  for  he  was  at 
Leghorn  in  January  1778 ;  in  March  he  datss  firom  Salsburg, 
and  in  Nofemher  1775  from  Vienna.  The  nest  year  he  was 
in  London ;  and  in  the  winter  of  1779  he  went  to  Pisris.  The 
latter  part  of  his  life  he  8|>ent  principally  in  England,  which, 
notwithstanding  his  dii^like  to  the  cliilliness  of  the  climate,  ^nn 
always  bis  favourite  residence,  and    where  be  enjoyed  during 
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many  years,"  to  use  his  own  words,  "  that  felicity  which  a  free 
and  independent  man  finds  in  the  pursuit  of  knowledge  and 
wisdom,  in  the  society  and  friendly  intercourse  of  those  who 
bave  distinguished  themselves  by  their  learning." 

Dr.  Ingenhougz  was  cheerful  in  his  disposition,  and  often 
playful  in  his  conversation.  Though  his  pursuits  w«re  diieflj 
scientific,  he  was  not  destitute  of  taste  for  literature  and  poetiy. 
He  had  a  particular  predilection  for  Lucan,  and  for  the  Car- 
dinal de  Bslignac,  and  would  frequently  redte  passages  horn 
their  poems  with  great  energy,  and  with  a  strong  German 
accent.  Nor  did  he  disdain  the  comforts  of  commercial  «i}>u- 
lence,  and  he  was  often  a  visitor  at  tlie  magnificent  villa  cf  the 
late  Mr.  Rucker  of  lioehampton.  lie  had  been  introduced 
there  by  his  fneod  Dr.  Brocklesby,  who  was  in  many  respects 
of  a  perfectly  congenial  disposition,  and  who  had  great  pleasure 
in  prevailing  on  bim  to  partake  occasionally  of  his  own  hospi- 
tality, when  his  table  would  otherwise  have  been  soKtary.  He 
died  the  7tii  September,  1799,  at  Bowood,  in  Wiltsldre,  the 
house  of  the  Marquis  of  Lansdowne,  who  had  long  known  and 
esteemed  him. 

Dr.  Ingenhousz's  principal  publications  arc,  1 .  Lrjfcrimr/ifs 
on  the  Torj)€do.  Phil  Tram.  1775,  p.  1.  Mr.  W  alsh  had 
lately  gained  considerable  reputation  by  his  account  of  the 
effects  of  the  torpedo.  These  experiments,  which  were  made  otf 
Leghorn,  in  company  with  Dr.  Drummund,  are  merely  illns- 
trative  of  the  properties  of  that  animal,  which  are  now  better 
known ;  and  they  afford  no  decided  test  of  the  electrical  nature 
of  the  phenomena. 

2.  Methods  of  Monni]^  the  Bulk  ef  JUueturee  ef  Cmmmm 
Air,  mid  Nitreut  Air,  with  Experimmte  em  Ptat^m.  PkH, 
TVofit.  1771),  p.  257.  Hie  eudiometrioal  apparatus  is  de- 
scribed as  an  improvement  on  Fontana's.  Tlie  experimcots 
are  intended  to  show  that  platina  is  not  an  alloy  of  iron  and 
gold,  since  it  may  be  deprived  of  all  magnetic  properties  by 
repeated  cupellation. 

3.  A  Way  of  Lightimf  a  CamdU  an  Electrical  Spark, 
Phil  Trans,  1778,  p.  1023.  A  very  imall  chaigad  jv  aetlii^ 
fire  to  pulverised  resin,  strewed  on  cotton. 
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4.  On  the  Electrophorus^  p.  1027.  This  is  a  Bakerian 
lecture,  read  by  appointment  of  the  President  and  Council  of 
the  Royal  Society,  relating  to  the  instrument  then  lately 
invented  by  Professor  Volta,  and  which  had  been  made  known 
to  the  author  by  the  Arcbd«ke  Ferdinand.  Its  action  is  ex- 
ptoincd  upon  the  elementary  principlee  of  the  Franklinian 
tbeovy.  The  next  article  in  the  volume  contains  some  ex- 
periments of  Mr.  Henlj  b  confirmatioii  of  the  doctrines  here 
advaneed. 

5.  0»  a  Nmo  Injhmmahk  CUu.  PhU  Trm.  1779,  p.  576. 
A  poweifDl  explosion  is  prodooed  hy  the  detonation  of  the 
yaposr  of  a  single  drop  of  ether  with  oxygen  gas.  The 
author  takes  occasion  to  investigate  the  elasticity  of  the  gas 
evolved  by  the  detonation  of  gunpowder ;  and  agrees  with 
Bernoulli  in  estimating  it  as  equivalent  to  near  2.')()0  atmos- 
pheres. It  may  here  be  remarked,  that  notwithstanding 
Bernoulli's  general  accuracy  and  great  mathematical  talents, 
he  has  fallen  into  a  very  singular  error,  in  comparing  the  force 
of  gunpowder  with  the  daily  lahoor  of  men ;  and  has  acci- 
dentally made  the  force  of  one  pound  equivalent  to  the  daily 
work  <k  100  men,  while,  in  fact,  the  force  of  40  poonds  is  only 
eqvuvaknt  to  the  daily  labour  of  a  single  man. 

6.  Ott  a  JMi  cfSkupmidu^  MapuOeal  NbMb,  p.  587. 
Proposing  that  a  hollow  needle  should  he  immersed  in  linseed 
oil,  so  as  to  press  with  a  small  portion  of  its  weight  only  on  its 
axis,  in  order  liwt  the  IKetion  may  be  greatly  diminished. 

7.  hnprovementM  in  EhttricUy,  p.  661.  On  pkte  machines 
of  glass  and  pasteboard,  and  on  a  ribbon  machine.  A  Bakerian 
lecture. 

8.  Ex})erimcnts  on  Veqotahlrs  8.  Lond.  1779.  This  volume  is 
chiefly  occupied  by  the  tletailed  proofs  of  tlic  author  s  principal 
discovery,  that  vegetables  in  general  pour  out  a  portion  of 
oxygen  gas  in  the  sunshine,  while  they  rather  diminish  its 
proportion  at  night  and  in  the  shade.  It  is  dedicated  to  Sir  John 
Fringle,  and  was  translated  into  French  by  the  author.  8.  Paris, 
1786.  Second  edition,  2  vols.  8vo.  1787-9.  Latin  by  Scherer, 
Vienna,  1786.  Dn^cA  5y  Dr,  Van  Bnda,  of  Delft,  with 
others  of  his  works. 
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9.  Oil  ih€  Salubrity  cf  the  Air  at  Sea,  and  at  Placet  far 
removed  from  the  Sea,  Phil.  JVane.  1780,  p.  554.   Fron  the 

imperfection  of  the  test  employed,  it  was  easy  to  imagine 
that  some  differencos  were  discovered,  which  subt^i^ueDt  obser- 
vations have  .shown  to  have  no  existence. 

10.  NouvcUcs  Experiences  et  Obsenrntious^  2  vols.  Hvo.  Paris. 
On  different  subjects  of  natural  philosophy.  In  Germao  bj 
Molitor^  Vermischtc  Schriften.    Vienna,  1784. 

11.  On  the  h^kmee  of  the  Vegetable  Kingdom  in  the  Animal 
CreaHm.  Phil.  Trane.  1782,  p.  426.  Assertiiig  the  ac- 
curacy of  his  ezperimeDts,  and  denying  some  atatemente  of  Dr. 
Priestley ;  advancing,  in  particular,  many  argumenta  to  prove 
that  the  air  obtuned  is  really  supplied  by  the  vegetables,  and 
not  by  the  water  in  whidl  they  are  usually  immersed,  in  order 
to  collect  it.  Dr.  Ingenhousz  was,  on  all  occasions,  anxious 
to  support  his  claim  to  this  very  interesting  discovery  ;  and 
he  insisted  that  Priestley's  earlier  experiments,  on  the  green 
matter  contained  in  stagnant  water,  had  little  or  nothing  in 
common  with  his  own,  because  that  matter  was,  in  fact,  of  an 
animal  nature.  He  was  in  the  habit  of  collecting  the  gas  from 
cabbage  leaves,  and  of  keeping  it  bottled  up  in  Ina  pocket ; 
and  he  was  prepared  with  some  coils  of  iron  wire  fastened  imo 
the  oorks,  in  order  to  exhibit  the  brilliant  phenomenon  of  their 
combustion  to  his  friends :  the  publie  being  at  that  time  less 
accustomed  to  this  dazzling  exhibition,  than  it  has  become  in 
later  years,  when  elementary  lectures  on  chemistry  have  been 
more  commonly  addressed  to  mixed  audiences  than  heretof,)rt\ 

12.  Essay  on  the  Food  of  FUinte,  8vo.  Lond.  1798.  from 
the  French. 

13.  Dr.  Ingenhousz  also  inserted  some  essays  in  di&rent 
volumes  of  the  Jommal  de  Fhgeiqmes  but  they  possess  less 
originality  and  importance  than  hia  English  publications. 
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John  RoBisoMy  a  distiiigubhed  Ftofessor  of  Natural 
FhiloBOphy,  bora,  in  1739,  at  Boghall,  in  the  parish  of  Bd- 
deroock,  and  in  the  oonnfy  of  Stirling^  was  a  younger  son  of 
John  Rohison,  Esq.,  who  had  formerly  been  a  merchant  at 
(jUasgow;  and  bad  retired  to  Uve  in  considerable  afflnence  on 
his  estate  at  Boghall,  not  far  from  that  city. 

He  was  of  a  family  sufficiently  respectable  to  enable  his  son 
at  a  subsequent  period  to  prove  himself,  to  the  satisfaction  of 
the  Court  of  St.  Petersburg,  a  (^cntlcnian  bom.  As  a  younger 
brother,  that  son  was  originally  intended  for  the  church,  and 
went,  at  an  early  age,  according  to  the  custom  of  Scotland,  in 
1750,  to  enter  as  a  student  of  humanity  in  the  University  of 
Glasgow ;  so  that  he  was  initiated  almost  in  the  rudiments  of 
Latin  and  Greek  literature  under  the  able  instruction  of  Dr. 
Moore,  the  well  known  professor  of  Greek ;  and  be  acquired 
such  a  knowledge  of  these  languages  as  served  to  constitute 
him  a  correct  classical  scholar  through  life.  He  pursued  his 
studies  with  so  much  attention,  as  to  obtain  the  approbation  of 
lus  teachers,  and  the  admuration  of  his  oontemporariefl!,  who 
were  deli|^ited  with  the  origmality  and  ingenuity  of  his  con- 
versation, though  he  did  not  himself  reflect  with  perfect 
satisfaction  upon  Ihe  degree  of  application  which  he  had 
exerted  in  his  academical  education.  lie  took  a  degree  of 
Master  of  Arts  in  1756,  having  studied  mathematics  under 
Dr.  Robert  Simson,  and  moral  philosophy  under  Dr.  Adam 
Smith.  The  example  of  so  correct  and  rigid  a  follower  of  the 
ancient  methods  of  demonstration,  as  Dr.  Simson,  must  un- 
questionably have  exercised  considerable  iufluence  on  his  yet 
unformed  taste  in  mathematics ;  but  he  seems  to  have  had 
natural  preference,  either  from  the  constitution  of  his  mind,  or 
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from  some  previously  aoqnired  faabitB  of  tfainking,  for  the 

geometrical  method ;  for  we  are  informed  that  "  he  first 
attracted  the  regard  of  Dr.  Sinisoii  by  owning  his  dislike  ««f 
algebra,  and  by  returning  a  neat  geometriciil  solution  of  a 
problem  which  had  been  given  out  to  the  cla^a  in  an  algebraical 
form  ;  with  this  mode  of  solution  the  professor  was  delighted, 
though  the  pupil  candidly  acknowledged  that  it  had  Iteeo 
adopted  only  because  he  could  not  aoWe  the  problem  in  the 
manner  reqoired  of  the  claas.*' 

He  had  imbibed,  in  the  eoone  of  his  stodiea,  an  inanperaliit 
aTcrsion  to  the  parsirit  of  hit  original  objeets  in  the  cbnrah ; 
not  certainly  from  any  want  of  religions  feeling,  or  from  a 
dislike  to  the  kind  of  life  that  was  intended  for  him.  but  pro- 
bably from  some  dilHculties  tliat  liad  occurred!  to  him  respecting 
particular  points  of  doctrine  or  of  practice.  He  wa^  there  fori- 
compelled  to  provide  himself  with  some  other  occupation  ;  and 
he  readily  accepted  the  offers  of  some  of  his  friends  in  1758,  to 
recommend  him  to  Dr.  Blair,  a  prebendary  of  >Vestmin8ter, 
who  had  formed  a  scheme  for  sending  Pirinoe  £dmard»  the 
young  Duke  of  York,  to  complete  his  professional  educaticD  at 
sea,  fak  company  with  a  son  of  Adndral  Knowlea ;  and  Mr. 
Bobison  was  to  have  mstnnsted  hn  Royal  Highness  m  mifte* 
roatics  and  narigation.  He  was'  mudi  disappoint^,  on  Bs 
arrival  in  London,  to  find  that  the  expedition  had  never  been 
seriously  intended  ;  and  he  readily  accepted  an  engagement  to 
attend  young  Knowles  as  a  private  tutor,  wlien  he  went  as  a 
midsbipman  on  board  of  the  Neptune  of  90  guns,  with  Admird 
Saunders,  who  had  the  command  of  a  force  intended  to  00- 
<^>ente  with  General  Wolfe  in  the  reduction  of  Quebec;  and 
upon  the  appointment  of  his  friend  as  a  lieutenant  on  board  of 
the  Boyal  William,  Bobison  was  htmadf  rated  aa  a  midshipnaa 
in  that  ship. 

The  fleet  arrived  on  the  coast  of  America  in  April.  172^9 ;  m 
May  they  got  up  the  river,  and  Mr.  Robison  was  one  of  a  party 

of  100  seamen  draughted  from  the  Royal  William  into  the 
Admiral's  ship,  under  the  command  of  Lieutenant  Kiiowle*: 
in  this  capacity  he  had  an  op|M)rtunity  of  srt'ing  mnsiderable 
service,  and  of    akiog  some  surveys  of  the  river  and  of  the 
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neighbouring  country,  an  omploymont  fur  which  he  was  |>er- 
fectly  qualified,  both  as  a  geometrician  and  as  a  draughtsman. 
He  also  remarked  the  effect  of  the  Aurora  Borealis  on  the 
compass,  which  had  been  noticed  by  Mairan  and  WargentiD 
some  years  before,  but  which  was  then  not  commonly  known. 
After  the  battle,  which  was  signalised  by  the  victory  and  death 
of  the  gaUaot  Wolfe,  the  Royal  William  Miled  with  his  body 
to  Europe^  and  orrired  at  Spitbead  in  Kofember.  Hie  next 
year  she  was  sent  to  crmae  off  Cape  Finiatem,  but  in  sU 
montba  she  was  obliged  toretnrahome,  from  hsTing  the  greater 
part  of  the  mm  ^tisabled  by  the  icurvy. 

He  nsed  to  consider  the  two  years  that  he  spent  on  board  of 
the  Royal  ^William  as  the  happiest  of  his  life  ;  and  no  incon- 
siderable part  of  his  gratification  wa^s  derived  fTX)m  the  study 
of  seamanship  as  he  saw  it  practised  under  the  auspices  of 
Captain  Hugh  Pigot.  He  did  not,  however,  acquire  any  firm 
attachment  to  the  mode  of  life  which  he  had  temporarily 
adopted  ;  he  was  rather  disposed  to  resume  his  academical 
pursuits,  and  he  had  overcome  his  earlier  objections  to  the 
ecclesiastical  profession.  He  could  not»  however,  refuse  the 
friendly  invitation  of  Admiral  Knowles  to  come  and  live  with 
him  in  the  conntry,  and  to  assist  him  in  some  important  experi« 
ments  wldcfa  be  was  making  upon  mecfaanieal  and  nantieal 
subjects. 

In  the  month  of  February*  1762,  Lieutenant  Knowles  was 

appointed  to  the  Peregrine  sloop,  of  20  guns,  and  Mr.  Robison 
accompanied  him  with  the  hope  of  becoming  a  purser.  He 
▼imted  Lisbon  and  several  other  parts  of  Portugal ;  but  ho 

found  a  cruise  in  a  small  ship  much  less  convenient  ami 
agreeable  than  in  a  large  one,  and,  fortunately  for  himself  and 
for  mankind,  he  finally  quitted  the  Peregrine  and  the  naval 
service  in  June,  and  returned  to  live  with  Admiral  Knowles  ; 
who  soon  after  recommended  him  as  a  proper  person  to  take 
charge  of  Harrison's  timekeeper,  which  had  been  completed 
by  the  labour  of  ^  years,  after  many  unsuccessful  experiments, 
and  which  was  now  sent  out  by  desire  of  the  Board  of 
Lopgitnde  to  the  West  Indies,  under  the  care  of  yonng 
Harrison  and  of  Mr.  Bobison.  The  rate  of  the  dirooometer 
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was  aaoertained  al  Portsmouth  the  6th  of  November,  1762,  and 
it  indicated,  at  Port  Royal  in  Jamaica,  a  difleroice  of  time 
amounting  to  5^  2*  47',  which  is  only  four  seconds  less  than 
the  true  lon^tude.  After  a  few  days,  the  obsenrers  had  a 
prompt  opportunity  of  returning  home  by  the  Merlin  sloop, 
whidi  was  sent  to  Europe  with  despatches.  The  voyage  was 
most  disastrous  with  respect  to  wind  and  weather,  and  at  last 
the  ship  took  fire;  but  she  anned  safe  at  Port«tiioutli  in 
March,  and  on  tlie  2 J  of  April  the  watch  gave  II''  G^', 
instead  of  12*',  for  the  time  of  mean  noon,  so  that  the  error,  aft<;r 
-  six  montjis,  was  only  1™  53^',  amouutiog  to  no  more  than  about 
20  miles  of  distance. 

Mr.  Robison  received,  upon  his  return,  the  affecting  intelli- 
gence of  the  total  loss  of  the  Peregrine,  whicli  had  foundered 
at  sea  with  her  commander  and  the  whole  of  the  ship's  com- 
pany. He  was  also  greatly  disappointed  in  the  failure  of  some 
hofiea  which  had  been  held  out  to  him  from  the  Admiral^  and 
the  Board  of  Longitude ;  though  in  fitct  there  is  Uttle  reaaoo  Ibr 
the  public  to  regret  that  he  was  not  gratified  with  the  punership, 
whidi  he  claimed  as  the  reward  of  his  senrices.  He  was  indeed 
afterwards  actually  made  a  purser  by  Lord  Sandwich,  in  1763; 
but  he  then  declined  accepting  the  appmntment  His  biograpbers 
▼eiy  naturally  complain  of  ^  neglect  of  those  Boards  which 
ought  to  have  recompensed  him ;  but  certainly  the  Board  of 
Longitude  had  no  power  whatever,  and  probably  not  much 
influence,  in  the  appointment  of  a  purser ;  and  after  all,  the 
delay  of  a  year  or  two  was  nothing  very  uncommon  in  the 
navy. 

He  had  now  no  other  resource  than  to  return  to  Glasgow, 
and  to  resume  his  academical  pursuits  with  renewed  energy. 
It  was  firom  tliis  time  that  be  dated  his  serious  application  to 
his  studies  ;  he  became  extremely  intimate  with  Dr.  Reid  and 
Dr.  Alexander  Wilson,  and  be  bad  the  advantage  of  being  a 
witness  of  two  of  the  greatest  steps  in  the  improvement  of 
physical  science  that  have  been  made  in  modem  times.  Dr. 
Blade's  eiperimental  theory  of  heat,  and  Mr.  Watt's  invention 
of  a  new  steam-engme.  Dr.  Black  was  the  first  that  determined 
the  quantity  of  heat  required  ht  the  conrersion  of  ice  into 
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water ;  Mr.  Watt,  who  was  settled  aa  a  mathematical  iiittra« 
ment-maker  at  GUisgow,  had  been  employed  in  repairing  a 
working  mo<iel  of  Xewcomen's  engine  for  one  of  the  professors 
of  the  university,  and  it  was  the  difficulty  of  supplying  this 
model  with  steam  that  suggested  to  Mr.  Watt  the  eligibility  of 
having  a  separate  condfuser,  and  that  led  him,  in  conjunction 
with  Dr.  Black,  to  a  knowledge  of  the  quantity  of  heat  cou- 
gumed  in  evaporation. 

Amid  the  enthusiasm  which  is  always  inspired  by  the  progress 
of  scientific  discoveryt  and  of  practical  improvement,  Mr. 
Bobiflon  found  every  encouragement  and  erery  £Mality  for  the 
pursuit  of  hia  favourite  objects.  He  was  recommended  by  Dr. 
Black,  upon  lus  removal  to  Edinburgh  in  1766,  as  bit  auooeator 
m  the  leeturefhip  ui  chemiatry,  thou^^  without  the  appobtment 
of  a  profeiior.  He  took  charge,  alio,  of  the  education  of  Mr. 
Maodowal  of  Qarthhmd,  and  of  Mr.  Giarlea  Knowlesi  after- 
waida  Sir  Cbarlea.  Admiral  Knowlei  waa  loon  after  reoom- 
mended  by  the  British  gofemment  to  the  Empress  of  Russia, 
to  order  to  eflbct  a  reformation  in  her  navy,  having  been  em- 
ployed on  a  similar  service  in  Portugal  almost  fifty  years  before; 
he  had  always  been  a  firm  friend  to  Mr.  Robison,  and  now 
engaged  him  <ui  this  mission,  with  a  salary  of  2bOl.  a  year ; 
and  they  procM-ded  together  to  St.  Petersburg  in  December, 
1770.  Being  hospitably  entertained  on  their  way  by  the 
Prince  Bislu>p  of  Liege,  whom  tliey  found  to  constitute,  with 
his  chapter  and  all  his  servant^i,  a  lodge  of  freemasons,  Mr. 
Bobison  was  easily  persuaded  to  become  one  of  that  fraternity  ; 
in  a  few  days  he  was  made  an  apprentice,  and  by  degrees  at- 
tained the  rank  of  Scotch  master,  as  be  has  himself  related  in 
hn  publieatir)n  upon  the  subject.  He  continued  nearly  two 
yeara  at  St  Petersburg,  still  acting  in  the  capacity  of  private 
aecretary  to  Sir  Charles,  who  was  appointed  president  of  the 
Board  of  Admiralty,  much  to  the  advantage  of  the  Bnssian 
navy,  though  hia  improvements  were  Irequently  retarded  by  the 
prejudicea  of  the  native  oflkoers.  Mr.  Bobison  was  then  ap- 
pointed inspector-general  of  the  eorpa  of  marine  cadeta  at 
Cronstadt,  with  a  double  salary  and  with  the  rank  of  lieutenant 
Culomd.    His  duty  was  to  receive  tlie  report  of  about  forty 
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teachers  and  professors,  respecting  the  studiee  of  400  young 
noblemen,  who  were  their  pupiU,  and  to  class  them  according 
to  his  judgment  of  their  merits  ;  but  he  had  himself  nothing  to 
teach,  nor  could  he  have  had  much  occasion  for  **  lecturing 
fluently  in  the  Russian  language,"  though  he  was  introduced 
by  his  friend  Kutusoff  to  the  Grand  Duke  Paul  as  a  proficient 
in  that  language ;  but  to  the  Empress  he  was  not  personally 
known.  At  Petersburg  he  could  have  lived  without  regretting 
his  country,  in  the  society  of  such  men  as  Euler  and  iEpinus, 
admired  by  the  Rumans,  and  beloved  by  the  Britiah ;  but 
Cronstadt  in  winter  was  deplorably  melancholy ;  and  he  was 
induced,  witboot  mticfa  difficulty,  in  1773^  to  inake  some  Utile 
peemnaiy  aaorifice  in  accepting  the  profenonlup  of  Naftmml 
Flulowphy  at  Edtnbungh,  which  had  beoome  vacant  hj  the 
dieath  of  Dr.  RnaseU,  and  to  which  he  bad  been  reoonunended 
by  Dr.  Bobertaon,  then  Principal  of  the  Univernty.  Hia  de- 
termination waa  not  disapproved  by  the  Ruiauui  govemmeBt, 
who  granted  him  a  pension  of  about  80/.  a  year  for  life ;  but  it 
was  only  paid  as  long  as  three  or  four  young  men,  who  had 
accompanied  him  as  j)upils,  continued  to  reside  at  Edinburgh  ; 
some  discontent  having  been  expressed  because  he  did  not  keep 
up  a  correspondence  with  the  Academy  on  the  improvemeut  uf 
maritime  education. 

He  arrived  at  Edinburgh  in  Se|)tember,  1774;;  he  married 
soon  after,  and  continued  to  reside  in  that  city  for  the 
remaining  thirty  years  of  his  life,  paying  only  an  annual  visit 
to  his  native  place,  where  he  possessed  a  part  of  his  paternal 
estate  ;  not  being  solicitous  to  extend  it,  although  *'  he  did  not 
diminish  it,  otherwise  than  as  it  had  been  diminished  before," 
that  is,  in  making  provision  for  youngor  children.  Hia  prede- 
eeiaor  bad  been  very  judicious  and  sucoeasful  as  a  lecturer, 
thou/^  not  a  mathematician  of  the  big^ieat  order;  he  had 
bimpelf  more  practical  knowledge  and  ezperienoe  in  mechanics, 
and  waa  better  acquainted  with  the  foreign  mathematieiana, 
who  had  naturally  fiillen  under  hia  notice  during  his  residence 
on  the  Continent  His  lectures  were  considered  by  most  of  his 
pupils  as  somewhat  too  difficult  to  be  followed  ;  a  complaint 
which,  if  it  did  not  ilepend  on  their  own  w  ant  of  preparatory  iu* 
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ftjrraatiou,  arose  perhaps  rather  more  from  the  hasty  manner  of 
his  enunciation,  than  from  the  abstruseness  of  his  matter.  "  The 
singular  facility  of  his  own  apprehension,"  says  Professor  Play- 
fair»  made  him  judge  too  favoumbly  of  the  aame  power  in 
others.  To  understand  his  lectures  €ompleteljwai»  onaooount 
of  the  oapidity,  and  the  uniform  flow  of  his  discourse,  not  a  very 
easy  taak,  eren  for  men  tolerahljr  familiar  with  the  eabjeet.  Oa 
tfaiB  apooont  hit  leetnres  were  lesi  popular  than  might  have 
been  expected  from  such  a  cemhtmrtinn  of  talenta  as  the  anAor 
of  them  poneased.**  TUt  incooTenienee  was  increaaed  '*bf 
the  small  mnber  of  experimenti  be  inlrodiieed,  and  a  view 
that  be  took  of  Natural  Pbiloeophy,  which  left  but  a  rery  snb- 
Ofdinate  place  for  them  to- occupy.  An  experiment,  he  would 
very  truly  observe,  does  not  ei^tablish  a  general  proposition,  and 
never  can  do  more  than  prove  a  particular  fact  but  he  seems 
to  have  earned  this  principle  to  some  little  excess:  it  is,  in 
fact,  the  iliustration,  and  not  tlie  prooJ\  of  general  principles 
that  is  the  object  of  a  public  exhibition  of  experiments ;  and  it 
is  very  doubtful  whether  Archimedes,  or  Newton,  or  Leibnitz, 
or  EiUeTf  woold  liave  been  veiy  successful  as  skewmen.  With 
respect,  however,  to  ''aecuraey  of  definition,  to  deamess, 
bravity,  and  elegance  of  demonstration,  and  even  to  noatness 
and  precisum  in  experiments,"  Frofeasor  Robison  moi  very  soo- 
oessftil ;  bis  eonne  extended  to  eveiy  branch  of  physics  and  of 
mixed  mathematics,"  and  entered  so  fnlly  into  the  detail  of 
each  partiealar  <tivision  of  die  eobjects,  that  **a  more  perfect 
system  of  academical  instruction  is  not  easily  to  be  imagined :" 
nothing,  in  short,  was  wanting,  but  so  much  previous  knowledge 
of  mathematics  in  his  pupils  as  he  thought  he  had  a  right  to 
expect,  though  his  expectations  were  too  rarely  fulfilled- 

The  Philosophical  Society  of  Edinburgh  had  been  almost 
suffered  to  sink  into  oblivion  after  tlie  publication  of  the  tiiird 
volume  of  its  Essays,  in  1756.  Professor  Robison  became  a 
member  of  it  soon  after  his  return  from  Russia,  and  was  chosen 
Secretary  of  tbe  new  Society  upon  its  formation  by  Royal 
charier,  in  1783,  when  it  incorporated  with  itself  the  whole  of 
tbe  surviving  members  of  the  former  Society.  In  1796,  he 
received  the  compliment  of  a  degree  of  Doctor  of  Laws  from 
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the  Um?eni^  of  New  Jersey ;  and  a  similar  honour  waa  paid 
him  at  Glasgow  the  year  after.  In  1800  he  was  elected,  as 
successor  to  Dr.  BUuJl,  on  the  list  of  the  Fordgn  MemherB  of 
the  Royal  Academy  of  Sdenoes  of  St.  Petersburg. 

He  was  attacked,  in  1785,  by  a  serere  disorder,  from  which 
he  was  never  afterwards  wholly  free,  though  it  produced  little 
inconvenience,  besides  pain,  with  some  depression  of  ^pirits, 
which  was,  however,  attributed  rather  to  the  closeness  of  }»is 
appHcation  than  to  the  immediate  effect  of  the  disease,  which 
was  a  glandular  induration.  For  many  years  he  was  obliged 
to  obtain  the  assistance  of  substitutes  in  the  delivery  of  his  lec- 
tures ;  but  towards  the  end  of  his  life  he  was  able  a^^dn  to 
perform  the  duties  of  the  professorship  in  person.  He  oontimwd 
his  literary  labours  with  little  intermission,  and  was  most  happy 
in  the  care  and  attention  of  his  wife  and  children,  whose  virtues 
he  found  the  best  alleviation  of  his  suflEerings.  He  took  a 
dij^t  eddy  after  giving  a  lecture,  on  the  iS8th  of  January,  1805, 
and  died  on  Ihe  30th. 

1.  It  waa  comparatively  late  in  life  that  Professor  Bobison 
assumed  the  character  of  an  author,  having  communicated  to 
the  Koyal  Society  of  Edinburgh,  in  1785,  a  paper  on  the 
Determination  of  t fie  Orbit  and  Motion  of  the  Gcorf/ium  Sidus^ 
which  was  published  in  the  Ediiiburffk  Transactions^  \o\.  I, 
He  liad  observed  the  opposition  of  the  planet  in  178G,  with  an 
equatf)rial  telescope  only,  and  he  had  computed  the  elements  of 
its  orbit  with  greater  accuracy  than  any  other  astronomer  had 
then  done  ;  although  his  suspicion  of  the  etlect  of  such  a  planet 
on  the  motions  of  Jupiter  and  Saturn  has  not  been  confirmed 
by  later  investigations,  the  irregidarities  of  these  planets,  on 
the  contrary,  having  been  otherwise  explained. 

2.  A  second  paper,  published  ui  the  same  collection,  Vol. 
II.  p.  82,  relates  to  The  Motion  of  Ligkt^  as  afieeted  by 
refracting  or  reflecting  substancea  which  are  themselves  in 
motion :  the  author  corrects  some  errors  of  Boeoovich,  who 
had  miscalculated  the  e£fect  of  a  water  telescope,  but  he 
seems  to  agree  with  Dr.  Wilson  in  the  suggestion  of  another 
experiment  of  a  similar  nature,  which,  to  say  the  least,  ia  wholly 
auperflttoos. 
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3.  The  moi^t  important,  beyond  all  comparison,  of  Professor 
Robison's  scientific  publications,  are  the  articles  which  he 
communicated  from  time  to  time  to  the  third  edition  of  the 
Encyclopcedia  Britanuica,  and  to  its  Supplement.  It  wa» 
iinder  the  care  of  Mr.  Colin  Macfarquhar  that  the  first  twelve 
volumes  of  that  edition  of  this  work  were  published  ;*  and  upon 
his  death,  in  1793,  the  task  of  cootinning  it  was  oommitted  to 
Dr.  Gleig,  to  whom  Fhtfessor  Robison  became  a  most  emential 
co-operator,  and  from  that  time  ^  the  work  ceased  to  be  a  mere 
oompihition."  Hie  first  of  his  oontributioos,  according  to 
PMfessor  riayfair,  was  the  Article  Optics,  but  he  probably 
only  revised  and  enlarged  that  article;  it  was  followed  by 
Phiuwopht,  which  he  wrote  jointly  with  Dr.  Gleig ;  by 
Physics,  Pneumatics,  Precession,  Projectiles,  Pi  mps, 
Resistance,  Rivers,  Roof,  Rope-making,  Rotation, 
Seamanship,  Signal,  Sound,  Specific  Giia\  ity.  Statics, 
Steam,  Steam  Engine,  Steelyard,  Strength,  Telescope, 
Tide,  Trumpet,  Variation,  and  Waterworks  ;  and  in  the 
Supplement^  hy  Arch,  Astronomy,  Boscovicu,  Carpentry, 
C'bntrb,  Dtnamics,  Electricity,  Impduion,  Involution, 
Macrinbbt,  Maonbtism,  Mechanics,  PBRcmsiON,  Piano- 
forte, Position,  Temperament,  Thunder,  Trumpet, 
TscHiRNHAUS,  and  Watchwork.  Notwithstanding  some 
degree  of  prolizily  and  want  of  arrangemoit,  which  coold 
scarcely  be  avoided  in  the  preparation  of  original  articles  for 
sndi  a  mode  of  pablication,  tiie  whole  of  them,  taken  together, 
undeniably  eiluHt  a  more  complete  view  of  the  modem  im- 
proTements  of  physical  science  than  had  ever  before  been  in  the 
possession  of  the  British  public ;  and  display  sndi  a  combination 
of  acquired  knowledge  with  original  power  of  reasoning,  as 
has  fallen  to  the  lot  of  a  few  only  of  the  most  favoured  of  man- 
kind. 

4  It  is  not  altogether  with  so  high  approhation  that  his 
friends  and  his  biographers  have  mentioned  a  work,  of  a  nature 
rather  political  than  philosophical,  entitled  Proofs  of  o  CSm- 
spiraejf  againtt  ali  the  Religioiu  and  Govemments  of  JEurape, 

•  Tin  diiid  cditioii  of  tiM  •  Kiiejdopadia  Brttttuiiea*  oomIM  of  tightoot 
TolwiMt  i  Um  Svpplemeiit  to  K  of  two  volnmw. 

VOL.  IL  2  L 
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8vo.  Ed.  1797  ;  though  it  went  through  several  editions.  The 
principal  part  of  the  book  consists  of  the  history  of  the  IlUtmi^ 
nati  and  the  German  Union^  whom  he  considers  as  havmg 
become  the  chief  agents  in  a  plot  first  formed  by  the  Free- 
masons, at  the  suggestion  of  some  ex-Jeeuit,  who  proposed  for 
their  modd  the  internal  econooiy  of  tiie  order  which  be  had 
quitted ;  and  whatever  foandation  this  outline  may  have  had 
in  trath,  there  is  no  doabi  that  the  manner,  in  whidi  Pro&asor 
Bofaison  has  filled  it  up,  betrays  a  degree  of  oednlity,  eir 
tremely  ramarfcahle  in  a  person  used  to  calm  reasoning  and 
philosophical  demonstration.  For  example,  in  the  admisrion 
of  a  story  told  by  an  anonymous  German  author,  that  the 
minister  Turgot  was  the  protector  of  a  society  that  met  at 
Baron  d'Holbach's,  for  the  purpose  of  examining  the  brains  of 
living  children,  in  order  to  discover  tlie  principle  of  vitality. 
He  does  nol  .u  ciise  the  English  Freemasons  of  having  jMU-ti- 
cipated  in  the  conspiracy  ;  but  he  considers  the  Coutinentai 
lodges  as  having  been  universally  implicated  in  it. 

5.  After  the  death  of  Dr.  Black  in  1799,  lie  undertook  to 
superintend  the  publication  of  his  Lectures  on  Chemistry,  whidi 
appeared  In  1803,  2  vols.  4.  And  he  executed  this  task,  which 
was  rather  laborions  than  diificulty  with  equal  zeal  and 
aUKty.  He  endeavoured  to  reduce  to  their  just  estimate  the 
oomparati?e  pretennons  of  the  French  and  British  cbemistB, 
tiiongh  he  is  somewhat  puritanically  severe  in  oritieisiiig  the 
literal  meamng  of  the  compliments  paid  to  Black  by  Lavoiser, 
on  which  he  founds  a  charge  of  insincerity. 

6.  His  last  publication  was  the  first  volume  of  a  series  which 
was  to  ibrm  a  complete  system,  entitled  M3mtHl$  tf  MMameai 
Philosophy t  8.  Ed.  1804.  It  comprehended  only  Dynamics 
and  Astronomy  ;  and  it  never  became  very  popular  ;  it  was  too 
difficult  for  the  many,  who  wished  for  general  and  philosophical 
notions  only,  and  not  snfficiently  precise  and  demonstrative  for 
the  few,  who  wanted  practical  and  numerical  results.  In  at- 
tempting to  combine  the  sejiarate  morits  of  the  Exposition  du 
Systhnc  du  Mondcy  and  of  the  Mccanuptc  Celeste^  the  author 
sacrificed  both  the  popular  simplicity  of  the  former,  and  the 
mathematical  perfection  of  the  latter.    A  few  inaccuracies 
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wfakfa  ought  not  to  escape  the  attention  of  the  reader  of  the 
wofk,  ha?e  been  pointed  out  in  the  Jn^terial  Bemew  for  March, 
1805b  (p.  S6d)     a  journal  long  since  discontinaed. 

7.  The  contents  of  the  Tolnme  last  mentioned,  together  with 
some  manuscripts  intended  to  hare  formed  part  of  a  second, 
and  the  greater  part  of  the  articles  furnished  by  Professor 
Rohist)n  to  the  FMcyclojwdia^  were  coHoctod  into  a  Sj/sfem  of 
Merhamcal  Pliilosopfn/^  with  Nofrs,  hy  David  Brewster,  LL.D. 
'1  vols.  8,  Ed.  I.S22;  a  spirite*!  bookseller  in  London  having 
un<lertakcn  the  ri>k  of  the  publieation.  1.  'Hie  first  volume 
begin?*  with  tlie  articles  Dynamics,  Phojix tilkh,  CoRrrscu- 

LAH  I'OHCES,  CaPIIXAHY  AtTU ACTION,  RoSCOV  ICIl's  TllEOKY, 

and  Rotation,  all  as  remodelled  f«»r  the  Elnneutit:  then 
foUow  Stbbkoth  of  Materials,  CABFSNTaT,  Boof,  (^)n- 

STRUCTION  OF  ArOHSS,  CONSTRUCTION  OF  CsNTRBS.    2.  The 

article  Steam- I^noine  is  enriched  with  notes  and  an  appendix, 
hy  the  late  Mr.  Watt ;  the  next  is  MACHnrsBT ;  then  Raais. 

TAIKS  OP  FlUUM^  RiTKBS,  WATBRWORSa,  PoMPS.    &  As- 

TRowoinr*  nuBioopn,  Pitbdiiaticb.  4.  Elbctricitt,  Mao- 
BBnsiiy  Vabiatiok,  Tbiipbrahbnt»Tbuiipbt,  Watciiwore, 
and  Skamanship.  The  notes  are  not  numerous^  and  the 
edltoff^s  principal  lahomr  has  heen  to  retrench  some  passages 
that  appeerad  to  him  sopcrflnons»  when  the  papers  were  to 
stand  as  parts  of  snch  a  collection. 

**  Although  Dr.  Robison's  name,"  says  Dr.  Brewster  in  liis 
prefaee,  "  cannot  l)e  a!?sociated  with  the  great  <il.~(  ov<'rios  of 
the  century  which  he  adonicil,  yet  the  memory  of  his  uleiits 
and  his  \irtm'=i  will  l>e  Ions  cherislied  by  his  country.  Iniliue<l 
with  tlie  geiHiiue  t«|)irit  ot"  the  j»liil(»>(»j»liy  which  he  taught,  he 
waji  one  f>f  the  warme?*t  patrons  of  genius  wlierever  it  wa« 
found.  His  mind  was  nobly  elevated  alwive  the  nu'an  jealousies 
of  n?al  ambition,  and  his  love  of  science  and  of  justice  wa.s  too 
ardent  to  allow  iTim  cither  to  depreeiate  the  labours  of  ethers, 
or  to  transfer  them  to  hiniH  If.  T'l  these  great  qnalitios  as  a 
philosopber.  Dr.  Robiflon  addeil  all  the  more  estimable  endow* 
ownts  of  domestic  and  of  social  life.  His  friendship  was  at  all 
times  genefom  and  smcere.  His  piety  was  ardent  and  nnostcn- 
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tatious.  His  patriotism  was  of  the  most  pure  and  exalted 
character ;  and  like  the  immortal  Newton,  whose  memory  he 
cherished  with  a  peculiar  reverence,  he  was  pre-eminently 
entitled  to  the  hi^^  distinction  of  a  Ghristian,  patriot,  and 
philosopher."  His  person  was  handsome,  and  his  phyriognamy 
prepoBBCBsing ;  and  he  appears  to  have  heen  endowed  with  an 
extraordinary  comhination  of  talenlB,  even  exclusively  of  those 
which  were  called  into  immediate  activity  in  his  profesrional 
pumitts ;  for  he  was  a  good  linguist,  an  excellent  draughtsman, 
and  an  accomplished  musician:  his  conversation  was  always 
energetic  and  interesting,  and  sometimes  even  poetical ;  and  his 
liberality  of  sentiment  was  only  limited  by  his  regard  for  what 
he  considered  as  the  best  interests  of  mankind. 

A  short  acconnt  of  his  life  was  published  in  1802,  by  a  con- 
tributor to  the  Philosophical  Afar/azinc,  who,  among  other 
inaccuracies,  thought  himself  at  liberty  to  assert  that  he  was 
an  admirer  of  the  algebraical  form  of  representation,  in  pre- 
ference to  the  geometrical.  His  friend,  Dr.  Gleig,  stepped 
forwards  soon  after  to  correct  these  mistakes,  in  the  Antijacoltin 
Review  for  1802,  and  his  letter  was  copied  into  the  Philo- 
Mophioal  Magazine.  He  asserts,  from  his  own  knowledge,  that 
even  yet  Professor  Rohison  delights  much  more  in  geometry 
than  in  any  of  the  modes  of  algebra,  asngning,  as  the  reason  of  h^ 
preference,  that  in  the  longest  demonstration,  the  geometrician 
has  always  dear  and  adequate  ideas,  which  the  most  expert 
algehrabt  can  very  seldom  have/*  It  may  perhaps  he  asserted, 
on  the  other  hand,  that  the  same  reasoning  would  lead  us 
always  to  employ  actual  multiplication  or  divirion,  in  preference 
to  the  use  of  logarithms  or  of  a  sliding  rule ;  and  that  the  whole 
of  the  magic  of  calculation  depends  on  the  abstraction  of  the 
results  from  the  numerous  and  separately  unimportant  steps  by 
w  hicli  they  are  obtiiined  :  but  the  having  once  seen  those  stejw 
clearly  is  certainly  of  great  importance  to  the  process  of 
reasoning,  even  when  the  memory  no  longer  retains  them  ;  and 
no  mathematician  of  correct  taste  can  study  the  ancient  geo- 
metricians without  admiring  tlie  elegance  and  precision  of  their 
method,  even  amidst  the  pedantry  which  too  fre<juently  enve- 
lopes ibeir  expressions,  and  without  being  grateful  for  their 
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punctiiality  in  oollectmg  their  results  into  die  very  ccmfenieiit 
form  of  distinct  propositions,  and  in  making  such  references 
from  each  proposition  to  the  foundations  on  which  it  depends, 

as  to  enable  him  readily  to  trace  back  their  steps  to  the  most 
elementary  principles  ;  which  is  scarcely  possible  in  any  of  the 
works  of  the  most  modern  school  of  analysis.  Professor  Robison, 
however,  seems  rarely  to  have  cultivated  the  higher  mathe- 
matics for  their  own  sake  only,  or  any  further  than  as  they 
could  be  applied  to  the  study  of  the  phenomena  of  nature,  or 
to  tlie  practice  of  the  combinations  of  art ;  in  fact,  without 
some  such  limitation,  there  would  be  no  track  to  guide  us  in 
the  piithlcss  regions  of  quantity  and  number,  and  their  endless 
relations  and  functions.  But  bc?ide8  the  utility  of  the  pure 
mathematii\-<,  as  a  branch  of  early  education,  in  exercising  and 
Ibrtifying  the  powers  of  the  mind,  it  is  impossible  to  foresee  with 
certainty  hmo  muck  of  mathematics  may  be  wanted  by  the 
natural  philoaopber  in  any  given  investigation ;  and  Professor 
Bobison,  as  well  as  many  otli(>rs  of  hia  ooontrymen,  would  cei^ 
tainly  have  been  the  better  for  the  possesuon  of  a  little  more,  as 
the  antbor  of  the  criticisms  in  the  .ftymo/iZmsw  baa  already 
bad  oocmioQ  to  reoiark* 
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LIFE  OF  DOLOMIEU. 


Deodati  s  (jiiY  SiLVANus  Tancred  de  Guatet  de  1V>lo- 
MiEir,  a  distinguished  mineralogist  and  geologi^it :  son  of  Fniiwis 
do  (iratet  de  Doloini»ni,  and  Frances  dc  Borenger,  was  born 
the  24th  of  June,  175<),  in  the  province  of  Dauphine. 

He  was  admitted  a  member  of  the  order  of  Malta  during 
his  earliest  infancy,  as  if  be  had  been  devoted  from  his  cradle 
to  glory  and  to  misfortune.  At  eighteen  he  embarkect  in  one 
of  the  galleys  bdon^^ng  to  the  order,  and  soon  after  i]tiha{^ly 
found  himself  under  the  necessity  of  fighting  a  duel,  in  wMdi 
his  adversary  fell.  The  laws  condemned  him  to  die ;  but  be 
received  a  pardon  from  the  grand-master;  it  was,  howevvr, 
necessary  that  it  shouUl  bo  approved  by  the  Pope,  who  for  a 
h)ng  time  refused  to  confinn  it,  notwithstanding  the  solicitatinu:; 
uf  several  Kuropean  powers  in  behalf  of  tlie  offender  ;  until  his 
consent  was  at  last  obtained  by  the  cardinal  Torregiani.  V>vly 
mieu  in  the  mean  time  was  closely  imprisoned  in  the  island  £or 
nine  months,  and  this  period  of  solitude  seems  to  have  oontii- 
buted  materially  to  increase  the  seriousness  of  his  character, 
and  to  confirm  him  in  a  contemplative  turn  of  mind. 

At  the  age  of  twenty-two  he  went  to  Mets,  as  an  officer  m 
the  regiment  of  carabiniers,  in  which  be  had  held  a  ooanais- 
rion  for  seven  years ;  and  he  displayed  great  courage  and  per- 
sonal activity  on  occasion  of  an  accidental  conflagration,  which 
occurred  soon  after.  His  leisure  hours  were  employe*!  in  tin? 
study  of  chemistry  and  natural  history,  with  the  assistance  of 
Mr.  Thirion,  an  apnthocary  residing  in  this  city.  He  ii\>o  be- 
came intimate  about  tlie  same  time  witii  De  la  R4^hefoucaalt, 
with  whom  he  maintained  an  unshaken  friendship  ever  af^cr. 

1.  He  commenced  his  literary  career  with  an  Utaliam  Tram- 
htion     Bergman's  H^afrk  om  Voleanir  Subdanetgf  to  which  be 
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added  some  votcsy  aod  some  observadoDS  on  tbe  dau{ficaLion  of 
those  substances. 

2.  He  also  furnished  some  noU$  to  a  tnuulation  of  Cnm- 
8tedt'8  Mineralogy. 

3.  In  1775  he  publubed  Bemarehn  on  ths  fFe^hi  vf  Bodiet 
at  different  distances  from  die  earth's  centre ;  and  upon  the 
recomneodation  of  La  Bobhefoucaiilt»  ms  made  a  eorrespond- 
ent  of  the  Academy  of  Sciences  at  Paris.  Thb  compliment 
seems  to  have  contributed  to  his  determinatioD  to  relinqiush  hb 
prospects  of  success  in  the  army,  and  to  devote  himsetf  exdu- 
sively  to  science.  Having  resigned  his  oommissian,  he  com- 
menced his  geological  labours  with  a  tour  in  Sicily,  Italy,  and 
Switzerland. 

4.  This  expedition  afforded  him  the  materials  for  his  Voyage 
aux  lies  de  Lipari  fait  en  178i,  which  he  publisluHl  in  17c53 
with  some  other  tracts.  He  describes  a  singular  kind  of  vol- 
cano at  Macaluba  in  Sicily,  formed  by  air  bubbling  up  fnun 
the  crater,  and  causing  its  contents  io  ovoi'flow.  The  Essay 
on  the  Climate  of  Malta  is  rendered  inconclusive  by  the  imper- 
fection of  the  endiometrical  aj^wratus,  that  was  then  commonly 
employed. 

5.  He  spent  a  part  of  the  same  year  in  examining  the 
eflbcts  of  the  earthquake  in  Calabria,  which  are  described  in 
his  BUmoin  mr  f$$  tnmbUmmt  da  term  ds  la  Calahru.  8vo. 
Borne,  1784.  Among  other  observations  he'  notices  the  stngu- 
hur  hdf  that  all  those  parts  of  Calabria,  to  which  the  earth- 
quake extended,  are  of  a  calcareous  nature^  without  any  traces 
of  voleatne  substances. 

6.  He  published  in  the  Jowmal  de  Physvpic,  Vol.  XXV. 
p.  191,  a  paper  on  the  extinct  volcanoes  of  tl)e  V'al  di  Noto  in 
Sicily. 

7.  His  Afhioircs  sur  les  lies  Ponces^  8,  1788,  contains  also 
a  catalogue  of  the  productions  of  Mount  £tna,  and  an  account 
of  the  eruption  of  1787. 

At  the  beginning  of  the  revolution,  Dolomieu  embarked, 
together  with  his  friend  La  Rochefoucault,  in  that  which 
a])]K  ared  to  be  the  cause  of  liberty.  He  was  in  Paris  on  the  14th 
of  July,  but  be  did  not  accept  of  any  office  under  the  newly 
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modified  government.  La  Rochefoucault  soon  fell  a  victim  to 
the  luTrors  of  the  times.  Doloraieu  was  present  in  his  la>t 
moments,  and  received  the  affectionate  raessajjos  wliieh  he  sent 
to  his  mother  niul  his  wife,  who  were  more  distant  witnesses  of 
the  drecidful  scene. 

8.  No  longer  hoping  for  any  benefit  to  his  country  from  the 
political  events  of  the  day,  he  apj)ears  to  have  resumed  his 
geological  studies  in  other  parts  of  Europe.  In  a  Letter  on 
the  origin  of  Inisalt,  dated  Rome,  1 790,  Jaum.  Phys  Vol. 
XXXVII.  p.  103,  he  considers  some  stones  of  this  description, 
finr  instance,  the  black  trapps  of  Saxony,  as  the  productions  of 
water ;  and  others,  particularly  the  varieties  found  in  the  south 
of  £urope,  as  of  Tulcanic  origin. 

9.  He  writes,  in  1791,  a  iMer  from  Maka^  describing  a 
species  of  limestone,  found  in  the  T^rol,  hard  enou^  to  be- 
come pho<'phorescent  upon  collision,  and  not  eflbrvesdng  with 
acids  until  powdered.  It  was  afterwards  called  the  Dolomite. 
Jour,  Phys.  Vol.  XXXIX.  p.  3. 

10.  In  a  paper  of  DiroeHons  for  Naturalittt,  he  gives  some 
useful  advice  to  the  circumnavigators  al>out  to  sail  to  the  South 
Seas.   Jojtr.  PIn/s  Vol.  XXXIX.  p.  310. 

11.  A  series  (»f  his  essays  On  Comj/onnd  Stories  and  Harks 
appeared  from  time  to  time  in  the  Journal  de  P/ii/siquCj  Vol. 
XXXIX  p.  374;  Vol  XL.  p.  41,  203,  H7'2.  In  these  he 
insists  on  the  necessity  of  supposing  that  tlie  ocean  must  have 
acted  with  great  violence,  in  reducing  the  continents  into 
their  present  state  ;  neither  the  slow  suhsidence  of  a  general 
deluge,  nor  the  continued  action  of  ordinary  rivers,  being  suffi- 
cient to  explain  the  phenomena;  and  he  remarks,  that  a  violent 
agitation,  such  as  must  necessarily  he  supposed  to  have  taken 
place,  would  naturally  cause  several  alternations  in  the  state 
of  the  waters,  like  immense  waves  or  tides,  which  must  have 
contributeil  to  tlie  modifications  impressed  on  the  earth*8  form. 
Indeed,  the  focts  which  support  this  opinion  appear  to  be  ao 
obvious  and  so  numerous*  that  it  is  difficult  to  understand  how 
the  opposite  hypothesis  could  ever  liave  become  popular. 

12.  In  the  same  volume  there  is  a  short  paper  On  Pttrokum 
found  in  kock-CrytUUt  and  on  some  elastic  iiuids  obtamed  Irom 
it,  p.  318. 
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13.  The  progress  of  his  memoirs  was  now  interrupted  by  the 
|)roscription,  in  which  many  of  the  l)est  and  wisest  of  his  coun- 
trymen were  indiscriminately  involved.  "  His  duty  and  his 
inclination,"  he  says  in  a  Note  without  a  date,  "  required  the 
devotion  of  his  time  and  his  arm  to  the  defence  of  his  king  ; " 
and  he  was  obliged  to  submit  to  a  temporary  dereliction  of  his 
pursuits  of  science.    P.  481. 

14.  But  the  cause  was  twpeleas ;  and  it  was  imposBible  for 
him  to  render  it  any  essential  sendee.  He  soon  resumed  his 
pen,  and  took  occasion  to  express,  with  great  spirit  and  energy, 
his  political  feelings,  in  bis  Mmmr  an  ih$  PhfMical  ConuHhir 
Htm  of  Egypt.  Jew,  Phf9.  Vol.  XLII.  p.  41,  108,  194  In 
Egypt,  he  ohserres,  there  are  many  calcareous  rocks,  and  sands, 
whidi  cannot  hare  been  brought  down  by  the  Nile ;  but  there 
is  also  moch  of  the  sril  which  has  the  ii^ipeanince  of  having 
been  derived  (ram  the  mud,  with  an  admixture  of  sand  only. 
The  same  cause,  he  thinks,  may  possibly  have  raised  the  bed 
of  the  river,  so  that  the  relative  height  of  the  inundations  may 
have  been  little  altered.  He  conceives  that  the  Delta  has 
iniTcased  even  in  modern  times,  though  far  less  rapidly  than  it 
appears  to  have  done  tornierly  ;  for  he  is  disposed  to  admit  the 
credibility  of  the  Homeric  account  of  the  distance  of  the  Pharos 
from  the  continent,  although  he  attempts  to  explain  a  [>art  of 
the  supposed  change,  by  the  filling  up  of  the  lake  Mareotis 
only;  and,  on  the  whole,  ho  imagines  that  about  1000  square 
leagues  of  the  surface  of  Egypt  have  been  gained  from  the  sea. 
He  has  not,  however,  thought  it  necessary  to  discuss  the  arga- 
mentSs  whidi  Bmoe  and  otibers  have  brought  against  the  esta- 
blished opinion,  and  against  the  &cts  asserted  by  Herodotos  in 
its  support;  althou^  some  of  the  best  informed  of  modem 
travellers  have  allowed  the  accuracy  of  Bmce's  statements 
relating  to  this  subject. 

15.  In  a  short  paper  On  tht  Figured  Stones  of  Florence^ 
Mr.  Dolomieu  attributes  the  appearance  of  the  arborescent  and 
architectural  tij^ures,  whieh  characterize  them,  to  the  process 
of  slow  decomposition  and  oxydation,  gradually  producing  the 
stains  in  the  extiH'nioly  minute  fissures,  which  favour  Uiese 
changes.    Jour-  rky$.  Vol.  XLllI.  p.  265. 
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16*  Upon  the  wtaUialiMit  cf  the  Sdiool  of  Ifines*  in 
he  accepted  the  atoatioiM  of  Ptofessor  of  Geok^ 
of  Mines.   He  was  also  made  one  of  the  original  members  of 
the  National  Institute  of  Sdencet  and  ArtSy  then  oiganised  by 
a  law  of  the  existing  go?ennnent.   From  this  time  lie  appears  # 
to  have  redoubled  the  energy  with  whidi  he  had  hefisre  la- 
boured in  the  pursuit  of  natural  knowledge,  and  he  pnblished 
a  great  number  of  memoirs  in  the  course  <)f  a  very  few  years. 
One  of  the  first  of  these  consisted  of  Observations  on  a  prctendtxi 
Coal  Mine,  called  the  JMsirSe.    Journal  des  Mines,  Year  IlL 
N.  ix.  p.  45. 

17.  His  Methodical  DistrihtUion  of  V^olcanic  Substances  ap- 
peared in  the  new  Journal  dc  Physique^  Vol.  (I.)  XLllI.  p. 
102,  175,  211,  40C;  Vol.  (II.)  XLIV.  p.  81.  Of  the  five 
classes,  which  be  had  before  proposed  in  his  notes  on  Bergman^ 
the  first  comprehends  substances  actually  produced  by  volcanos ; 
the  second,  substances  tlirownout  by  them  unaltered  ;  the  third, 
bodies  altered  by  the  volcanic  vapours ;  the  fourth,  bodies  altered 
in  the  moist  way ;  and  the  last,  substances  illustrative  of  the 
history  of  volcanos  only.  The  subsequent  papers  are  partly  con- 
tinuations of  the  Memoir*  on  Con^pound  Mocks;  and  they  also 
relate  particuhurly  to  the  nature  of  lavas,  some  of  which  are 
shown  to  be  formed  from  argillaoeo-femigineous  stones,  llie 
heat  of  lavas  has  been  pretty  accurately  ascertained,  in  some 
cases,  by  the  fhoon  of  nlver  ocnns  exposed  to  it,  while  those  of 
copper  remained  entire ;  there  is,  however,  an  account  of  a 
stream  of  lava  over  which  some  nuns  are  stated  to  have  walked 
while  it  was  yet  fluid  ;  and  this  circumstance  Mr.  Dolomieu 
attributes  to  a  mixture  of  sulpluir,  wliidi  remained  melted  at 
a  temperature  comparatively  low.  Some  objections  to  this 
opinion  have,  however,  been  advanced  by  Mr.  Sage.  Joiim. 
Fhys.  Vol.  XLV.  p.  281.  An  Explanation  of  the  Neic  Method 
adopted  in  the  Description  of  Minerals,  was  also  published  in 
the  Magasin  EnctjclopMique,  Vol.  I.  p  35. 

18.  Among  the  shorter  essays  of  Mr.  Dolomieu,  we  find  a 
Description  of  the  Ben/l,  Jour,  des  Mines,  year  IV.  Ventose,  p. 
11. — 19.  Description  of  the  Mine  of  Manganese  at  BomanHehe* 
Germinal,  p.  27.— 20.  Letter  on  the  Heat  of  Lavas.  Mesddor, 
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p  — 35.  On  Quartzose  Concrettmis,  p.  56. — 22.  On  Ancient 
Lithology.  Mag.  Enc.  I.  p.  437. — 23  Description  of  the  Eme^ 
raid,  II.  p.  17,  145.— 24.  A  Letter  from  Berlin  on  the  Mag- 
netic Serpmitmt,  U.  Vol.  VL  p.  7.-25.  On  the  LmatB^  or 
WkiU  Oamet.  Joum.  dee  Mnm^  jfsn  V.  p.  177.— 26.  On  tk$ 
Neeeetitiftf(^emiBalI^»owled^i»a  MmtraXogkt;  emdimUm 
term  ChryeoUth,  p.  865. 

27.  An  Inhroduettny  DUctmree  an  the  ttudy  of  €Mogy 
appean  in  the  Journal  de  Physique,  Vol.  XLV.  p.  256.  It 
was  preltminary  to  a  course  of  lectures  on  the  natural  position 
of  minerals;  and  it  contains  good  and  detailed  directions  for 
the  use  of  students,  with  some  eloquent  advice  on  the  Uuiefita 
of  travelling,  and  on  the  merits  of  temperance  and  simplicity 
of  manners. 

28.  In  the  next  volume,  p.  203,  our  author  announces  the 
Discovery  of  the  Crystallized  Stdpluite  of  Strontia  in  Sicily » 
It  ha<l  before  beeo  found  uncrystalliz  id  in  France. 

2*J.  On  Colour  as  a  Characteristic  qf  Stones.  Jour,  Phys, 
Vol.  (III.)  XLVI.  p.  302.  This  essay  contains  some  objec- 
tions to  Werner  a  halnt  of  relying  too  implicitly  on  colour ;  and 
the  white  toarmaline  of  St  Gotfaard  ia  adduced  as  an  inatanoe 
of  the  triumph  of  form  orer  complezioo :  a  just  tribute  of  com- 
mendation is  alao  paid  to  the  merita  of  Haliy. 

dO«  A  paper  On  tko  Pyroxene,  or  Voktane  eekOrl^  is  dueflj 
destined  to  support  the  opinion  that  ancfa  crystals  hafe  heen 
formed  previously  to  the  existence  of  tlie  volcano,  by  the  obser- 
vation of  a  sj)eciraen  found  adhering  to  a  rock  which  had 
never  undergone  the  effect  of  fire.  Journ.  Phys.  Vol.  XLV' 1. 
p.  306. 

31 .  A  Memoir  read  to  the  InstitxUe  contains  the  rejiort  of 
Mr.  l>olomieu's  mineralogieal  tours  made  in  the  years  171)7 
and  1798.  Joum.  Phys.  Vol.  XLVI.  p.  40L  Journ,  de* 
MineSf  year  VI.  p.  385.  He  visited  the  south  of  France,  the 
Alps  and  the  neighbouring  lakes  and  mountains*  almost  always 
on  footy  and  with  his  hammer  in  his  hand,  accompanied  by 
Brochart,  Cordier,  Bonniers,  and  his  brother-in-law*  the  Mar- 
quia  de  Di^.  From  faia  obaenntions  in  Aufergne,  in  particu- 
lar, he  concludes  that  the  foundation  or  origin  of  the  volcaDoa 
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diere  is  certainly  below  the  granite  rocki,  which  therefore  can- 
not, properly  speaking,  be  called  primiti?e ;  and  he  proceeds 
to  a  much  bolder  and  less  admisdble  conjecture,  that  the  cen- 
tral  parts  of  the  globe  are  at  present  in  a  state  approadiing  to 
fluidity,  which  he  attempts  to  support  by  the  ready  transmission 
of  the  shocks  of  earthquakes  to  distant  places  ;  and  he  even 
quotes  the  authority  of"  Lagrange  as  having  been  disposed  to 
encourage  the  opinion.  Volcanos,  in  general,  he  divides  into 
ancient  and  modern,  as  separated  by  the  intervention  of  the 
changes  which  have  reduced  the  continents  to  their  present 
form.  With  respect  to  the  heat  of  the  lava,  he  observes  that 
it  has  not  been  sufficient  to  expel  the  carbonic  acid  from  the 
limestone  which  has  been  exposed  to  it.  He  also  remarks,  that, 
where  basalt  in  fusion  has  been  suddenly  cooled  by  water, 
the  coDtraction  has  caused  it  to  divide  into  columns,  which  are 
not  crystaUine,  because  their  angles  are  irregular,  and  which  are 
smaller  and  more  uniform  in  proporlum  as  the  water  is  deeper. 
He  contFBsts  the  horizontal  strata  of  France  with  the  Tertical 
tables  of  the  Alps ;  and  particularly  describes  the  accretioo  of 
a  mantle  of  calcareous  substances,  two  miles  in  height,  which 
has  attached  itself  to  the  north-east  foces  of  the  Alps,  subse* 
quently  to  their  first  formation  as  mountains.  From  this  expedi- 
tion he  brought  home  an  immense  collection  of  rocks  and  stones, 
principally  valuable  for  their  arrangement  with  a  view  to  the 
illustration  of  his  particular  doctrines  in  geology ;  which,  with 
the  rest  of  his  cabinet,  have  since  formed  a  part  of  the  superb 
museum  of  Mr.  de  Dree. 

32.  He  published,  about  the  same  time,  a  paper  On  th$ 
Mountains  of  the  Vosgcs.    Joum.  des  Mines,  year  VI.  p.  315. 

33.  Extract  of  a  Report  on  the  Mines  qf  the  dqwrtment  qf  the 
Lozhvy  p.  577. 

34.  The  only  communication  of  Mr.  Dolomieu,  printed  in 
the  Memoirs  of  the  InstitutOf  b  rather  on  a  mechanical  than  a 
mineralogical  subject,  containing  an  Account  of  the  art  qf 
making  Gun-Flints.  M.  Math.  VoL  III.  p.  M8.  Nichoisoo*8 
Journal,  8.  Vol.  I.  p.  88. 

He  was  engaged,  after  hb  return  from  Switserland,  in  some 
mineralogieal  contributions  to  the  EnqfcloiMie  Mkhodigue; 
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when  he  was  iavited  to  take  a  part  in  the  scientific  arnuig^- 
ments  of  the  expedition  to  Egypt  He  did  not,  however, 
strictly  confine  himself  to  this  department ;  but  was  suooessfully 
employed  as  a  negociator  for  the-  surrender  of  Malta.  In 
Egypt  he  visited  the  pynunidsy  and  examined  some  of  the 
mountains  which  form  die  limits  of  the  country ;  but  bis  health 
soon  compelled  him  to  return  to  Europe.  In  thb  voyage  the 
vessel  on  board  of  which  he  had  embarked  was  nearly  over- 
whelmed by  a  tempest,  and  appears  to  have  been  only  saved  by 
the  temporary  expedient  of  throwing  overboard  pounded  biscuit 
mixed  with  straw,  which  entered  the  leaks  with  the  water,  and 
afforded  a  partial  remedy,  which  was  repeated  from  time  to 
time,  until  the  vessel,  at  the  last  extremity,  was  driven  into  a 
port  in  the  Gulf  of  I'arentum.  The  counter-revolution  of 
Calabria  had  occurred  but  a  few  days  before  ;  and  Dolomieu, 
with  his  eom])anion  Cordler,  and  many  others  of  his  country- 
men, were  thrown  into  prison  ;  and  they  even  owed  their  lives 
to  the  great  exertions  of  an  individual  among  the  insurgents  in 
their  favour.  They  were  afterwards  removed  to  Sicily,  but  with 
the  loss  of  their  collections  and  their  manuscripts  ;  and  Dolo- 
mieu, being  denounced  as  a  member  of  the  order  of  Malta,  for 
hi|^  treason,  was  separated  from  his  countrymen,  and  closely 
confined  in  a  dungeon.  Solicitations  were  addressed  to  the 
King  of  Naples,  on  his  behalf,  by  the  National  Institute,  by  the 
French  government,  by  the  King  of  Spain,  and  in  the  name  of 
the  Royal  Society  of  London,  althougfi  its  illustrious  President 
was  certainly  not  at  the  time  in  Sicily,"  as  the  Nomeau  Dic^ 
tionnaire  Histori'/ne  affirms ;  but  the  captive  derived  essential 
assistance  from  the  good  offices  of  an  English  gentleman  at 
Messina,  and  some  Danes  accommodated  him  in  his  j)ecuniary 
arrangements.  While  still  a  prisoner,  he  was  appointed  suo 
cesser  to  Daubenton,  at  the  Museum  of  Natural  History  ;  and 
the  very  circumstance  of  his  captivity  seemed  to  give  him  an 
advantage  over  his  competitor.  In  the  treaty  made  by  the 
French  with  the  King  of  Naples,  after  the  battle  of  Marengo, 
it  was  expressly  stipulated,  that  Dolomieu  should  be  set  at 
liberty. 

35.  Upon  bis  return  to  Paris,  he  was  made  a  member  of 
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the  Conservtttiye  Senate,  and  he  delivered  soon  after  a  course 
of  lectures  on  tho  philosophy  of  mineralogy.  He  had  written 
part  of  an  essay  on  this  subject  daring  bis  imprisonment  in 
Sidly,  with  a  bone  for  a  pen,  and  a  mixture  ofsoot  and  water  in- 
stead of  ink,  on  the  maigmsof  snch  books  as  were  aUowed  bim ; 
and  his  last  publioation  was  Sur  la  PhUotophiB  Mmiraiogiqne 
a  mr  resides  MmMoffiqtu.  Paris,  1801.  Wb  dasnfication 
depended  on  consideriDg  the  species  as  determined  by  llie  inte- 
grant molecule,  and  on  arranging  tbe  difoent  externa]  forms 
as  varieties,  whetber  regular,  as  modifications,  or  irregular,  as 
imperfootions ;  besides  tbe  Tariations  of  colour  and  appearance, 
and  tbe  more  essential  aflbctions  of  the  eonristenee  of  tiie  sub- 
stance, which  may  be  called  contaminations;  but  the  whole 
essay  may  be  cousiderud  as  rather  of  a  logical  than  of  a  phy- 
siciil  nature. 

After  tbe  delivery  of  bis  lectures,  be  set  out  upon  a  new 
expedition  to  bis  favourite  mountains,  in  company  with  Mr. 
Neergard  and  Mr.  d'Eymar,  who  published  an  account  of  tbe 
journey.  8.  Par.  1802.  He  meditated  a  tour  into  Germany 
and  to  tbe  North  of  Europe,  but  bis  return  to  Paris  waa  inter- 
rupted by  indisposition,  when  he  had  arrived,  by  way  of  Lyons, 
at  Ch&teauneuf,  where  be  met  bis  sister  and  bis  brother-in-law ; 
and  this  journey  was  bis  last. 

The  merits  of  Dolomieu  consisted  as  much  in  bb  personal 
character,  as  in  his  scientifie  attunments.  His  oonTersation 
was  modest,  tfaouc^  bis  courage  was  heroic ;  hb  manners  were 
simple  though  refined ;  and  though  bis  talents  were  considera- 
ble, they  seem  to  have  been  surpassed  by  bis  industry.  It  has 
been  remarked,  that  be  often  undertook  more  than  he  bad  anv 
reaaonablc  prospect  of  completing;  but,  in  the  mean  time,  be 
was  perhaps  as  happy  in  the  pursuit,  as  be  would  have  been  in 
the  attainment  of  bis  object.  He  died,  universally  regretted, 
at  Drw,  near  Macon,  tbe  27th  of  November,  ISOl,  in  tbe 
midst  of  bis  affectionate  family,  wlio  bad  been  tlie  partakers  in 
bis  pursuits,  aud  the  consolations  of  bis  misfortunes. 
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Charles  Augcstin  Coulomb,   a  profound  and  ingenioua 
theoretical  tiiechanic  and  natural  pbiloeopbery  descended  from  a 
diatinguisbod  family  of  Montpellier,  was  bom  at  Angoulemc, 
the  I4th  of  June,  1736.   He  felt,  at  an  early  period  of  hia 
life,  a  strong  preference  &r  matfaematical  atadiea,  and  would 
gladly  have  devoted  lua  whole  atteDtm  to  the  puraiiit  of 
adenoe ;  but  he  feirod  it  mofe  conyeiiient  to  enter  the  military 
profeanon  aa  an  engineer.  Una  department,  however,  afibrded 
him  Bmple  scope  for  the  ezerdae  of  hia  powera  of  ohaervation 
and  calculatioo :  and  after  having  been  ordered  on  aervioe  to 
America,  and  remaining  abroad  nine  years,  with  some  injury 
to  his  health,  he  presented  to  the  Academy  of  Sciences,  in 
1773,  a  memoir  on  cohesion,  and  on  the  resistance  of  various 
works  of  masonry,  which,  for  the  accuracy  and  originality  of  the 
views  that  it  exhibits,  for  the  clearness  and  neatness  of  the 
demonstrations,  and  for  the  i)ractical  utility  of  the  results,  is 
fully  equal  to  any  of  his  later  productions,  and  shows  a  mind 
still  in  the  vigour  of  youth,  and  yet  matured  by  the  approach 
of  middle  age.   The  Academy  paid  him  the  compliment  of 
making  him  one  of  its  correspondents,  and  in  1779  he  had  the 
satiafiictioQ  of  sharing,  with  the  laborious  Van  Swinden,  the 
priie  proposed  ht  improvementa  in  the  constracdoo  of  com- 
passes. He  resided  for  aome  time  at  Rochefort,  where  he 
had  abundant  opportunity  of  proaecuting^  in  the  naval  arsenal, 
lua  experimental  reaearchea  on  frictioo,  which  obtained  him  in 
1781  the  double  prise  for  the  theory  of  the  eflRscts  of  simple 
machines :  in  the  same  year  he  had  the  good  fortune  to  l>e 
stiitioned  perumnently  at  Paris,  and  })econiing  a  tnenil)cr  of  the 
Academy,  devoted  himself  entirely  to  the  investigation  of  the 
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laws  of  electricity  and  magnetism,  and  of  the  force  of  fnctioiii 
and  resist<iiiL't's  uf  various  kinds,  lie  is  generally  su])po>cd  to 
liave  been  the  first  that  proved,  by  direct  experiments,  the  law 
of  the  decrease  of  electrical  and  magnetic  forces  in  the  propor- 
tion of  the  squares  of  the  distances:  but  it  must  not  be  for- 
gotten that  the  late  Lord  Stanhope  had  published  an  experi* 
ment,  five  years  before  the  date  of  Mr.  Couiotnb*8  researcfaes, 
which  safficiently  established  this  law  with  respect  to  electricitj ; 
although  the  extensioii  of  the  same  law  to  the  operation  of 
magnetism  appears  to  belong  eiclurively  to  Mr.  Goulomb. 
He  continued  to  occupy  himself  m  these  researches  till  the  time 
of  the  revolution,  when  he  was  expelled  from  Paris  by  the  decree 
that  banished  all  the  nobility ;  having  before  given  up  iho 
appointment  of  Intendant  general  of  fountains,  and  having 
otherwise  very  materially  suffered  in  his  property.  He  retired 
with  his  friend  Borda  to  a  small  estate  which  he  posiCfiacd  at 
Blois ;  and  during  his  residence  there,  made  some  observ  ations 
on  Tegetable  physiolagy,  which  he  afterwards  presented  to  the 
Institute. 

He  was  recalled  to  Paris  in  order  to  take  a  part  in  the  new 
determination  of  weights  and  measuresi  uhldi  had  been  de> 
creed  by  the  reTolutionary  government  He  returned,  soon 
after,  into  the  country,  wishing  to  devote  himself  to  the  care 

of  his  family,  and  of  the  remains  of  his  little  fortune.  liut 
upon  the  establishment  of  the  National  Institute,  he  ag.iin 
became  an  inhabitant  of  the  metropolis,  lie  had,  l)nwcvfr, 
occasion  to  undertake  a  tour  of  considerable  extent,  in  dis- 
charging the  duty  of  an  inspector  of  public  instruction  ;  and  he 
was  remarked,  in  his  examinations  of  the  young  studentsy  ftr 
the  singular  good  nature  and  paternal  tenderness  of  his  man- 
ners. Ue  still  continued  his  application  to  his  fii^oiirite  por- 
suits,  and  in  particular  to  the  investigation  of  the  magnitade  of 
forces  of  various  kinds,  by  means  of  the  principles  of  tonion. 
And  Ins  last  study  was  an  inquiry  respecting  the  universal  dif* 
fusion  of  the  magnetic  power  through  nature,  which  be  at  tiret 
supposed  to  be  almo.st  unlimited  ;  although  he  afterwards  found 
reason  to  conclude,  that  its  general  cause  was  the  pres<  ncr  i»f 
a  minute  quantity  of  iron.    A  short  summary  of  his  uumeruu^ 
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and  eial>orate  memoin  will  best  Uliutrate  the  extent  and  aocn* 

racy  of  his  researches. 

1.  Suaieal  Problemt  reloHnffto  Ardkiieeiun  Mem.  Sav»Etr. 
VII.  1773.  p.  343b  The  fluzional  modes  of  aacertainingmazinia 
and  minbia  are  applied,  in  this  admirable  memoir,  to  the  deter- 
mination of  the  strength  of  blocks  of  stone  and  of  pillars  of 
masonry,  and  to  that  of  the  resistance  of  semi-flnids»  and  the 
thrust  of  earth.  The  author's  manner  of  considering  the  snb- 
ject  was  at  that  time  new ;  it  has  been  still  further  extended 
by  some  late  researches  in  this  country  (  Huttoiis  Mathematical 
Dictionary,  Art,  Pressure)  ;*  and  many  of  the  calculations  con- 
tained in  the  articles  Bridge  and  CARPENTRvf  of  this  Supple- 
meuty  arc  principally  founded  on  the  same  basis.  Mr.  Cou- 
lomb very  properly  objects  to  Musschenbroek's  mode  of  rejjre- 
senting  columns  as  exerting  their  passive  strength  like  bars 
resisting  flexure ;  and  it  is  surprising  that  Mr.  Lagrange  did 
not  profit  by  his  remarks^  in  abridging  his  laborious  investiga- 
tions of  their  elastic  force.  Mr.  Coulomb  appreciates  the  fric- 
tioo  of  materials  by  the  angle  at  which  they  will  stand 
unsupported :  an  angle  which  has  been  termed  in  this  country 
the  angle  of  repose^  by  an  author  who  perhaps  imagined  there 
was  more  no?elty  in  the  idea,  than  he  would  haTC  done,  if 
this  memoir  had  been  fresh  in  his  mind.  For  the  'iluckness  of 
the  walls  of  an  embankment,  one-seventh  of  the  height  is 
recommended  as  a  good  proportion  in  common  cases,  with  an 
increase  of  one-sixth  towards  the  bottom :  But  the  calculation 
is  left  in  some  measure  incomplete,  although  it  may  be  suffi- 
ciently accurate  for  the  cases  which  most  commonly  occur  in 
practice.  In  the  last  place,  the  proper  direction  of  the  joints 
of  flat  arches  is  determined  ;  and  the  point  of  easiest  fracture 
of  arches  in  general  is  investigated,  by  an  approximatory  me- 
thod, applied  successively  to  each  joint. 

2.  On  the  improvement  of  the  construction  of  the  Compass. 
Mim.  Sav.  Etr.  IX.  p.  1 65.  This  memoir  contains  a  labori- 
ous and  accurate  investigation  both  of  the  operation  of  the  force 
of  magnetism,  and  of  the  resistances  exhibited  to  the  motion  of 
a  needle  by  friction  or  by  other  causes.  The  author  lays  down, 

•  N«.  XLIX.  in  fUs  ToloBML        f  Ncs.  LII.  and  LIIL  in  tliii  Tohiat. 
VOU  1L  2  M 
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as  a  fandameatal  priiidple»  the  quality  of  the  aooeleraliYe  force 
actbg  CD  a  ffvesn  needle,  in  all  poaitiooB,  when  referred  to  the 
direction  of  the  meridian ;  so  that  the  propertieB  of  its  Tibratioiia 
become  precisely  similar  to  those  of  a  pendolum  actuated  by 
the  force  of  gravity.  From  the  existence  of  an  attractive  and  a 
repnlsiTe  force  at  the  same  time  in  each  particle  of  the  body, 
with  respect  to  the  opposite  magnetical  poles  of  the  earth,  he 
concliules  the  total  impossibility  of  explaining  the  effects  by 
means  of  any  ethereal  currents  or  vortices  which  had  been 
admitted  l>y  some  of  the  best  matlu'nialicians  of  the  century, 
then  still  surviving.  He  examines  the  comparative  force 
of  nei'dles  of  difi'erent  dimensions,  and  proves  the  extreme  deli- 
cacy of  the  suspension  afforded  by  a  long  fibre,  whether  of 
hair  or  silk  ;  and  he  describes  a  compass  in  which  the  reading 
is  performed  by  means  of  a  microscoj)e  fixed  to  a  graduated 
arm,  serving  as  a  vernier,  lu  order  to  find  the  true  direction 
of  the  magnetic  action  of  a  needle,  he  turns  it  upside  down, 
and  takes  the  mean  of  the  observatioiis.  He  ascertains  the 
magnitude  of  the  friction  of  steel  on  glass,  by  measuring  the 
angle  of  repose ;  and  he  finds  that  it  is  equal  to  Vr  of  the  pte^ 
sure.  He  then  proceeds  to  calculate  the  frictioQ  of  a  pivot, 
supponng  it  to  be  compressed  most  at  the  centre,  but  concludes, 
from  a  hasty  experiment,  that  the  nmgnitude  of  the  surfiuse  is 
not  much  changed  by  a  change  of  pressure.  He  infers,  how^ 
ever,  that  a  light  needle  has  an  advantage  over  a  heavy  one. 
A  perforation  in  the  middle  of  a  needle  appears  to  interfere  but 
little  with  its  magnetic  force.  He  proposes  to  ascertain  the 
position  of  the  dipping  needle,  by  measuring  the  frequency  of 
the  horizontal  vibrations,  and  the  force  required  to  keep  it 
level :  and  he  concludes  his  memoir  with  an  account  of  the 
diurnal  variations  of  the  needle,  and  a  conjecture  respecting 
the  operation  of  the  sun  and  his  atmosphere,  which  he  com- 
pares to  a  large  aurora  borealis  ;  referring  the  secular  change 
of  the  variation  to  the  slow  motion  of  the  sun's  ajK)gee. 

3.  Rrchcrchcs  svr  Irs  moyens  ircxociitcr  dans  lean  toutet 
sortes  de  travaux  hi/draaliques.   8.  Par.  1779.  Rozier  XIV.  P. 


393.  Addition.  Rozier  XVII.  P.  301.  Ed.  2.  8.  Par.  J  797. 
The  Academy  of  Rouen  had  proposed  a  prise  for  an  essay  on 
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the  best  mode  of  lowering  a  rock  in  the  Seine  at  Quillebccuf, 
which  was  about  a  foot  below  low-water  mark  :  this  essay  was 
originally  written  for  the  prize,  but  it  was  published  without 
waiting  for  the  competition,  at  tlie  request  of  some  engineers, 
who  wished  to  have  it  made  known  without  loss  of  time.  The 
method  recommended  consists  in  employing  a  floatiDg  air  chest 
in  the  manner  of  a  diving-bell,  forcing  out  the  water  from 
its  lower  part  by  means  of  bellows,  after  shotting  up  the  work- 
men in  the  upper  part  In  the  additional  paper  printed  in  the 
Journal  de  Phy*iqu0»  a  stronger  pneumatic  q^paratns  is  de- 
scribed, scwiewhat  resembling  the  air-rasel  of  a  fire  engine^ 
which  discharges  its  air  into  the  chest,  and  is  then  filled  agpun 
by  lettmg  out  the  water :  it  is  also  proposed  to  employ  mer- 
cury, in  a  similar  manner,  in  ihe  construction  of  an  air-pump. 
The  projjosed  apparatus  does  not  appear  to  have  been  tried : 
but  there  can  be  no  doubt  that  it  might  often  be  of  advantage, 
when  the  inequalities  of  the  rock,  or  any  other  causes,  prevented 
the  construction  of  a  cofferdam. 

4.  Theory  of  Simple  MachineSy  comprchcndiiu/  the  effects  of 
friction  and  of  the  stiffness  of  ropes.  Mem.  Sav.  Ktr.  X.  P. 
161.  This  essay  gained  the  double  prize  proposed  by  the 
Academy  for  1781  i  the  difficulty  of  performing  experiments 
on  a  large  scale  having  probably  prevented  the  presentation  of 
any  memoir  sufficiently  comprehensive  the  preceding  year, 
when  the  subject  was  first  proposed.  The  author's  principal 
merit  consists  in  the  determinatioo  of  the  difierent  magnitude 
of  the  initial  adhesion,  aecoiding  to  the  time  that  the  sub- 
stances had  continued  in  contact  with  each  other  and  had  been 
pressed  together,  and  of  the  eflfoct  of  the  magnitude  of 
the  snrJace  of  contact  of  particular  substances,  as  well  as  of 
the  causes  of  the  occadonal  diflbrence  of  ftictioD,  with  difierent 
velocities,  especially  when  the  unctuous  sul)stances  employed  are 
rendered  too  soft  by  the  heat,  which  is  produced  by  the  motion. 
He  compared  the  effect  of  the  mutual  contact  of  a  great 
variety  of  subjstances  ;  and  for  the  })urpose  of  launching  ships 
he  recommends  the  use  of  oak,  sliding  on  elm,  previously  well 
rubbed  with  hard  tallow  ;  but  in  some  other  cases  he  found 
tallow,  if  not  frequently  renewed*  rather  injurious  than  service- 
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aUe.  He  observed^  that  the  rigiditj  of  ropes  increased  more 
rapidly  than  their  diameter,  bat  somewhat  less  rapidly  than 
their  strength ;  and  that  in  order  to  OTercome  this  rigidly,  be- 
mdes  a  constant  force,  an  additional  force  was  required,  pio- 
portional  to  the  weight  employed.  With  every  allowanoe  for 
resistance  of  all  kinds,  he  calculates  that  a  well  constructed 
machine,  for  instance  a  simple  capstan,  nusing  a  large  wei^t, 
will  produce  an  effect  equivalent  to  nine-tenths  of  the  force 
employed.  But  in  many  of  the  simple  machines  in  common 
use,  for  instance  in  ships'  blocks  of  the  ordinary  construction, 
it  appears,  from  the  rejwrts  of  other  authors,  that  the  loss  fre- 
quently amounts  to  more  than  half  of  the  power. 

5.  Observations  on  the  force  of  Windmills ,  and  on  the  form 
of  their  sails.  Mem.  Ac.  Far.  1781.  P.  65.  The  inclination  of 
the  sails,  found  to  succeed  best  in  practice,  varied  from  GO*  to 
80^  in  their  different  parts.  The  force  was  estimated  by  the 
weight  of«the  stampers,  raised  in  the  process  of  extractii^  rape 
oil,  and  it  appeared  that  only  about  one-seventh  of  the  power  of 
the  wind  was  lost.  On  an  aferage  the  wind  was  observed  to 
blow  eight  hours  a-<lay,  with  a  velocity  of  fifteen  English  miles 
an  hour ;  and  the  work  of  the  mill  was  generally  so  arranged, 
that  the  velocity  of  the  sails  was  in  a  certain  proportion  to  that 
of  the  wind,  experience  having  shown,  that  the  eflfect  thus 
obtained  was  the  greatest  possible.  Mr.  Coulomb  attempted 
to  become  a  tenant  of  one  of  the  mills  for  a  fow  months,  in 
order  to  make  experiments  on  it  with  greater  oonveoienee : 
but  the  proprietors  suspected  that  be  wished  to  discover  some 
of  their  secrets,  and  refused  to  comply  with  his  proposal 

6.  ThmrtHedl  and  gxperimgntal  r9»earekei  an  the  farce  of 
Torsion,  Mint.  Ac.  Par.  1784.  P.  229.  The  force  of  torsion 
is  here  very  accurately  and  elegantly  determined  for  sub- 
stances of  different  diameters ;  and  it  may  be  inferred  from 
Mr.  Couloml)'s  experiments,  that  the  resistance  of  a  steel  wire, 
to  a  force  tending  to  twist  it,  is  always  equal  to  that  of  a  fixed 
axis,  su})posed  to  be  t'A  as  great  in  diameter,  having  the  same 
wire  coiled  round  it,  or  rather  simply  attached  to  a  point  of  it* 
circumference :  for  bniss  wire  the  pro|X)rtion  must  he  xlv  ;  and 
according  to  Mr.  Cavendish's  experiments,  it  must  be  Vv  for 
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copper ;  not  tHi  ^  been  stated  by  an  aoddental  error 
eiUier  of  the  printer  or  of  tbe  calonlator,  in  the  article 
Cabpbhtrt  (Supra,  p.  251.)  Tbe  reaction  of  brass,  not- 
withstanding  its  greater  flexibility,  is  more  perfect  and  durable 
than  that  of  steel,  and  it  is  tbereibre  preferred  fbr  the  con- 
struction of  balances  for  the  measurement  of  minute  forces  by 
the  effect  of  torsion,  several  varieties  of  which  are  here 
described :  And  as  an  instance  of  their  utility,  the  author 
has  ascertained,  that  the  resistance  of  liquids  depends  almost 
entirely  on  two  forces,  the  one  varying  as  the  velocity,  the 
other  as  its  square,  the  constant  portion  of  the  resistance  heing 
scarcely  perceptible  in  any  case.  He  proves,  that  tempering 
a  bar  or  wire,  of  any  metal,  has  no.  effect  in  the  immediate 
force  of  its  resistance  at  a  given  flexure,  although  it  very  ma- 
terially modifies  the  extent  of  its  action.  Continued  twisting 
of  a  soft  wire  seems  to  produce  a  very  equable  degree  of  hard- 
neas»  which  enables  it  to  retain  mne  times  as  much  magnetic 
power  as  in  its  original  state :  and  on  account  of  this  increase 
.  of  hardness  only,  a  soft  wire  appears  to  exhibit  a  greater  extent 
of  elastic  recoil  when  it  is  twisted  found  several  times,  than 
when  only  once  or  twice. 

7.  Description  of  a  Compass.  MSm.  Ac.  Par.  1785.  P  560. 
The  needle  is  suspended  by  a  number  of  single  threads  of  silk, 
made  to  adhere  by  dipping  them  in  hot  water,  or  by  means  of  a 
little  giini,  each  thread  being  c<ipable  of  bearing  a  weight  of 
about  50  grains.  The  needle  is  to  be  so  suspended,  thit  the 
thread  may  have  no  tendency  to  cause  it  to  deviate  from  the 
magnetic  meridian ;  and  this  is  to  be  ascertained  by  substituting 
a  copper  wire  in  its  place.  Cassini  was  in  the  habit  of  em- 
ploying a  compass  of  this  con8tniction»  for  making  accurate 
observations  on  the  diurnal  variation. 

8.  l%ne  Mmnain  an  Ehdricihf  and  Ma^nsHtm,  Mhn.  Ae. 
Par,  1785.  P.  569,  578»  612.  The  first  memoir  is  devoted  to 
the  description  of  an  electrical  balance,  founded  on  the  force 
of  torsion,  and  to  the  demonstration  of  the  law,  according  to 
which  small  btidies  similarly  electrified  repel  each  other,  with  a 
furce  decreasing  as  the  squares  of  the  distances  increase.  One 
of  the  iusti'ument^  euipbyed  was  so  delicate,  that  each  degree 
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of  the  circle  of  torsion  expressed  a  force  of  only  one  }mndred 
tlioiisandth  of  an  English  grain  ;  another,  suspended  liy  a  <^inglc 
fibre  of  silk  four  inehes  long,  made  a  complete  revolution  with 
a  force  of  one  seventy  thousandth  of  a  grain,  and  turned  to  the 
extent  of  a  hght  angle,  when  a  stick  of  scaling  wax,  which  liail 
been  rubbed,  was  presented  to  it  at  the  distance  of  a  yard. 
The  second  memoir  relates  to  the  laws  of  electric  attraction, 
and  of  tbe  magnetic  forces,  which  are  all  found  to  mtj  in  the 
same  proportion  as  the  electric  repulsion.  Hie  direct  ezperi- 
ments,  on  the  attraction  of  halls  oontrarily  electrified,  presented 
some  difficnities,  and  the  Tibration  of  a  small  needle,  at  diiler- 
ent  distances  from  an  electrified  body,  was  eniploye<l  for  a  col- 
lateral experiment  The  poles,  in  which  the  magnetic  forces 
appear  to  be  concentrated,  are  at  some  little  distance  from  the 
respective  ends  of  a  magnetic  bar,  and  not  exactly  at  the  extre- 
mities. In  the  third  memoir,  Mr.  Coulomb  investigates  the 
laws  of  the  gradual  less  of  the  electricity  of  an  insulated  bo^Iy. 
which  seems  to  be  always  proportional  to  the  intensity  of  the 
charge,  and  independent  both  of  the  form  and  of  the  conducting 
power,  except  in  the  case  of  sharp  points  or  edges;  it  appears 
also  to  vary  nearly  as  the  cube  of  the  quantity  of  water  oon- 
tamed  in  the  air,  though  probably  somewhat  ^nunisbed  by  an 
increase  of  temperature.  It  is  however  remarkable,  that 
changes  of  moisture,  indicatcnl  by  the  hygrometer,  are  not  dis- 
coverable in  the  conducting  power,  for  a  considerable  time 
afterwards.  The  (piantity  of  electricity  carried  off  by  the  air 
being  ascertained,  that  which  is  lost  by  the  imperfection  of  the 
insulating  support  remained  to  be  determuied:  and  it  was 
found»  that  a  certain  length  of  a  fibre  of  silk,  varying  as  Uie 
square  of  the  intensity,  produced  complete  insulation  with  re- 
spect to  all  weaker  chaiges. 

9.  Fourth  Memoir  on  Ehetrieiiy,  Mim,  Ae,  Par.  1766, 
P.  67.  It  is  here  shown  that  the  capacity  for  recdving  eleo- 
tricity  is  totally  independent  of  any  chemical  attraction  of  the 
body  for  the  supposed  fluid  ;  since  balls  of  copper  and  of  pith, 
or  plates  of  iron  and  of  paper,  when  brought  into  contact  with 
each  other,  divide  the  electricity  in  equal  proportions  It  i.- 
also  experimentally  proved,  by  boring  cylindrical  holes  in  a 
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large  piece  of  wood,  and  touching  the  bottom  of  tlio  lioles  with 
a  small  circle  of  gilt  paper,  that  the  interior  parts  of  an  elec- 
trified body  remain  in  a  state  of  inditi'erence. 

10.  Fifth  Memoir  on  Electricity.  Mem.  Ac.  Par.  1787, 
P.  421  When  a  large  globe  touches  a  smaller,  the  smaller 
receiTeB  a  charge,  which  is  stronger  than  that  of  the  larger,  but 
never  twice  as  strong.  It  is  proved  by  measuring  the  intensity 
of  the  electricity  of  a  varnished  wire  or  cylinder,  that  bodies  are 
not  snrronnded  by  an  electric  atmosphere,  but  recdve  the 
charge  within  theur  sahstanoe ;  for  the  ▼amish,  whidi  is  imper- 
meable to  the  fluid,  does  not  sensibly  affisct  the  capacity  of  the 
cylinder. 

11.  Siiiih  Msnwir  on  EkdrkUy.  Mim,  Ac,  Par.  1788»  P. 
617.  This  interesting  investigation  relates  to  the  distribution 
of  electricity  between  a  number  of  equal  globes ;  in  the  dif- 
ferent parts  of  a  long  cylinder ;  between  a  large  globe  and  a 
number  of  small  ones ;  and  between  a  globe  and  a  cylinder. 
In  showing  the  agreement  of  the  theory  with  experiments,  Mr. 
Coulomb's  industry  and  ingenuity  are  very  successfully  exerted 
in  order  to  overcome  the  difficulties  of  the  approxiraatory 
calculation,  although  it  might  perhaps  have  been  not  much 
more  laborious,  and  yet  fu  more  satisfactory,  to  have  pro- 
ceeded to  a  more  correct  and  conclusive  analysis.  In  a  series 
of  twenty-firar  globes,  the  diarge  of  the  first  was  to  that  of  the 
second  as  three  to  two,  and  to  that  of  the  twelfth  as  seven  to 
four ;  in  a  cylinder  fifU«n  diameters  long,  the  intensity  at  the 
end  was  to  the  intensity  at  the  middle  as  twenty-*  hree  to  ten. 
Of  twenty  four  small  globes  in  contact  with  a  larger,  the  last 
eihibited  an  intensity  about  four  times  as  great  as  the  first. 
The  e3q[»eriments  on  globes  and  cylinders  combined  are  still 
more  interesting,  as  a£fording  an  immediate  application  to  the 
eflects  of  conductors  in  carrying  off  electricity.  At  the  remote 
end  of  a  long  cylinder  equal  in  diameter  to  one-t^lfth  of  that 
of  the  globe,  the  intensity  was  nearly  twenty  times  as  great  as 
that  of  the  globe  ;  and  it  increa>t'<l  almost  in  the  same  propor- 
tion as  the  diameter  of  the  cylinder  or  wire  was  diminished  ; 
but  a  short  wire  received  a  much  weaker  charge.  From  the 
formula  founded  on  these  experiments,  Mr.  Coulomb  calcu- 
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lates,  that  a  cloud,  a  thousand  feet  in  diameter,  will  cause  a 
wire  a  line  in  diameter,  raised  by  a  kite,  to  reeeiTe  an  electri- 
city at  the  lower  end  more  than  sixty  thousand  times  as  great 
as  its  own.  He  also  observes,  that  a  point  projecting  hut  little 
from  a  large  surface  discharges  electricity  but  slowly ;  a  j)lane 
touching  a  globe  received  an  electricity,  equally  intense  with 
that  of  the  globe,  on  both  its  surfaces.  Mr.  Coulomb  ooreg«lers 
the  hypothesis  of  the  existence  of  two  electric  fluids  as  leas 
objectionable  than  the  theory  of  Franklin,  JSpinus,  and  Caven- 
dish, though  he  does  not  attempt  to  g^ve  any  direct  proof  thai 
he  can  decide  the  question ;  but  he  finds  it  diificalt  to  bdiere. 
that  matter  can  repel  matter,  and  attract  the  electric  fluid,  with 
forces  predsely  equal,  at  the  same  time  that  matter  is  known 
to  attract  matter  with  a  force  of  gravitation,  varying  according 
to  the  same  law,  but  incom])arably  less  active.  It  does  not, 
however,  appear  that  this  ditficuliy  is  by  any  means  a  very 
important  one,  since  we  may  avoid  it  altogether,  by  su}»poBjing 
that  matter  only  repels  matter,  and  that  it  attracts  the  electric 
fluid,  with  which  matter  is  commonly  saturated,  with  a  feree 
somewhat  greater,  so  that  the  difference  of  these  forces  consti- 
tutes gnritation ;  which  thus,  like  the  newly  discovered  cheaucal 
attractions  depending  on  electridty,  may  be  reduced  to  a  modi- 
fication bf  the  power  of  this  wonderfully  univerBal  agent ;  an 
agent  which  appears  almost  to  combine  the  subtility  of  apuit 
with  the  energetic  qualities  of  matter.  It  must,  however,  be 
remembered,  that  we  have  no  evidence  of  the  separate  exist- 
ence of  electricity,  ir)dc])en{lcntly  of  matter ;  it  does  not  pass, 
like  light  and  heat,  through  the  vacuum  of  the  l)arometer; 
nor,  in  all  probability,  through  the  empty  spaces  interpoeied  be- 
tween the  different  parts  of  the  solar  system ;  although  the 
accelerative  force,  depending  on  it,  is  not  confined  by  these  er 
by  any  other  limits ;  and  it  will  probably  long  remain  a  ques- 
tion, whether  electricity  may  not  rather  be  a  modification  of 
matter  or  motion  in  the  bodies  concerned,  than  a  senumaterid 
substance  pervading  them ;  especially  among  those  who  even 
doubt  of  the  materiality  of  light  and  heat  as  separate  sub- 
stances. 

12.  Seventh  Memoir f  relatiny  to  Magnetiwm,  Man.  Ac,  I^ar. 
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1789,  P.  455  In  order  to  check  the  irregular  oscillations  of 
needles  ?ery  delicately  suspended,  Mr.  Coulomh  finds  it  con* 
▼enient  to  attach  to  diem  a  horiMiDtai  plate,  immersed  in  a 
▼easel  of  water.  The  directive  power  6f  a  needle  of  given 
thickness  appears  to  be  nearly  proportional  to  its  length,  the 
quantity  of  magnetism  aocumnlated  near  the  ends  being  con- 
stant, except  that  it  extends  to  the  distance  of  about  twenty- 
five  diameters,  and  if  the  needle  is  too  short  to  allow  space  for 
this  aoonmnlafion,  the  directiye  power  decreases  as  the  square 
of  the  length.  The  directive  forces  of  similar  needles,  com- 
posed of  pieces  of  the  same  twisted  wire,  are  nearly  a.'^  their 
weights.  Mr.  Coulomb  observes  the  difliciilty  of"  accounting 
for  the  well  known  fact,  that  neitiier  half  of  a  needle,  when  it 
has  been  divided,  appears  to  be  attracted  either  northwards  or 
southwards,  and  he  thinks  that  whether  we  admit  the  existence 
of  one  magnetic  tiuid  or  of  two,  it  will  still  he  necessary  to  con- 
eider  every  magnet  as  made  up  of  minute  parts,  each  possessing 
a  north  and  a  south  pole  of  intensities  varying  according  to  their 
situation  ;  and  he  remarks  that  the  high  chai^ges  of  electricity, 
supported  by  very  thin  plates,  afibrd  an  analogy  &vourable  to 
the  ezistenoe  of  tfaos  kind  of  partial  charge  of  magnetism ;  he 
mig^talso  have  added,  after  the  happy  combinatioDS  of  Volta, 
that  the  electrochenucal  batteiy  eslnbitB  an  amngpment  almost 
identical  with  that  whicb  he  attributes  to  a  magnet  Willi 
respect  to  the  forms  of  needles,  the  rbomboid  appeared  to  have 
some  advantage  over  the  rectangle :  the  temper  required  to  be 
neither  very  hard  nor  very  soft,  and  it  was  found  best  to  anneal 
the  needles  to  a  dark  red,  or  to  employ  plates  of  a  spring  tem- 
per, when  they  required  to  be  larger.  A  number  of  needles 
combined  into  a  mass  lost  more  than  half  th(»ir  strength,  so  that 
it  is  of  advantage  to  attach  several  parallel  needles,  at  a  dis- 
tance from  each  other,  to  the  i-ard  of  a  comi)ass.  Mr.  Coulomb's 
mode  of  communicating  magnetism  is  to  lay  the  ends  of  the 
bar  on  those  of  two  strong  magnets,  placed  opposite  to  each 
other,  and  to  draw  two  other  magnets  repeatedly  along  it,  in  > 
an  inclined  position,  from  the  middle  to  the  respective  ends,  in 
opposite  directions  at  the  same  tune.  His  large  battery  con- 
sisted of  a  number  of  plates  surrounding  two  pairs  of  pieces  of 
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floft  iron,  which  fanaed  the  ends  of  eadt  oompooud  magnet* 
while  the  middle  was  left  hollow :  the  whole  weig^  30  or  4D 
poonda,  and  would  lift  80  or  100,  and  it  commuueated  to  com- 
mon needles  as  modi  magnetism  as  they  were  capable  of  retdn* 
ing,  when  their  ends  were  merely  placed  on  it,  without  any  fiuv 
ther  operation. 

Id.  EjcandnaUen  qftkt  Jrietum  qfPwett,  Mim.  Ac  Par, 
1790,  P.  448.  Mr.  Coulomb  tacitly  acknowledges,  in  this 
paper,  a  slight  inaccuracy  in  liis  former  experiments  on  the 
friction  of  pivots,  the  result  of  which  seemed  to  iudiciite  that 
the  rotatory  resistance  of  the  friction  was  simply  as  the  pres- 
sure, independently  of  any  change  of  the  magnitude  of  the 
minute  snrface  of  contact :  he  now  finds  tliat  this  is  only  true 
of  smaller  wi»ight8,  when  the  pivot  has  already  supported  a 
larger,  and  its  surface  has  probably  been  a  little  tlattent-d  : 
otherwise  the  observation  agrees  more  nearly  with  the  tlieory  ; 
and  perfectly  so  on  the  supposition  of  a  conical  point  affording 
a  resistance  proportional  to  the  displacement  of  the  siuface. 
The  friction  of  steel  on  garnet  is  a  Uttie  less  than  half  as  much 
as  on  steel ;  on  agate,  a  litUe  more  than  half;  and  on  glass, 
four-fifths.  light  needles,  with  a  pivot  tapering  in  an  angle  of 
about  seem  to  be  the  most  adrantag^ooa  for  common  pur- 
poses; but  if  the  needle  is  heaYy,  the  pomt  muat  be  more 
obtuse.  The  ooooidal  caps,  commonly  used  for  snqiendiiig 
needles,  had  always  an  iireguUrity  at  the  centre,  which  made 
the  friction  many  times  greater  than  that  of  a  well  fimshed  aur- 
fruse,  uniformly  concaTe. 

14.  EsBpervmnU  on  the  CireulaiUm  of  Sap,  Mim,  £ut. 
IL  P.  248.  Mr.  Coulomb  seema  to  have  sufficientiy  ascer- 
tained that  the  sap  appears  to  rise  in  the  poplar,  near  the 
centre  of  the  tree,  mixed  with  a  considerably  larger  portion  of 
air,  which  is  extricated  with  a  hissing  noise,  when  the  tree  is 
cut  or  iHDred ;  it  is  not,  however,  certain  that  this  air  is  in  an 
elastic  state  while  the  vessels  remain  closed  The  phenomenon 
was  first  observed  in  April,  and  continued  throughout  the  sum- 
mer, being  most  distinct  in  the  hottest  sunshine. 

15.  Observations  on  the  Daily  Labour  of  Men.  Mrm.  hist. 
Sc,  IL  P.  380.   This  memoir  was  read  to  the  Academy  of 
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Sdenoes  in  1775,  but  was  not  tiien  published.  Mr.  Coulomb's 
general  conclusion  is  in  favour  of  the  employment  of  strength 
in  ;ii«endinrf  stairs  :  but  he  ohsorvi^s,  that  formur  authors  have 
very  frequently  exaggerated  the  whole  amount  of  a  man's 
daily  labour.  In  fact,  the  day's  work,  which  lie  assigns  to  a 
man  of  ordinary  strength,  thus  employed,  is  less  tlian  half  of 
that  whieh  Desa^'ulicra  attributes  to  a  labourer  turning  a 
winch  :  and  Professor  Robison  has  recorded,  in  this  Enn/clo- 
pcfdia^  more  than  one  inBtanoe  of  a  much  Uurger  result  of  the 
laboor  of  a  man  asoending  an  inclined  plane,  even  besides  the 
force  lost  in  the  machinery  employed :  so  that  we  most  suppose 
the  labourers  in  France  to  be  oommooly  leas  Tigorons  than  in 
Great  Britain ;  almost  in  the  same  proportum,  as  Mr.  Conlomb 
has  obsenrod  the  work  of  the  same  man  in  Martinique  to  be 
less  than  in  Franoe. 

16.  Ccmpantom  cf  the  Uoffmtk  Ptmien 

MiniL  Ind,  Se.  UI,  P.  176.  A  number  of  accurate  esperi- 
menti  are  here  adduced,  in  confirmation  of  the  theoretical  con- 
elusion,  that  needles  of  a  similar  form,  and  composed  of  por- 
tions of  the  same  wire,  possess  directive  powers  which  are  very 
nearly  proportional  to  their  weights. 

17.  On  the  Cvlu  sion  of  Fluids  and  their  Rtsistaii*  >  to  Slow 
Afotions.  Mhn.  Inst.  Sc.  III.  p.  246.  The  interesting  exjie- 
nients  here  related,  demonstratt*  that  the  constant  part  of  the 
re.-istanre  of  fluid?  is  insensible :  that  the  portion  varying 
siiuplv  as  the  veloeity  is  more  than  >''V('nt«'t  ii  times  as  gn>at  in 
oil  in  water,  while  the  portion  wiiic  h  varies  as  the  square  of 
ihe  vel<M  ity.  is  nearly  equal  in  both  the^e  fluids.  The  resist- 
ance did  not  increase  with  the  depth  of  iuunersion  ;  on  the  eon- 
trary,  it  was  a  little  greater  when  the  body  was  parUy  above 
the  snrfooo.  It  was  observed  that  ver}-  slow  o>eillations  were 
soMwhat  acoeletated  even  by  the  motion  of  a  carriage  pass- 
ing along  the  street  Greasing  the  snrfoce  of  the  solid  did  not 
sensibly  Insen  the  resistance  to  its  motion,  nor  was  it  materially 
increased  by  sprinkling  sand  on  the  grease ;  so  that  the  par- 
ticles of  the  liquid  seem  to  slide  rather  on  each  other  than  on 
the  solid.  But  it  is  probable  that  these  diflerences  would  have 
been  more  perceptible  m  yvater  velocities ;  for  it  seems  reaaon- 
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able  to  expect,  that  the  friction  betwe^  a  fluid  and  a  aolid 
should  partake,  m  a  slight  degree,  of  the  nature  of  the  finction 
between  two  solids,  so  as  to  increase  less  rapidly,  with  an 
increase  of  velocity,  than  the  frictioo  of  the  particles  of  fluids 
among  themselves. 

18.  A  new  method  of  determinvig  the  Position  of  the  Dipping 
Needle.  Mem.  Inst.  Sc.  IV.  P.  565.  The  metliod,  suggested 
in  a  former  niemoir,  is  compared,  in  this  short  cs.^ay,  with  the 
mean  of  four  observations  made  in  the  common  way,  the  mag- 
netism of  the  needle  being  reversed  during  the  experiment; 
and  it  appears  that  the  error  of  either  method  is  not  likely  to 
exceed  ten  or  twelve  minutes. 

19.  On  Universal  Magnetism.  Bullet.  Soc.  Fhilam.  N.  61» 
68.  Jwm,  Phy,  LIV.  P.  m  S67.  454.  Jbttm.  R.  Lui. 
I.  P.  134.  The  experiments  mentioned  in  the  first  of  diese 
papers  were  immediately  repeated  in  this  country,  with  results 
less  satisfactory  than  those  which  Mr.  Coulomb  had  obtained ; 
and  he  soon  found  reason,  upon  a  further  examination,  to  change 
the  opinion  which  he  had  at  first  inferred  from  them,  obserring 
that  a  grain  of  iron  was  sufficient  to  communicate  sensible  mag- 
netism to  twenty  pounds  weight  of  another  substance.  There 
still  remain,  however,  some  difficulties  respecting  the  magnetism 
of  brass  which  have  not  yet  been  sufficiently  explained,  and 
which  have  beeu  mentioned  in  the  article  Cavalxo  of  this 
Supplement. 

Mr.  Coulomb's  moral  character  is  said  to  have  been  as 
correct  as  his  mathematical  investigations.  At  an  early 
period  of  his  life  he  gained  the  grateful  acknowledgments  of 
the  inhalntants  of  Britanny,  for  his  disinterested  exertions,  in 
preyenting  the  execution  of  some  public  works  which  threat* 
ened  to  be  ruinous  to  the  province.  His  manners  were  serious, 
but  gentle,  and  sometimes  diversified  by  a  mild  gaiety,  which 
made  him  very  amiable  in  sodety.  His  disposition  was  gene* 
rous  and  benevolent;  but  notwithstanding  all  his  modesty,  he 
could  exhibit  suffident  spirit,  when  he  was  called  upon  to  repd 
an  unjust  attack.  Such  occurrences  were,  however,  far  from 
being  frequent,  for  his  merits  and  his  success  were  universally 
acknowledged,  and  he  was  extremely  popular,  without  ever 
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having  excited  envy.  In  the  particular  department  of  science 
which  he  cultivated,  he  may  fairly  be  raiikid  in  tlie  same  class 
with  Franklin,  iEpinus,  and  Cavendish.  lie  was  less  original 
than  Franklin,  but  much  more  profound.  He  gave  to  the 
speculations  of  iEpinus  both  a  more  defined  application,  and  a 
more  satisfactory  demonstration ;  and  be  was  equally  accurate 
with  Cavendish,  but  much  more  persevering  with  reepod  to  the 
more  limited  objects  of  his  reeearcbes ;  and  his  improvemcnte 
in  the  theory  of  electricity  may  be  considered  as  having  imme- 
diately  prepared  the  way  for  the  elegant  mventuxis  of  Volta,  and 
the  stOl  more  manreUons  diacoveries  of  Davy.  In  ibort,  among 
all  the  men  of  adenoe  who  have  done  honour  to  France,  it  would 
be  diflBcult  to  point  out  a  single  individual  who^  with  regard  to 
the  cultivation  of  terrestrial  physics,  could  at  all  be  put  in 
competition  with  BIr.  Coulomb.  His  health  had  long  been 
extremely  feeble,  and  in  addition  to  bis  more  chrome  com* 
plaints,  he  was  at  last  attacked  by  a  slow  fever,  to  which  he  fell 
a  victim  on  the  23rd  of  August,  1806.  He  had  been  a  Lieu- 
tenant-Colonel of  Engineers,  a  Chevalier  of  the  Order  of 
St.  T^uis,  and  a  Member  of  the  Legion  of  Honour  ;  but  he 
had  ac(juired  little  property;  and  he  left  to  his  two  sons 
scarcely  any  other  patrimony  than  the  public  gratitude  and 
esteem,  for  his  merits  and  his  virtues. 
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John  Chart^es  Bokda,  a  Mathematician  and  NaatSml 
Astronomer,  celebrated  tor  his  improvements  in  the  tlieory  of 
HydrauHcs  and  Pneumatics,  and  in  the  construction  of  instru- 
ments for  observation.  He  was  bom  at  Drax,  the  4th  of  May, 
173d»  and  was  originally  destined  for  the  bar,  but  abandoned 
the  pursuit  of  the  law  in  favour  of  a  military  life,  which  be  coo- 
ddered  as  better  calculated  to  afford  bim  opportunities  for  the 
cultiTatum  of  his  mathematical  talents,  and  for  the  applieatiaa 
of  the  results  of  his  studies  to  pniclioe.  His  acqmrements  m 
science  had  Teiy  eariy  attracted  the  attention  of  D^Alembertt 
who  predicted  his  fbtnre  enunence,  and  warmly  recomingaded 
his  turning  his  thoughts  to  the  occupation  of  a  plaoe  in  llie 
Academy.  He  obtained  a  commission  in  the  Light  Cavalry, 
and  was  appointed  Teacher  of  Mathematics  to  the  corps  ;  and, 
in  1756,  he  presented  to  the  Academy  of  Scienci^  ^A  ) 
A  Menioir  on  the  Paths  of  Bombs,  which  was  ordereii  to  W 
printed  in  the  collection  of  the  Savans  Etrangers^  but  which 
has  not  excited  much  attention.  He  was  elected  in  the  same 
year  a  member  of  the  Academy ;  and  in  the  next  he  was 
present  at  the  hattle  of  Hastinbedc,  in  the  capacity  of  Aide-de> 
CdXDn^  to  the  celebrated  Greneral  Maillehois,  to  whom  be  lodwd 
np  as  a  great  master  in  the  art  of  War. 

He  was  afterwards  adnutted  into  the  corps  of  Engioeen, 
without  the  usual  form  of  examination  into  his  qualifications ; 
and,  being  stationed  at  a  seaport,  the  occurrences  of  the  place 
naturally  directed  his  attention  anew  to  the  phenomena  of  ihe 
resistance  of  fluids.  He  published,  in  17G3,  a  detailed 
memoir  on  this  subject  (B.  Mem.  Ac.  Far.  17G3,  p.  358).  in 
which  he  relates  a  variety  of  experiments,  showing,  that  the 
resistance  of  the  air  is  actually  proportional  to  the  square  of 
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the  velocity,  as  had  commonly  been  supposed  from  theoretical 
ooofflderations.  He  also  determines,  by  other  experimeots,  the 
magnitude  of  the  reristanoe  to  the  motioD  of  a  sphere,  and 
proresi  that  nothing  can  he  more  erroneous  than  the  snppon- 
tion,  that  the  reastance  to  an  oblique  surface  decreaaes  as  the 
square  of  the  sine  of  the  angle  of  inddenoe.  He  also  finds» 
that  the  reaiatanoe  to  the  motion  of  a  cube,  in  the  directions  of 
the  ^agonal  of  its  base  and  of  one  of  the  sides,  are  as  21  to  16, 
while  the  calcolatioDS  of  former  theorists  had  made  the  rerist- 
ance  greatest  in  the  direction  of  the  side. 

In  1766,  he  published  an  Essay  on  the  discbarge  of  fluids 
through  tlie  orifices  of  vessels  (C.  Mem.  Ac  Par.  17G6,  p  579), 
in  which  he  first  states  the  objections  to  considuring  the  difl^*rent 
strata  of  a  fluid  as  descending  in  all  cases  very  nearly  in  paral- 
lel directions  ;  he  examines  the  contraction  of  the  jet  after  its 
escape  from  the  orifice,  and  determines  some  of  tlie  effects  of 
abrupt  changes  in  the  velocity  of  the  fluid  passiDg  throu£^ 
pipes  or  apertures  of  different  forms. 

He  contributed,  in  1767,  to  the  publications  of  the  Academy, 
an  important  Memoir  on  Water  fVheeU  (D.  p.  270),  which  has 
escaped  the  notice  of  his  able  ffiographer  M.  Lacroix.  He 
obeerres,  in  tins  paper,  that  the  simple  hypothesb  of  a  resist- 
ance varying  as  the  square  of  the  Telocity,  which  is  so  near  the 
truth  in  common  cases,  where  a  number  of  particles,  pro- 
portional to  the  Tclodty,  strikes,  in  a  (^Ten  time,  upon  a  small 
exposed  surface  with  a  force  also  proportional  to  the  Telocity,  is 
totally  inapplicable  to  the  action  of  a  confined  stream  upon  the 
floatboards  of  a  wheel,  since,  in  this  instance,  the  muiiber  of 
particles  concerned  cannot  vary  materially  with  the  velocity, 
the  whole  stream  being  supposed  to  operate  in  all  cases  upon 
the  successive  floatboards ;  so  that  the  analogy  would  require 
US  to  supjjose  the  force  in  this  case  nearly  proportional  to  the 
simple  relative  velocity  ;  a  conclusion  which  agrees  remarkably 
well  with  the  experiments  of  some  practical  authors. 

Hie  same  Tolume  contains  a  continuation  of  M.  Borda's 
researches  relating  to  the  resistance  of  oblique  sur&ces  (£. 
Mhn.  Ac.  Par,  1767,  p.  495),  with  a  statement  of  experiments 
still  more  condusiTely  confuting  the  receiTed  hypothesis. 
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respeeting  oblique  impulse,  than  his  former  invcstigationit  had 
done.  We  also  find  in  it  ED  EesayoB  iaopeitiiietrietl  ptoU^^ 
(F.  p.  551),  in  whioh  it  is  shown,  that  Enler's  method  of  treat- 
ing them,  whidi  had  been  m  great  measure  abandoned  bj  iti 
equally  profound  and  candid  author,  in  &?onr  of  the  moic 
general  and  more  elegant  calculations  of  Lagrange,  was  still 
capable  of  affording  all  the  results  that  had  been  derived  from 
the  iiK'thod  of  variations ;  and  he  even  pointed  out  sonu'  <l<'tici- 
encies  in  the  first  Memoir  of  Lagrange,  which  contaiiKti  the 
detail  of  his  ingenious  invention.  These  investigations  of  M. 
Borda  afford  collateral  evidence  of  the  strict  truth  i>(  iIk- 
demonstrations  of  both  his  great  predecessors  ;  and  though  they 
have  been  little  employed  by  later  Mathematiraans,  yet  it  mu^t 
be  admitted  to  be  of  some  importance,  in  enabling  us  to  appre* 
date  the  value  of  a  new  mode  of  calculation,  to  determine 
whether  its  resnlts  are  or  are  not  such,  as  might  be  obtained* 
with  almost  equal  conTemence,  by  methods  before  in  use. 

Bm  memoir,  inserted  in  the  oolleetion  of  the  Aoademy  Ibr 
1768  (6.  MfuL  Ac.  Par.  1738,  p.  418%  is  devoted  exclusively 
to  the  theory  of  pomps  i  and  be  considerB  eapedally  the  efed 
of  the  passage  of  the  fluid  through  valves  and  otiier  contracted 
parts,  in  diminishing  the  quantity  of  the  discharge,  llis  re:>uiu- 
are  derived  from  the  principle  of  the  preservation  of  the  living 
force  or  energy  of  a  system  of  bodies,  throughout  all  the  vii  issi- 
tudes  uf  its  motions,  which  had  before  been  eniploytHi  widi 
success  by  Daniel  Bernoulli  in  j)roblems  of  a  similar  natun* : 
but  it  was  nut  until  tlie  experiments  of  Buat  had  afforded 
sufficient  grounds  for  the  determination  of  the  friction  of 
fluids,  that  cases  of  this  kind  could  be  submitted  to  eiact 
calculation. 

In  his  Essay  on  the  curve  described  by  cannoiHballs,  pub- 
liahed  among  the  Memoirs  finr  1769  (H.  Af/m.  Ac  Par.  17G9» 
p.  247),  he  has  greatly  simplified  the  practical  theory  of  pro- 
jectiles, which  had  been  treated  in  a  satisiactory,  though  very 
general  manner  by  John  Bernoulli,  and  had  been  rednced  into  a 
much  more  convenient  form  by  Euler.  M.  Borda  has  subsli* 
tuted  some  approximate  expresuons  for  the  true  value  of  the 
density  of  the  air,  and  has  thus  been  enabled  to  Integrate 
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eqnatkms  which,  in  their  more  strictly  correct  form,  had 
resisted  the  powers  of  Euler  himself ;  and  he  has  justified  the 
adoption  of  the  formulas  thus  obtained  by  a  comparison  with 
experiment. 

In  the  mean  time  his  talents  were  very  actively  employed  in 
the  naval  service  of  his  country,  which  lie  entered  in  1767,  by 
the  nomination  of  M.  Praslin.  The  time-keepers  of  Leroy 
and  Berthoud  were  beginning  to  rival  those  of  the  English 
artists,  and  the  French  GoTemment  ordered  several  vessels  to  be 
fitted  out  for  emises,  in  order  to  examine  the  accuracy  of  these 
time-keepers.  M.  Borda  was  appointed  a  Lieutenant  on  board 
of  the  Flom^  and  acted  jointly  with  11  Pingr^  as  a  delegate 
of  the  Academy  of  Sciences  for  the  purposes  of  the  expedition. 
The  voyage  occupied  about  a  year,  and  extended  to  the  Cana- 
ries, the  West  Indies,  Newfoundland,  Iceland,  and  Denmark. 
M.  Borda  had  a  considerable  share  in  the  account  which  was 
published  of  the  observations ;  and  the  formula,  \s  liieli  he  has 
here  given,  for  the  correction  of  the  effects  of  refraction  and 
parallax,  is  considered  as  ecjually  elegant  and  convenient.  He 
also  presented  to  the  Academy  a  separate  Memoir  on  the 
results  of  the  expedition.  (I.  Voyage  pour  ^prouver  les  monfres 
de  Leroy.  4.  Paris  )  (K.  Mem.  Ac.  Par.  1773,  p.  258.) 
After  an  interval  of  six  weeks,  these  watches  were  found 
capable  of  determining  the  longitude  within  about  fifteen 
minutes  of  the  truth. 

Li  order  to  supply  some  deficiencies  in  the  observations  made 
at  the  Canaries,  Borda  was  sent  out  a  second  time,  with  the 
BcmnoU  and  the  Etpi^le^  and  he  published,  after  his  return, 
(L.)  a  very  correct  and  highly  finidied  map  of  tiiese  islands. 
He  was  soon  afterwards  promoted  to  tibe  rank  of  Captain,  and 
served  under  the  Count  d'Estaing  as  a  Major-General,  ad  ap- 
pointment nearly  similar  to  that  of  our  Captains  of  the  fleet. 
In  this  capacity,  he  observed  the  inconvenience  of  too  great  a 
variety  in  the  sizes  of  the  vessels  constituting  a  fleet,  and  pro- 
posed to  abolish  the  class  of  5'^  and  of  64  gun  ships,  as  too 
small  for  the  line  of  battle,  and  to  build  ships  of  three  rates 
only,  the  lowest  carrying  74  guns,  so  that  a  smaller  quantity  oi 
stores  should  reqnire  to  be  kept  ready  for  use  in  the  dockyards, 
^  yoL.li.  2  H 
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than  when  sbipB  of  more  variouB  dimenaioiis  were  to  be  refitted. 

In  1780,  he  had  the  command  of  the  Gwrrier,  and  in  1781  of 

the  Solitaire^  which  wiis  taken,  after  a  galhmt  resistance,  hy  an 
English  squadron.  He  was  thus  comix'llctl  ti)  pay  a  visit  to 
Great  Britain,  but  was  immediately  set  at  liberty  upon  his 
parole. 

He  ])roposed  to  the  Academy  in  this  year  (M.  Mem.  Ar. 
Par.  17 (SI),  a  mode  of  regulating  elections,  which  was  adopted 
by  that  body  Its  peculiarity  consisted  in  having  the  naniee  of 
the  candidatca  arranged  by  each  voter  in  a  certain  order^  and 
collecting  the  numbers  expressing  the  degrees  of  preference 
into  separate  resnltsjBo  that  the  nmple  majority  of  voters  did 
not  neoessarily  establish  the  claim  of  any  individual,  if  he  was 
placed  very  low  in  the  list  by  any  considerable  number  of  those 
who  voted  against  him.  But,  it  must  be  allowed,  thai  this 
mode  of  election  is  by  no  means  wholly  unobjectionable. 

M.  Borda  appears  to  have  rendered  an  essential  service  to 
the  cultivators  of  Practical  Astronomy,  by  the  Introduction  and 
improvement  of  the  re})eating  circle,  although  tliis  instrument 
has  probahly  been  less  employed  in  Great  Britain  than  else- 
where, on  account  of  the  greater  perfection  of  those  which  were 
previously  in  common  use.  It  had  heeu  suggested  hy  Ma\er, 
in  17()7t  that  a  circle  with  two  moveable  sights,  would  enable 
US  to  observe  a  given  angle  a  great  number  of  times  in  succes- 
sion, and  to  add  together  the  results,  without  any  error  in  read* 
ing  diem  oif,  and  thus  to  obtain  a  deg^ree  of  precision  equal  to 
that  of  much  larger  and  better  instruments  of  a  di£krent«eoii- 
struction ;  but  the  proposal  had  been  little  noticed  until  ten 
years  afterwards,  when  Borda  pursued  the  path  pointed  out  by 
Mayer,  and  trained  Lenoir,  then  a  young  and  unlicensed  artist, 
to  the  eiiecution  of  the  improved  instrument,  notwithstanding 
the  opposition  of  the  rival  opticians,  and  the  want  of  encourage- 
ment from  the  opulent  public.  He  published,  in  1787  (N.)  his 
Description  and  Use  of  the  Rpjlectiufj  Circle,  with  different 
Methods  for  Calcnlatimj  the  ]>rincijfal  Observations  (f  Nautical 
Astronomif  ;  but  the  officers  of  the  French  navy,  for  whom  this 
work  was  intended,  appear  to  have  profited  hut  little  hy  his 
instructions,    iiis  instrument  was,  however,  much  employed  in 
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the  operatioiw  for  detenmning  the  length  of  the  tmsfcrial 
meridian,  and  he  himself  took  charge  of  the  experiments 
required  for  ascertaining  the  length  of  the  pendulum,  and  for 
the  comparison  of  the  diflforent  standards  with  each  other.  He 
invented  some  very  ingenious  methods  of  overcoming  the  diflS- 
culties  which  present  tliemsclves  in  tlu'  piir.-uit  of  these  objects ; 
hut  he  was  interrupted  in  his  researches  by  tlie  horrors  of  the 
Revolution,  nor  diil  he  live  to  see  the  whole  of  the  operations 
completed.  He  endeavoured,  also,  to  promote  the  introduction 
of  the  new  mode  of  subdividing  the  circle,  by  the  laborious 
computation  of  Tables  of  Logarithms  (O.  4to.  Far.  1801), 
adapted  to  decimal  parts  of  tlie  quadrant, — a  work  in  which  he 
was  assisted  })y  M.  Delambre.  From  the  increasing  indisposi- 
tion of  M.  Callet,  who  had  undertaken  to  correct  the  proofe  of 
these  tables,  some  Tcry  material  errors  had  been  committed 
in  the  first  half  of  the  tables,  and  M.  Borda  thought  it  neces- 
sary to  cancel  a  great  number  of  the  pages ;  and  in  order  to 
meet  the  expense  thus  entailed  on  him,  he  was  obliged  to 
dispose  of  an  estate  wluch  he  had  lately  acquired  in  his  native 
place.  He  was  also  engaged,  towards  the  close  of  his  life,  in 
the  nitasurement  of  the  force  of  magnetism,  and  in  the  calcula- 
tion of  astronomical  refraction.  His  health  had  been  threatened 
for  several  successive  wiut43rs,  and  he  died  the  10th  of  March, 
1799. 

In  his  manners  he  was  animated  and  unaffected  :  he  avoided 
those  who  sought  his  acquaintance  merely  from  the  vanity  of 
b^ng  intimate  with  a  man  of  talents,  whatever  pretensions  to 
importance  they  might  derive  from  their  casual  relations  to 
general  society.  He  never  married;  and  he  was  too  much 
absorbed  in  the  pursuit  of  science  to  assodate  with  a  very 
eztensiTe  circle  even  of  private  friends.  Thou^  not  a  man  of 
learning,  he  was  not  deficient  in  literary  taste,  and  he  was,  in 
particular,  a  passionate  admirer  of  Homer.  He  seems  to  have 
possessed  a  conriderable  share  of  that  natural  tact  and  sagacity, 
which  was  so  remarkable  in  Newton,  and  which  we  also  discover 
in  the  works  of  Daniel  Bernoulli ;  enabling  them,  like  a  sort  of 
instinct,  to  elude  the  insurmountable  difficulties  with  which 
direct  investigations  are  often  encumbered ;  wiiile  Euler,  on  the 
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cantnijf  as  M.  Lacroix  most  truly  obeemB,  seems  to  bare 
taken  pleaaure  in  aearcbuig  for  matter  wbudi  would  gi?e  aoope 
to  hia  analytical  ingenuity,  although  wholly  foreign  to  the  pby- 
sioal  investigations  which  had  first  led  him  to  the  ditBeuldes  in 
question.  It  would  have  been  fortunate  for  the  progress  of 
science,  if  some  of  the  most  celebrated  of  M.  Bonia's  country- 
men had  profited  by  his  example,  in  studying  to  attain  that  un- 
ostentatious nmplicity  which  is  the  last  result  of  the  highest 
cultivation. 
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LIFE  OF  DE  LA  CONDAMINE. 


CfliLRLBS  Mabia  db  LA.  CoNDAMiNB,  a  practical  geographer 
and  culti?ator  of  science  in  general ;  son  of  Charles  de  la  Con- 

damine,  a  Receiver- General  of  Finances,  and  Margaret  Louisa 
de  Chources ;  was  horn  the  28th  of  January,  1701. 

His  early  education  was  by  no  means  neglected  ;  although  lie 
complains,  in  a  manuscript  memoir  which  he  left  respecting  the 
progress  of  his  studies,  and  the  developement  of  his  faculties, 
that  he  was  made  to  learn,  as  boys  frequently  are,  too  much  by 
rote,  without  understanding  the  complete  senae  and  bearing  of 
the  words  which  he  repeated.  It  is,  however,  by  no  means 
certain,  that  any  great  loss  of  time  is  ultimately  incurred  by  this 
practice ;  for  in  fiict  the  memory  is  mudi  strengthened  by  the 
constant  habit  of  getting  by  heart :  and  it  does  not  appear  that 
the  judgment  is  at  all  impaired  by  it.  He  afterwards  pursued 
his  studies  under  Father  firisson,  and  ui  1 71 7  supported  a  thesis 
on  the  Cartesian  philosophy,  which  the  Jesuits  were  then  be- 
ginning to  introduce  into  their  seminaries,  while  it  was  else- 
where giving  way  to  the  Newtonian.  In  1711),  after  he  had  left 
college,  he  entered  the  army,  and  accompanied  his  uncle,  the 
Chevalier  de  Chources,  to  the  siege  of  Rosas,  as  a  volunteer ; 
and  both  on  this  and  other  occasions,  he  exhibited  sufficient 
proofs  of  the  contempt  of  danger,  and  the  spirit  of  enterprise, 
which  were  so  much  required  in  those  pursuits,  which  after- 
wards occupied  a  considerable  portion  of  his  life.  Notwith- 
standing the  dissipations  in  which  miUtary  men  are  very  com- 
monly involved,  he  was  moderate  in  the  pursuit  of  pleasure ; 
and  he  used  to  consider  the  distortion  which  the  small-poz  had 
leli  in  bis  features,  as  having  afforded  him  some  compensation 
for  the  injury  done  to  bis  vanity,  by  diminishing  the  temptations 
to  which  his  sensilulity  might  otherwise  have  exposed  him. 
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Having  no  prospect  of  speedy  advancement  in  the  army,  and 

having  suffered  considerably  in  his  fortune  from  a  partic  i])ation 
in  the  extravagant  speculations  of  Law,  he  (juitted  the  service, 
in  hopes  of  finding  a  more  advantageous  employment  in  science. 
He  distinguished  himself  as  an  active  member  of  a  society  of 
arts,  then  rewntly  established  at  Paris  by  the  Count  de  Cler- 
mont ;  and  in  1730,  he  obtaincni  a  situation  in  the  Academy  of 
Sciences,  as  Adjunct  of  the  class  of  Chemistry,  having  pre- 
viously presented  to  the  Academy  a  memoir  on  the  mathema- 
tical and  mechanical  properties  of  the  lathe,  which  obtained 
him  considerable  credit.  Soon  afterwards  he  embarked  in  the 
squadron  of  Duguay  Trouin,  and  made  a  voyage  in  difierent 
parts  of  the  Mediterranean ;  he  passed  several  months  at  Con- 
stantinople, and  visited  the  plain  of  Troy  and  many  other  parts 
of  the  Levant ;  after  his  return  he  gave  an  account  of  his  tour 
to  the  Academy ;  and  a  servant  who  had  accompanied  him 
published  also  a  separate  journal  of  his  own. 

Chemistry,  as  it  was  cultivated  at  that  period,  afforded  but 
little  scope  for  the  employment  of  an  active  mind,  and  La 
Condamine,  after  the  publication  of  one  chemical  memoir  only, 
was  removed  from  the  class  of  chemists  in  the  Academy  to  that 
of  astronomers.  In  this  capacity,  he  was  the  first  to  propose 
the  measurement  of  a  degree  of  latitude  in  the  neighbourhood 
of  the  equator :  and  he  seems  to  have  felt  the  importance  of 
the  undertaking,  not  only  for  the  purpose  of  deciding  a  great 
question  in  science,  but  also  for  that  of  attracting  the  attention 
of  the  public,  and  establishing  the  system  of  gravitation  in 
France  by  a  grand  operation,  executed  with  great  labour  and 
at  a  groat  distance,  by  Frenchmen  only.  His  ideas  were 
readily  seconded  by  Maurepas,  then  prime  minister ;  and  he 
was  appointed  by  the  Academy,  together  with  Bouguer  and 
Crodin,  for  carrying  the  proposaJ  into  effect. 

In  this  expedition  he  was  absent  from  his  country  for  neat  ly 
ten  years,  from  1735  to  1745;  and  he  had  to  combat  with 
difficulties  of  every  kind  :  a  distant  voyage  ;  an  uncivilized  and 
sometimes  uninhabited  country  ;  impracticable  roads  ;  want  of 
regular  remittances  ;  the  necessity  of  disposing  of  valuable  ar- 
ticles disadvantageously,  in  order  to  procure  a  temporary  sup- 
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ply ;  a  malicious  prosecution  upon  the  pretence  of  a  contraband 
traffic,  founded  only  on  this  circumstance ;  and  the  still  more 
violent  attacks  of  a  fanatical  mob^  who  mordered  the  surgeon 
of  the  expeditum ;  all  these  things,  to  say  nothing  of  the  awful 
appearance  of  an  eruption  of  Cotopazi,  and  the  no  leas 
ibrmidable  operations  of  the  hostile  squadron  of  Lord  Anson, 
required  nothing  less  than  the  daontless  spirit  and  energy  of 
character  which  he  possessed  to  bear  him  up  against  them ;  and 
at  last  the  little  jealousies,  which  will  often  arise  among  per- 
sons of  science,  employed  in  the  same  pursuits,  embarrassed  and 
embittered  the  conclu-sion  of  his  enter})rise.  Tlic  activity  and 
fluency  of  T>a  Coiulaiiiine  made  the  public  disposed  to  imagine, 
that  Bouguer  bad  been  only  his  humble  attendant  ;  and  Hou- 
guer  was  too  conscious  of  his  own  superiority  as  a  mathema- 
tician, to  bear  this  injustice  with  patience  :  he  complained,  but 
the  laugh  was  against  him ;  and  he  revenged  himself  by  refusing 
all  oommunicatioD  in  the  statement  of  the  results  of  the  opera- 
tions :  so  that  each  obeer?er  gave  ultimately  a  separate  account 
of  Ins  own  measurements  and  calcuhitioDs. 

In  consequence  of  all  the  fittigues  and  vicissitudes  to  which 
La  Condamine  bad  been  exposed,  he  became  extremely  deaf, 
and  partially  paralytic  after  his  return;  but  the  powers  of  his 
mind  appear  to  have  remained  unimpaired. 

In  174H  he  was  elected  a  Foreign  Member  of  the  Koyal 
Society  of  London  ;  and  he  afterwards  exerted  himself  with 
great  zeal  and  success  in  promoting,  among  his  countrvmen, 
the  general  intro(lufti(Mi  of  tlic  variolous  inoculation,  whii  li  had 
long  been  practised  in  England,  and  in  some  other  parts  of 
Europe.  In  1757  he  took  a  journey  to  Italy,  and  spent  a  con- 
siderable time  at  Rome,  partly  with  a  view  to  the  improvement 
of  his  health,  and  to  the  observation  of  a  variety  of  facts  con- 
nected with  his  smentific  pursuits ;  but  principally,  perhaps,  in 
order  to  obtain  a  dispensation  from  the  Pope  for  a  marriage 
with  his  niece,  who  seems  to  have  had  a  high  respect  for  his 
talents,  and  even  a  sincere  attachment  to  hb  person,  notwith- 
standing the  disparity  of  their  ages,  and  the  caprices  of  a  tem- 
per not  a  little  impatient  and  irritable.  He  became,  in  1760, 
one  of  the  forty  members  of  tlie  French  Academy,  and  contri- 
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buted  considerably  to  an  improved  edition  of  their  Dictionary. 
In  1763  he  paid  a  abort  visit  to  Eoglaiicly  which  ma  randerad 
less  agreeable  to  him  od  aoooimt  of  the  diflknlty  that  he  Ibmid 
ID  obtaining  legal  redress  for  some  slight  injury  which  he  had 
received :  after  his  return,  the  insensihility  of  his  limhe  in- 
creased, and  he  was  obliged  to  relinqiush  all  his  porsnits  of 
science,  retaining  only  the  amusement  of  making  some  light 
attempts  in  poetry,  and  occasionally  iusLTting  in  the  periodical 
works  of  the  day  a  few  tales  in  verse,  besides  a  poetical  trans- 
lation of  a  part  of  Virgil's  Eueid ;  although  it  seems  natural 
to  suppose  that  the  exercise  of  the  inventive  fancy  of  a  poet 
would  teod  to  exhaust  the  debilitated  faculties,  even  still  more, 
than  the  methodical  investigation  of  mathematical  or  pbjfsioal 
subjects. 

ISsB  publications  embnwe  a  veiy  great  variely  of  snbjaets: 
the  following  appear  to  be  the  most  deserving  of  notice  — 

1.  On  the  DeUrndnation.  ^  tmaU  Drffereneei  of  LongUmde^ 
M.  Ac  Par.  1735,  p.  1.  A  discnssion  of  the  lands  of  ngnals 
best  adapted  for  contemporaneous  observations  at  a  distance ; 
a  subject  much  more  difficult  at  that  time  than  at  present, 
when  the  art  of  pyrotechuy  has  been  carried  to  so  high  a  degree 
of  perfection,  especially  since  tlie  late  singular  invention  of  a 
rocket  with  a  parachute,  descendiug  slowly  and  exhibiting 
successive  explosions. 

2.  Measurement  of  the  Length  of  the  Pendulum  at  SL  Do^ 
mingo,  M.  Ac.  Par.  1735^  p.  529.  The  academicians  were 
detained  at  Sl  Domingo  more  than  three  months,  and  they 
took  advantage  of  the  delay  in  order  to  ascertain  the  length 
of  the  pendulum  in  that  latitude.  Mr.  de  la  Condamiiie  ein> 
ployed  a  ball  of  brass,  suspended  by  a  thrsad  of  the  aloe,  nod 
attached  to  it  by  means  of  a  [uece  of  sticking  phtfter;  the 
pendulum  making  a  vibration  in  about  two  secondst  ob> 
served  in  how  many  vibrations  a  second  was  lost  or  gained. 
The  length  thus  determined,  was  36  P'rencli  inches  7\  Wnas^  or 
i3y.()125  English  inches;  Messrs.  Godinand  Bouguer  made  it 
one-twelfth  of  a  line  longer,  or  39.020,  and  a  calculaticui  firura 

*  The  more  detailed  notice  of  hb  poUiaitioii»  which  ie  given  in  the  or^ciaai 
been  nbridenl.-  Unit  6y  Mr  iVilor. 
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the  best  modern  observations,  for  the  latitude,  which  was  18" 
27\  gives  us  39.029.  The  thread  was  fixed  by  a  dip^and  it  was 
probably  very  flexible^  aince  its  rigidity  must  necessarily  have 
tended  to  increase  the  curvature  of  the  path  of  the  ball,  and  to 
give  a  measure  somewhat  too  long.  See  the  article  Cohbsion. 
(Vol  L,  No.  XX.) 

3.  Ahttract  cf  a  Journey  through  a  part  of  South  Ameriea^ 
M.  Ac.  Par.  1745,  p.  891.  H.  63.  After  the  completion  of  the 
<^ieraiioiis  at  Qnito^  Mr.  de  la  Condamioe  delermiiied  to  take 
the  course  of  the  river  Maranon  Ibr  his  return  towards  Cay- 
enne ;  and  in  the  course  of  this  route,  of  more  than  2000 
miles,  which  he  performed  partly  by  land,  but  principally  on  a 
raft,  he  had  an  opportunity  of  making  a  multitude  of  interest- 
ing observations  of  various  kinds.  lie  found  in  several  places 
a  singular  agreement  of  traditions  respecting  the  former  exist- 
ence of  a  Republic  of  women  only,  in  the  neighbourhood  of  the 
river  which  has  received  its  most  usual  denomination  from  them. 
He  observed  the  effect  of  the  tides  at  Pauxis,  a  point  600 
miles  from  the  mouth  of  the  river»  but  not  much  elevated  above 
it ;  and  he  was  infcnrmed  that  there  were  always  a  number  of 
alternations  of  hi^  and  low  water  at  the  same  time^  between 
this  point  and  the  mouth  of  the  river ;  in  some  places  where  the 
water  was  shallow,  he  encountered  the  tide  nsmg  in  the  form 
of  a  bore,  called  by  the  FrencJ^a  barre  or  mascaret,  and  by 
the  inhabitants  there  a  pororocOy  occupying  but  one  or  two 
minutes  in  its  ascent,  and  frequently  producing  accidents  to 
boats  unprepared  for  its  reception.  After  his  arrival  at  Para, 
he  measured  the  length  of  the  pendulum  there,  and  found  that 
the  force  of  gravitation  was  about  TtrVo  greater  than  at  the  sum- 
mit of  Picbincba.  He  next  proceeded  to  Cayenney  and  was 
obliged,  on  account  of  the  war,  to  return  to  Europe  by  a  Dutch 
ship  which  sailed  from  Surinam. 

4.  AUtraet  of  the  Geograpkkal  OpemHom  jitrformed  in 
South  America^  M.  Ac.  Par.  1746,  p.  618.  The  length  of 
a  degree  at  the  equator  appears,  from  these  calculations,  to  be 
56,750  toises;  Bouguer,  who  employs  the  same  determina- 
tion of  the  arc,  but  a  diflerent  series  ^  trigonometrioal  observa- 
tions, makes  it  56,753 ;  and  Godin,  on  the  other  hand,  some- 
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what  less  than  La  Condamine.  This  is  more  than  300  toises 
less  tlian  the  degree  measured  in  France,  and  almost  700  less 
than  the  degree  in  Lapland ;  and  it  gires  for  the  sarth's  elUp- 
ticityt  by  comparison  with  the  former,  trtt  and  with  the  latter 
f\'r*  The  terminatioiis  of  the  base  were  marked  by  pyramids, 
and  the  length  of  the  toise  was  identified  by  a  bar  of  metal,  let 
into  a  tablet  of  marble,  with  an  uppropriate  inscrqitioii. 

5.  A  Hittory  of  tht  Vanolmi  InoeuiaHon.  M.  Ac.  Par. 
1754,  p.  615.  A  candid,  clear,  and  judicious  statement  of 
the  advantages  of  the  inoculated  abuve  the  natural  small-pox, 
in  a  popular  and  sometimes  even  playful  .^tyle,  calculated  to 
meet  the  prejudices  of  the  day  and  the  various  superstitious 
and  interested  motiveti  which  retardeii  the  practice  in  France, 
while  it  had  become  universally  prevalent  in  England ;  al- 
though, in  more  recent  times,  the  public  spirit  iu  this  country 
appears  to  be  somewhat  less  favourably  disposed  to  the  admis- 
sion of  beneficial  innovations ;  for  scarcely  in  any  part  of  the 
world  has  Taccination  become  less  universal  than  it  is  at  this 
time  in  Great  Britain. 

6.  Abttnui  <if  a  Journey  in  lUily,  M.  Ac.  Par.  1757,  pi 
336.  H.  p.  6.  From  an  examination  of  several  ancient  standr 
ards,and  firom  a  comparison  of  the  remains  of  buildings  sap* 
posed  to  have  occupied  a  certain  round  number  of  feet,  Mr.  da 
la  Condaroine  concludes  that  t^e  old  Roman  foot  was  equal  to 
130.9  French  lines ;  that  is,  to  961)  thousandths  of  an  English 
foot.  Mr.  Folkes  had  l)efore  made  it  U6l'  ;  but  Mr.  Hai)er  ha^ 
shown,  in  the  Philusojihical  Transactions  for  1  Tf)!),  by  a  very 
careful  comparison  of  a  multitude  of  documents,  that  before  the 
reign  of  Titus,  it  somewhat  exceeded  *J 70,  and  under  Severus 
and  Diocletian,  it  was  less  than  965  ;  the  original  standard  in 
the  temple  of  Juno  Moneta  having  probably  been  destroyed  by 
fire.  Mr.  de  la  Condamine  also  viewed  the  races  on  the  Corse 
with  an  eye  equally  mathematical,  and  observed  that  the  Bar- 
bery horses  ran  at  the  rate  of  about  40  English  feet  in  a 
second ;  but  his  correspondents  in  England  furnished  him  with 
unexceptionable  evidence,  that  the  horse  ChUden  ran  the 
fimr  mile  course  at  Newmarket  at  the  rate  of  very  nearly  50 
Eni^Ush  feet  in  a  second,  while  no  oAer  liorse  exceeded  48 ; 
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and  lie  observes  that,  in  tliis  iostance,  trutli  far  outruns  proba- 
bility ;  a  remark  which  has  been  somewhat  misrepresented  in 
this  country,  and  converted,  by  the  loven  of  the  amnBements  of 
the  turf,  into  a  laugh  against  the  lovers  of  the  amusements  of 
sdenee ;  the  atory  being  told  as  if  the  French  mathematicianB 
had  demonstrated  the  absolute  mazhnnm  of  a  hone's  utmost 
possible  speed ;  and  a  bet  having  been  made  ob  the  oocaaioii, 
an  English  hone  had  been  found  that  actually  exceeded  the 
maximum.  Our  author  also  notices  the  awkward  eflect  of  the 
Roman  mode  of  beginning  the  day  at  sunset,  which  renders  it 
necessary  to  make  coutiiiiial  alterations  in  tlie  clocks,  direc- 
tions being  given  in  the  Ahuanacks  for  putting  them  forwards 
or  backwards  a  quarter  of  an  hour  at  a  time ;  and  the  precise 
time  of  noon  iiappening  in  summer  at  16  o'clock,  and  in  winter 
not  till  19.  He  observes  that  a  single  signal,  properly  placed 
on  the  ApennineSy  would  be  visible  at  once  near  Trieste  and 
near  Monaco^  giving  a  difference  of  longitude  of  not  less  than 
five  degrees. 

In  1768  his  name  is  mentioned  as  having  excited  the  atten- 
tion of  the  memben  of  the  Academy  by  a  relatioo  of  Spallan- 
sani's  experiments  on  the  reproduction  of  the  heads  of  snai1s> 
wluch  several  of  them  repeated  with  success.  In  ftct>  there 
was  scarcely  any  one  of  the  sciences  to  which  he  did  not  coca* 
sionally  render  some  service,  although  he  wanted  patience  and 
perseverance  to  make  any  very  important  discoveries  or  improve- 
ments, by  his  individual  exertions  only.  13ut  his  knowledge 
was  universal;  he  understood  and  wrote  all  languages;  he 
corresponded  with  men  of  celebrity  in  all  countries ;  he  pub- 
lished u}X)n  all  subjects ;  he  contributed  to  all  the  literary 
and  scientific  journals  of  the  day;  he  answered  all  criticisms, 
and  he  accepted  all  compliments,  even  from  }>erson8  that  be 
despised ;  for  he  delighted  in  the  parade  of  a  pre-eminent 
reputation.  His  style  was  simple  and  natural ;  a  little  negli- 
gent, but  still  elegant  and  lively ;  his  manner  was  animated 
and  somewhat  singular ;  Jiis  temper  was  warm  and  restless;  he 
sighed  for  repose,  and  was  incapable  of  enjoying  it ;  thinking 
nothing  that  occurred  indifferent  to  him,  and  allowing  none  about 
him  to  be  idle.   He  obtained  the  rank  of  Chevalier  in  several 
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orders,  and  was  a  member  of  seYeral  foreign  academies ;  he 
had  also  the  appointment  of  honoraiy  secretary  to  the  Duke  of 
Orleans.  At  the  age  of  68,  he  addressed  to  his  wife  an  aooount 
of  his  education,  and  of  die  earlier  progress  of  his  mental  fiuml- 

ties,  as  a  practical  illustration  of  his  opinions  respecting  the 
cultivation  of  the  mind  :  the  memoir  Wcis  not  published  ;  but  it 
is  perhaps  unfortunate  for  mankind  that  men  of  celebrity  sel- 
dom find  a  sufficient  motive  for  communicating  candidly  to  the 
world  the  results  of  such  a  self-examination.  A  few  years 
before  his  death,  he  printed  a  memorial  in  behalf  of  Mr.  Godin, 
who  bad  been  reduced  to  indigent  circumstances ;  and  he  had 
the  pleasure  of  obtaining  for  him  the  assistance  which  he 
required.  He  suffered  occasionally  from  a  hernia,  and  having 
read  of  the  mar?ellous  cures  which  some  empiric  professed  to 
have  performed  by  the  application  of  a  caustic,  he  determined 
to  make  the  experiment  on  hhnself,  without  the  knowledge  of  his 
fiunily»and  without  much  hope  of  success;  but  he  fell  a  victim  to 
the  courage  or  the  curiosi^,  that  prompted  him  to  submit  to 
the  operation.  In  the  course  of  the  six  weeks  that  he  survifed, 
he  was  still  employed  in  writing  or  dictating  a  memoir  contain- 
ing answers  to  some  questions  respecting  the  manners  of  the 
Americans.  He  died  on  the  4th  February,  1774,  leaving  many 
of  his  books  and  instruments  by  will  to  the  Academy  of 
Sdenoes.  {Hitt,  Acad,  Far,  1774,  p.  85.) 
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No.  LXXIX.        *  . 
LIFE  OF  LAGRANGE. 

■ 

JoesPK  Lbwis  Laobanob,  a  matfaematiciaa  and  astronomer 
of  the  6nt  rank,  bom  at  Turin,  25th  January,  1736,  was  the 

sou  of  Joseph  Lewis  Lagrange,  treasurer  at  war,  and  Maria 
Theresa  Gros,  only  daughter  of  a  rich  physician  at  Cambiano. 

He  was  the  eldest  of  eleven  children,  but  niiic  of  them  died 
young.  Ilia  family  was  of  French  extraction  on  both  sides, 
and  his  French  biographers  have  dwelt  with  pleasure  on  the 
minute  particulars  of  their  emigration,  in  order  the  more  fully 
to  authenticate  their  own  claim  to  the  honour  of  calling  him 
their  natural  as  well  as  adopted  countryman.  It  was  bis  great- 
grandfather that  first  settled  at  Turin,  in  the  service  of  £m- 
nianael  H.,  who  married  him  to  a  Roman  lady  of  the  family  of 
Contt  They  had  at  one  time  aoqmred  considerable  affluence ; 
but  his  &ther  had  mined  himself  by  his  expenses  and  specn* 
lations;  and  Lagrange  used  frequently  to  obserre,  that  he 
owed  his  own  success  in  life  to  Ins  Other's  misfortunes,  since, 
if  he  bad  been  rich,  he  should  never  have  applied  to  the 
mathematics  as  a  profession.  The  classics  were  at  first  his 
favourite  study  at  the  College  of  Turin  :  he  began  his  scientific 
educiition  with  reading  the  works  of  the  ancient  geometricians, 
and  at  first  preferred  their  methods  of  investigation  to  the  more 
modem  analysis  ;  but  l>eing  convinced,  as  it  is  said,  by  a  paper 
of  Ilalley  in  the  Philosophical  Transactions^  of  the  superiority 
of  the  algebraical  mode  of  representation,  he  applied  with 
redoubled  ardour,  at  the  age  of  seventeen,  to  the  study  of  the 
later  hnprorementa  in  the  methods  of  investigation;  and  in 
bis  subsequent  works,  he  abandoned,  wherever  it  was  prac- 
ticable, all  geometrical  considerations,  and  seems  to  have 
valued  himself  on  having  produced  a  complete  system  of 
mechanica,  free  from  the  incumbrance  of  any  diagram  whatever. 
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When  he  was  only  nineteeo,  he  was  made  Fh»ieiior  of  Geo* 
metry  in  the  Royal  School  of  Artillery,  but  not  belbre  he  had 

exhibited,  in  his  first  publication,  a  specimen  of  the  improye- 
inents  which  he  was  thruugbout  his  life  to  contribute  to  the 
mathematical  sciences. 

The  friendships  which  he  formed  witli  his  pupils,  most  of 
whom  were  his  seniors,  led  to  the  establi:?hment  of  a  society 
which  afterwards  received  the  sanction  of  the  royal  authority, 
and  to  the  publication  of  their  memoirs,  in  wliich  I^agrange 
not  only  took  the  most  active  part  as  a  contributor  of  original 
papers,  but  also  by  materially  assisting  in  the  demonstrations 
of  Foncenex,  and  promoting  die  researches  of  Cigna  and 
Saluces.  Foncenez  was  soon  rewarded  by  being  placed  at  the 
head  of  the  maritime  establishment  whidi  the  king  was  then 
forming ;  and  Lagrange  receiTed  in  a  short  time  a  still  more 
flattering  remuneration,  in  the  panegyrics,  which  were  liberally 
bestowed  on  him  by  his  great  rivals  Euler  and  D' Alembert ;  the 
former  procured  him,  in  1759,  the  compliment  of  being  made 
a  foreign  member  of  the  Academy  of  Berlin,  having  become 
well  ;icquainted  with  his  merits  by  an  epistolary  intercourse, 
wliicli  began  as  early  as  the  year  1754,  when  Lagrange  cora- 
municated  to  him  liis  first  ideas  of  the  solution  of  isoperimetri- 
cal  problems,  whicli  Euler  had  the  delicacy  to  allow  him  time 
to  complete,  before  the  publication  of  his  own  further  researdies 
on  the  subject. 

In  1764,  be  obtained  a  prize  from  the  Academy  of  Sciences 
at  Paris  for  a  memoir  on  the  difficult  subject  of  the  li  brat  ion  of 
the  moon,  having  treated  it  by  an  original  method,  derived 
from  the  principle  of  rirtual  velocities,  which  he  afterwards 
applied  so  successfully  to  other  branches  of  meohanics.  Soon 
after  this  time  he  found  an  agreeable  relief  to  the  monotony 
and  retirement  of  his  life  at  Turin,  in  accompanying  Ins  friend 
the  Marquis  Caraocioli,  who  was  appointed  Ambassador  at  the 
Court  of  London,  as  far  as  Paris,  where  he  had  the  delight  of 
becoming  personally  acquainted  with  a  number  of  the  most 
distinguished  mathematicians  of  the  age,  who  were  capable  of 
ap])reciating  his  merits,  especially  with  Clairaut,  D'Alembert, 
Condorcet,  Fontaine,  Nollet,  and  the  Abbe  Marie;  but  in- 
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dispomtion  prerented  his  goiag  on  to  England,  as  he  had 
intended,  and  he  returned  to  Turin  after  a  abort  stay  in 
France.  A  second  .prise,  on  the  subject  of  the  satellites  of 
Jiq>iter,  was  awarded  him  in  1766 ;  and  the  same  tribute  was 
Bfgm  paid  to  his  merit  on  three  subsequent  occasions.  It  was 
in  this  year  that  he  was  in?ited  to  Berlin,  as  a  sncoesBor  to 
Euler  in  the  place  of  Mathemalacai  Director  of  the  Academy, 
Euler  having  been  induced  to  remove  to  St.  Petersburg,  by  a 
better  prospect  of  providing  for  his  numerous  family.  The 
appointment  of  President  of  the  Academy,  held  by  Maupertuis, 
had  been  given  but  in  part  to  Euler ;  the  wliolo  was  offered  to 
D'Alembert,  who  declined  it ;  but  both  he  and  Euler  united  in 
recommending  Lagrange  as  the  fittest  person  for  the  situation. 
It  was,  however,  with  some  difficulty  that  he  obtained  bis 
sovereign's  leave  to  quit  Turin ;  and  the  favour  was  at  last 
granted  to  him  partly  in  pique,  on  account  of  the  terms  of  the 
invitatioii,  which  expressed  the  desire  of  the  greatest  king  in 
Europe*'  to  haTe  the  greatest  mathematician  at  his  court 

At  Berlin  he  pursued  his  career  of  study  iu  tranquillity  and 
without  interruptioo,  upon  a  competent  income  of  about  dOO/. 
a  year,  with  the  adnmtage  of  such  demonstrations  of  the  royal 
protection,  as  were  still  more  important  than  income  to  bis 
rank  in  society.  The  king  seems  to  have  preferred  him  to 
Euler,  as  more  tolerant  in  his  opinions,  though  by  no  means 
joining  in  all  the  innovations  of  the  day,  and  rather  avoiding 
every  discussion  relating  to  tliem,  as  well  as  any  great  famili- 
arity with  his  patron.  He  was  made,  in  1772,  one  of  the  eight 
foreign  associates  of  the  Parisian  Academy.  lie  is  said  to 
bate  married  more  for  the  sake  of  complying  with  the  universal 
custom  of  his  friends  and  colleagues  at  Berlin,  than  for  any 
desire  of  female  society  ;  and  he  invited  a  relation  of  his  own 
from  Turin,  who  became  his  first  wife ;  but  she  was  soon  after 
carried  o£P  by  a  lingering  disease.  He  was  about  this  time 
Tcry  closely  employed  on  Ins  greatest  and  best  work,  the 
Miecmique  Anahjtique;  but  it  was  with  some  difficulty  that  the 
Abb^  Marie  found  a  bookseller  at  Paris,  who  agreed  to  under- 
take its  publication,  and  only  upon  conditoi  of  engaging  him- 
self to  divide  the  loss,  in  case  of  failure  in  the  sale.    He  also 
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procured  the  Talnable  aflsistaoce  of  Mr.  Legeodre  ae  a  corrector 
of  the  presB. 

Upon  the  death  of  Frederick,  in  1786,  Lagrange  00  longer 
felt  the  same  intereat  in  remaining  at  Berlin,  though  he  waa 
not  treated  by  the  new  oonrt  with  anything  like  disrespecL 
While  the  ministers  of  Naples,  Sardinia,  and  Tnscany,  were 

making  him  offers  on  behalf  of  their  respective  sovereigns, 
Mirabeau  persuaded  the  French  ambassador  at  Berlin  to 
recommend  Mr.  do  Vergennes  to  invite  him  to  Paris ;  but  it 
was  in  reality  through  Mr.  de  Breteuirs  interest,  and  at  the 
suggestion  of  the  Abbe  Marie,  that  he  was  idtimately  induced 
to  settle  there,  in  1787,  having  received  a  grant  of  an  income 
equal  to  that  which  he  had  enjoyed  at  Berlin,  under  the  name 
of  a  veteran  pensioner  of  the  Academy,  with  a  TOte  in  its 
deliberatiaiiB.  lie  waa  kindly  received  hy  Marie  Antoinette, 
on  account  of  his  connexion  with  Germany;  and  until  the 
Revolution,  he  had  the  use  of  apartments  in  the  Loom. 

It  was  at  this  period  of  his  life,  when  hia  aoooess  had  been 
the  moat  gratifying,  and  his  feme  had  become  perfectly  eata- 
bliahed,  that  he  appeared  to  anflbr  under  a  degree  of  raelan* 
choly  or  apathy,  which  waa  abeolutely  morbid.  He  confeaeed 
that  all  hia  enthuaiaam  waa  extinguished,  and  that  he  no  longer 
felt  the  least  relish  fer  mathematical  reseaidies.  He  had  not 
even  the  curiosity,  for  two  years,  to  open  the  printed  volume 
of  his  Mechanics,  which  he  had  never  seen  except  in  manu- 
script. It  is  a  consolation  to  think  that  this  annihilation  of  his 
energies  was  only  partial  and  temporary :  he  amused  himself 
in  the  mean  time  with  metaphysics,  "  with  the  history'  of  re- 
ligions," and  of  languages,  and  with  medical  and  botiinical,  and 
especially  chemical  studies ;  and  the  alarms  and  agitations  of 
the  Revolution,  which  soon  followed,  instead  of  overwhelming 
his  broken  spirits,  seemed  to  have  roused  his  dormant  powers, 
and  to  have  rerived  bis  satisfied  ambition,  «»»mting  him  to  new 
labours  and  new  triumphs. 

In  1791,  his  name  appeared  on  tiie  list  of  the  fereign  mem* 
hers  of  tiie  Royal  Somety  of  London.  Mr.  Maurice  haa  as- 
serted, that  all  the  scientific  bodies  of  Europe,  excejtt  the  Royal 
Society,  received  him  with  open  arms:  if  the  remark  waa 
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intended  as  a  censure  of  that  Society,  it  is  right  that  its  injustice 
should  not  pass  unnoticed. 

Notwitlistanding  the  public  embarrassments  which  attended 
the  Revolution,  I^grange*8  pension  was  confirnied  by  the 
National  Assembly,  upon  the  proposition  of  Mr.  Dusejour,  in 
the  most  flattering  manner :  and  when  the  depreciation  of  the 
curreney  materially  reduced  its  amount,  he  received  a  partial 
indemnifloation,  by  being  appointed  a  member  of  a  committee 
for  examining  useful  inventions,  and  afterwards  a  director  of 
the  Mint,  in  conjunction  with  BerthoUet  and  Monge :  but  this 
employment  he  found  too  laborious,  and  resigned  it  six  months 
afterwards.  He  was  greatly  interested,  at  this  period,  in  the 
cstablishnient  of  the  now  r^ystem  of  weights  and  n)i'asuri'8  :  hi* 
was  so  violently  heiit  on  dtrimationy  that  he  soarrt'ly  forgavi* 
IJorda  for  having  made  a  measure  of  a  ([uarter  of  a  metre,  and 
he  tlumtjht  so  little  (»f  the  advantam'  of  intesrral  subdivisions, 
that  he  sometimes  declared  he  should  liavc  preferred  tlie  num- 
Iht  11  to  12,  for  the  very  rctoson  tliat  it  admitted  no  subdivision 
at  all,  and  caused  all  lesser  quantities  to  be  expressed  in  units 
comparable  to  each  other  only.  This  opinioii  seems,  however, 
to  have  been  advanced  rather  as  an  exaggerated  objection  to  the 
introduction  of  12,  which  waa  suggested  by  some  more  ardent 
ianovators,  than  as  seriously  attributing  a  real  advantage  to  the 
employment  of  a  prime  number. 

When  the  Academies  were  suppressed,  the  JaoobinB  purified 
the  oonunissioo  of  weights  and  measures  by  strikbg  out  the 
names  of  many  of  its  most  distinguished  members,  while  they 
retained  that  of  Lagrange,  probably  because  he  was  of  no  poli- 
tical party  whatever,  and  had  always  been  particularly  cautious 
in  r\pre>sing  his  sentiments  of  t)u'  events  of  the  day.  In 
<  >i  tolKT.  I7'J3,  however,  a  decree  was  passed  whieh  onh'red  all 
jM'rsons,  not  bom  in  France,  to  leave  the  country,  (iuyton, 
wild  was  a  memlier  of  tin-  ('<Mninittee  of  Public  Safety,  advistnl 
him  tn  elaim  an  exemption  from  its  operation,  by  a  r»'<jui««ition 
of  that  committee,  on  th«>  pretext  of  hi  -  being  employed  in  pre- 
paring a  report  on  Dr.  lluttou's  Treatise  on  Guimery  ;  and  be 
actually  received  an  injunction  from  the  nimraittee,  n^quiring 
hb  stay,   in  order  to  complete  the  calcuUtioos  which  he  had 
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undertaken  reqieeting  the  theory  of  projectileB."  He  wae 
attempting  to  rennite  the  experiments  of  Dr.  Hutton  with 

a  more  correct  theory  than  had  before  been  applied  to  them  : 
but  he  published  nothing  of  importance  on  the  subject.  Afu  r 
the  murder  of  Bailly  and  Lavoisier,  ho  iiad  agreed  to  return  to 
Berlin,  and  to  resume  his  former  situation  tliere  ;  and  lie  was 
on  the  ])oint  of  obtaining  a  passport,  and  even  a  public  nii,?sion 
from  Ilerault  de  Sechelles.  But  the  establishnuMit  first  of  the 
Normal  School^  in  which  be  was  a  professor,  and  then  of  the 
Ecole  Poly  technique  y  induced  him  to  remain  at  Paris,  and  again 
directed  his  activity  into  its  ancient  channels.  In  the  Normal 
Schools  the  masters  were  mixed  with  their  pupils,  in  ofder  that 
the  fiualities  of  conversation  might  produce  a  development  of 
the  subjects  discussed  in  the  most  elementary  uumner  thai  was 
possible:  but  the  conversation  was  by  no  means  supported  ia 
the  finm  of  incessant  questions  and  answers :  Lagrange's  expla- 
nations were  often  interrupted  by  moments  of  silence,  in  which 
his  inventive  fiumlties  were  deeply  engaged  in  reflectioD,  and 
the  whole  of  his  powers  were  concentrated  on  a  new  train  of 
ideas.  It  was  amidst  these  discus^sioiis  that  the  Theory  oJ'Aita- 
hjticnl  Functiojis  oripnated  :  a  work  certainly  not  destitute  of 
the  marks  of  great  niatlu'niatieal  t;ilent,  but  which,  when  eonjii- 
dered  as  a  sub^titute  for  the  metliod  of  fluxions  and  its  kindred 
doctrines,  resembles  very  mm  li  the  suggested  introduction  of  an 
undecimal  in  preference  to  a  duodecimal  scale  of  notation,  with 
which  the  author  had  before  amusinl  himself.* 

Upon  the  re-establishment  of  the  Institute,  Lagrange  was 
made  one  of  the  original  members ;  and  be  was  the  first  on  the 
list  of  the  Board  of  Longitude,  which  was  then  first  instituted 
at  Paris.  He  recdved  about  this  time  a  compliment  highly 
grateful  both  to  his  love  of  fiime  and  to  his  filial  auction,  in  the 
person  of  his  &ther,  then  past  90,  and  continuing  to  reside  at 
Turin.  By  the  direction  of  Talleyrand,  who  was  Mimster  for 
Foreign  Affairs,  the  Commissary  of  the  Directory  in  Piedmont, 
attended  by  tiie  generals  of  the  French  army,  and  several  otlier 
persons  of  distinction,  went  in  procession  to  congratulate  this 
venerable  person  oo  the  merits  of  his  son,  whom  he  had  not  seen 

*  See  note,  p.  579. 
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for  more  than  30  years,  whom  they  declared  "  to  have  done 
honour  to  mankind  by  the  brilHaney  of  Iiis  genius  and  whom 
Piedmont  was  proud  to  have  produced,  and  Franco  to  j)<)>si'-:s  as 
a  citizen."  The  old  man  lived  to  the  age  of  i*o,  and  was 
ttucerely  regretted  by  his  son. 

Under  the  Consular  and  Imperial  goveminent,  Lagrange 
WIS  mde  a  Senator,  a  Grand  Officer  of  the  Legion  of  Honour, 
a  Count  of  the  Km  pi  re,  and  a  Knigbt  Grand  Croat  of  the 
Order  of  Reunion,  in  addition  to  the  personal  marks  of  friend- 
ahip  and  tntiniacy  wUch  Bonaparte  babitnally  oonferred  on  him 
al  the  Metisgi  of  the  Inititute»  and  on  other  ooearions. 

He  applied  with  ao  mndi  aeal  to  the  raptiblieatioo  of  the  lint 
part  of  Idt  Mtekamki  in  181 1,  and  of  hit  Amabftkal  Fkmetimu 
hi  1813k  that  hit  health  it  tnppoted  to  have  tnHbred  from  the 
Cuigue ;  which,  in  conjunetion  with  a  preditpontiott,  not 
aK>n  in  advanced  life,  may  very  possibly  have  been  the  imme- 
diate cau^c  of  a  fit  that  attacked  him  in  the  beginning  of  the 
latter  year.  In  the  month  of  March  he  was  subject  to  frequent 
returns  of  fainting,  arcouipanied  by  some  fever.  On  the  *^lli 
of  April  he  liad  a  la^t  eonver^ation  with  Lacepede,  Monge, 
and  Chaptal,  all  the  parties  being  aware  that  it  was  to  1m*  the 
last.  Ue  felt  the  approach  of  death,  but  he  declared  that  it 
was  in  that  form  neither  painful  nor  even  disagreeable.  He 
apoko  with  proper  gratitude  of  the  favours  he  had  hh  eived  from 
Bonaparte,  who  afterwards  provided  very  liberally  for  his  widow 
and  hit  brother.  The  tntenriew  lasted  mora  than  two  boors, 
ami  thovgh  tut  momoiy  oAeo  fiuled  him  with  mpect  tonamet 
and  daltib  jot  Us  laagnage  wat  oorrect  and  energetie.  He 
•orvifod  thb  efibrt  od j  two  daja,  and  died  oo  the  nmraing  of 
the  lOlh  April,  1818.  Ua  wat  boried  at  the  Pantheon,  or  tiit 
ehareh  of  St  G^nerihre,  and  hu  friends  Lto^pide  and  Laplaoe 
paid  the  last  bonoun  to  his  memory  in  a  llneral  oration. 

Lagrange  was  habitually  nf  delicate  health,  and  extremely 
tempi'rate  in  iii.n  diet  and  nnxlt-  of  litr,  limiting  his  food  alm4i«*t 
entirely  to  vegetal»les,  an»l  taking  his  exen-i-r  very  ])unetually 
in  the  opcu  air.  At  liie  age  of  bit  he  married  the  young  and 
handsome  Miss  Ijemonnier,  who  ap|>ears  to  have  felt  the  splen- 
dour of  hit  celebrity  and  the  goodooss  of  bis  heart,  as  adbrding 
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much  more  than  a  compensation  for  the  great  inequality  of 

their  ages.  He  was  deeply  sensible  of  her  affectionate  attafh- 
ment,  which  lie  considered  as  the  greatest  happiness  of  his  life, 
and  on  account  of  which  alone  he  regretted  its  terniinatioii.  He 
had  no  children,  and  he  was  perfectly  contented  to  be  withont 
them.  In  the  midst  of  the  most  brilliant  societies  he  was  tr<Mie- 
rally  absorbed  in  his  own  reflections  ;  and  especially  when  tliere 
was  munc,  in  which  he  delighted,  not  so  much  fur  any  exquisite 
pleasure  that  he  received  from  it,  as  because,  after  the  first 
three  or  four  bars,  it  regularly  lulled  him  into  a  tram  of 
abstract  thoii^t,  and  he  heard  no  more  of  the  performance, 
except  as  a  sort  of  aooompaniment  assisting  the  march  of  his 
most  difficult  ioTestigatioiis,  which  he  thns  pursued  with  comfort 
and  convenience.  He  was  less  fond  of  the  theatre,  from  which 
he  often  returned  withont  knowing  what  piece  had  been  repre- 
sented. Bja  manner  in  conyersatbn  was  gentle  and  timid :  he 
was  more  in  the  habit  of  interrogating  than  of  giving  his 
opinion,  and  his  favourite  expression  was,  "  I  don't  know  "  .  .  .  . 
He  was  not,  however,  easily  induced  to  change  his  sentiments 
when  they  were  once  fixed,  having  generally  adopted  them  upon 
mature  consideration.  As  a  writer,  whenever  any  controversy 
occurred,  he  was  always  calm  in  defending  himself,  and  respect- 
ful in  speaking  of  his  antiigonlsts.  Notwithstanding  that  his 
person  was  striking  and  characteristic  as  well  as  pleasing,  he 
would  never  consent  to  have  his  portrait  painted,  thinking  it 
unworthy  of  a  man  of  intellectual  excellence  to  wish  to  be 
remembered  for  the  external  form  of  his  features.  But  a  sketch 
of  him  was  once  obtained  by  stealth  at  a  sitting  of  the  Institute, 
and  a  mask  of  his  &ce  was  taken  after  his  death.  His  worka 
bear  witness,  that  for  54  years  he  occupied  either  the  first  or 
▼ery  nearly  the  first  place  among  all  die  madiematidana  of  hia 
age,  and  of  all  ages.  Of  all  the  inventors,"  says  Laplace, 
who  have  the  most  contributed  to  the  advancement  of  human 
knowledge,  Newton  and  Lagrange  appear  to  me  to  have  poa* 
sessed  in  the  highest  degree  that  happy  tact,  which  enabled 
them  to  distinguish  general  principles  among  a  multitude  of 
objects  enveloping  them,  and  which  is  the  true  characteristic  of 
scientific  genius.    This  tact,  in  Lagrange,  was  united  with  a 
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singular  elegance  in  the  method  of  explaining  the  fouodatioiiA 
uf  tlie  most  abstract  truths  of  analysis."  Lagrange  was  a  great 
admirer  of  Euler,  who  perhaps  excelled  him  in  tlie  adroitness 
with  which  he  employed  the  moat  refined  artifices  of  caleulatioa» 
though  his  views  and  methods  were  less  original  and  less 
powerfuU  D'Alembert  was  highly  esteemed  by  Lagrange^  as  a 
man  of  abundant  ingenuity  and  talent,  thou^  less  accurate  in 
bis  condnsiotts,  and  in  his  modes  of  reasoning,  than  dther 
Euler  or  Newton.  Newton  he  envied  almost  as  mneb  as  he 
admired,  for  having  found  a  system  of  the  world  in  existence, 
and  the  principles  of  its  modification  not  yet  understood  :  but 
wlien  it  is  remembered  that  the  places  of  the  heavenly  bodies 
are  now  ascertained  to  seconds  more  nearly  than  they  were  to 
minutes  during  the  life  of  Newton,  it  cannot  be  thought  that 
NewtoD  left  too  little  for  his  sucxjessors  to  accomplish. 

1.  His  first  publication,  at  the  age  of  18,  was,  A  Letter  to 
C.  J,  Fagnano^  23rd  June,  1754.  It  contains  series  for 
fluxions  and  fluents  of  different  orders,  somewhat  resembling 
the  binomial  theorem  of  Newton. 

2.  The  series  of  his  papers  in  the  Miteellamei  of  Turin  is 
continued  from  1759  to  1785.  The  first  is  On  Maxima  and 
Minima.  Muc.  Taur.  1. 1759,  p.  18.  It  is  founded  on  the 
principles  laid  down  by  Madaurio,  and  is  illustrated  by  the 
case  oi  the  suocessiye  transmission  of  an  impulse  through  a 
series  of  elastic  bodies,  comprehending  the  combination  of  a 
number  of  variable  quantities.  3.  On  an  Jujuatwn  of  Finite 
Differences^  and  on  the  Theory  of  Recurring  Series^  p.  33.  The 
equation  is  resolved  by  an  exponential  integral,  and  the  sum  of 
the  series  is  obtained  by  the  principles  of  fluxions :  the  same 
mode  of  calculation  is  also  applied  to  the  laws  of  chance. 
4.  Researches  on  the  Nature  and  Propagation  of  Sound.  End 
of  the  volume.  The  investigations  of  Taylor  and  of  Newton 
were  true  and  correct  as  particular  solutions  only  of  the  prob- 
lems of  chords  and  of  undulations,  tliough  mistaken  for  general 
solutions,  and  as  such  sucoessfully  combated  by  Cramer,  whose 
reasoning,  though  certainly  too  for  extended,  is  here  approved 
by  Lagrange.  Daniel  Bernoulli  very  successfully  defended 
them  both,  not  only  as  particular  solutions,  but  as  capable  of 
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being  rendered  universal  hy  proper  modifications  and  combina- 
tions. Eiilcr  liad  proposed  a  more  geuci  al  construction  for  the 
case  of  chords;  D'Alcmbcrt  insisted  that  this  method  required 
a  limitation  to  figures  exempt  from  angles  and  from  abrupt 
changes  of  curvature,  and  Lagrange  is  inclined  to  admit  big 
exceptions.  But,  after  all,  the  question  is  merely  a  'metapby- 
ncal  refinement,  since  no  abrupt  changes  can  ever  occur  in  the 
actual  form  of  a  chord ;  and  a  chord  affi>rding  a  harmonic  of 
unlimited  acuteness  will  approach  without  limit  to  a  mathema- 
tical angle.  The  author  begins,  in  this  essay,  with  oousideriiig 
the  motions  of  a  finite  number  of  bodies,  and  then  prooeedi 
to  tiie  aflfections  of  a  fluid,  wludi  he  reduces  to  the  same  equa- 
tions as  are  aiqplicaUe  to  the  motions  of  chords,  and  these  he 
integrates  in  D'Akmbert's  manner.  He  lastly  ennunes  die 
phenomena  of  the  graye  harmenios  observed  by  Tutini,  and 
explains  tbem  very  satisfactorily  firom  the  analogy  of  tiie 
beats  of  discordant  sounils.  5.  New  Researches  on  Sound. 
Misc.  Taur,  II.  1760-1.  p.  11.  The  same  subject  is  here 
continued,  and  extended  to  the  divergence  of  sound,  which  bad 
before  been  examined  by  Euler.  The  author  now  admits  that 
there  is  no  inconsistency  in  the  demonstrations  of  Newton  and 
Cramer,  which  deduce  the  same  velocity  from  different  laws  of 
the  supposed  motion,  since  the  velocity  is  really  uniform  in  all 
cases.  The  oscillaiions  of  a  heavy  chain  are  computed,  and 
some  remarks  arc  made  in  conclusion  respecting  the  sounds  of 
flutes.  6.  On  the  Maxima  and  Minima  of  Indefinite  Integrals, 
p.  173.  This  essay  contains  the  foundatioo  of  the  method  of 
independent  Tariations,  whidi  has  emted  so  much  attention 
the  uni?ersality  of  its  application  and  the  utility  of  Hs 
results.  It  waa  recdved  with  distinguished  applanse  by  Euler, 
as  fulfilling  his  own  wishes  Ibr  the  extension  of  a  slniilar 
method ;  and  it  was  £uler  who  moie  fully  explained  its  prin- 
ciples, and  gare  it  the  name  of  the  method  of  Tariations,  which 
has  since  been  generally  applied  to  it.  In  fact,  however,  the 
foundation  of  the  method  had  long  before  been  laid  by  Leibnitz, 
under  the  name  of  difl^erentiation  from  curve  to  curve ;  and  he 
bad  proved  tiiat  the  process  of  integration,  with  respect  to  one 
kind  of  vai'iatiou,  might  be  applied  to  the  diffisreutials  or  fluxions 
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t«iken  in  another  manner,  without  the  necessity  of  first  obtain- 
ing the  fluent ;  and  l'>ulcr  liad  employed  tliis  consideration  in 
treating  of  the  geometrical  properties  of  curves  aObrding  max- 
ima or  minima :  but  his  method  is  less  simple  and  less  general 
than  that  of  Lagrange^  who  first  pointed  out  the  uiUTenality  of 
the  principle,  ttiat  the  variation  of  the  fluxion  is  equal  to  the 
fluxion  of  the  variation,  and  showed  its  ntifity  in  many  cases  of 
such  integrations,  as  leave  the  expression  concerned  stiU  a 
fluxion  of  another  kind:  and  in  the  mechanical  application  of 
the  method,  he  made  the  fluxion  of  the  ordinate  of  a  vibrating 
chord  represent  its  inclination  to  the  axis  at  any  given  time, 
while  its  variation  indicated  its  velocity  or  its  change  of  place  in 
sjuccessive  intervals  of  time,  and  the  fluxion  of  a  revolving  solid 
to  relate  to  the  magnitude  of  its  dillorent  parts,  while  its  vari- 
ation depended  on  its  rotatory  velocity.    The  steps  of  the  me- 
thod are  generally  simple  and  easily  understood,  at  least  they 
may  and  ought  to  be  rendered  so  ;  but  the  merit  of  the  inven- 
tion is  not  the  less,  because  it  admits  of  a  very  ready  application, 
and  because  it  might  have  occurred  to  a  less  distinguished  ma- 
thematician ;  as  indeed  something  nearly  resembling  it  seems  to 
have  been  employed  by  Fontaine  in  1734,  under  the  name  of 
the  fluxiodifiin«ntial  calculus,  in  the  investigation  of  a  tauto- 
chronous  curve.   7.  It  was  particularly  in  demonstrating  the 
law,  which  is  called  the  law  of  the  least  action,  that  Lagrange 
completed  the  theory  of  variations,  where  Euler  had  felt  its 
dcfldency ;  and  the  application  of  the  method  to  several  JUMa- 
nical  Probhnu  constitutes  the  second  part  of  the  Memoir, 
p  106.   The  author  takes  occasion  abo  to  correct  an  error  of 
D'Alembert,  who  had  imagined  that  there  was  no  necessity  tliat 
the  different  strata  of  a  given  density,  in  a  body  like  the  earth, 
euj)j>osed  to  be  in  a  state  of  fluidity,  should  all  be  level,  which, 
however,  is  here  shown  to  be  a  necessary  consequence  of  D' Alem- 
bert's  own  equations.    6.  Addition  to  the  Memoir  on  Sounds  p. 
323 ;  admitting  the  difficulty  raised  by  D' AlembiTt,  respecting 
the  continuity  of  the  figure  of  a  chord,  and  acknowledging  that 
the  initial  figure  must  not  be  supposed  angular  ;  while,  in  f»jciy  as 
Mr.  Fourier  has  lately  demonstrated,  and  as  had  been  remarked 
many  years  ago  in  this  country,  an  infinite  series  of  harmonic 
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curves  may  approach  infinitely  near  to  two  right  lines  meeting 
ia  an  angle.  9.  Problems  relating  to  the  Integral  CalcultUy 
Mite.  Taw,  III.  1762-5,  p.  179.  A  miscellaneous  paper, 
GODtainiDg  remarks  on  the  resolutioo  of  equations,  eontaiiring 
fluzkms  of  diflerent  orders;  on  some  cases  of  the  motions  of 
fluids;  on  the  nhratloiiB  of  diords ;  on  the  pn^ierties  of  small 
oscillations  in  general ;  on  loaded  threads ;  on  oentrsl  forces ; 
and  on  tiie  theory  of  Jupiter  and  Saturn.  10.  An  Arithmetieal 
PrMem,  Mue,  7W.  IV.  1766-9,  p.  44.  TUs  paper,  dated  al 
Berlin,  contains  a  complete  resolution  of  all  equations  of  the 
second  degree,  having  whole  numbers  for  their  roots  ;  a  prob- 
lem, like  most  of  those  of  Fermat,  of  more  curiosity  than  utility, 
but  well  calculatecl  to  exercise  the  powers  of  minds  like  those  of 
Euler,  Lagrange,  Legendrc,  and  Gauss.  The  (juestion,  whicli 
is  the  particular  subject  of  this  pajxjr,  was  proposed  as  a  chal- 
lenge by  Fermat  to  his  contemporaries  in  England,  and  cor- 
rectly answered  by  Wallis,  though  without  a  very  sjitisfactory 
demonstration.  11.  Integration  of  an  Equation^  p.  98.  A  case 
in  which  the  whole  equation  is  integrable,  tliough  its  parts, 
even  when  properly  separated,  are  incapable  of  ])e infect  integra- 
tion. 12.  On  the  Method  of  Variations,  p.  163.  In  answer  to 
Fontmne,  and  to  Le  Seur  and  Jacquier,  who  had  attacked  him 
in  their  Integral  Galcnlns.  13.  On  the  Motion  ^  a  Botfy 
attracted  hy  two  fixed  CButres,  p.  188,  216,  including  the  effisds 
of  diflferent  supposed  laws  of  attraction.  14.  On  the  Figwe  of 
CobtmnSf  p.  123.  TUs  memmr  contains  an  attempt  to  demon- 
strate  tiiat  the  cone  is  a  more  advantageous  figure  for  the 
strength  of  a  column  than  any  conoid,  and  the  cylinder  than  any 
cone.  But  the  calculations  are  founded  on  the  erroneous  sup- 
j)()sition,  that  the  column  must  bend  before  it  breaks  ;  and,  even 
uj)on  this  hypothesis,  it  appears  possible  to  assign  a  i^trongcr 
form  than  a  cylinder,  since  the  summit  and  the  base  of  the 
cylinder  must  certaiuly  contain  some  useless  matter.  15.  On 
the  Mean  of  a  number  of  Observations^  p.  167 ;  showing  the  ad- 
vantage of  taking  the  mean,  from  the  theory  of  probabilities. 
IC).  On  the  Impure  of  Fluids,  M4m.  Taur.  1784-5, 1.  p.  75. 
The  author  observes,  that  this  impulse  will  be  measurod  bj  a 
column  of  twice  the  height  due  to  the  vdocttjr.  when  the 
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whole  impulse  of  the  jet  is  received  by  an  obstaele,  but  of 
the  simj)le  lieiglit,  when  a  limited  surfaee  is  exposed  to  the 
force  of  a  larger  stream.  17.  On  the  Integration  of  some 
Irr<Uional  FliLxionSj  II.  p.  218,  involving  the  square  root  of 
an  expression  ascending  to  the  fourth  power  of  the  yariable 
quantity. 

18.  Some  of  the  later  of  these  papers  are  subsequent  in  date 
to  those  which  are  found  in  the  Memoin  of  the  Aocdsmy  Ber- 
lin ;  but  the  order  of  enumeration  is  of  little  consequence.  The 
first  oommnnication  of  Lagrange  to  the  Academy,  of  which  be 
was  made  director,  is  On  TautocAronmu  Curves,  Mim.  BerL 
1765,  p.  364.  The  paper  is  dated  1767 ;  and  it  contains  a 
completion  of  Fontaine's  inve&tigatioD  of  the  subject  19.  On 
the  expected  Transit  of  VenuSy  1766,  p.  265.  The  author  has 
here  analytieally  investigated  the  curves  of  immersion  and 
emersion  for  the  different  parts  of  the  earth.  But,  as  Mr. 
Delainbre  observes,  in  order  to  arrive  at  the  very  easy  and 
tolerably  accurate  solution  previously  given  by  Delille  and 
Lalande,  he  is  obliged  to  employ  in  succession  several  elabo- 
rate expedients,  founded  on  some  very  subtile  principles,  accom- 
panied by  various  transformatioiis  of  his  ordinatcs,  while,  by  a 
trigonometrical  calculation  of  a  few  lines,  we  may  obtain  a 
more  com[dete  formula,  comprehending  even  the  terms  which 
he  has  neglected,  and  which,  although  very  small,  are  not  abso- 
lutely insensible.  At  the  same  tune,  he  has  certainly  applied 
his  formula  to  the  calculation  of  the  parallax  of  the  sun,  in  a 
very  convenient  manner,  which  had  accidentally  escaped  both 
Delille  and  Lalande^  thou^  it  follows  readily  from  the  trigo- 
nometrical calculation.  20.  On  indeierminate  FroNenu  the 
Second  Degree,  1767,  p.  165.  This  is  the  first  of  a  numerous 
series  of  papers,  ri  lating  to  this  difficult  branch  of  analysis, 
which,  notwithstanding  its  practical  inutility,  has  atibrded  suffi- 
cient scope  for  the  exertion  of  talent,  to  give  celebrity  to  tlie 
names  of  Diophantus  and  Fermat  among  the  most  ingenious  of 
mathematicians.  21.  On  Numerical  /jjuaf ions,  Si  i.  This 
subject  was  also  much  cultivated  by  the  author  at  a  subsequent 
period:  he  here  finds  an  equation  for  the  differences  of  the 
roots,  and  exhibits  the  result  in  the  form  of  a  continued  frac- 
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tion.    22.  Continuation  of  the  Memoir  on  Numerical  Equation*^ 
1768,  p.  111.    The  method  of  conliuued  fractions  is  still  fur^ 
ther  improved.  23.  On  the  Resolution  of  indeterminate  Problems 
in,  whole  NumUrs^  p.  181.    24.  On  tke  Besolulion  qf  UtenU 
JS^uaHam  hy  Serietf  p.  251.   The  ooatents  of  these  memoin 
have  been  prindpally  merged  in  the  author's  later  prodoctkms. 
95.  On  the  Farce  qf  Spring*,  1769,  p.  167.  It  b  demonstrated 
in  this  interesting  paper,  that  the  force  of  a  hair-Fpring  ap- 
proaches to  the  law  of  a  circular  pendulum,  the  more  nearly  as 
its  length  is  greater.    26.  On  Kepler*»  JProNem,  p.  204.  An 
application  of  the  methods  explained  in  the  last  volume,  espe- 
cially of  a  very  elegant  formula  for  the  reversion  of  series, 
27.  On  Elimination,  p.  303.    A  refined  and  general  method  of 
exteniiinating  a  quantity  from  an  etjuation,  which,  however,  is 
somewhat  intricate,  even  in  tlie  simplest  cases.   28.  Remarks  on 
Isochronous  Curves^  1770,  p.  97.   Chiefly  in  answer  to  ITootaine, 
who  had  attacked  him,  and  who  had  claimed  the  invention  of 
the  test  of  integrability  of  an  expression  containing  several 
variable  quantities.    Lagrnnge  observes,  that  he  might  very 
possibly  bare  rediscovered  it.  but  that  it  was  published  by 
Nicolas  Bernoulli  in  1720 ;  by  Fontaine,  not  till  1736.  29. 
On  ArUhmetical  Tftaorsnw,  p.  123,  relating  to  the  decomposi- 
tion of  a  number  into  squares.    30.  On  the  ReeobUum  if 
JEjuationSf  p.  134.   31.  On  a  Theorem  re^peetimf  prime  Nun^ 
bers,  1771,  p.  125.    A  demonstration  of  the  property  of  prime 
numbers  discovered  by  Mr.  Wilson,  and  published  by  \\  aring; 
and  of  some  other  theorems  of  Waring.    32.  On  Equations^ 
p.  138.    In  continuation.    33.  On  a  new  Mode  of  Differen- 
tiation ami  Integration,  1772,  p.  185.     The  novelty  consists 
in  considering  the  characteristic  of  a  fluxion  as  a  quantity  mul- 
tiplying the  letter  to  which  it  is  prefixed,  and  inferring  by  induc- 
tion that  the  result  of  the  combinations  obtained  will  in  general 
remain  unaltered  by  the  supposition.    The  grounds  of  this 
method  have  been  of  late  more  fully  explained  by  Arbogasl 
and  others.  The  results  are  here  i^lied  to  interpolations^  and 
to  differences  of  various  orders.  ^  On  the  Form  ime^imuy 
Roots,  p.  222.  In  general  redumble  to  A  +  V~1B.   35.  On 
.Astronomical  Refiractions,  p.  259 ;  without  any  practical  appli- 
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cations.  36.  On  Equations  of  jxirtial  Differences,  p.  353  ; 
especially  on  finding  multipliers  to  make  them  integrable.  37. 
On  undisturbed  Rotation,  1773,  p.  85.  A  more  direct  method 
of  ioTestigfttioQ  than  that  of  Euler  or  D*Alembert ;  but  without 
any  new  results.  38.  On  the  Attraction  of  Elliptic  Spheroidt, 
p.  121.  The  author  ohasrweB,  thai  Maclaurin*8  priie  essay  it 
a  masterfnece  of  geometry,  comparable  to  the  best  works  of 
Archimedes,  though  D*Alembert  had  onoe  doubted  the  aoeoFScy 
of  some  of  his  propoaitkms.  Thomas  SimpsoD*s  was  the  first 
analytical  solution  of  the  problem,  but  it  was  indirect,  and 
dependii^  on  series  only.  In  tiiis  paper  the  method  of  demon- 
stration only  is  varied.  Legendre  and  Laplace  subsequently 
continued  the  inquiry.  **  But  Mr.  Ivory,"  says  Delambre, 
**  has  lately  shown  us,  that  a  very  simple  consideration  may  in 
some  cases  suj>ersede  a  multitude  of  calculations,  and  even 
afford  us  theorems  to  which  the  most  prolix  computations  could 
scfircely  have  conducted  us."  39.  On  Triat^ular  Pyramidsy 
p.  149.  Ao  analytical  deteruiination  of  the  content,  and  of  tlie 
figures  that  may  be  inscribed  in  the  pyramids,  when  their  six 
sides  are  giren.  40.  Arithmttieal  Researche$^  p.  265 ;  on  the 
integral  roots  of  equations  of  the  second  degree.  41.  On  pat' 
Hollar  IniegraU^  1774^  p.  197.  Laplaoe  had  already  pobited 
out  the  occasional  oocorrenoe  of  integrals,  not  indnded  in  the 
general  and  direct  expression  obtained  by  the  usual  modes  of 
integration.  Such  values  are  here  deduced  from  the  fariatioo 
of  the  quantities  originally  considered  as  constant,  winch  often 
affords  us  an  equation  of  a  difierent  form,  and  leads  to  values 
not  comprehended  in  the  regular  expression  of  the  integral. 
42.  On  t/ie  Motions  of  t/ie  Nodes  of  the  Planetary  Orbits^  p. 
276.  Euler,  I^alande,  and  Bailly  bad  found  some  expressions 
for  the  temporary  change  of  position  of  the  nodes  ;  the  equations 
are  here  integrated,  aud  the  total  changes  determined  43.  On 
Recurring  Series  varying  in  tm  waye^  or  on  partial  Finite  Dif- 
ferenoett  1775,  p.  183.  With  an  application  to  the  theory  of 
chances,  upon  Laplace  s  principles.  44.  On  Spheroids,  p.  273. 
A  demonstratiMi  of  Madaurin's  theofem  {Fluxiom^  Art 
653)  concerning  the  attraction  of  a  compressed  spheroid  or 
an  amygdaloid;  derived  fnm  the  Ibrmubs  contained  in  the 
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former  papers.  45.  Arithmetical  Researches  coiitinricdy  p.  323. 
Demonstrating  some  theorems  of  Format  with  which  Euler  had 
not  succeeded :  yet  leaving  others  still  unattcrapted.  46.  On. 
the  Mean  MotioM  of  the  PlaneUy  1776,  p.  199.  Sbowii^  tltti 
all  thdr  dmoges  are  periodical.  Laplace  had  detected  as 
error  in  the  autbor^s  reasoning  when  he  attriboted  seenlar 
equations  io  the  motions  of  Jupiter  and  Saturn,  the  exprewflost 
containing  the  terras  in  question,  being  compensated  by  odien 
which  he  had  neglected.  47.  Cases  of  Spheneal  Tri^tmomttrtj 
solved  by  Series^  p.  214.  Without  any  apparent  advautag.-. 
48.  On  Integration  by  continued  Fractions^  p  236.  (ii\e?  an 
example  of  the  binomial  theorem  converted  into  a  contiuut-il 
fraction,  which,  however,  exhibits  no  particular  elegance  nor 
simplicity.  49.  On  the  Number  of  Inuif/inary  Roota  of  Kqua- 
tionsy  1777,  p.  111.  Harriot  was  the  Either  of  the  doctrine  of 
equations.  Newton  made  great  improvements  in  it,  but  his 
rule  remains  imperfect  with  regard  to  the  higher  equations^ 
even  with  the  additions  of  Maclaurin  and  Campbell.  In  the 
present  paper  the  theorem  of  Waring  is  demonstratied»  without 
any  material  attempt  to  extend  it.  50.  On  the  Dicpkamtim 
Analysts,  p.  140.  It  is  remarked  that  Fermat  left  all  his  pro- 
positions undemonstrated,  except  this  theorem,  that  the  sun 
of  two  Uquadrate  numbers  can  ne?er  be  a  square.  51.  Om 
Escapements,  p  173.  An  investigation  of  the  best  forms  of 
pallets  for  the  dead  beat  and  the  recoiling  scapemcnts.  52.  Oh 
determininy  the  Orbits  of  Comets  by  three  Observations,  1  "78, 
p.  Ill,  124.  The  first  part  of  this  memoir  is  hi^turicill  aod 
critic^il,  ami  the  author  allows  due  credit  to  the  ingenuity  of 
Newton's  raethoil :  his  own  does  not  appear  to  have  been  of  any 
practical  utility.  53.  On  the  Theory  of  Teleseojws,  p.  163. 
Comparing  the  general  theorems  of  Cotes  and  Euler,  and  ap- 
plying the  method  of  recurring  series  to  their  demonstraUoo ; 
with  a  rule  for  determining  the  magnitude  of  the  field.  Om 
the  expressian  of  the  Tiwue  in  a  Conic  Seetunif  p.  181.  After 
Lambert,  who  determines  it  from  the  chord  of  the  arc  described, 
the  sum  of  the  reYolring  radii,  and  the  great  axis :  the  theorem 
is  here  analytically  demonstrated.  On  partiadar  JnteifralBt 
1779.  p.  181.   i^uunples  from  some  mechanical  ciinrw.  56L 
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Oil  Geographical  Projections  for  Map$^  p.  161, 186.  The  me- 
thods here  proposed  for  the  constmctioii  of  maps  have  heeo 
foand  too  intricate  for  adoption.  57.  On  the  Theory  of  the 
LibroHon  of  theMoon^  1760,  p.  203.  In  the  prize  emy  on  the 
moon's  libratinn,  the  author  had  made  the  first  application  of 
the  method  of  variations :  the  in?e8tigation  is  here  continued, 
and  it  is  observed  that  the  moon  cannot  be  of  homogeneous 
matter,  nor  its  form  such  as  would  afford  ecjuilibriuiu  to  a  fluid 
coverino;  it,  since  the  effects  of  the  ellipticity,  so  determined, 
would  he  much  less  perceptible  than  they  are-  58.  Report  on 
a  Quadrature  of  the  Circle.  Hist.  Ac.  Deri.  1781,  p.  17.  This 
paper  only  requires  to  he  noticed  as  a  specimen  of  the  author's 
c(m(lescension.  59.  Theory  of  the  Motion  of  Fluids^  Afim.  p. 
151.  An  application  of  D'Alembert's  principles  to  the  pheno- 
mena of  running  fluids,  and  to  the  motion  of  waves  ;  hut  founded 
on  an  arbitrary  assumption  with  respect  to  the  depth  affected  by 
the  waves.  00.  On  the  Secular  Variatiom  of  the  EkmeaU  of 
the  PlanetSi  p.  199.  The  theory  of  perturbations  is  here  exa- 
mined by  two  methods,  either  comprehending  the  general  form 
of  the  orHt,  or  regarding  the  local  effects  only.  61.  Report  on 
a  Mode  of  findiny  the  Form  of  the  Earthy  Hid.  1732,  p.  35. 
A  proposal  of  no  value  whatever.  62.  On  the  SeetUar  Vari" 
ations  of  the  Planets,  M4m.  p.  169.  A  continuation  of  the 
fonner  memoir,  with  all  the  details  of  the  application,  and  a 
determination  of  the  change  of  the  ])laee  of  the  ecliptic,  toge- 
ther with  a  demonstration  of  the  permanency  of  the  general 
arrangement  of  the  system,  depending  on  th(^  exemption  of  the 
mean  distances  from  all  variations  not  periodical,  while  the 
other  elements  are  liable  to  greater  alterations.  63.  On  the 
Periodical  Variations  of  the  Planetary  Motions,  1783,  p.  161. 
A  sequel  to  the  memoirs  on  the  secular  variations.  64.  Addi- 
tions  retpecting  the  Secular  Variations,  p.  191.  Completing 
the  examination,  and  eztendmg  it  to  the  case  of  Jupiter  and 
Saturn,  which  had  before  been  investigated  by  Laplace.  65. 
On  the  Corredion  of  the  Errors  tf  Astronomical  Approaimar 
Oonsy  p.  224.  The  errofs  here  conridered  arise  from  tiie 
employment  of  the  powers  of  the  ares  described  in  the  equations  ' 
concerned,  these  arcs  increasing  wiliimil  limit :  they  may  be 
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of  Uie  variation  of  the  elements.  Laplace  had  l)efore  employed 
a  method  still  more  refined.  66.  On  a  particular  Mode  of 
Approximatiojiy  p.  279.  Resembling  that  wliich  Briggs  em- 
ployed for  making  logaritlims.  67.  On  a  new  Property  of  Ute 
Centre  of  Gravity,  p.  290.  Relating  to  the  mutual  distances 
of  tlie  bodies.  68.  A  direct  and  general  Determination  of  the 
Motion  of  a  Comet,  p.  29G.  In  this  third  memoir  the  problem 
is  reduced  to  equations  of  the  8th  or  7th  degree.  69.  Theory 
1^  the  periodical  Variations  of  the  Planetary  Motions,  17tt4» 
p.  187.  Continuation  of  the  memoir  of  the  preceding  year, 
contaimng  the  independent  variations  of  the  eccentriettiee  and 
indinatioDS,  for  the  ax  prindpal  planets;  with  a  nomerieal 
application  of  the  ibmnilA  demonstrated  in  the  first  port  70. 
On  lA«  Integratum  of  Equations  of  Linear  Partial  Diffartmset^ 
1785,  p.  174.  Entering  into  fbrther  details  of  the  method  laid 
down  in  a  former  paper,  which  is  here  applied  to  the  proUem 
of  trajectories,  a  problem  once  proposed  hy  Leihoita  as  a  trial 
of  strength  to  Newton,  who  was  not  fully  aware  of  the  nature  of 
the  difficulty  intended  to  be  combated  :  it  was,  however,  solved 
in  England  by  Taylor,  though  indirectly.  Nicolas  Bernoulli 
and  Hermann  gave  a  more  complete  solution,  and  Euler  added 
still  more  to  the  generality  of  the  investigation.  1  he  author 
observes  that  the  problem  is  a  mere  curiosity  ;  there  is,  how- 
ever, one  case  m  which  a  trajectory  of  the  kind  here  considered 
ia  actually  applicable  to  a  natmnd  phenomenon  of  common 
occurrence,  which  is  that  of  a  wave  diverging  from  a  point  in  a 
gradually  shelving  shore ;  for  the  figure  or  direction  of  the  ool- 
lateral  parts  of  socfa  a  wave  may  be  shown  to  be  the  ortfaogooal 
trajectory  cutting  an  infinite  number  of  cydoda  -be^pnuing  at 
the  given  point  71.  On  the  MoHan  of  tka  JpMia  of  the 
Planttif  1786,  i.  A  geometrical  investigation,  in  the  manner 
of  Newton,  intended  as  an  appendix  to  theiVuiei/»M.  72.  On 
iht  Tkaory  of  Sound  and  Waives,  This  paper  is  also  intended  to 
complete  the  demonstrations  contained  in  the  same  work.  The 
volume,  in  which  both  these  interesting  memoirs  appear,  seems 
to  have  been  published  out  c»f  the  regular  order,  from  some 
circumstances  connected  witii  the  death  of  Erederic  \  and  it  is 
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wanting  in  many  of  the  British  librarios.  73.  Note  aecomjHiny- 
ing  a  Memoir  of  Duml  le  Boi,  1786-7,  p.  253.  On  die 
secular  equations  of  the  Georgian  planet.  74.  On  a  Question 
T^aHng  to  AmuiUiett  1792-d»  p.  235.  Tbe  case  of  an  annuity 
auppoaed  to  commenoe  after  a  death,  and  to  cease  at  a  g^ven 
age-  75.  Additions  to  firmer  Memoin,  p.  247.  On  reeurring 
aeries  (n.  43) ;  on  elliptic  spheroids  (n.  38) ;  on  interpolations^ 
in  Monton's  manner,  comprehending  the  inequality  of  tbe  di»- 
tances  of  the  observations ;  on  the  secular  equation  of  the  moon 
(n.  64).  After  Laplace's  great  discovery  of  the  cause  of  the  se- 
cular acceleration,  Lagrange  found  that  it  might  have  been 
easily  deduced  from  his  own  calculations,  almost  in  the  same 
form,  if  he  had  not  accidentally  neglected  the  application,  from 
having  assured  himself,  in  1783,  that  the  results  of  a  similar 
computation  were  nearly  insensible  in  the  case  of  Jupiter  and 
Saturn.  It  was  in  1787  that  tbe  discovery  of  Laplace  was 
announced.  The  acceleration  here  computed  is  10*,5  ibr  the 
first  century  after  1800.  Mayer  found  it  9*  from  a  comparison 
of  observations.  76.  On  a  general  Law  if  OpHee^  1803»  Math, 
p.  3.  A  demonstration  of  the  foundation  of  the  method  long 
used  hy  English  opticiant  for  determining  the  magnifying 
powers  of  telescopes  of  all  kinds,  which  form  an  image  of  the 
object-glass  beyond  the  eye-glass,  by  measuring  the  diameter 
of  that  image.  The  author  hazards,  in  this  paper,  the  very  sin- 
gular assertion,  that  the  illumination  of  the  object  must  be  the 
same  in  all  telescopes  whatever,  notwithstanding  the  common 
opinion,  that  it  depends  on  the  magnitude  of  the  object-glass ; 
and  his  reasoning  would  be  correct,  if  the  pupil  of  the  eye  were 
always  less  than  the  image  of  the  object-glass  in  question ; 
since,  as  he  ohserves,  the  density  of  the  light  in  this  image  is 
always  inversely  as  the  magnifyuig  power :  bnt  he  forgets  to 
oonnder  that  the  illumination  on  the  retina,  when  the  whole 
pencil  is  taken  in,  is  in  the  joint  ratio  of  the  denrity  and  the 
extent;  a  consideration  whidi  justifiee  the  oommoo  opinion  on 
this  sutjeet,  and  shows  that  a  moct  profound  mathematioiaa 
may  he  grieronsly  mistaken  in  his  conclusions,  if  he  proceeds  to 
calculate  upon  eimeous  grounds.  It  deserves,  however,  to 
be  remerohered,  that  the  hrightness  of  any  given  angular 
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jxirtion  of  a  niagnifiod  image  mu-^t  always  be  somewhat  le^s 
than  that  of  an  equal  portion  of  the  object  seen  by  the  naked 
eye  :  because  It  can  be  no  greater  if  the  pencil  fills  the  pupil, 
and  will  be  les^  in  j)ro}>ortion  as  the  pencil  is  smaller  than  the 
pupil,  besides  the  unavoidable  loss  of  light  at  the  refracting 
surfaces. 

77.  The  later  works  of  Lagrange  have  principally  been  pub- 
lishcd  at  Paris,  and  most  of  them  in  the  Tarioua  ooUectioiu  of 
the  Academy.  The  earliest  of  these  are  the  prise  memoirs,  and 
first  the  essay  On  the  Lihration  qf  the  Moon^  which  obtained 
the  prise  in  1764  Ac  Par.  Prix  IX.  1772.  It  is  in  this 
memoir  that  the  method  of  variations  was  first  praetieallj 
applied  to  a  mechanical  problem.  78.  Oa  the  Inequalities  of 
the  Sateilitee  of  Jupiter,  in  1776.  Including  the  consideration 
of  their  mntnal  pertnrbatioiis,  and  consequently  a  case  of  the 
problem  of  six  bodies.  The  author  never  resumed  the  subject, 
but  its  investigation  was  completed  by  Laplace.  79,  A  new 
Alethod  of  soh-iiKj  the  Problem  of  Three  Bodies,  in  1772.  80. 
On  the  Seailar  Equation  of  tlie  Moon,  in  1774.  M.  Sav.  Etr. 
VII.  for  1773.  An  unsuccessful  attempt,  with  conjectures 
respecting  the  existence  of  a  resisting  medium,  and  even 
doubts  of  the  accuracy  of  the  foundation  of  Halley's  discovery. 
81.  A  prize  memoir,  On  the  Perturbation  of  Comets  passing 
near  Planets.  M.  Sav,  Etr,  X.  Par.  1785,  p.  65.  Finding  the 
path  directly,  without  regard  to  the  conic  sections,  and  employ- 
ing three  different  modes  of  computation  for  the  difierent  parts 
of  the  orbit  82.  On  forming  Tables  hy  Oheervatimu  enfif^ 
Mfm  Ac.  Par.  1772,  i.  p.  5ia  The  method  of  reeorring 
series  is  principally  employed,  and  tiie  anther  observes  that  the 
problem  is  more  useful  than  difficult,  giving  an  experimental 
example  in  the  equation  of  time,  for  wbich  he  obtains  from  the 
results  of  the  tables  an  expression  very  near  the  truth. 
Delambre  remarin  that  tins  is  only  a  oontinnanoe  of  the 
system  adopted  by  Ptolemy  and  the  other  ancient  astronomers, 
showing  what  we  might  have  done  in  a  circuitous  manner  by 
pure  mathematics,  if  Newton  and  the  laws  of  gravity  had  not 
existed  ;  and  he  thinks  the  paper  only  valuable  as  a  specimen 
of  Lagrange's  talent  for  overcoming  diiticulties,  which  be  might 
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more  easily  have  avoided.  83.  On  the  Nodes  and  Inclinatiois 
of  the  Planetary  Orbits,  1774,  p.  97.  With  details  of  the  cal- 
culations for  all  the  planets.  81.  On  the  Variation  of  the  Ele- 
ments of  tks  FUuwts.  Mim.  Math.  Inst.  1808,  p.  1.  The  object 
of  this  paper  is  to  ahow,  as  Poisson  had  done  before,  that  all 
the  changes  of  the  system  are  periodical.  The  method  is  more 
general,  but  less  simple  than  that  of  Laplace,  who  first  disco- 
vered the  principle  by  indactioa  The  lunar  acceleration  is 
g^Ten  as  an  example.  Mr.  Poisson  has  extended  his  calculations 
to  qnan^ties  of  the  second  order,  which  do  not  enter  into 
Lagrange's  investigationSi  85.  On  the  Variaiion  of  Independent 
QuantiHee  in  general  in  Meehankdl  Problems^  p.  257.  The 
author  obsenres  that  many  of  the  modem  Improrements  of  ma- 
thematics depend  on  the  doing  away  the  distinction  between 
constant  and  variable  (juantities,  which  was  so  valuable  when  it 
was  first  enforced  by  Descartes.  SO.  A  second  Memoir  on  the 
Variation  of  Independent  Quantities^  1809,  p.  343.  Simplifying 
the  general  application  of  the  doctrine. 

87.  Lectures  on  Arithmetic  and  Algebra,  Stances  dee  Ecolee 
NtnrmaJes,  year  III.,  1794-5.  The  first  lecture  relates  to  the 
elements  of  aritlimetic,  the  second  to  the  lower  orders  of  equa- 
tions, and  the  third  to  the  higher.  All  these  lectures,  under  the 
name  of  conyersations,  were  taken  down  in  short-hand  by  some 
of  the  students,  and  afterwards  corrected  by  the  prolessorB. 

8a  An  Eeeaif  on  FoUHealAnOmeiitu  Boedeier,  CoBeetim 
de  divere  Oumragee,   Paris,  an  IV.  1795-8. 

89.  In  the  Jaumal  de  tEede  Polytechnique^  we  find  an 
Essay  on  Numerical  Analysis,  and  an  the  TVanefarmaiian  of 
Fractions^  Vol.  IL  1798,  p.  95.  It  contains  the  elementary 
theory  of  continued  fractions,  and  the  mode  of  reducing  them. 
90.  On  the  Principle  of  Virtual  VeiocitieSy  p.  115.  Chiefly 
relating  to  pulleys.  91.  On  tfie  Object  of  tlie  Theory  of  Analy- 
tical Functions,  VI.  1800,  p.  232.  A  detailed  explanation  of 
the  grounds  of  the  theory  laid  down  in  the  separate  publication 
on  this  subject.  92.  Analysis  of  Spherical  Triangles,  p.  270. 
Giving  all  their  essential  properties  in  a  concise  form.  93. 
Lectureeon  the  Calculus  of  Functiane,  XIL  1804.  Published 
also  separately  in  8Ta   A  commentary  on  the  theory  of  funo- 
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tions,  and  a  suppleinent  to  it,  contained  in  twenty  lectupCB.  d4. 
I\oo  more  LeeiureSy  XIV.  1808  ;  at  the  end,  chiefly  relating  to 
the  method  of  Yariations.  95.  On  a  D^fieulty  retptatu^  tkB 
Atiraeiicn  cf  Sphtrdda^  VIII.  HT.  Bemarls  which  may  aem 
as  a  commentary  on  a  passage  of  the  Mkani^  CtflMAa 

96.  On  tha  Origin  ^ComeU,  ConmntmM  dMTm$^\B\A. 
97.  On  the  Cakuhtion  of  EcHptet^  ms  cffeeUi  2y  PoroOas^ 
1817.  From  the  Berlin  Almanae  for  1782L  This  memoir,  aa 
Oelamhre  ohserreii,  b  singularly  attractive  to  a  peraon  pre- 
Tiously  unacquainted  with  the  methods  which  are  employed ; 
but  though  tlie  formulae  first  introduced  are  direct  and  rigo- 
rously accurate,  the  whole  investig.iiion  ends  iu  an  approxima- 
tion which  wants  l)uth  these  properties. 

98.  The  most  important  of  all  the  works  of  Lagrange  are 
those  which  hiive  appeared  in  separate  volumes  ;  and  among 
these  we  may  reckon  his  Additions  a  I  Algebre  d'Euler,  iJ, 
Lyons,  1774,  Vol.  II.  German,  1796.  English,  1797.  They 
relate  chiefly  to  continued  fractions,  and  to  indeterminate  prob- 
lems, and  constitute  the  most  valuable  part  of  the  whole  work, 
which,  in  its  abridged  form  at  least,  is  for  inferior  to  MaclanriB's 
AlgArtu  99.  MeeaidquB  analyiique,  4.  Par.  1788,  2nd  edit 
Vol.1. 1811,  Vol  11.  by  Ftony,Lacroix,andFinet,  1815.  Tins 
woi^  exhibits  a  uniform  aikl  elegant  system  of  mechanical 
problems,  deduced  from  the  nmple  principle  of  rirtual  veloci- 
ties, winch  was  well  known  to  former  authors,  but  never  so 
extensively  applied.  It  has  been  remarked,  that  many  parts  of 
it  may  be  read  with  advantage,  even  by  those  who  are  not  com- 
petent to  enter  into  any  of  the  computaticms,  exhibiting  such  a 
history  of  the  progress  of  the  science,  as  could  only  have  been 
sketched  by  a  ninster.  The  new  edition,  Ix^gun  at  the  age  of  7o, 
comprehends  all  the  improvements  contained  in  the  authors 
later  memoirs  on  various  subjects.  100.  Th6orie  du  FondimiM 
anah/tiquesy  4.  Par.  1797,  1813.  The  abstract  theory  of  analy- 
tical functions  has  been  very  foshionable  among  modem  mathe- 
maticians ;  hut  the  improYeroents  which  it  contains  are  duefy 
of  a  metaphysical  nature,  if  tiiey  can  with  propriety  be  called 
improrements.  The  notation  is  less  simple  dian  that  whiefa  is 
in  common  use^  and  has  been  abandoned  by  the  author  in  some 
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republications  of  the  works  in  which  he  had  at  fint  employed 
it  Hie  calulatloiiB,  too^  are  often  more  intricate  than  otberB 
which  aflbrd  the  same  eoodnnons.  101.  BMuHon  de$  JSS^im- 
<tbiif  fncm^ii^  4.  Par.  1798, 1808.  The  refined  and  abetnue 
qtecnlatioDfly  contained  in  this  Tolmne,  are  more  calculated  to 
promote  tiie  advancement  of  the  abstract  science  of  qnantitj, 
than  to  be  applied,  as  the  title  would  seem  to  denote,  to  the 
purposes  of  numerical  computation.  The  methods  investigated 
are  in  general  lalwrious  and  complicated,  tliough  instructive, 
and  capable  of  extensive  application ;  and  for  equations,  of 
which  all  the  roots  are  real,  the  author  himself  recommends 
Mr.  Budan^s  method  as  preferable  to  his  own.  The  second  edi- 
tion contains  a  number  of  very  interesting  notes,  which  are  fiiU 
of  ingenuity  and  novelty. 

The  author  of  so  immense  a  series  of  laborious  investigations 
most  certainly  have  been  a  most  extraordinary  man.  He  had 
acquired  the  character  of  an  illustrious  mathematidan  almost 
ui  his  boyish  years ;  and  he  continued  to  apply  the  force  of  his 
powerful  mind,  for  more  than  half  a  century,  to  the  almost 
unintermpted  pursuit  of  his  fovourite  sciences.  It  seems,  how- 
ever, that  his  earliest  were  also  his  greatest  successes ;  and  all 
that  followed  was  as  little  as  could  well  be  expected,  from  a 
continued  employment  of  the  means  which  he  jiossessed  at  the 
beginning ;  for,  in  fact,  the  whole  taken  together  appears  to 
bear  a  stronger  character  of  great  industry,  than  of  great  8aga> 
city  or  talent.* 

"It  was  formerly  usual,"  says  Delambre,  "  for  raathe- 
naticians  to  inquire,  in  every  investigaitiou,  for  some  general 

*  F«ir  millMBitlidMit  win  bt  diipoMd  to  Mqnietoe  in  this  judgment  or  in  many 

of  the  ( 'bservaUons  which  follow.  Of  nil  the  great  analysts,  Lagrange  was  the  most 
remarkable  for  Gombiuiog  the  highett  geoeralizidioiu  with  the  gmtest  aimpUcit y  and 
elegance  of  form.  It  was  nofuffielent  objection  to  htm  to  aMert  thnt  he  fivqu'ently 
applied  the  general  int'tho<ls  of  analysis  to  the  solution  of  ijiiestions  which  could  b« 
moch  more  tMilj  effected  bj  Icm  general  riews  or  by  geometrical  or  otlier  means ;  hi* 
obiwi  wnt  to  thow  Ihnt  tht  initnnnent  wMeh  he  employed  waa  equally  capoblt  of 
special  and  general  applic  ations.  As  a  critical  cxjwsitor  likewincof  different  methods 
of  traating  tlie  same  subjectS|  with  a  view  of  showing  their  relations  to  each  other  and 
tiM  true  principles  upon  whidi  they  depend,  h«  it  miriralM ;  and  tbongh  it  may  ha 
quite  true  tiiat  he  '\h  inf«'rii>r  to  Laplace  in  the  extent  anfl  continuity  of  his  applications 
of  analjab  to  physical  astronomy  and  other  departments  of  natuial  nhiioiwphy,  yet 
Mi  bmatienoftiMmadMdof  OoTaitetionof  parametaiaandhia  pgoof  of  thartabm^ 
of  the  phmetary  system  ar.  not  surpassed  in  impoi-tanrc  or  Ol^inality  by  any  prodne- 
tion  of  his  iUostrions  contemporary. — Nott  by  the  Editor. 
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conaderationg,  which  might  be  capable  of  rimplifytng  it,  or 
of  redudng  it  to  a  problem  already  reaolTed,  and  to  endeafour 
by  these  means  either  to  abridge  the  calculation,  or  sometimee 
to  supersede  it  altogether.  But  since  the  discovery  of  the  infi- 
nitesimal calculus,  the  fiunlity  and  uniTersality  of  this  method, 
which  often  renders  the  possession  of  ant  tat^wt  in  the 

CALTl'LATOU  WHOLLY  UNNECESSARY,  lias  ma<lo  it  Hiure  Usual  for 
matluMnaticiaiKs  to  direct  their  chief  attention  to  the  jm  rti ction 
of  this  all  powerful  instrument.  But  at  the  present  day,  when 
researches  of  this  kind  appear  to  he  completely  exhausted  hy 
the  labours  of  Euler,  Lagrange,  and  their  industrious  conteni- 
poranes,  it  might  perhaps  be  more  advisnble  to  return  to  the 
ancient  method,  and  to  follow  the  example  of"  Newton,  nirdy, 
and  of  Daniel  Bernoulli,  who,  as  Condorcet  observes,  was 
entitled  to  the  praise  of  moderation  in  the  introduction  of  Ins 
calculations.  Lagrange  was  m  the  habit  of  employing  his 
sublime  talents  in  a  different  manner :  he  liked  to  make  OTery 
thing  dependent  on  his  analysis,  though,  in  some  instances,  be 
united  both  methods  in  the  higlu'st  degree,  as  his  invention  of 
the  calculus  of  variations  hears  witness.  His  rodu«iiiii  the 
theory  of  sound  to  that  of  the  vibration  of  chords,  is  a  specimen 
of  a  very  ingenious  simplification  ;  as  well  as  his  mode  of  ct>m- 
puting  tlie  planetary  motions  by  the  variation  of  the  elements 
of  their  orbits,  which  is  also  applicable  to  all  other  cases  of  the 
operation  of  small  disturbing  forces.  But  it  must  be  eotift  s^sed, 
di  the  other  hand,  that  he  has  sometimes  created  difficulties 
where  none  existed,  by  applying  his  profound  and  ingenious 
methods  to  the  solution  of  elementary  problems,  which  may  be 
obtiuoed  from  a  construction  of  the  amplest  kind;  and  the 
powerful  agents  which  he  employs,  on  many  trifling  occaaons, 
remind  us  only  of  the  man  in  the  fable,  who  came  to  borrow 
the  club  of  Hercules,  and  the  thunder  of  Jupiter,  for  the  pur- 
})ose  of  destroying  a  flea  or  ot  tlie  modern  mathematician, 
who,  without  any  fable,  or  any  figure  of  rhetoric,  proposid 
to  adjust  a  standard  measure,  by  placing  it  at  a  distance,  and 
viewing  it  wnth  a  good  telescope.  The  habit  of  relying  too  con- 
fidently OD  calculation,  and  too  little  on  common  sense,  will 
perhaps  account  for  the  mistakes  of  Lagrange,  which  have  been 
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already  nodoed,  respi-ctlng  the  fanm  of  columns,  and  the  iUu- 
minatioii  of  optical  instruments :  nor  are  they  the  only  instances 
of  the  kind  which  may  be  produced  from  the  modern  history  of 
the  sciences.  It  seems,  indeed,  iis  if  matliematical  learning 
were  the  euthanasia  of  physical  talent ;  and,  unless  Great 
Britain  can  succeed  in  stemming  the  torrent,  and  in  checking 
the  useless  accumulation  of  weighty  materials,  the  fabric  of 
science  will  sink  in  a  few  ages  under  its  own  insupportable  bulk. 
A  splendid  example  has  already  been  displayed  by  the  author  of 
the  article  Attraction  in  thb  Supplement;*  and  to  do  justice 
to  our  neighbours,  it  must  he  allowed  that  they  have  received 
the  boon  with  due  gratitude,  and  acknowledged  it  by  merited 
applause:  All  the  analytical  difficulties  of  the  problem,"  say 
Legendre  and  Delambre  {M,  Jnsf.  1812),  **Tani8h  at  once 
before  this  method ;  and  a  theory,  which  before  required  the 
most  abstruse  analysis,  may  now 'be  explained,  in  its  whole 
extent,  by  considerataons  perfectly  elementary."  It  is,  indeed, 
only  when  a  subject  is  so  simplified,  that  the  investigation  can 
be  considered  as  complete,  since  we  are  never  so  sure  that  we  un- 
derstand the  process  of  nature,  as  when  we  can  trace  at  once  in 
our  minds  all  the  steps  by  which  that  process  is  conducted.  It 
is  not  without  some  reason  that  a  similar  disposition,  to  revel 
in  the  luxury  of  mathematical  sports,  has  been  sometimes  ob- 
jected to  Laplace,  a  man  of  equal  analytical  acquirements  with 
Lagrange,  but  possessed  apparently  of  greater  sagacity,  and 
certainly  more  successful  in  his  application  of  mathematics  to 
physical  researcbesi  although  he  also  seems,  on  some  oocanons, 
to  have  suffered  his  habits  of  abstract  reasoning  to  lead  away  his 
attention  from  the  true  conditions  of  the  problem ;  particularly 
in  his  first  supplement  respecting  capillary  attraction,  which  con- 
dudes  with  an  equation  so  erroneous,  that  he  has  been  obliged  to 
abandon  it  in  silence.  (See  the  article  Cohesion  in  this  Work, 
vol.  i..  No.  XX.)  Another  instance  of  ill  applied  computation 
has  been  noticed  in  the  article  Ciiuomatrs  (vol.  i ,  No.  XV.) ; 
when  Laplace  attempted  to  deduce  tlie  laws  of  extraordinary 
refraction  from  the  {(rinciple  of  the  mininnun  of  action,  he 
seems  to  have  furgotttiu  that  the  demoostratioa  of  that  principle, 

•  Mr.  UoTj,^NoU  by  lAe  Editor, 
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in  his  own  great  woi^  mtt  Ma^prndy  on  a  oondition  which  is 
here  wanting,  that  **1he  forces  oonoerned  mnst  he  fiinctioDB  of 
the  distanoes,"  and  of  oonise  independent  of  the  diredioDS. 
These  imperfections,  however,  would  not  deserre  to  he  noticed 
as  materially  ailecting  the  general  merits  ather  of  Lagrange 
or  of  Laplace,  but  they  may  be  considered  as  accidents,  whidi 
ought  to  warn  us  against  relying  too  implicitly  on  authority, 
however  high,  when  it  appears  to  militate  against  clear  simple 
reasouiug  and  sound  common  sense. 
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LIFE  OF  FEKMAT. 

Pbtkr  de  Febmat,  equally  celebrated  as  a  restorer  of  ancient 
mathematics,  and  an  original  author  of  modem  improvementB, 
was  bom  in  1590. 

His  public  life  was  occupied  by  the  active  duties  attached  to 
the  atoation  of  a  Counsellor  of  the  Parliament  of  Toulouse,  in 
which  he  was  distinguished  both  for  legal  knowledge  and  for 
strict  integrity  of  conduct  Besides  the  sciences,  which  were 
the  principal  objects  of  his  prirate  studies,  he  was  an  accom- 
plished scholar,  an  excellent  linguist,  and  even  a  respectable 
poet. 

His  Oj^ra  Mathematica  were  published  at  Toulouse,  in  two 
volumes  folio,  1670  and  1679  ;  tlioy  are  now  become  very 
scarce.  The  tirst  contains  the  Arithmetic  of  Diophantus,  illus- 
trated by  a  commeutcu  y,  and  enlarged  by  a  multitude  of  ad- 
ditional propositions.*  In  the  second  we  find  a  Method  for  the 
Quadrature  of  Farabohu  of  all  kinds,  and  a  TreaJtue  on  Maxima 
and  Minima,  on  Tangente^  and  on  Centree  of  Gramtyi  containing 
the  same  solutions  of  a  variety  of  probleins  as  were  afterwards 
incorporated  into  the  more  eztensiTe  method  of  fluxions  by 
Newton  and  Leibnits ;  and  securing  to  theur  author,  in  common 
with  CavaUeri,  Boberral,  Descartes,  Wallis,  Barrow,  and 
Sluse,  an  ample  share  of  the  glory  of  haying  immediately 
prepared  the  way  for  the  gigantic  steps  of  those  illustrious 
philosophers.  The  s^imc  volume  contains  also  several  other 
treatises  on  Geometric  Loci,  or  Sp/ierical  TangencieSj  and  on 
the  Rectification  of  Curves,  besides  a  restoration  of  ApoUonius^s 
Plane  Loci;  together  with  the  author's  correspondence,  ad- 
dressed to  Descartes^  Pascal,  Roberval^  HuygenSy  and  others. 

It  was  too  much  Fermat's  custom  to  leave  his  most  impor- 

*  Svpn,  pp.  568, 569. 
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tant  propoMtioiis  wholly  undemonstrated  ;  sometimes,  perhaps, 
because  be  may  have  obtained  them  rather  hy  induction  than 
by  a  comiected  train  of  reaaoning  ;  and,  in  other  cases,  fiir  the 
purpose  of  proposing  them  as  a  trial  of  strength  to  his  contem- 
poraries, 'llie  defidency,  howcTer,  has  in  many  instanmt  beeo 
supplied  by  the  elaborate  investigations  of  Euler  and  Lagrange, 
who  have  thought  it  no  degradation  to  their  refined  talents  to 
go  haA  a  century  in  search  of  these  elegant  intricacies,  winch 
appeared  to  require  further  illustration.  It  happened  not  un- 
commonly, that  the  want  of  a  more  explicit  statement  of  the 
grounds  of  his  discoveries  deprived  Fermat,  in  the  opinion  of 
his  rivals,  of  the  credit  justly  due  to  him  for  accuracy  and 
originality.  It  was  thus  that  Descartes  attempted  to  correct 
his  method  of  maxima  and  minima,  and  could  never  he  per- 
suaded that  Fermat's  first  propositions  on  the  suhject  were 
unexceptionahle.  Fermat  was  however  enableil  to  pursue  his 
favourite  studies  with  less  interruption  than  Descartes ;  and  the 
products  of  his  labour  were  proportionate,  as  Lacroix  remarks, 
to  the  opportunities  that  he  enjoyed,  as  well  as  to  the  talents 
tiiat  he  poflsessed. 

There  is  a  very  ingenious  proporition  of  Fermaty  which 
deserves  to  be  particularly  noticed,  on  account  of  the  diacoasion 
that  it  has  lately  excited  among  mathematical  philosophers. 
He  has  demonstrated,  that,  the  true  law  of  the  refraction  of 
light  may  be  deduced  from  the  principle,  that  it  describes  that 
path,  hy  which  it  can  arrive  in  the  shortest  possible  time  from 
any  one  point  of  its  track  to  another ;  on  the  .supposition,  how- 
ever, that  the  velocity  of  light  is  inversely  proportional  to  tlie 
refractive  density  of  the  medium  ;  and  the  siime  phenomena  of 
refraction  have  been  shown,  by  Maupertuis,  to  be  deducible, 
upon  the  opposite  supposition  with  respect  to  the  velocities, 
from  the  law  of  the  minimum  of  action,  considering  the  action 
as  the  product  of  the  space  described  into  the  velocity.  But 
the  law  of  Fermat  is  actually  a  step  in  the  process  of  nature, 
aooording  to  the  conditions  of  the  system  to  which  it  beloi^  in 
its  original  form ;  while  that  of  Maupertuis  is  at  most  only  an 
interesdng  commentary  on  the  operation  of  an  aoceleratuig 
force.  It  was  Newton  that  showed  the  necessary  connectioD 
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between  the  action  of  such  a  force  and  the  actual  law  of 
refraction ;  demonstrating  that  all  the  plienomena  might  be 
tlcrived  from  the  effect  of  a  constant  attraction,  perpendicular 
to  the  surface  of  the  medium  ;  and  except  in  conjunction  with 
such  a  force,  the  law  of  Maupcrtuis  would  even  lead  to  a  false 
result.  For  if  we  supposed  a  medium  acting  on  a  ray  of  light 
with  two  variable  forces,  oDe  perpendicular  to  the  surface,  and 
tbe  other  parallel  to  it,  we  might  easily  combine  them  in  such 
a  manner  as  to  obtain  a  constant  velocity  within  the  medium, 
but  the  refraction  would  be  very  diflbrent  from  that  which  is 
observed,  though  the  law  of  Maupertuis  would  indicate  no 
difference ;  so  that  the  law  must  be  here  applied  with  the  tacit 
condition,  that  the  refractive  force  is  perpendicular  to  the  sur* 
face.  In  M.  Laplace's  theory  of  eztraordmary  refinction,  on 
the  contrary,  the  tacit  condition  is,  that  the  force  must  not  be 
perpendicular  to  the  surfhce :  so  that  this  theory  not  only  re- 
quires the  gratuitous  assumption  of  a  different  velocity  for 
every  different  obliquity,  which  is  made  an  express  postulate, 
but  also  the  implicit  adInis^i()n  of  the  existence  of  a  force,  de- 
terminate in  direction  and  in  magnitude,  by  which  tliut  velocity 
is  modified,  and  without  which  the  law  of  Maupertuis  would 
cease  to  be  applicable.  It  may  indeed  be  said,  that  the  sup- 
position of  a  medium  exhibiting  unequal  velocities,  and  attracting 
the  light  perpendicularly,  is  unnatural ;  and  that  tlie  law  is  the 
more  valuable  for  not  being  applicable  to  it :  but  a  mathe- 
matical  equation  is  true  even  with  respect  to  impossible  quan- 
tities ;  and  a  physical  law,  however  useful  it  may  be,  requires 
physical  proof;  and  it  will  not  be  asserted  that  the  law  of 
Maupertuis  has  been  or  can  be  established,  by  physical  evidence 
snflkiendy  extensive  to  render  it  univerBal.* 

Our  author  died  in  1664,  or  the  beginning  of  1665,  at  the 
advanced  age  of  74.  He  left  a  son,  Samuel  de  Fermat,  who 
was  a  man  of  some  learning,  and  published  translationa  of 
several  Greek  authors. 

*  i>c«  page  581,  ^o.  LXXIX. 
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John  Dollond,  a  practical  and  tlieorctical  optician  of  the 
highest  celebri^ ;  the  dimverer  of  the  laws  of  diipersioD  of 
light,  and  inventor  of  the  acfaroniatic  telescope ;  deaooided  from 
a  fiuBuly  of  French  refugees,  was  bom  in  London  lOtfa  June, 
1706. 

His  first  destination  was  the  mannfactme  that  aflbrded  en* 

ployment  to  the  greater  part  of  the  French  colony  established 
in  Spitalfielils ;  and  he  passed  some  of  his  eariier  years  in  the 

mechanical  labour  of  a  silk  weaver.  He  was,  however,  always 
attached  to  the  mathematics  aiid  to  natural  philosophy ;  aud  lie 
even  extended  his  studies  to  the  outlines  of  anatomy  and  of 
scholastic  divinity  :  and  in  the  pursuit  of  these  objects  he  found 
himself  obliged  to  acquire  a  competent  knowledge  of  the  Latin 
and  Greek  languages :  a  task  which  was  much  facilitated  to 
him  by  the  possession  of  a  memory  no  less  retentive,  than  his 
observation  was  accurate,  and  his  reasoning  correct.  He 
married  early  ;  and  he  continued  in  his  first  occupation  till  be 
had  established  his  eldest  son,  Peter  Dollood,  who  inherited  his 
own  tastes,  as  an  optical  instrument  maker ;  and  the  soooew  of 
the  undertaking  was  such,  as  to  induce  him,  in  1752,  to  leafe 
his  own  businefis,  and  to  enter  into  partnerriiip  with  his  son  in 
Vine  Court. 

These  arrangements  having  taken  place,  it  was  not  long  be- 
fore Mr.  Dollond  communicated  to  the  Royal  Society  some  of 

the  results  of  the  application  of  his  inventive  powers  to  ins  new 
piu*suits :  and  Mr.  Short,  who  then  enjoyed  the  highest  repu- 
tation as  an  optician,  paid  him  the  compliment  of  bringing 
tbem  forward  at  the  Society  und«n'  the  auspices  of  his  name. 

1.  A  Letter  to  Mr.  James  Short,  F.B.S.,  conccrmuy  an 
ImprovemetU  of  Refracting  Telesojpet.   FhiL  Tran*,  1753, 
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p.  lOa  Tbe  author  here  deecribet  a  telescope  with  six 
glassesy  as  calciilated  for  correctiog,  either  wholly  or  in  great 
measure,  the  errors  of  refractiou  arising  from  the  diqiersion  of 
tbe  differeut  colours,  as  well  as  from  the  spherical  form  of  the 
surfaces  of  the  eye-glasses  :  appealing  to  the  s\ij>eriority  of  the 
telescopes,  which  he  had  thus  constructed,  above  those  which 
had  before  been  in  use :  but  he  reserves  a  more  ample  detail 
of  the  theory  for  a  future  occcision  ;  which,  however,  does  not 
appear  to  have  presented  itself,  the  improvement  haviog  beeo 
superseded  by  others  incomparably  more  important 

2.  A  Letter  to  James  Shorty  A.M»f  I^M.S.y  concerning  a 
mistake  in  Mr.  Eukrs  Theorefn  for  eorrttiing  the  Aberration  in 
the  Olgect  Gkumt  qf  BefraetiagTeleaeqpeB;  read  2drd  NoTemher, 
1752 ;  together  with  an  introdudory  letter  of  If  r.  Short,  in 
which  Eukr's  calculations  are  somewhat  too  categorically  con- 
demned, and  with  Euler's  answers  to  Short  and  DoUond.  Phil, 
Tran$.  1753.  p.  287.  It  is  remarkable,  with  what  profound 
rsqieet  the  experiments  of  Newton  are  treated  in  Mr.  Dollond*s 
letter:  '*It  is  somewhat  strange,"  he  says,  *'that  any  body 
now-a-days  should  attempt  to  do  that  which  so  long  ago  has 
been  demonstrated  impossible :  "  l)ut  although  the  investigation 
of  truth  was  perhaps  in  tliis  instance  retarded,  yet  its  ultimate 
discovery  was  not  prevented  by  a  just  deference  to  a  high 
authority.  Euler  was,  however,  certainly  right  in  considering 
the  law  which  he  had  assumed  as  sufficiently  compatible  with 

.the  results  of  Newton's  experiments;  although  he  was  much 
mistaken  in  his  conjectures  respecting  the  achromatic  properties 
of  the  eye. 

3.  A  Dmr^Han  qf  a  Ctmirwmo$  fir  Mmuwvug  Small 
AiHgUi.  Phil  TWmi.  17.%  p.  178.  This  apparatus  consists 
of  a  difided  object-glass,  willi  a  scale  for  detcvmimng  the  dis- 
tance  of  the  images,  by  measuring  the  linear  displacement  of 

iStte  two  portions  of  the  glass  ;  which  subtends  tbe  same  angle 

from  the  focus  of  parallel  rays,  as  the  actual  distance  of  the 
images  does  from  the  object- gUiss.  The  apparatus  is  recom- 
mended as  particularly  calculated  to  be  applied  to  a  reflecting 
telescoj>e,  and  was  afterwards  adapted  by  Mr.  Peter  Dollond 
to  the  improved  aciiromatic  telescopes.   Mr.  Savery  and  Mr. 
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BoupiuT  had  before  used  two  separate  lenses  in  a  manner  nearly 
Bimilar  ;  but  the  employment  of  a  single  glass  divided  affords  a 
much  more  convenient  arrangement. 

4.  An  Exphmafion  of  an  Instrument  for  MMMwring  Small 
Aisles.  Phil.  TroM,  1754  p.  551.  This  paper  contains  a 
more  detailed  theory  of  the  divided  object  glass  micrometer, 
and  a  testimony  of  its  utility  from  Mr.  Short,  founded  oo  actual 
experiments. 

5.  An  AeeouHt  of  wme  ExperinmU  eonDerning  the  DiffareKi 

Refrangibility  of  Light,  PML  Ttom,  1758.  p.  733.  We 
have  here  the  important  results  of  a  series  of  accurate  experi- 
ments, by  which  the  author  hafl  undertaken  to  investigate  the 
foundations  of  the  Newtonian  tlu  ory  of  refraction  ;  though  he 
began  them  without  any  hope  of  a  ^ucceibs  so  brilliant  ojs  that 
which  ultimately  crowned  his  labours. 

It  was  in  the  beginning  of  1757  that  Mr.  Dollond  made  the 
decisive  experiment  of  putting  a  common  prism  of  glats  into  a 
prismatic  yessel  of  water,  and  varying  the  angle  of  the  vessel 
till  the  mean  refraction  of  the  glass  was  compensated ;  when  he 
found  that  the  colours  were  by  no  means  destroyed,  as  they 
were  supposed  to  have  been  in  a  similar  experiment  related  by 
Newton ;  for  the  remaining  dbpersion  was  nearly  as  great  as 
that  of  a  prism  of  glass  of  half  the  refracting  angle.  Mr. 
Dollond  then  employed  a  thinner  wedge  of  glass,  and  found 
that  the  image  was  colourless  when  the  refraction  of  the  water 
was  about  one-fourth  greater  than  that  of  the  glass.  He  next, 
attempted  to  make  compound  object-glasses  by  inclosing  water 
between  two  lenses ;  but  in  this  arrangement  he  found  great 
inconvenience  from  the  spherical  aberration.  S<j  that  he  was 
obliged  to  try  the  effects  of  different  kinds  of  glass,  and 
he  fortunately  discovered  that  the  refractions  of  flint  and 
crown  glass  were  extremely  convenient  for  his  purpose,  the 
image  afforded  by  them  being  colourless,  when  the  angles  were 
to  each  other  nearly  as  2  to  3 ;  and  hence  he  inferred  that  a 
concave  lens  of  crown  glass,  and  a  convex  one  of  flint,  would 
produce  a  colourless  image  when  their  foeal  distances  were  in 
the  same  proportion.  The  spherical  aberration,  where  the 
yature  was  so  considerable,  still  produced  some  inconvenience 


Ka  LXXXI 


DOIXQND. 


589 


but  having  four  surfaces  capable  of  variaUoo,  lie  was  enabled 
to  make  the  aberrations  of  the  two  lenses  equal ;  and  since 
they  were  in  opposite  directions,  they  thus  corrected  each  other. 
All  these  arrangements  required  great  aoeoracy  of  execution 
for  their  complete  success ;  but,  in  the  hands  of  the  inTentor, 
they  produced  the  most  admirable  instruments;  and  he  was 
singularly  fortunate  in  obtaimng  a  quantify  of  glass  of  more 
umform  density  than  has  been  since  manufactured  on  so  large 
a  scale.  He  afterwards  made  some  small  Galilean  telescopes 
with  triple  o}>ject-glasse.s  and  Mr.  Peter  Dulloiid  applied 
this  construction  to  the  longer  telescoj)es,  with  compound  eye 
pieces,  the  alteration  rendering  the  spherical  aberration  still 
more  nianageaMe. 

The  merits  of  Mr.  Dollond's  inventions  were  promptly 
acknowledged  on  the  part  of  the  Royal  ^society,  by  the  adjudi- 
cation of  the  Coplcian  medal  for  the  year.  In  1761  be  was 
appointed  Optician  to  the  King,  and  was  elected  a  Fellow  of 
the  Royal  .So<*iety ;  a  distinction  which  is  often  obtained  on  easy 
terms  by  those  whose  situation  in  life  exempts  them  from  the 
suspicion  of  seeking  it  for  any  purpose  degrading  to  science ; 
but  which  is  generally  an  object  of  oonaderable  ambition  to 
persons  of  mechanical  or  commercial  occupations. 

A  considerable  share  of  the  credit  due  to  Mr.  Dollond's 
discoveries  has  been  very  erroneously  attributed,  by  some  late 
historians  and  biographers  on  the  Continent,  to  I^onard  Euler,  a 
matheraatit  ian  who,  most  aj^suredly,  has  little  need  of  the  appro- 
priation of  the  merits  of  otliers  to  establish  his  claim  to  immor- 
tality. But  in  fact  the  only  idea  of  Euler,  that  could  be  said 
to  have  furnished  any  hint  to  Mr  DoUond,  has  been  shown  by 
the  calculations  of  Dr.  Maskelyne,  and  by  the  experiments  of 
Dr.  Thomas  Young,*  and  Dr.  WolUston,  to  have  been  com- 
pletely erroneous ;  nor  did  Euler  even  admit  the  accuracy  of 
Mr.  Dollond's  oondusions,  after  his  discovery  was  made,  with- 
out considerable  hesitation  and  scepticism.  Mr.  Klingenstiema 
had  mmply  expressed  a  doubt  with  respect  to  the  result  of 
Newton's  experiments,  though  he  by  no  means  suspected  the 
extent  of  the  error.   Mr.  Peter  Dollond  has  sufficiently  vindi- 

*  See  supra,  vol.  i.,  p.  148. 
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eated  hb  ftther'a  claim  to  complete  ori§^iialit]r«  io  a  paper  read 
to  the  Royal  Society  id  1739 ;  be  has  also  suggested  an  eipla- 
natioD  of  tiie  origin  of  Newton's  mistakoy  by  stating  that  there 
exiBts  a  kind  of  Veneliaii  glass,  of  which  the  dtspenive  power 

little  exceeds  that  of  water,  while  its  specific  gravity  neaHj 
apjjioaches  to  2.58,  which  is  assigned  by  Nowton  to  gla^  in 
general ;  and  it  certainly  seems  more  probable  that  s<jme  fuc  h 
circumst<mce  as  this  was  the  cause  of  the  error,  than  that 
Newton  should,  as  sonio  have  suspected,  have  mixed  acetate*  of 
lead  with  the  water  which  he  used,  for  an  experimeot  which  was 
80  much  more  likely  to  be  satisfiictory  without  it. 

Mr.  Dollond*8  appearance  was  somewhat  stem,  and  his  Un- 
goage  was  impressive,  but  bis  manners  were  cheerful  and 
aflable.  He  was  in  the  habit  of  attending  regularly,  with  his 
fiimily,  the  servioe  of  the  French  Protestant  church.  He  con- 
stantly sought  his  chief  amusement  in  objects  connected  witii 
the  study  of  those  sciences  which  he  had  so  ranch  eootribnted  to 
improve.  Perhaps,  indeed,  he  pursued  them  with  an  applioatioo 
somewhat  too  intense  :  for  on  the  30th  of  Novemt>er,  1761.  as  he 
was  reading  a  new  work  of  Clairaut  on  the  tlieory  of  the  moon, 
which  had  occupied  his  whole  attention  for  several  hours  be 
had  an  attack  of  apoplexy,  which  shortly  bec.iuie  fatal.  He 
left  two  song  and  three  daughters.  His  sons  succeeded  to  hid 
business ;  and  the  younger  dying  a  few  years  after,  his  place 
was  filled  by  a  nephew,  who  assumed  the  family  name,  and  who 
still  conducts  the  establishment  with  undiminished  respectability 
and  success. 
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LIF£  OF  MALUS. 

Stephen  Lbww  Malus,  the  discoverer  of  the  Laws  of 
the  PobriMtioo  of  Light,  bom  at  Paris,  2drd  June,  1775,  was 
the  SOD  of  Amie  Lewis  Malus  du  BCtry,  and  of  Louisa  Charlotte 
Diwhovcs,  his  wife. 

Ilis  fioher  had  a  place  in  the  IVeasury  of  France,  and  gave 
him  an  excellent  education  at  home  in  mathematics  and  in  the 
fine  arts  ;  as  well  as  in  classical  literature,  with  which  he  ren- 
dered hiniM'lf  fco  familiar,  as  to  retain  many  passiigc^  of  the 
Tliatl  in  nu-inory  tlirini;;li«'Ut  hi>  lif»'.  At  ><'N»-iifocn  lie  wa;4 
a(lmittr<l,  alter  a  -.  vert'  cxamiuatioii,  a.-"  a  tit'  tlie  School 

of  Militar\'  En  j  r»  :  and  alniut  the  same  time  he  nmu-cd 
hinii»olf  with  Hntmg  a  regular  trag»'dy  in  ver.>e  on  the  death  of 
Cata  He  soon  di^tinguiDlM;d  hiuuclf  in  his  militar)'  studies, 
and  ho  wns  about  to  ohtain  a  commission  an  officer,  when  an 
order  of  the  mtnbter  Bouchotte  imputed  to  him  the  offence  of 
bt»ing  a  suspected  peraon,  probably  on  account  of  the  sitnatiOD 
held  by  his  fiitber,  and  he  was  dismissed  from  the  school.  He 
was  then  obliged  to  enter  the  army  as  a  private  soldier  in  the 
5th  battalion  of  Piuris,  and  he  was  employed  in  this  capadty  od 
the  fortifications  of  Dunkirk.  Here  be  was  soon  distinguished 
by  Mr.  Lepcre,  the  director  of  the  works,  as  superior  to  his 
accidental  situation  ;  and  he  was  selected  as  one  of  the  young 
men  who  were  to  constitute  the  members  of  the  Erofe  Poh/' 
technupie^  then  to  !»<•  eatahli^^hed  u|H)n  the  reeoinmendatioii  and 
under  the  direetion  of  Moiigc,  who  imincdiately  chor<'  him, 
fmm  a  previous  knowledge  of  hi?  menl,  jli  one  of  the  twt-nty 
thill  were  to  lie  made  instruetom  of  the  rt»!«t.  This  IxKiy  con- 
stituted, at  that  monicott  the  only  refuge  of  the  scienoes  in 
France,  and  the  enthusiasm  of  its  members  was  proportionate 
to  the  advantages  which  they  enjoyed,  and  to  the  importance  of 
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the  trust  committed  to  them.  In  the  three  yeare  whidi  he 
paesed  in  this  inatitatioo,  he  was  much  employed^  among  other 
applications  of  the  higher  geometry,  in  pursuing  the  matfie- 
matical  theory  of  optics,  a  department  of  science  in  which  he 
•  was  afterwards  so  eminently  to  distinguish  himself  hy  experi- 
mental discoveries.  He  was  then,  however,  obliged  to  abandon 
for  a  time  the  pursuit  of  scientific  investigations,  and  he  was 
admitted  into  the  corps  of  engineers,  with  the  seniority  of  liis 
former  rank  in  tlie  school.  He  served  in  the  army  of  the 
Sanibre  and  Meuse  ;  he  was  j)res(Mit  at  the  })assage  of  the 
Khine  in  1797,  and  at  the  affairs  of  Ukratz  "  and  Altenkircb. 
While  he  was  in  Germany,  he  formed  an  engagement  with 
Miss  Koch,  the  daughter  of  tlie  Chancellor  of  the  IIni\er^ity 
of  Giessen,  and  he  was  on  the  point  of  marrying  her,  when  be 
was  obliged  to  join  the  Egyptian  expedition.  He  was  present 
in  that  campaign,  at  the  battles  of  Chebreis,  and  of  the  Pyra- 
mids ;  he  was  at  the  afiair  of  Sabish,  at  the  aege  of  £1  Ansh, 
and  at  that  of  Jafla.  After  the  surrender  of  that  place*  he 
was  employed  in  the  repairs  of  tlie  fortifications,  and  in  the 
establisliment  of  military  hospitals.  Here  he  was  attacked  by  the 
plague,  and  fortunately  recovered  from  it  without  any  medical 
assistance.  He  was  then  sent  to  fortify  Damietta ;  he.  was 
afterwards  at  the  battle  of  Heliopolis,  at  the  affair  of  Ceraim, 
and  at  the  siege  of  Cairo.  After  the  capituhition  with  the 
English,  he  emharked  on  board  of  the  transport  Cjistiir,  and 
arrived  in  France  the  26th  October,  1801.  His  healtli 
was  exhausted,  and  his  spirits  were  broken,  by  fatigue  and 
anxiety  ;  ])ut  his  attachment  to  his  betrothed  bride  was  undi- 
minished, aud  he  hastened  to  Germany  to  fulfil  his  engagement : 
his  fidelity  was  rewarded,  during  the  eleven  years  that  he  sur- 
vived, by  the  most  constant  and  affectionate  attention  on  the 
part  of  his  wife;  and  she  died  a  year  or  two  after  him,  a 
victim  to  the  same  disease  which  had  been  fotal  to  her  hus- 
band. 

He  had,  however,  enough  of  strength  and  vigour  of  consti* 
tution  remmning,  to  enable  him,  beades  the  official  superin- 
tendence of  the  works  carrying  qa  at  Antwerp  and  atStrasborg, 
to  pursue  the  study  of  his  fovourite  sdences ;  and  upon  occasion 
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of  a  prize  qnestioD,  proposed  by  the  Institute,  he  undertook  the 
investigatioik  of  Uie  extraordinary  refraction  of  Iceland  crystal, 
wbidi  the  experiments  of  Dr.  WollaaUm  had  lately  shown  to 
agree  very  accurately  with  the  laws  laid  do?nii  hy  Huygens ; 
and  besides  completely  confimimg  all  Dr.  Wollaston's  results, 
he  had  the  good  fortune  greatly  to  extend  the  Huygenian  dis* 
coTery  of  the  peculiar  modification  of  light  produced  by  the 
action  of  sudi  crystals*  which  Newton  had  distinguished  by 
the  name  Polarity,  and  which  Mains  now  found  to  be  produced 
in  a  variety  of  circumstances,  independently  of  the  action  of 
crystallized  bodies.  It  seems  natural  to  suppose  that  the  inves- 
tigation of  the  laws  of  the  internal  reflection  of  light,  at  the 
second  surface  of  the  crystals,  must  have  led  hiui  to  the  dis- 
covery of  the  effects  of  oblique  reflection  in  other  circumstances ; 
but  according  to  Biot,  there  was  more  of  accident  in  his  actual 
progress ;  for  he  informs  us  that  Mai  us  had  been  looking 
through  a  piece  of  crystal  at  the  image  of  the  sun,  reflected 
from  the  windows  of  the  Luxembourg,  to  the  house  in  the  Rue 
d'Enfer,  where  he  lived,  and  that  he  was  much  surprised  to 
find  one  of  the  double  images  disappear  in  a  certain  position  of 
the  ciystal ;  although  the  next  day,  at  a  different  hour,  he  could 
no  longer  obserre  the  phenomenon,  from  the  alteration  of  the 
angle  of  incidence. 

The  merit  of  Us  discovery  was  soon  acknowledged  by  his 
election  as  a  Member  of  the  Institute,  as  well  as  by  the 
adjudication  of  a  Biennial  Medal  from  the  Royal  Sodety  of 
London,  on  the  foundation  of  Count  Rumford.  It  has  been 
thought  creditable  to  the  Royal  Sodety  to  have  conferred  this 
distinction  in  the  time  of  a  war  between  the  two  countries  ;  but 
if  any  credit  wim-c  due  for  only  doing  justice  conscientiously,  it 
would  attach,  on  this  occasion,  to  those  members  of  the  Council, 
who  saw  their  own  optical  speculations  in  great  danger  from 
the  new  mass  of  evidence,  which  appeared  likely  to  overthrow 
them,  at  least  in  the  public  opinion,  and  who  were  still  the  most 
active  in  offering  this  tribute  of  applause  to  the  more  fortunate 
labours  of  a  rival. 

Nor  was  the  remuneration  of  Malus  conflned  to  empty 
honours  only;  he  obtained  promotion,  from  the  liberality  of  the 
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French  goTernment,  in  hi*  own  jprofeuum  as  a  miuta&t  mjls  ; 
and  this  not  for  serrioeB  peifonned  in  the  fietd,  nor  eren  in  a 
difficult  and  dangerous  ex|>editjon  to  unknown  regions,  but  for 
experiments  made  with  safe^  and  tranqmllifcjr  in  Ua  own  closet 
That  goTemment  had  not  carried  the  re6ned  principle  ol  tiie 
difisioD  of  labour  M  te,  as  to  have  resoWed  that  all  psbfie 
encouragement  should  be  limited  to  tlie  preeiBe  department 
in  whidi  a  public  serrice  had  been  perfimned;  and  a  mark 
of  distinctiooy  whidi  a  genUeman  could  aooept  widioiit  d^gr^ 
datloi),  was  not  deemed  an  inoommensuFBte  remnneratioB  fer  a 
discovery  in  abstract  science.  Sncih  a  refinement,  wludi  has 
been  practically  introduced  in  our  own  matchlfes  eoontry, 
might  appear,  to  a  man  who  had  ahearti  somethiag  wone  tiMB 
sordid ;  he  might  fancy  that  a  great  nation,  aa  wdl  as  a  great 
individual,  should  treat  its  dependents,  "not  according  to  their 
deserts,  but  after  its  own  Iioiiour  and  dignity  if,  however,  a 
person  in  office  happened  to  have  any  thing  like  a  heart  about 
him,  the  outery  of  an  indiscrimiuatiug  opposition  would  soon 
teach  him  to  silence  its  dictates. 

1.  Mr.  Malus's  first  publication  appears  to  have  been  a 
paper  On  an  Unknown  Branch  of  the  Nile,  in  the  first  volume 
of  the  D^ade  Egyptienne.  2.  lie  presented  to  the  Institute  a 
mathematical  Traits  cT  Optiqucy  before  the  completion  of  his  ex* 
periments  on  double  refraction  ;  it  was  published  in  fho  Jfjfmi'igi 
primiU$  h  ritutiiutt  II.  4.  Paris,  ISIO.  3.  Hia  more  impoffw 
Umt  discoveries  were  first  made  known  in  the  second  Tolume  of 
the  M^nunrei  d^Arcueii^  8.  Paris,  1809 ;  and  again^  4,  In  tlm 
T^eonf  tf  Double  Rtfiraetum,  Mhu  prh,  h  f /aif.  IL,  a  paper 
which  obtained  a  priae  the  2nd  Januaiy,  1810.  &  In  a  short 
Ei$ay  cm  the  Meeuturmmd  of  the  Befraetim  Forte  if  Opofme 
Bodiee,  contained  in  the  same  folnmcy  he  employs  the  metiiod» 
belbre  made  known  by  Dr.  Wollaston,  for  oondnctiqg  thee^[Mri* 
ment,  and  computes  the  forces  concerned  upon  tiie  Newtooiaa 
hypothesis ;  applied,  however,  in  a  manner  somcwbat  arbitrary 
to  the  circumstances  of  the  problem.  6.  Remarks  on  some 
new  Optical  Phenomena,  Mrm.  Inxt.  St\  IS  10,  p.  105, 
Paris,  1814,  read  lltli  March,  1811.  Tlii?  pajHT  is  princi- 
pally intended  to  prove  that  two  portions  of  light  are  always 
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polariped  together  in  oppoate  diieetioitt,  and  that  no  part  of 
the  light  oonoerned  is  destroyed,  as  Dr.  Young  had  been 
inclined  to  suspect;"  the  aothor  fimnd  that  li^t  tnmsmitted 
obliquely  throng  a  number  of  parallel  glasses  at  a  proper 
angle,  beoomes  at  last  completely  polarised.  Mr.  Arago  had 
discorered  a  case  which  ap(H;ared  to  be  an  exception  to  the 
general  law  of  the  j>olari?ation  of  transmitted  light,  but  it  was 
afterwards  readily  explained  from  tlie  theory  of  the  production 
of  colours  by  interference,  as  applied  to  transmitted  light.  A 
letter,  contfiining  the  substance  of  this  paper,  was  published  in 
Thomson's  Annals,  III.  257,  April,  1814,  on  orc.ision  of  some 
discoveries  of  Dr.  Brewster,  which  had  l>een  supposed  to  Ik.* 
wholly  new.  7.  On  Phenomena  accovijyanijitig  Refraction  and 
Hejiection^  p.  112 ;  read  27th  May,  showing  the  universality  of 
polarisation  at  a  proper  angle,  and  examining  the  elfeet  of  a 
metallic  surface.  8.  On  tAtf  Axis  of  Refraction  4^  Gytiais, 
p.  142 ;  describing  an  apparatus  for  finding  the  properties  of 
bodies  with  respect  to  polarised  light,  applied  to  the  determi- 
nation of  the  axis  of  crystals,  and  to  the  eramination  of  the 
stmotne  of  orgsnised  bodies*  which  ^ipcar  in  general  to  hate 
certain  axes  of  polarisatko*  as  well  as  those  which  are  mam- 
isstly  oystaUiaed. 

Hw  asal  and  energy  at  Mains  sopported  lun  to  the  last,  not 
only  in  die  f*?BtlnBtftfff  of  these  interestipg  infestigstionsi  but 
also  in  Us  duties  as  an  eiammer  at  the  EeaU  Polytechmqu§, 
Ho  died«  UAl  Febmary,  181S,  nnlfasally  regretted  by  the 
lofm  of  seienoe  in  all  conntries»  and  deeply  lamented  by  his 
eoUeagues,  who  said  of  lum,  as  Newton  did  of  Cotes,  that  if 
his  life  had  been  prolonged,  we  should  at  last  ^  have  known 
^oictliiug  "  uf  tUe  laws  of  nature. 
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LIFE  OF  LALANDE. 


Joseph  JerOxME  Le  Fuan<;ais  Lalande  [de],  a  most  zealous 
and  accompiiahed  astronomer,  born  at  Bourg  en  Bresse,  11th 
July,  1732,  was  the  son  of  Peter  Lefran^ais,  aud  Marianne 
Mouchinet,  his  wife. 

His  parents  were  in  easy  circumstances,  and  his  education 
being  somewhat  too  indulgent,  the  natural  quickness  and  im- 
petuosity of  his  temper  was  too  little  restrained.  His  earliest 
taste,  like  that  of  most  other  children,  seems  to  have  been  for 
romantic  tales,  and  he  was  fond  of  making  little  stories  with 
the  materials  that  he  possessed,  but  their  subjects  were  chiefly 
religious.  He  was  in  the  habit  of  living  much  with  the  JesoitBi 
and  he  imbibed  from  them  a  predilection  for  the  pulpit;  at  die 
age  of  ten  he  used  to  amuse  himself  with  making  sormons,  and 
preaching  them  to  a  select  congregation.  The  comet  of  1744^ 
however,  with  its  long  tail,  took  more  forcihle  possession  of  his 
imagination,  and  he  watched  it  with  the  most  unremitting  atten- 
tion. Having  been  sent  to  Lyons,  to  continue  his  studies  under 
the  Jesuits  there,  he  acquired  a  taste  for  poetry  and  eloquence, 
and  was  then  inclined  to  devote  himself  to  literature  and  to  the 
bar  ;  but  an  eclipse  of  the  sun  recalled  his  attention  to  astn>- 
noniy.  His  parents  wished  him  to  follow  the  profession  of  a 
magistrate,  and  sent  him  to  Paris  with  that  view ;  but  he 
accidentally  lodged  in  a  hotel  where  Delisle  had  estaldished  au 
observatory,  and  this  circumstance  led  him  to  become  acquainted 
with  that  professor,  and  to  attend  his  lectures.  These  lectures 
were  by  no  means  popular ;  and  the  want  of  a  more  numerous 
audience  made  it  easy  for  the  professor  to  accommodate  his 
instructions  to  the  fixed  attention  and  rapid  progress  of  his  new 
pupil,  who  became  singularly  attached  to  his  master,  and  to  all 
the  methods  which  he  employed.   Lalande  attended,  however. 
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at  the  same  time,  the  physico-matbematical  lectures  of  Lemon- 
mer,  who  was  more  in  credit  as  a  teacher,  and  who  also  took 
great  pains  for  his  improvement. 

In  the  mean  time  In;  had  completed  his  legal  studies,  and  at 
the  age  of  eighteen  he  M-as  called  to  the  bar  as  an  advocate. 
His  family  was  anxious  for  his  return  to  Bourg ;  but  just  at 
that  time  Lemonnier  obtained  leave  to  nominate  him  as  a 
substitute  for  himself  on  an  astronomical  mission  to  Berlin, 
where  he  was  to  make  observations  on  the  lunar  parallax, 
corresponding  with  those  which  Lacaille  was  sent  to  the  Cape 
to  obtain.  He  was  favourably  received  by  Maupertnis,  who 
iotroduoed  him  to  Frederic  and  his  court;  and  was  made  a 
Member  of  the  Academy  of  Sdeoces  at  Berlm,  when  he  was 
about  mneteeD. 

He  remamed  a  year  in  that  dty,  obeerving  at  night,  and 
paaaing  his  monitngs  in  the  study  of  the  integral  calculosi 
under  Euler^s  direction;  and  his  eyenings  in  the  society  of 
Voltaire,  Maupertuis,  ly  Argens,  and  other  men  of  talents.  It 
was  not  likely  that  the  intercourse  with  such  persons  should 
confirm  tlie  principles  which  he  had  imbibed  from  the  Jesuits  ; 
his  moral  conduct,  however,  does  not  appear  to  have  been 
influenced  by  his  change  of  sentiments.  After  his  return 
to  Bourg,  he  pleaded  a  few  causes  to  obligi?  liis  friends  ;  but 
the  success  of  liis  operations  at  Berlin  obtained  him  speedily  a 
place  in  the  Academy  of  Sciences  at  Paris  ;  for,  in  1  753,  ])crore 
he  was  twenty -one,  he  was  chosen  to  fill  up  a  vacancy  in  the 
department  of  astronomy,  wliich  had  been  open  for  some  years. 
He  soon  after  offended  his  friend  Lemonnier,  by  rejecting  too 
harshly  an  unfounded  objection  of  that  astronomer  to  his 
method  of  computing  the  effect  of  the  earth's  ellipticity  on  the 
lunar  parallai,  which  differed  from  Euler's  formula.  Lacaille, 
who  drew  up  the  report  of  a  committee  appointed  on  the 
occasion,  decided  m  Lalande*s  foyour;  but  Lemonnier  re- 
mained dissatisfied,  and  would  not  see  lum  for  twenty  years. 
He  had  some  nmilar  discussions,  at  a  later  period,  with 
Dusejour,  who  was  a  little  too  severe  in  criticinng  some  of  his 
approximations,  as  if  they  had  been  intended  to  be  rigidly 
accurate ;  but  their  personal  friendship  remained  unaltered. 
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For  more  than  Mty  jeare  he  oontiiraed  to  he  a  cixiitaiit  and 
folmniiioiis  oontrihotorto  theMmo^of  tiie  Pariaiao  Aeadaaj, 
as  well  as  to  other  scientific  ooUectioiia.  His  inwistigatioMi 
were  alwa|B  jndidoiiBly  directed  to  Uie  adnmeenent  of  astro* 
nom/;  Jtnt  they  can  scarcely  ew  be  said  to  have  eiUhited 
any  marked  featmres  of  talentp  or  of  addren,  beyond  idiat 
nu^;ht  be  expected  from  the  industry  of  a  man  of  good  ordinaiy 
abilities,  confioing  himself  almost  entirely  to  one  subject.  He 
was  always  anxioas  to  call  the  public  attention  to  a*tri>noiiiy  &s 
a  science,  and  to  himself  as  an  individual.  Thus,  on  occasion 
of  the  transits  of  Venus  in  1761  and  1769,  he  addressed  a 
circular  letter  to  most  of  the  governments  of  Europe,  on  the 
importance  of  obtaining  a  multiplicity  of  collateral  observation.s 
and  he  received  in  reply  several  invitations,  from  sovereigos 
whose  oonntries  were  more  &yourab1y  situated  £or  the  pmpose 
than  France,  to  come  and  make  the  observations  in  peraoa. 
He  thought  it,  however,  unnecessary  to  leave  Paris  oa  the 
occasioD ;  he  contented  himself  with  being  the  fiitlto  aimeiince 
to  the  pnblie  the  result  of  the  most  satisfactory  oompaiiaona; 
and  his  countrymen  seemed  to  give  him  almost  the  whole  credit 
of  every  thing  that  bad  been  done  by  others,  in  coBfocaa^  with 
his  suggestions.  He  was  mnch  mortifledy  however,  is  aol 
receiving  from  Father  Hell  an  aooonnt  cf  ti^  observations 
made  at  Wardhus :  and  he  was  afterwards  greatly  inclined  to 
dispute  their  accuracy,  because  Hell  made  the  parallax  smaller 
than  he  did  by  |  of  a  second :  while  the  mean  of  both  results, 
which  is  8,  6",  agrees  extremely  well  with  the  most  modem 
com])utations :  but,  in  the  end,  he  did  justice  to  the  importanoe 
of  Hell's  obser\'ations. 

He  was  constantly  in  the  habit  of  passing  a  few  wimlhs 
every  year  with  his  family  in  the  country,*  and  he  occasionally 
amused  himself,  in  the  course  of  these  visits,  with  mineralogieal 
excuTBions,  and  with  chemical  studies.  He  delivered,  abeal 
the  year  1758,  an  orotioo,  before  a  public  aawnUy  at  Lyoaa, 
on  the  advantage  of  monarchy  above  every  oAer  CMrm  of 
government;  he  even  adhered  to  a  similar  opiaioo,  and  ca- 
pressec^  it  openly,  ui  times  when  nothing  but  hb  oelehtity,  as  a 
man  devoted  exclusively  to  science^  could  have  made  H  wah 
for  him  to  declare  it. 
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Afu:r  liaviog  published  tlie  Astronomical  Tables  of  Ualley, 
be  felt  the  necessity  of  a  new  collection,  and  determined  to 
b^gia  witb  ikote  ol  Mercury,  whioh  hm  feund  the  moii  im- 
perfect  He  pursued,  for  tliis  purpose,  m  regular  course  of 
obienratiocis  at  the  PaUia  Boytl^  where  he  uaed  to  go  befcre 
•unrwe*  m  the  winter  worning^  to  aee  the  pJanet  m  the  twi- 
light Uftfiqg  ooeasioo  to  f«far  to  the  obeertatioot  reoovded 
hj  Ploleiny»  he  feond  it  neoeaiaiy  to  refreih  hia  aeqnaintanee 
irith  the  Greek  kngnage,  which  he  had  in  some  meaaore 
leeted.  Btttp  with  afl  Ua  kboor  and  diKgenoe,  hia  tahlea  ol 
Merany  eihibited,  in  1786,  an  error  of  40  minotea  hi  the 
tiBM  of  a  transit :  the  circumstance  mortified  him  extremely  ; 
but  it  led  to  a  revision  of  the  tables,  and  he  afterwards 
incerede*!  in  making  them  mueh  more  perfect.  It  niu.-^t  l)c 
recollected,  that,  in  the  time  of  lleveliiis,  a  tran.^it  was  aaxiousdy 
expected  for  four  whole  days  before  it  oei  urred. 

He  next  undertook  to  improve  the  tables  of  Mars  and 
V'ena^ :  his  tables  of  these  ]»laneta  were,  on  tlie  whole,  less 
accurate  tlwm  those  of  Mercury,  though  more  exempt  from 
great  (xrasiooal  errors.  He  had  computed  their  perturbations 
in  the  Memoirs  of  the  Academy ;  but  ho  neTer  thought  it 
worth  while  to  compare  his  formulae  with  obsi*rvatiaii.  The 
iifcgalarities  of  Jupiter  and  Satorn  were  much  more  dia- 
eonngpng;  he  waa  obliged  to  confine  himael^  in  diacuamg 
tlMBt  to  the  moat  modem  obaervatiooa ;  and  he  did  not  mppur 
enftciandjr  to  nfipceciate  the  wppirical  e^oationa  of  Lambert^ 
thoqgli  they  greatly  diminiihed  the  emra  of  HaHey'a  tahlea. 

When  Maimldi  had  given  up  the  managonieat  of  the  Cm- 
mntmtet  im  Tnu^  lialande  aiid  Pingre  were  oaadidatet  fer 
the  ap{><»tnlinent.  Lalande  buci^>eiled  in  obtaining  it  ;  hut  he 
liad  the  mod(»^ty  to  confes*  that  tlie  viork  would  have  In'cn 
more  occurut*  !)  jH'rfonned  by  Pingrt*,  if  hi?  connexion  with 
tlie  chun^h  had  not,  acc  Mrdlng  to  Uie  rules  of  tlie  Academy^ 
inc;ipiirit.it«  «l  him  fur  the  ?ituation.  He  made  llie  work,  how- 
ever, much  more  popular,  as  a  mi^Mrellaneous  publication,  than 
Pingrt*  was  likely  to  have  done  ;  and  he  waa  le«  prejudiced 
than  Pingre  io  the  choice  of  his  tablea*  lie  remained  editor 
of  the  work  hmt  1760  to  177S;  it  waa  eondncted  by  Jenwat 
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from  1776  to  1787,  and  from  1788  to  1793  by  Mecliaio : 
Lalaode  then  undertook  it  once  more  ;  Mechain  being  engaged 
in  some  measurements  with  DeUunbre,  the  Aeademy  haTuig 
been  abolished,  and  its  members  dispersed. 

Lalande  had  been  disposed  to  csll  in  question  the  asseitioo 
of  Newton  and  of  Voltaire*  that  no  oomet  conld  possibly  oome 
hito  contact  with  the  earth ;  and  he  had  profed  that  the  efiect 
of  perturbations  at  least  rendered  their  reasoningd  somewhat 
incondusiTe.  A  short  memdr  on  the  subject,  which  was 
to  have  been  read  at  a  public  sitting  of  the  Academy,  was 
accidentally  omitted,  as  not  very  important,  from  the  pressure 
of  other  business.  This  circumstance  alarmed  the  sensibility 
of  the  public  of  Paris,  who  fancied  that  Lalande  had  foretold 
some  dreadful  catastrophe,  which  the  Government  was  afraid 
to  announce  ;  and  when  the  memoir  was  published,  they  injsisted 
that  its  contents  had  been  modified,  to  lessen  the  alarm. 
Dusejour  made  some  objections  to  the  author's  reasoaiog  :  but 
the  whole  affair  was  soon  forgotten. 

A  memoir  on  the  length  of  the  year  was  honoured  with  a 
prize  by  the  Academy  at  Copenhagen.  Delambre,  however, 
thinks  the  determination  not  so  good  as  the  earlier  one  of 
Lacaille,  though  much  better  than  Mayer's,  which  was  more 
commonly  ad<^ted.  Lalande  took  great  pains  also  with  the 
subject  the  sun's  rotation,  employing  in  his  comptttations  of 
the  places  of  the  spots  an  easy  approadmation,  instead  of 
Dns^jonr^s  more  laborious  methods;  but  bdng  careful  to 
compare  with  eadi  other  the  most  distant  obserrations  of  the 
same  spot.  From  the  existence  of  thb  rotation  he  thought  it 
reasonable  to  infer  that  the  sun  had  also  most  probably  a  pro- 
gressive motion,  which  would  naturally  be  produced  by  ahy 
single  impulse  capable  of  occasioning  a  rotation.  He  had  some 
discussions  with  Dr.  Maskelyne,  respecting  the  mode  of  com- 
puting the  equation  of  time,  in  which  Maskelyne  appears  to 
have  had  the  advantage. 

In  the  year  1762,  Delisle  resigned  in  his  favour  the  Pro- 
fessorship of  Astronomy  in  the  College  de  France,  which  he 
kept  for  nearly  46  years.  He  allowed  the  most  attentive  of 
his  pupib  to  board  with  him  at  a  cheap  rate,  doing  his  utmost 
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on  all  occasions  to  promote  their  success  in  their  studies  and  in 
life.  Thus  he  brought  forwards  Mechain  and  Dagelet,  and 
afterwards  his  own  nephew,  who  completed,  with  so  much  dili- 
gence and  accuracy,  the  Description  of  the  Heavens,  which  he 
had  himself  projected,  and  which  had  been  began  by  Dagelet 
before  his  unfortunate  expedition.  He  was  made  a  Fellow 
of  the  Royal  Sode^  of  London  in  1763. 

Hb  health  was  generally  good,  thon^  hb  oonstitation  wai 
delicate.  He  had  an  attack  of  janndioe  m  1767,  which  was 
attributed  to  intense  application ;  hut  he  completely  recovered 
from  its  efiects  by  an  attention  to  diet,  and  by  the  use  of  horse 
exerdse.  He  then  intended  to  leave  all  his  property  to  the 
Academy  ;  but  he  afterwards  gare  up  his  family  estates  to  his 
relations,  and  lived  on  his  appointments  only,  refraining  from 
all  kinds  of  luxuries,  in  order  to  be  the  more  able  to  do  acts  of 
liberality  to  his  friends,  whom  he  always  sought  to  oblige  in  the 
most  delicate  manner,  and  often  without  making  his  services 
known.  He  had  a  pens^ion  from  Russia  in  the  time  of  the 
Empress  Catherine ;  it  was  suspended  by  Paul,  but  restored 
in  1805  by  Alexander. 

He  was  not  particularly  successful  as  an  observer,  but  used 
to  refer  to  the  works  of  his  contemporaries,  Bradley  and 
Lacaille,  though  not  exactly  according  to  the  expression  of  one 
of  his  biographers,  as  Ptolemy  had  done  to  those  of  Hippar^ 
chus$*'  for  Hipparchtts  must  have  been  dead  two  oentories 
before  Ptolemy  was  bom.  On  the  occanon  of  the  disappear* 
anoe  of  the  ring  of  Saturn  m  1774,  he  went  to  B^ers,  in  order 
to  profit  by  the  superior  serenity  of  the  aur  there^  the  dSmate  of 
that  oonntay  bemg  supposed  to  be  the  best  m  France ;  but  his 
observations  were  less  valuable  than  others  made  al  ¥vm  and 
in  London. 

In  the  year  1798,  he  undertook  an  astronomical  expedition 
to  Gotha.  He  had  once  meditated  an  aerostatical  voyage 
there  ;  but  his  companion  took  care  that  their  dangers  should 
terminate  in  the  Bois  de  Boulogne.  He  was  received  with 
much  interest  at  Gotha  by  an  assembly  of  astronomers,  that 
was  collected  from  dillerent  parts  of  Germany.  The  object  of 
the  congress  was  perhaps  not  unmixed  with  personal  vanity ; 
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but  it  had  no  political  design  to  promote,  unleas  the  general 
adoption  of  the  new  French  measurM  oonld  be  ixmsidered  as 
a  political  object.  Lalande  waa  by  no  means  a  revolatiooisl : 
be  was  sufficiently  firee  from  any  prejudices  of  educatioii ;  but 
he  openly  condemned  the  poUtiod  opiniona  of  the  day;  and*  in 
1792,  he  eren  esposed  Mmielf  to  great  peteoiial  danger,  ia 
order  to  saTe  the  life  of  Diqraiit  de  NemoorBi  after  the  lOtii 
Aogiut;  andhe  was  equally  luefiil  to  some  of  the  elergyyirfioiii 
he  coDoealedm  the  buildingB  of  the  Obeerfatory  al  the  GoQ^ 
Manffin,  making  tliem  pass  for  astroDomerB.  Hehadalaotim 
coinage  to  pobliah  aeoonnta  of  linpdmr  and  Biilly  a  short 
time  after  their  deaths. 

The  attentions  of  the  German  astronomers  gaye  him  sincere 
pleasure.  He  was  at  all  times  extremely  sensible  to  compli- 
ments, and  even  to  flattery,  though  very  regardless  of  satire. 
He  used  to  call  himself  a  sponge  for  praise,  and  an  oil-cloth  for 
censure.  He  professedly  believed  himself  endowed  with  all 
the  virtues,  modesty  not  excepted.  He  was  so  fond  of  noto- 
riety, that  he  once  undertook  to  exhibit  the  variations  of  tbe 
light  of  Algol  to  the  public  of  Paris  on  the  Pont  Neuf ;  but 
the  polioe  interfered*  thinking  it  right  to  prevent  a  disorderly 
amemUage. 

llioagh  Lalande  can  only  be  classed  in  the  seoond  rank  aa  an 
inyentive  astronomer,  or  a  mathematician,  he  certainly  standa 
intiieirslaaapraiiNBorand  apopolar  writer.  His  methods 
of  calcalation  haTO  m  most  instances  been  already  snperseded 
fay  others  more  oonTcment  or  more  eiaot;  those  which  related 
to  particular  phenomena  for  want  of  sniBcient  precmn,  and 
ihoee  winch  were  more  general  for  want  cf  hmig  readily  appln 
cables  williont  conthraal  repetition,  to  a  eniBeient  nnmfaer  of 
coDCOifing  oboervatlonB.  It  has  been  obsenred,  that  he  may 
perhaps  baye  been  oftesn  too  sealous  in  the  pursuit  of  his 
favourite  objects ;  but  that,  if  he  had  possessed  more  circum- 
spection, and  less  vivacity  of  character,  he  would  have  been  more 
exempt  from  criticism,  but  he  would  have  rendered  less  impor- 
tant services  to  science  and  to  mankind. 

His  last  illness  was  of  a  consumptive  nature,  and  he  seems 
to  haye  accelerated  its  termination  by  attempting  too  much  to 
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harden  hiiiiael£  He  died  4th  April,  1807,  nearly  75  yean 
old,  and  in  the  perfect  poaeeauoii  of  his  feciiltiea»  His  last 
words,  when  he  dismisMd  his  attendants  to  rest,  were,  '*I 
have  need  of  nothing  more,**  and  in  a  few  minutes  he  was  dead. 
Had  he  snrnved  a  few  honis,  he  wonld  have  rBoa?ed  a  letter 
from  Dr.  Olhers,  announdng  the  disoofery  of  a  new  planet ; 
for  whidi  that  distingoished  astranomer  afterwards  received 
the  fbnrth  prize-medal  upon  the  institution  founded  by  Lalande 
in  1802,  for  the  most  importaut  adtroaomical  discovery  made  in 
the  couTiio  of  the  year.* 

*  In  th«  origiiul  there  U  given  a  detailci  catalofi^e  of  all  hii  pabUcationf,  more  thttB 
200  ia  BOBBber,  which  it  ht»  not  been  thought  oeoesMuy  to  reprint.  Of  hk  wM 
known  Trantiet  on  Aitronomj,  Dr.  Young  sart,  "  this  compiUtion  ftr  aeelled,  in 
atilitv,  all  former  worlts  of  the  liind,  and  will  alwav*  W  con»id«T»««l  as  exhi)>iti»>:  the 
■MMt  peHcoiptetiin  of  the  adenoa,  aoch  m  it  exiatad  (nm  1760  to  with  aU 
IN  drtaila  of  pcMlioe  Md  ooaipwtatiM.   Unoniiftf  ealM  ft,  with  MOM  trat^  tk« 
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John  Henry  Lambert,  a  natural  and  moral  philosopher 
of  great  talent  and  originality,  bom  29th  August,  172H,  at 
Miilhauson  in  Upper  Alsace,  was  the  son  of  a  French  refuge 
in  a  very  humble  station,  and  one  of  a  numerous  family. 

His  early  studies  were  only  assisted  by  the  instruction  he 
obtained  at  a  small  free  school  in  his  native  town.  Ilis  father, 
who  was  a  tailor,  could  scarcely  even  afibrd  him  leisure  from 
mechanical  labour ;  he  was  obliged  to  read  aod  write  in  the 
mfjtxt,  and  in  order  to  procore  candles,  he  made  little  drawings 
for  sale,  while  he  was  watching  the  cradle  of  his  infant  sisters. 
Haying  learned  to  write  a  good  hand,  he  obtained  some  em- 
ployment as  a  copying  clerk  in  the  chancery  of  the  town,  which 
he  gave  up,  when  he  was  only  15,  upon  being  appointed  book- 
keeper at  some  ironworks  in  the  neighbourhood.  At  17,  he 
became  secretary  to  a  Doctor  Tselin,  who  was  the  editor  uf  a 
newspaper  at  Bale,  and  who  became  his  firm  friend  through 
life.  He  had  now  time  to  render  himself  familiar  with  the 
works  of  Wolf,  Locke,  and  Malebranchc,  to  which  he  was  in  a 
great  measure  indebted  for  the  correct  logical  method  that  he 
ever  after  followed  in  his  researches  ;  having,  however,  con- 
firmed and  improved  it  by  the  study  of  the  mathematics,  to  which 
he  devoted  himself  with  great  zeal,  and  which,  after  all,  consti- 
tutes the  best  practical  school  of  genuine  logie. 

In  1748,  he  removed  to  Coire,  having  been  recommended  by 
Iselin,  as  private  tutor  to  the  fiunily  of  the  President  Count 
Peter  de  SaHs,  whom  he  undertook  to  instroct  in  history  and 
relis^oo,  aawell  as  in  languages  and  sdence.  Tlie  libnury  of 
his  patron  was  extensive;  he  profited  by  it  in  all  its  depart- 
ments; and  his  reridenee  at  tiie  house  of  an  acoonq>lkhed 
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statesman,  frequented,  as  it  was,  hj  the  best  informed  persons 

of  different  countries  and  with  diflbrent  pursuits,  could  not  but 
greatly  contribute  to  the  extension  of  his  knowledge,  and  the 
improvement  of  his  taste.  He  even  amused  himself  with  some 
•  poetical  exercises  in  various  languages,  which  must,  at  least, 
have  been  of  advantage  to  his  style  in  prose.  He  felt  the  im- 
portance of  his  literary  and  scientific  pursuits  to  himself  and  to 
the  world,  and  in  1 752  he  determined  to  keep  a  journal  of  all 
his  studies,  which  he  continued  throughout  his  life ;  he  began 
to  publish  a  ?ariety  of  fugitiTe  pieces,  on  difierent  subjectSy  in 
the  newspapers  and  in  other  periodical  works  of  the  day,  some  of 
vhich  attracted  the  notice  of  his  learned  countrymen  ;  and,  in 
1754,  he  was  made  a  member  of  the  Physico-Medical  Society, 
then  lately  established  at  Bile,  to  the  TranMaeHotu  of  which  he 
oontribnted  many  interesting  papers.  In  1756  he  went  to 
Gdttingen  with  two  of  his  pupils,  and  in  1757  to  Utrecht 
The  next  year  the  party  returned  to  Coire,  by  way  of  Paris, 
Marseilles,  and  Turin.  At  Paris  he  paid  a  visit  to  D' Alembert, 
who  does  not  appear  at  that  time  to  haye  appreciated  his  merit 
very  highly,  though  he  afterwards  rendered  him  some  services 
with  the  King  of  Prussia;  but  he  became  more  intimately 
acquainted  with  Messier  the  astronomer. 

In  1759  he  quitted  the  family  of  the  Count  de  Salis,  and 
went  to  settle  at  Augsburg,  having  a  small  salary  as  a  member 
of  the  Electoral  Academy  of  Bavaria.  From  1761  to  1763  he 
was  again  at  Coire  and  in  its  neighbourhood,  being  employed  in 
fixing  the  boundaries  between  the  country  of  the  Orisons  and 
the  Milanese  territory.  Towards  the  end  of  1763,  having  had 
some  disputes  with  the  Bavarian  academicians,  he  went  to 
Leipsig,  and  the  next  year  to  Berlin,  where  he  was  made  a 
member  of  the  Royal  Academy  of  Sciences,  and  where  he  con- 
tinued to  reside  during  the  remainder  of  his  life,  receiving  many 
marks  of  fovour  from  the  discriminating  liberality  of  Frederic : 
thus,  in  the  year  1770,  he  was  made  superior  counsellor  of  the 
Board  of  Works,  with  an  additional  salary.  He  contributed  a 
number  of  valuable  memoirs  to  the  collection  of  the  Academy ; 
and  in  1774  he  undertook  the  dunectioo  of  the  AMtrmmiaU 
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Almanac,  for  which  he  was  admirably  qualified.  He  was  aI;?o 
a  constant  writer  in  the  journal  published  by  Nicolai,  under 
the  title  of  the  Universal  German  Library ;  and  be  kept  up  a 
very  exteouTe  oomspoodence  on  various  subjects  of  liteimtiire 
and  science. 

lie  was  regularly  in  the  habit  of  writing  or  reading  from  five 
in  the  morning  till  twelve^  and  again  from  two  till  midnigfat ; 
a  degree  of  application  unquestionably  far  beyond  that  wbieh 
would  have  been  best  calculated  for  producing  the  maximum 
of  valuable  el&ct — ^Perhaps»  if  he  was  paid  for  writing  faj 
the  ream,  he  may  have  earned  as  much  from  the  bookseUers  aa 
be  would  have  done  by  a  more  judicious  economy  of  his  powen ; 
but  a  nervous  system,  attenuated  by  the  daily  study  of  17 
hours,  could  never  have  been  capaUe  of  bang  employed  in  any 
very  elevated  flights  of  genius,  or  in  the  invention  of  any  sob- 
lime  or  exquisite  novelties  either  in  science  or  in  literature : 
and  it  is  only  wonderful  that  he  did  any  thing  so  weUt  as 
almost  to  form  an  exceptkm  to  this  general  remark.  He  waa 
indeed  supposed  to  have  injured  hb  health  by  conlaniiad  appfi- 
cation,  and  he  died  consumptive  at  49,  the  25tfa  September,  1777. 
He  had  never  been  married.  His  person  was  of  the  middle 
size,  with  an  interesting  and  expressive  countenance ;  he  was 
animated  and  lively  in  conversation,  and  liked  ditcussion,  but 
not  disputation.  He  had  no  literary  quarrels  ;  and  his  i-riti- 
cisms  were  not  offensive,  even  when  they  ceased  to  be  flattering- 
Ilis  morals  were  strictly  correct,  but  his  manners  were  not 
altogether  in  unison  with  those  of  tlie  society  to  which  his  talents 
had  elevated  him :  he  is  said  to  have  been  timid,  awkward, 
slovenly,  and  fond  of  low  company ;  but  upright,  patient,  un-> 
ostentatious,  and  compassionate;  essentially  modest,  but  as 
ready  to  assert  his  own  merits  as  to  admit  his  defects.  He  had 
a  happy  facility  in  managing  the  instruments  of  oompotatioii^ 
especially  in  the  arrangement  of  oonveign^  seriee ;  and  he  bad 
a  peculisr  talent  fiir  expressing  the  resnlts  of  obserratioii  bj  an 
analytical  fermula ;  having  first  thrown  them  faito  the  finm  of  a 
geometrical  diagram  to  assist  his  invention ;  a  process  whiefa  he 
employed  with  regard  to  the  probalnlities  of  life  io  London, 
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and  to  the  inequalities  of  Jupiter  and  Saturn.  In  short,  after 
Euler,  Lagrange,  D'Alerabert,  and  Daniel  Bernoulli,  there 
are  lew  mathematiciaiia  aad  natural  philoeophers  of  any  age 
who  can  be  pat  in  competitioii  with  him,  and  still  fewer  who 
benefited  the  public  bj  ao  many  diTenified  laboun.* 


*  la  tht  original  is  given  a  lengthened  caUlogoe  of  his  works,  which  it  has  not 
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Nbvil  Mas&sltne,  a  most  industrious  and  accurate  astro- 
nomer, bom  in  London,  6th  October,  1732,  was  the  son  of 
Edmund  Ma^^kelyne,  Esq.,  a  geotlenuui  of  reipectable  fiunily  of 
Purton  in  Wiltshire. 

He  was  sent  at  the  age  of  nine  to  Westnunster  School,  and 
oontmoed  to  apply  with  diligence  to  the  usual  pnmnts  of  that 
place,  until  the  ocenrrence  of  the  great  solar  eclipse  of  1748, 
which  made  a  strong  impression  on  his  nund,  and  which  was  the 
immediate  cause  of  his  directing  his  attention  to  astronomy,  and 
of  his  beginning  the  study  of  the  mathematics  wiUi  great  ardonr, 
as  snhserrient  to  that  of  astronomy.  It  is  remarkable  that  the 
same  eclipse  is  said  to  have  made  an  astronomer  of  Lalande, 
who  was  only  three  months  older  than  Maskdyne.  He  soon 
after  entered  as  a  meralier  of  Catherine  Hall,  Cambridge,  but 
shortly  removed  to  Trinity.  He  took  a  degree  iui  Bachelor  of 
Arts  with  groat  credit  in  1754,  and  proceeded  regularly  after- 
wards through  the  succeeding  stages  of  academical  rank  in 
divinity,  lie  was  ordained  in  1755  to  a  curacy  at  Barnet,  and 
the  next  year  obtained  a  fellowship  at  Trinity.  In  175S  he  was 
elected  a  fellow  of  the  Royal  Society,  having  previoui^ly  become 
intimate  with  Dr.  Bradley,  and  liaving  determined  to  make 
ai»tronomy  the  principal  pursuit  of  his  life,  feeling  its  perfect 
compatibility  with  an  enlightened  devotion  to  the  duties  of  his 
own  profession. 

In  1761  he  was  engaged  by  the  Boyal  Sociefy  to  undertake 
a  voyage  to  St.  Helena,  in  order  to  observe  the  transit  of 
Venus.  He  remained  ten  months  in  the  island,  but  the 
weather  prevented  his  observing  the  transit  to  advantage,  and 
the  &ul^  attachment  of  the  plumb-line  of  his  quadrant,  which 
was  of  the  construction  then  usually  employed,  rendered  his 
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observations  oa  the  stan  less  conclustve  with  respeet  to  amraal 
parallax  than  he  had  expected.  His  voyage  was,  however,  of 
great  use  to  navigation,  by  promoting  the  introduction  of  lunar 
observations  for  ascertaining  the  longitude ;  and  he  taught  the 
officers  of  the  ship  which  conveyed  him  the  proper  use  of  the 
instruments,  and  the  mode  of  making  the  computations. 

lie  performed  a  second  voyage,  in  1763,  to  the  island  of 
Barbadoes,  in  order  to  determine  the  rates  of  Harrison's 
watches,  and  to  make  experiments  with  Irwin's  marine  chair, 
on  board  of  the  Princess  Louisa,  Admiral  Tyrrel,  acting  at  the 
Fame  time  as  chaplain  to  the  ship.  The  chair  he  found  of  very 
little  use  for  observing  the  eclipses  of  Jupiter's  satellites,  and 
the  maker  of  the  ohrooometers  was  not  satisfied  with  his  report 
of  tb«ir  performance ;  foncying  tiiat  he  was  too  partial  to  the 
exdnnve  employment  of  lunar  observations  for  determining  the 
longitude.  The  liberaUty  of  the  British  Government,  however, 
bestowed  on  Harrison  the  whole  reward  that  he  claimed ;  and 
Maskelyne,  having  been  appointed  to  the  atnation  of  Astro- 
nomer Royal,  and  baring  tiius  become  a  member  of  the  Board 
of  Longitude,  was  extremely  active  in  obtaimng  a  few  thousand 
pounds  for  the  family  of  Professor  Mayer,  who  had  computed 
lunar  tables,  and  a  compliment  of  300/.  only  for  Euler,  whose 
theorems  had  heen  employed  in  tJie  investigation. 

The  merits  of  Nfayer's  tables  having  been  fully  established, 
the  Board  of  Longitude  was  induced  to  promote  their  appli- 
cation to  practical  purposes,  by  the  annual  publication  of  the 
JVautical  Almanac^  which  was  arranged  and  conducted  entirely 
under  Maskelyne's  direction  for  the  remainder  of  his  life.  He 
was  also  actively  employed,  without  any  other  motive  than  the 
love  of  science  and  of  his  country,  in  almost  every  decision 
which  was  required  of  the  Board  of  Longitude ;  and  he  had  to 
give  his  ofnnioo  of  the  merits  of  an  infinite  number  of  firnitiess 
projects  which  were  continually  submitted  to  his  judgment 
He  must  of  course  have  made  many  enemies  among  the  weak 
and  illiberal ;  but  the  universal  UBpartiaHty,  and  the  general 
accuracy  of  his  detemunations,  were  acknowledged  by  all 
candid  persons ;  and  it  must  be  admitted  that  the  loogitudinary 
speculators  of  Great  Britain  do  iu  general  submit  to  disco u- 
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raging  remarks  from  persons  in  authority  with  wonderful  forti- 
tude, and  with  great  pensonal  civility. 

During  the  forty-seven  years  that  he  held  tl»c  situation  ot 
Astronomer  Eoyal,  he  acquired  the  respect  of  all  Europe  by 
the  diligence  and  accuracy  of  his  obeervatioiitp  which  be  never 
neglected  to  conduct  in  person  whenever  it  was  in  his  power, 
and  he  required  only  one  assistant.  The  French  had  a  hand* 
some  building  to  amuse  the  public  by  its  exterior  magoificenoe» 
but  the  establishment  of  the  obsenrers  waa  never  arranged  in  ao 
methodical  a  manner  as  that  of  the  English  National  ObaenRft- 
tory,  and  the  fruits  of  theur  labours  were  never  systematicallj 
made  public ;  the  attempt*  which  was  onoe  made  by  Lemouner, 
in  his  BuUrin  CHetU^  having  been  interrupted  and  diaoontmued. 
Dr.  Maskelyne,  on  the  other  hand,  obtained  leave  from  the 
British  Government  to  have  his  observatioDS  printed  at  the 
public  expense,  under  the  direction  of  the  Royal  Society,  who 
are  the  legal  visitors  of  the  Observatory,  appointed  by  the 
King's  sign  manual.  The  early  observations  of  Flanistced  and 
Bradley  were  considered  as  private  property  :  Flanist^^cd  pub- 
lished his  own,  and  Bradley's  were  very  liberally  bougbt  of  his 
family,  and  afterwards  printed  by  the  University  of  Oxford, 
who  are  still  as  liberal  in  bestowing  them  where  they  are  likely 
to  be  employed  for  the  benefit  of  science.  Flamsteed  was  the 
Astronomer  Royal  from  1090  to  1720;  then  Ilalley  to  1750; 
Bradley  to  1702  ;  and  Bliss  to  1765,  when  Maakelyne  was  ap» 
pointed.   Ue  took  his  doctor's  degree  in  1777. 

He  made  several  improvements  in  the  arrangement  and  em- 
ployment of  the  instruments,  particularly  by  enhugi]^  the  slita 
through  which  the  light  was  admitted ;  by  making  the  eye-glaas 
of  his  transit  telescope  moveable  to  the  place  of  each  of  tlie 
wires  of  the  micrometer;  and  above  all,  by  marking  the  time 
to  tenths  of  a  second,  which  had  never  been  attempted  before ; 
but  which  he  found  it  practicable  to  efiect  with  surprising  accu- 
racy, as  the  comparison  of  the  observations  at  the  diilereBt  wires 
sufficiently  demonstrated. 

The  object  of  his  expedition  to  Shehallien  is  well  known. 
Bouguer  had  made  an  unsuccessful  attempt  to  measure  the 
attraction  of  a  mountain  in  South  America,  and  had  been 
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obliged  to  conclude  that  the  moontain  was  hollow,  in  conse- 
quence of  the  eruption  of  a  Tolcano,  the  attraction  being  too 
Uttie  sensible.    Dr.  Maskelyne's  results,  on  the  other  hand,  as 

computed  by  Dr.  Ilutton,  made  the  mountain  more  dense  than 
could  well  have  been  expected  ;  but  those  who  are  acquainted 
with  the  difficulty  of  executing  astronomical  measurements 
without  an  error  of  a  single  second  of  space,  will  l»e  ready  to 
allow  that  the  deviation  of  5"  or  G",  attributed  to  tlie  etfect  of 
the  mountfiiu,'  is  liable  to  a  much  greater  proportional  uncer- 
tain^ than  the  results  obtained  by  Mr.  Cavendish  with  the 
apparatus  invented  by  Mr.  Michell.  (See  Life  of  Cavbndisb, 
No.  LXVn.)  The  geodetical  operations  which  were  soon  after- 
wards perfiumed  wiUi  his  concurrence  and  assistance,  for  deter- 
mining the  relative  ntuations  of  Greenwich  and  Paris,  were 
equally  creditable  to  the  English  artists  who  constructed  the 
instruments,  and  to  the  astronomers  and  geographers  who  made 
the  obsenrations  inth  them ;  and  they  excelled,  e?en  by  tiie 
eonfeanon  of  their  riTals,  everything  that  had  ever  been  effisoted 
in  former  measurements  of  the  same  kind. 

As  no  man  had  done  more  for  practical  astronomy  than  Dr. 
Afaskelyne,  so  there  was  none  whose  merits  were  more  justly 
appreciated.  He  made  every  astronomer  liis  friend,  as  well  by 
his  personal  kindness,  as  by  his  professional  labour.-^ ;  and  he 
obtained  the  rare  distinction  of  being  made  one  of  the  eicbt 
foreiOT  associates  of  the  Parisian  Academy  of  Sciences.  His 
example  and  encouragement  contributed  to  the  establishment 
of  several  private  observatories,  which  roust  always  be,  if  not 
immediately,  at  least  remotely,  beneficial  to  astronomy,  as 
tending  to  promote  the  improvement  of  instruments,  and  of  the 
methods  of  employing  them. 

He  was  modest*  and  somewhat  timid,  in  receiving  the  visits 
of  strangers ;  but  his  usual  conversation  was  cheerful,  and  often 
playful,  with  a  fondness  for  point  and  for  clasacal  allusion. 
He  inherited  a  good  pateiTial  property,  and  he  obtained  consi- 
derable preferment  from  his  cdllege ;  he  also  married,  some- 
what late  in  life,  the  sister  and  co^heiress  of  Lady  Booth  of 
Northamptonshire.  His  sister  was  the  wife  of  Robert  Lord  Clive, 
and  the  mother  of  the  present  Earl  of  Powis.   He  died  the  9th 
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of  February,  1811,  in  his  79Ui  year,  leaving  a  widow  and  an 
only  daughter. 

1.  Dr.  Maskelyne's  first  oommunication  to  the  Royal  Scidety 
is  A  Propotal  far  dincovering  the  Anmud  Parallax  of  Sirius^ 
Phil.  Thau,  LI.  1760,  p.  889.  It  is  founded  on  Lacaillea 
obsenrations,  made  at  the  Cape  of  Good  Hope,  which  appeared 
to  indicate  a  maximum  amounting  to  8".  2.  A  TTuarem  for 
l^therieal  AherraHcn^  LIL  176 1 .  p.  i  7.  Dated  from  the  Prince 
Henry,  St.  Helen's  Roads:  the  calculation  is  adapted  to  the 
object-glasses  of  achromatic  telescopes.  3.  The  next  article, 
p.  21,  is  a  letter  from  Lacaille,  recommending  him  to  make 
observations  at  St.  Helena  on  the  lunar  parallax,  and  to  remain 
some  time  in  the  island  for  that  puq)ose ;  pronnaing,  on  his  owri 
part,  to  make  corresponding  observations.  It  is  followed  by  a 
Letter  from  Mtiskelyne,  proposing  some  addif  ional  joint  vhser- 
vations.    4.  Ohscfvation  of  the  Transit  tf  \i.  196.  'Hie 

sun  was  lower  than  liad  been  expected,  and  the  instant  of 
contact  uncertain,  from  a  tremulous  motion  iu  the  appan^nt 
discs.  5.  Obtervatims  on  a  Clock  of  Shelton,  1762,  p.  434. 
Gifing  the  proportiou  of  .99754  to  1  for  the  comparative  force 
of  gravity  at  Greenwich  and  at  St  Helena.  6.  A  Letter  on  the 
modeofolmnoingandcompiaiingL  Dated 
from  St  Helena :  the  first  demonstration  of  the  practicability 
and  utility  of  the  method.  He  found  the  error  of  obsenratioa 
not  to  exceed  half  a  degree  of  longitude,  an  error  which  was 
very  strangely  snflered  to  remain  as  a  foir  allowance  for  the 
uncertainty  of  observation,  in  the  Acts  for  encouraging  the  per- 
fection of  the  lunar  tables,  only  very  lately  repealed.  7.  On 
the  Tides  at  St.  Helena^  p.  586.  Observations  made  in  a  harbour, 
for  about  two  months.  8.  Note  to  La/a/idc,  j).  607.  On  Lim;ir 
Distances  and  Occultiitions.  9.  Rules  J'or  corrcctiiuj  Lunar 
Distances.  Phil.  Trans.  1764,  p.  263.  A  demonstration  of  the 
rules  before  published  in  the  Transactions  and  in  the  British 
Mariner  s  Guide.  10.  Remarks  on  the  Equation  of  Tivu\  p. 
336.  Correcting  a  mistake  of  Lacaille,  and  an  inadvertence  of 
Lalande,  and  giving  a  formula,  which,  though  not  geometrically 
perfect,  is  abundantly  accurate  for  all  practical  purposes.  11. 
Attnmomicai Obtervatiane  made  at  StMelem^  p.  348.  The  ofaaer> 
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vations  for  determiniiig  the  lunar  parallax  were  too  fow  to 
aflford  a  satisfactory  result.  The  author  suggests,  that  the 
figure  of  the  earth  might  he  ascertained  by  repeated  and  com- 
paratiYe  observations  of  Uie  a|^iarent  distance  of  the  moon  from 
neighbouring  stars.  12.  ObmnaHanM  madt  at  Barbadoet^  p. 
189.  Especially  on  Jupiter's  satellites.  13.  Inirodhutim  to 
two  Papen  of  Mr,  SmeaUm.  LVIII.  1768,  p.  154.  The  one 
on  the  menstanal  parallax,  the  other  on  observing  stars  out  of 
the  meridian.  14.  Introduetum  to  the  Obtervations  of  Maaon 
and  Dixon,  p.  270.  15.  Conehtsum  resjiecting  the  Length  of  a 
Degree^  p.  323,  325.  Mr.  Charles  Mason  had  lieeii  sent  witli 
Mr.  Dixon  to  observe  the  transit  of  17fil,  at  Boncoolen,  l»ut 
tlu'ir  voyngo  was  intorru])t(Ml  by  accidental  circuins-tnnccs,  and 
tlicy  made  their  observations  at  the  Cape  of  (»ood  Ihtpe,  witli 
tolerable  success.  They  then  proceeded  to  join  Maskelyne  at 
St.  Helena,  and  to  assivt  in  bis  operations  tliere.  They  were 
afterwards  engaged  by  Lord  Baltimore  and  Mr.  Peini,  to 
determine  the  boundaries  between  Maryland  and  Pennsylvania; 
and  having  completed  their  survey,  they  suggested  to  tlie 
Council  of  the  Royal  Society  the  eligibility  of  measuring  a 
degree  in  the  country  bordering  on  the  Delaware  and  Chesa-> 
peake.  Their  proposals  were  readily  accepted,  and  the  results 
of  their  measurement  are  here  recorded.  Dr.  Maskelyne  after- 
wards employed  Mason,  in  his  operations  on  Sliehallien,  and  in 
computing  Bradley*s  observations,  and  in  improving  Mayer*s 
tables,  by  a  comparison  with  them ;  but  he  was  so  fearful  of 
admitting  any  empirical  corrections,  not  founded  on  the  most 
general  principles,  that  lie  would  not  allow  some  of  the  equa- 
tions, discovered  by  Mason,  to  be  introduced  into  the  coinpu- 
tati(»n  of  the  Nautivnl  Alnuiiin(\  until  I.<n|)lace  bad  proved  tbeir 
dependence  on  the  theory  of  i;r,ivity.  Lalande  tells  us,  that 
Alason  was  dissatisfied  because  be  did  not  receive  a  public 
reward  for  the  success  of  his  lalM)urs  ;  but  he  wjis,  in  fact,  little 
more  than  the  agent  of  Maskelyne,  and  of  the  Board  of  Longi- 
tude ;  and  he  was  fairly  repaid  for  the  time  and  labour  which 
his  computations  had  required.  Delambre  says,  that  he  died 
in  Pennsylvania  in  1787.  Dixon  is  said  to  have  Ik'cu  liorn  in  a 
coal  mine;  and  to  have  died  at  Durham  in  1777.    15.  /-Wf- 


Digitized  by  Gopgle 


614  BIOUIiAPUIES  OF  MEN  OF  SCIENCE.        Ko.  LXXXV. 

script  rcsj^cctiiuj  French  and  English  Measttres,  p.  325.  The 
result  of  this  comparison  agrees  adiiiiiah]y  well  with  the 
later  nieasiireiiieiit  of  Pictet,  Prony,  and  Captain  Kater.  10. 
Observation  of  the  Transit  of  1 769,  made  at  the  Boj/al  Ob- 
serratorif,  p.  355,  17.  Eclipses  and  Occultations,  17(>9,  p.  399, 
cliiefly  for  the  longitude  of  Glasgow.  18.  On  tlie  use  of  DolknuVs 
Micrometer^  1771,  p.  536.  On  the  application  of  the  divided 
object-glass  micrometer  to  determining  difbrences  of  right  as- 
cension and  of  declination^  especially  in  the  case  of  transits.  A 
port  of  the  instructions  sent  with  the  observers  to  the  South 
^Seaa.  19.  On  the  A^uetmentofHitdktf*$  Quadnmi^  1773,  pi  9a 
Espedally  tat  the  bad^  obsenratioii ;  and  to  insure  tiie  paral- 
lelism of  the  glasses.  20.  Ddvce  Bute  for  mea$mviff  HeigkU^ 
1774,  pi  158.  Adapted  to  English  measures,  and  rendered 
somewhat  more  convenient  21.  ObMrvationt  ai  Chmrnouk  and 
in  America  compared,  p.  184,  190.  22.  PropOMol  for  meaeuruiff 
the  AttraeHon  qf  a  Hitt,  1775,  p.  495.  Read  in  1772.  2a 
Observations  made  on  Shehallien,  p.  500.  A  paper  which 
obtained  its  author  the  honour  of  a  Copleian  metlal.  3fason 
had  been  sent  to  examine  the  hills  of  Scotland,  and  had  recom- 
mended Shehallien  ;  the  funds  were  supplied  by  the  remainder 
of  the  royal  grant  for  observing  the  transit  of  Venus.  Mr. 
Reuben  Burrow  and  Mr.  Menzies  were  principally  employed  in 
assisting  the  Astronomer  Royal  in  his  observations  and  surveys  ; 
and  Dr.  liutton  afterwards  made  the  necessary  computations 
lor  determining  the  attraction  of  the  mountain.  24.  Dcsrrip* 
tionqf  a  Friematic  Micrometer^  1777,  p.  799.  ConsistiDg  of  one 
or  more  prisms  sliding  in  the  axis  of  the  telescope ;  and  resem- 
bling in  its  operation  that  of  Bochon,  which  has  in  great  measure 
superseded  it  25.  On  the  LonffUude  qf  Corky  1779,  p.  179. 
Observations  for  correcting  the  computed  times  of  tbe  eclipees 
of  Jupiter^s  satellites.  26.  On  the  Comet  expected  in  1789,  Ph. 
Tr,  1786,  p.  426.  Supposing  those  of  1532  and  1661  to  be 
tbe  same.  (See  Mi^hain.)*  27,  On  the  Latitttde  and  Longitude 
of  Greenwich,  1787,  p.  151.  With  Cassini's  memoir  on  its 
uncertainty,  which  be  states  as  amounting  to  11"  in  longitude, 
and  15'  iu  latitude.    Dr.  iMa?kt'1yne,  bowevcr,  shows  that  it  is 

•  Jscc  iii/itt,  jt.  note. 
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ooofined  within  modi  narrower  limitB,  though  he  approves  of 
the  objeet  of  the  memoir  in  promoting  a  survey.  28.  On  a 
Difficulty  in  the  Theory  of  Vi$Unh  178d,  p.  256.  This  paper 
«ii£Bdent1y  proves,  that  Euler  was  mistaken  in  thinking  the  eye 
achromatic ;  and  that  any  appeanmoe  of  colour  which  it  could 
prodnoe,  according  to  the  common  laws  of  refraction,  would  be 
imperceptible  in  ordinary  cireuttstancea  But  that  tiiere  are 
circumstances,  under  which  such  appearances  may  be  obserred, 
has  been  more  lately  shown  by  Dr.  Young  and  Dr.  Wollaston. 

29.  Account  of  an  Appearance  of  Light  on  the  Dark  Part  of  the 
Moon,  1793,  p.  429.  Seen  by  Mr.  Wilkins,  and  by  a  serv  ant  of 
Sir  George  Booth,  and  8U])})().sed  to  have  arisen  from  a  volcano. 

30.  Observations  of  the  Comet  of  1793,  Ph.  Tr.  1704,  p.  55. 
Discovered  by  the  Kev.  £.  Gregory,  of  LADgar,  in  Notting- 
hamshire. 

31.  The  earliest  of  Maskelyne's  separate  publications  was 
his  British  Mariner**  Guide^  4.  Lend.  1763.  A  small  volume, 
which  has  become  scarce,  having  been  superseded  by  later  works. 

32.  The  Nautical  Almanac  and  Astronomical  JEphemerit  for 
1767  appeared  in  1766 ;  and  the  publication  has  been  regularly 
continued  upon  the  same  plan  to  the  present  time,  by  the  com- 
puters and  comparers  whom  Dr.  Maskelyne  had  trabed  by  his 
instruction  and  example.  His  successor  in  the  Observatory, 
though  admirably  qualified  to  equal,  and  perhaps  to  excel  him 
in  the  practical  department,  had  it  not  in  his  power  to  devote 
so  much  of  his  attention  to  the  publication,  as  Dr.  Maskelyne's 
paternal  affection  for  a  child  of  his  own  had  induced  liini  to 
bestow  on  it :  and  the  Board  of  Longitude  was  wry  liberally 
furnished  by  the  present  ministry,  with  the  means  of  obtaining 
some  further  assistance  to  suj^ply  his  place, 

33.  Tables  I'eijuisite  to  U'  used  with  the  Nautirdl  Almanac^ 
8.  Lond.  17G6,  1783,  1802.  2«ow  partly  superseded  by 
Professor  Lax*8  new  edition. 

34.  The  volume  of  Selections,  from  the  additions  that  have 
been  occasionally  made  to  tlie  Xautical  Almanac,  8.  Lond. 
1812,*  contains  several  papers  of  Dr.  Maskelyne.  For  example, 
InetrueiianM  rdoHny  to  the  Draneitqf  Venus  in  1769,  N.  A.  1769 
Ekments    Lunar  TaUeif  and  Bemarhe  on  Hadley*9  Quadrant^ 
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N. A.  1774.  AdveHi$emenioftheCtnneiegpeei$diml79S^'S.J^ 
179L  On  the  DUafpearance  of  Satunet  MUng  in  1780,  N.A. 
1791. 

35.  The  Astronomical  Observations  made  at  GreemcicK,  from 
1765  to  1811,  were  published  annually  in  folio;  making  three 
volumes  and  part  of  a  fourth,  Lond.  1774....  They  are 
allowed  to  constitute  the  most  perfect  body  of  astronomy  in 
detail  that  was  ever  presented  to  the  publia  The  first  volume 
oontains  a  variety  of  useful  tables*  aooompanyiug  the  obeer- 
TatioiiB  for  1772;  and  principally  serving  for  the  correction  of 
the  places  of  the  stars,  and  for  facilitating  the  solution  of  other 
astronomical  problems.  Many  of  them  baye  been  reprinted  ia 
Vinoe*8  AMtronmy  ;  but,  in  some  cases*  without  the  necessaty 
explanation& 
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George  Atwood,  an  author  celebrated  for  the  accuracy 
of  his  mathematical  and  mechanical  investigations,  and  con- 
sidered as  particularly  happy  in  the  clearness  of  his  explana- 
tions, and  the  elegance  of  his  experimental  illustrations,  was 
born  in  the  early  part  of  the  year  1746.  He  was  educated  at 
Westminster  School,  where  he  was  admitted  in  1759.  Six 
years  afterwards  he  was  elected  cff  to  Trinity  College,  Cam- 
bridge. He  took  his  degree  of  Bachelor  of  Arts  in  1769,  with 
the  rank  of  third  wrangler,  Dr.  Parkinson,  of  Christ's  College, 
being  senior  of  the  year.  This  distinclioo  was  amply  sufficient 
to  gl^e  him  a  d«m  to  farther  advancement  in  Ins  own  College, 
on  the  list  of  which  he  stood  fiiremost  of  his  contemporaries ; 
and,  in  dne  time,  he  obtained  a  fellowBhip,  and  was  afterwards 
one  of  the  tutovs  of  the  Gollegc.  He  became  Bfaster  of  Arts 
in  1772 ;  and,  in  1776,  was  elected  a  Fellow  of  the  Royal 
Society  of  London. 

Hie  higher  branches  of  the  Mathematics  had,  at  this  period, 
been  making  some  important  advances  at  Cambridge,  under 
the  auspices  of  Dr.  Waring,  and  many  of  the  younger  members 
of  the  University  became  diligent  labourers  in  this  extensive 
field.  Mr.  Atwood  chose,  for  his  peculiar  department,  the 
illustration  of  mechanical  and  experimentiil  philosophy,  by 
elementary  investigations  and  ocular  demonstrations  of  their 
fundamental  truths.  He  delivered,  for  several  successive 
years,  a  course  of  lectures  in  the  Observatory  of  Trinity 
College,  which  were  very  generally  attended,  and  greatly 
admired.  In  the  year  1784,  some  drcnmstanoes  occurred 
which'made  it  denrable  for  him  to  discontinue  Ins  residence  at 
Cambridge ;  and  soon  afterwards  Mr.  Pitt,  who  had  become 
acquainted  with  his  merits  by  attending  his  lectures,  bestowed 
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on  him  a  patent  offioe,  which  required  but  little  of  his  attend- 
ance, in  order  to  have  a  daim  on  the  employment  of  his 
mathematical  abilities  in  a  Tariety  of  financial  calculations,  to 
which  hecoDtinned  to  devote  a  considerable  poitica  of  his  time 
and  attention  throughout  the  remamder  of  his  lile.* 
The  following,  we  believe,  is  a  correct  list  of  Mr.  Atwood's 


1.  A  Description  of  ExperimenU  to  illustrate  a  Course  of 
Lidurcs.    8vo.    About  1775  or  1776. 

2.  This  work  was  reprinted  with  additions,  under  the  title 
of  An  Analysis  of  a  Course  of  Lectures  on  t/w  Principles  of 

^Natural  Philosophy.    8vo.    Camb.  1784. 

3.  A  General  Theory  for  the  Meiuiuration  of  the  Anyle  sub- 
tended by  two  olfjects^  of  which  one  is  observed  hy  Hays  after  tiro 
Reflections  from  plane  Surfaces^  and  the  otiier  by  Rays  coming 
directly  to  tlw  Spectator's  Eye.    Phil.  Trans.  1781,  p.  3V)5. 

4.  A  Treatise  on  t/ie  Rectilinear  Motion  and  Rotation  of 
Bodies,  tcith  a  Deecrijjtion  of  Original  Es^perimenU  relative  to 
the  Subject.    8vo.    Cambr.  1784. 

5.  Lweetiffotiom  founded  on  the  Theory  of  Motion,  for  deter- 
mining  Ifte  Timm  qf  Vibra^an  of  WoUh  BalaneoM.  Phil. 
IVaos.  1794,  p.  1 19. 

6.  TheConttruettonandAnafyeiiofCfoometriailPropo^^ 
determininp  the  posiHcm  amtmed  by  homoyenoai  botHet,  whiek 
float  freely,  and  at  rest  on  a  fiuide  surfaee  ;  also  Determimnff 
the  Skdrility  of  Ships,  and  of  other  FhaHng  Bodiet,  Phil. 
Tnms.  1796,  p.  46. 

7.  A  DisquisUion  on  the  StaXnHty  tf  Shipi.  Phil.  Trans. 
1798,  p.  201. 

8.  A  Review  of  the  Statutes  and  Ordinances  of  Assize,  which 
luivc  been  established  in  Euyland  from  the  Uh  year  of  King 
John,  1202,  to  die  37th  of  his  present  Mtyesty,  4to.  Lond., 
1801. 

9.  A  Dissertation  on  the  Construction  and  Properties  oj 
Arches.   4to.  Loud.  1801. 

•  *  I.iU^rarv  Mmioirs  ot'  Living  A utliors,'  2  vols.  8vo.,  Lond.  1798:  '  Morninc 
Herald,'  1  Tth  Jiify.  1807 ;  *  Nicholt**  Litennr  Aneodoiet  ofthe Ekfatccnth  Centurr/ 
vol.  Titi.,  8vo.,  Loud.  ISU.  ' 
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10.  A  SupplemeiU  to  a  Tract  entitled  a  Treatise  ontlie  Con- 
itruction  and  Properties  of  Arcfies^  publis/ted  in  the  year  1801  ; 
and  containing  Propositions  for  ddermimng  the  weights  of  the 
severed  sections  which  constitute  anarchy  inferred  from  the  angles. 
Also  eoniaining  a  Demonstration  of  tlie  angles  of  the  several 
sections,  when  they  are  inferred  from  the  weigJUs  thenqf.  To 
which  is  added^  a  JJeseriptum  of  ordinal  experimsnts  to  vorifg 
and  Hhttimti  the  prineiplm  m  this  ireaiise.  WUk  oeeasional 
remarks  on  the  eonstmetion  of  an  iron  bridge  tfone  areA»  pnh 
poeed  to  be  erected  over  the  river  Thames  at  London.  Part  II. 
Bg  the  author  tfthejiret  part.  ito.  Lond.  1804.  Dated  24th 
Nov.  1803. 

11.  ^  IVeatise  on  Optics  u  mentioiied  by  Nioliob  as  haring 
been  partly  printed  by  Bowyer  in  1776,  but  never  completed. 

It  may  be  very  truly  asserted,  that  several  of  these  works  of. 
Mr.  Atwood  have  materially  contributed  to  the  progress  of 
science,  by  multiplying  the  modes  of  illustration,  which  experi- 
mental exhibitions  afford  for  the  assistance  of  the  instructor; 
at  the  same  time,  they  ciin  scarcely  be  said  to  have  extended 
very  considerably  tlie  bounds  of  human  knowledge,  or  to  de- 
monstrate tliat  their  author  was  |)ossessed  of  any  extraordinary 
talent  or  energy  of  mind  in  overcoming  great  difficulties,  or  in 
inventing  new  methods  of  reasoning.  Tlie  Analysis  of  a  Course 
of  Lectures  has  been  little  read  :  and  it  bears  evident  marks  of 
having  been  composed  before  Mr.  Atwood  had  acquired  a  habit 
of  accurate  reasoning  on  Physical  subjects.  In  the  first  page> 
for  example,  the  forces  of  cohesion  and  gravitation  are  com- 
pletely confounded ;  and  in  the  third  we  find  the  idea  of  perfect 
spheres  touching  each  other  in  a  greater  or  less  number  of 
points,  notwithstanding  the  a]>pearance  of  predsian  which  the 
author  attempts  to  maintain  in  his  language. 

The  object  of  the  paper  on  Rejhetion  is,  to  illustrate  and 
improve  the  construction  of  Hadley's  quadrant  ;  and  Mr. 
Atwood  proposes,  for  some  particular  purjwse.^  in  j)ractical 
Astronomy,  two  new  arrangements  of  the  specuhims,  by  which 
the  rays  are  caused  to  move  in  differtmt  planes,  and  which  he 
coQsiders  as  atfordiug  greater  accuracy  for  the  measuremeut  of 
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small  angles  tljaii  the  common  form  of  the  instrument,  although 
not  of  general  utility,  nor  very  easily  adjusted  for  ol)>ervati(»n. 

The  treatise  on  Rectilinear  Motion  and  Rotation  exhibits  a 
good  compendium  of  the  elementary  doctrines  of  mathematical 
Mechanics  ;  but  it  shows  a  great  deficiency  in  the  knowledge 
of  the  higher  refinements  which  had  been  introduoed  into  thsi 
Bcienoe  by  Daniel  Bernoulli,  and  £uler,  and  Lagrange.  The 
properties  of  simply  accelerated  and  retarded  motion  aro  first 
discussed,  and  the  phenomena  of  penetration  experimentally 
examined ;  the  laws  of  varying  forces  are  then  investigated,  and 
the  properties  of  the  pendulum  demonstrated ;  the  Tibrations  of 
an  Mastic  chord  are  calculated,  "  considering  the  whole  mass 
to  be  eoooentrated  in  the  middle  point,*'  as  an  approximatioii ; 
and  then,  instead  of  imitating  and  simplifying  the  elegant  but 
complicated  demonstrations  of  the  Continental  uiathematiciaiis, 
the  author  most  erroneously  repeat^?,  in  the  words  of  Dr.  Smith, 
the  exploded  doctrine,  that  "the  string,  during  any  in>tarit  •»f 
its  vibration,  will  coincide  with  the  harmonic  curve  "  'Jlic 
subject  of  a  resistance,  varying  as  the  square  of  the  velocity,  is 
next  examined  ;  and  some  useful  experiments  on  the  descent  of 
bodies  in  water  are  stated  in  confirmation  of  the  theory.  On 
this  occasion,  the  author  observes,  with  regard  to  the  formation 
of  the  different  strata  of  the  earth,  that  bodies  disposed  to  break 
into  large  masses,  though  specifically  lighter,  may  easily  have 
descended  more  rapidly  through  a  fluid,  than  denser  but  more 
britUe  bodies,  so  that  tiie  natural  order  of  densities  may  thus 
have  become  inverted.  He  next  examines  the  theory  of  rolatioov 
and  relates  some  very  interesting  experiments  on  roctilinear 
and  rotatory  motions;  and  he  shows  that  Emetson  and 
Desaguliers  wero  totally  mistaken  in  asserting  "that  the 
momentum   produced  is  always  e(iual   to  the  momentum 
which  produces  it."    The  last  section  of  the  work,  which  is 
devoted  to  the  subject  of  free  rotation,  is  the  most  elaWate  of 
the  whole ;  but  it  exhibits  no  material  extension  of  the  earlier 
investigations  of  the  Bernoullis  and  Professor  Vince  ;  nor  does 
it  contain  the  important  proposition  of  Segner,  relating  to  the 
existence  of  three  axes  of  permanent  rotation,  at  right  angles  to 
each  other,  in  every  body,  however  irregular. 
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Notwithstanding  these  partial  ohjectionB,  the  work  may  still, 
in  many  respects,  be  considered  as  classical.  The  paper  on 
Watch-balances  is  principally  intended  to  show  the  advantages 
which  may  be  obtained,  in  Mr.  Mudge^s  oonstmotioii,  from  the 
eflect  of  subsidiary  springs  in  rendering  the  vibrations  isochro- 
nous, tlic'ir  actions  being  limitod  to  certain  portions  of  the  arc 
of  motion.  If  the  autlior  has  here  again  omitted  to  follow  the 
Continental  mathematicians  in  some  of  their  refinements  of 
calculation,  it  must  be  confessed  that  his  view  of  the  subject 
has,  in  this  instance,  not  (mly  the  advantage  of  simplicity,  but 
also  that  of  a  nearer  approach  to  the  true  practical  state  of  the 
question,  than  Is  to  be  found  in  the  more  complicated  determi- 
nations which  had  been  the  result  of  the  labours  of  some  of  his 
predecessors. 

But,  whatever  may  be  the  merits  of  these  investigations,  they 
appear  to  be  far  exceeded  in  importance  by  the  papers  on 
jSftspf  ,  the  first  of  which  obtained  fiir  its  autixur  the  honour  of  a 
Copleian  Medal.  Its  principal  object  is  to  show  how  much  the 
stability  of  a  ship  will  commonly  vary,  when  her  situation,  with 
respect  to  the  horizon,  is  matc^ally  altered ;  and  how  &r  the 
assumptions  of  theoretical  writers,  respecting  many  others  of 
the  Ibrces  concerned  in  Naval  Architecture,  will  generally 
differ  from  the  true  state  of  these  forces  when  they  actually 
occur  in  Seamanshi]).  In  the  second  part  of  the  investigation, 
some  errors  of  Bouguer  and  of  Clairbois  are  pointed  out,  and 
the  theoretical  principles  of  stability  are  exemplified  by  a 
detailed  calculation,  adapted  to  the  form  and  dimensions  of  a 
particular  vessel,  built  for  the  service  of  the  Ea^it  India  Com|>any. 

The  latter  years  of  our  author's  life  do  not  appear  to  have 
been  productive  of  any  material  advantage  to  science.  His 
application  to  his  accustomed  pursuits  was  unremitting ;  but 
his  health  was  gradually  declining.  He  had  no  amusement, 
except  such  as  was  afforded  by  the  continued  exercise  of  his 
nund,  with  a  change  of  the  object  only ;  the  laborious  game  of 
diess  occupying,  under  the  name  of  a  recreation,  the  bourft 
which  he  could  spare  firom  more  productive  exertions.  He 
became  paralytic  some  time  before  his  death ;  and  thougb  he 
partially  recovered  lib  health,  he  did  not  live  to  complete  his 
62nd  year. 
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His  researches  concerning  the  history  of  the  Assize  of  Bread 
must  have  required  tlie  einployment  of  considerable  diligence, 
and  some  judgment,  in  tlie  discovery  and  selection  of  materials  ; 
although  certainly  the  subject  was  not  chosen  for  the  purpose 
of  affording  a  di>pl;iy  of  talent.  His  opinion  respecting  tlie 
operation  of  tlie  assize,  as  favourable  to  the  community,  may 
by  some  be  thought  to  be  justified  by  the  want  of  sucoess  which 
has  hitherto  attended  the  experiment  on  its  suspension ;  but 
the  advocates  of  that  measure  would  certainly  not  admit  the 
trial  of  a  year  to  be  sufficient  for  appreciating  its  utility. 

The  title-pages  of  the  works  on  Arehet  explain  the  ooeasicn 
on  which  they  were  brought  forward,  and  at  the  same  time 
exhibit  a  specimen  of  the  want  of  order  and  precision  which 
seems  to  have  begun  to  prevul  in  the  author*s  Realties :  and 
the  works  themselves  betray  a  neglect  of  the  fundamental 
principles  of  Mechanics,  which  is  mconceivable  in  a  person  who 
had  once  reasoned  with  considerable  accuracy  on  mathematical 
subjects.  An  anonymous  critic,  who  is  supposed  to  hare  been 
the  late  Professor  Robison  {British  Critic^  vol.  XXI.  Jan.  1804), 
very  decidedly,  and  at  the  same  time  very  respectfully,  asserted 
Mr.  Atwood's  error  in  maintfiining,  that  there  was  no  manner 
of  necessity  for  the  condition,  that  the  general  curve  of  ecpiili- 
brium  of  an  arch  should  ]);iss  through  some  part  of  every  one 
of  the  joints  by  which  it  is  divided  :  and  in  fact  we  may  very 
easily  lie  convinced  of  the  truth  of  this  principle,  if  we  retiect 
that  the  curve  of  equilibrium  is  the  true  representative  of  the 
direction  of  all  the  forces  acting  upon  each  of  the  blocks ;  and 
that  if  the  whole  pressure  be  anywhere  directed  to  a  point 
situated  beyond  the  limit  of  the  joint,  there  can  be  noUiing 
whatever  to  prevent  the  rotation  of  the  block  oo  the  end  of  the 
joint  as  a  centre,  nntil  some  new  position  of  the  block  shall 
have  altered  the  durection  of  tiie  forces,  or  until  the  whde 
&bric  be  destroyed.  Hie  critic  has  also  very  truly  remarked, 
that  the  e&cts  of  friction  have  never  been  sufficiently  con- 
adered  in  snch  arrangements :  Imt  a  later  author  has  removed 
a  conaderable  part  of  tins  difficulty  in  an  anonymous  publica- 
tion, by  showing,  that  no  other  condition  is  required  for 
determining  these  effects,  than  that  every  joint  should  be  per- 
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pendicular  to  the  direction  of  the  curve  of  cquilibrinm,  cither 
accurately,  or  witliin  the  limit  of  a  certain  angle,  wliicli  is  t on- 
stant  for  every  substa.nce  of  the  same  kind,  and  which  he  has 
termed  the  angle  of  repose  (see  supra,  p.  182). 

In  the  appointment  which  enabled  Mr.  Atwood  to  devote  a 
consideralde  part  of  his  life  to  scientific  researches,  he  appears 
to  have  had  no  successor.  It  was  held,  and  perhaps  wisely, 
that  such  siaecures  have  regularly  become,  in  process  of  time, 
mere  instniments  of  party  interest,  instead  of  being  bestowed 
as  encourngements  to  merit ;  and  it  seems  to  be  the  invariable 
maxim  of  the  British  Goyemment,  that  talents  deserve  no  pro- 
tection, unless  they  are  immediately  employed  in  the  service  of 
the  Church  or  of  the  State ;  that  oraamental  accomplishments 
repay  thmr  possessor  by  the  splendour  which  they  confer  on  his 
personal  existence;  but  tha^  in  a  commercial  country,  the 
actual  utOity  of  mental  as  well  as  of  corporal  powers  must  be 
measured  by  their  efiects ;  and  that  these  efiects  must  he  of  a 
negodable  land,  in  order  to  have  a  claim  to  reward.  Other 
Nations,  and  other  Sovereigns,  have  often  thought  and  acted 
differently,  ami  tliey  have,  perhaps,  obtained  a  forced  growth 
of  Science  or  of  Literature,  which  has  contributed,  in  some 
degree,  to  the  embellishment  of  their  age;  but  where  the  native 
forest  tree  acquires  so  often  a  form  at  once  beautiful  and 
magnificent,  though  exposed  to  all  the  storms  of  the  seasons, 
there  is  little  reason  to  lament  the  want  of  the  shelter  of 
the  Plantation,  or  of  the  artificial  warmth  of  the  Conservatory. 

TIm  Btm  of  the  fiillowliiK  mm  of  KieBoe  in  tb«  SopplomeBt  to  the  *  Eneyelo- 

p.Tilin  BritnnnJca'  were  nlso  \vrit}<'n  l.y  Dr.  Young,  but  did  not  .ippear  to  tho  Editor 
of  suiHcient  imporUiaoe  to  bc>  n-|irintcil : — Giambattiiita  Bocc.iria,  liluclc,  Buuiton, 
Ifaraindi,  Brinen,  CSamna,  Gavallo,  Duhamel,  F.  Fontana,  G.  Fontann,  J.  R.  Foritory 
J.  0.  A.  Porst4?r,  Frisi,  Guyton  do  Morveaa,  Lemoimiav  !>•  1*00,  Miduia,  MeMler, 
Pallas,  aud  Rush. — 2iote  by  the  Editor. 
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